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PREFACE 


The guiding objective in the preparation of this dictionary has been to make it 
useful for students, engineers, and others using mathematics in their professions, as 
well as to make it sufficiently complete to be a valuable reference book for anyone 
needing to understand some particular mathematical concept or wishing to extend 
his knowledge of mathematics. 

This dictionary is an enlargement and revision of the Mathematics Dictionary, 
(1949), which was an enlargement of the James Mathematics Dictionary (1942). 
The Mathematics Dictionary (1949) contained an exhaustive coverage of terms 
in the range beginning with arithmetic and extending through the calculus. Also 
included were basic terms in differential geometry, theory of functions of real and 
complex variables, advanced calculus, differential equations, theory of group and 
matrices, theory of summability, point-set topology, integral equations, calculus of 
variations, analytic mechanics, theory of potential, and statistics, as well as many 
miscellaneous terms of importance in applications and in the structure of sequences 
of mathematical courses. This book has now been largely revised and many cor- 
rections made. Many additional terms have been added in the above fields, as 
well as miscellaneous terms chosen to increase the value of the dictionary. Addi- 
tions include the basic terms in the fields of modern algebra, number theory, topol- 
ogy, vector spaces, the theory of games and linear and dynamic programming, nu- 
merical analysis, and computing machines. 

An important feature of this edition is the multilingual index, in French, German, 
Russian and Spanish. By giving English equivalents of mathematical terms in 
these languages, this index enables the reader not only to find the English meaning 
of a foreign-language mathematical term, but also to find its definition in the body 
of this book. 

The appendix contains many useful tables as well as an extensive list of mathe- 
matical symbols. Formulas of many kinds appear in the context. 

Leading words are printed in bold-face capitals beginning at the left margin, fol- 
lowed by an abbreviation indicating the part (or parts) of speech of the entry word 
—as determined by its definition and its uses in the following subheadings. Sub- 
headings are printed in bold-face at the beginning of paragraphs and in alphabetical 
order on the basis of their leading words. 

Citations give the leading word in capitals (unless the citation is under the leading 
word) followed by a dash and then by the subheading, if necessary, as: ANGLE— 
adjacent angle. 

Although this is by no means a mere word dictionary, neither is it an encyclo- 
pedia. It is rather a correlated condensation of mathematical concepts, designed 
for time-saving reference work. Nevertheless the general reader can come to an 
understanding of concepts in which he has not been schooled by looking up the 
unfamiliar terms in the definition at hand and following this procedure down to 
familiar concepts. 

Comments on definitions and discussions of any phase of this dictionary are 
invited. 

GLENN JAMES 
ROBERT C. JAMES 


Abacus 


Abel 
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AB’A-CUS, n. [pl. abaci]. A counting 
frame to aid in arithmetic computation; 
an instructive plaything for children, used 
as an aid in teaching place value; a primi- 
tive predecessor of the modern computing 
machine. One form consists of a rectangu- 
lar frame carrying as many parallel wires 
as there are digits in the largest number to 
be dealt with. Each wire contains nine 
beads free to slide on it. A bead on the 
lowest wire counts unity, on the next higher 
wire 10, on the next higher 100, etc. Two 
beads slid to the right on the lowest wire, 
three on the next higher, five on the next 
and four on the next denote 4532. 


ABEL. Abel’s identity. The identity 


n 
> Ajj = 54(a, — Az) + Sx(@2— a3) + +: 


1 
oe Sn~ (Qn—1 = An) a Snany 
where 


This is easily obtained from the evident 
identity: 


n 
>, ajl;= a8, + ap(s2— 51) + ave 
i=] 
+ (Sn — Sp—1): 


If uy, 2 Uni, >O0 for 


P 
>. Any, 


n=] 

Lu,, where L is the largest of the quanti- 

ties: ja|, |aj;t+a|, jaytayt+asl, 

Ja; +aj+-+-+a,|. This inequality can 

be easily deduced from Abel’s identity. 
Abel’s method of summation. The 


Abel’s inequality. 


< 


all positive integers n, then 


method of summation for which a series 


y a, is summable and has sum S if 


io. @) 


lim Dane"= 8 exists. 


x >1— 
series is summable by this method [see 
below, Abel’s theorem on power series (2)]. 
Also called Euler’s method of summation. 
See SUMMATION—summation of a divergent 
series. 

Abel’s problem. Suppose a particle is 
constrained (without friction) to move 
along a certain path in a vertical plane 
under the force of gravity. Abel’s problem 
is to find the path for which the time of 
descent is a given function f(x) of x, where 
x is the horizontal axis and the particle 
Starts from rest. This reduces to the prob- 
lem of finding a solution s(x) of the Volterra 
integral equation of the first kind f(x)= 


A convergent 


s(t) 
i Vog—F Veen: where s(x) is the length 


of the path. If f’(x) is aes a solu- 
ee sete d[* f(t)” 
tion 1s s(x)=——= i= CT dt. 


Abel’s tests ee ecarereeace. (1) If the 
series Xu, converges and {a,} is a bounded 
monotonic sequence, then Xa,u, converges. 


k 
(2) If > u, 1s equal to or less than a prop- 
n=1 
erly chosen constant for all k and {a,} is 
a positive, monotonic decreasing sequence 
which approaches zero as a limit, then 
ua,u, converges. (3) If a series of com- 
plex numbers Xa, is convergent, and the 
series &(v,—v,,1) is absolutely convergent, 
then Xa,v, is convergent. (4) If the 
series La,(x) is uniformly convergent in an 
interval (a, 5), v,(x) is positive and mono- 
tonic decreasing for any value of x in the 
interval, and there is a number & such that 
vo(x)<A for all x in the interval, then 
2a,(x)v,(x) is uniformly convergent (this is 
called Abel’s test for uniform convergence). 
Abel’s theorem on power series. (1) If 
a power series, Qjt+ta,xta,x*+--- 
+a,x"+ +--+, converges for x=c, it con- 
verges absolutely for |x|<J|c|. (2) If a 
power series converges to f(x) for |x|<1 
and to s for x=1, then _ fQ=s 
x— 


(0s xs 1). The latter theorem is vari- 
ously designated, most explicitly by ‘“‘Abel’s 


Abel 


Theorem on Continuity up to the Circle of 
Convergence.”’ 


A-BEL'IAN, adj. 
GROUP. 


Abelian group. See 


A-BRIDGED’, adj. abridged multiplica- 
tion. See MULTIPLICATION. 

Pliicker’s abridged notation. A notation 
used for studying curves. Consists of the 
use of a single symbol to designate the ex- 
pression (function) which, equated to zero, 
has a given curve for its locus; hence re- 
duces the composition of curves to the 
study of polynomials of the first degree. 
E.g., if L,;=0 denotes 2x+3y—5=0 and 
L,=0 denotes x+y—2=0, then k,L,+ 
k.L,=0 denotes the family of lines passing 
through their common point (1, 1). See 
PENCIL—pencil of lines through a point. 

\ 


AB-SCIS’SA, n. [pl. abscissas or abscissae]. 
The horizontal coordinate in a two-dimen- 
sional system of rectangular coordinates; 
usually denoted by x. Also used in a sim- 
ilar sense in systems of oblique coordinates. 
See CARTESIAN—Cartesian coordinates. 


AB’SO-LUTE, adj. absolute constant, con- 
tinuity, convergence, inequality, maximum 
(minimum), symmetry. See CONSTANT; 
CONTINUOUS; CONVERGENCE; INEQUALITY; 
MAXIMUM; SYMMETRIC—sSymmetric function. 

absolute number. A number represented 
by figures such as 2, 3, or V2, rather than 
by letters as in algebra. 

absolute property of a surface. Same as 
INTRINSIC PROPERTY OF A SURFACE, 

absolute term in an expression. A term 
which does not contain a variable. Syn. 
Constant term. In the expression ax2+ 
bx+c, c is the only absolute term. 

absolute value of a complex number. 
See MODULUS—modulus of a complex 
number. 

absolute value of a real number. Its 
value without regard for sign; its numerical 
value. The number 2 is the absolute 
value of both +2 and —2. 

absolute value of a vector. See VECTOR— 
absolute value of a vector. 


AB’STRACT, adj. abstract mathematics. 
See MATHEMATICS—pure mathematics. 
abstract number. Any number as such, 


Acceleration 


simply as a number, without reference to 
any particular objects whatever except in 
so far as these objects possess the number 
property. Used to emphasize the distinc- 
tion between a number, as such, and con- 
crete numbers. See NUMBER, and CON- 
CRETE. 

abstract word or symbol. (1) A word or 
symbol that is not concrete; a word or sym- 
bol denoting a concept built up from con- 
sideration of many special cases; a word or 
symbol denoting a property common to 
many individuals or individual sets, as yel- 
low, hard, two, three, etc. (2) A word or 
symbol which has no specific reference in 
the sense that the concept it represents 
exists quite independently of any specific 
cases whatever and may or may not have 
specific reference. 


AC-CEL’ER-A’TION, n. The time rate of 
change of velocity. Since velocity is a 
directed quantity, the acceleration a is 
a vector equal to lim Vey where Ay 
Ato At dt 
is the increment in the velocity v which the 
moving object acquires in ¢ units of time. 
Thus, if an airplane moving in a straight 
line with the speed of 2 miles per minute 
increases its speed until it is flying at the 
rate of 5 miles per minute at the end of the 
next minute, its average acceleration during 
that minute is 3 miles per minute per min- 
ute. If the increase in speed during this 
one minute interval of time is uniform, the 
average acceleration is equal to the actual 
acceleration. If the increase in speed in 
this example is not uniform, the instan- 
taneous acceleration at the time f¢, is deter- 
mined by evaluating the limit of the 
quotient = as the time interval At=?t—f, 
is made to approach zero by making ¢ ap- 
proach f;. For a particle moving along a 
curved path the velocity v is directed along 
the tangent to the path and the accelera- 
tion a can be shown to be given by the 
formula 


dv 
a=—tt+ucv 
dt ‘ 


where : is the derivative of speed v along 


the path c is the curvature of the path at 
any point, and t and v are vectors of unit 


Acceleration 


Accumulation 


lengths directed along the tangent and 
normal to the path. The first of these 
: &. is called the tangential com- 
ponent, and the second, v*c, the normal 
(or centripetal) component of acceleration. 
If the path is a straight line, the curvature 
c is zero, and hence the acceleration vector 
will be directed along the path of motion. 
If the path is not rectilinear, the direction 
of the acceleration vector is determined by 
its tangential and normal components as 
shown in the figure. 


terms 


acceleration of Coriolis. If S’ is a refer- 
ence frame rotating with the angular velo- 
city w about a fixed point in another refer- 
ence frame S, the acceleration a of a 
particle, as measured by the observer fixed 
in the reference frame S, is given by the 
sum of three terms: a=a’+a,+a,, where 
a’ is the acceleration of the particle relative 
to S’, a, is the acceleration of the moving 
space, and a.=2w xv’ is the acceleration 
of Coriolis. The symbol wxv’ denotes 
the vector product of the angular velocity 
w, and the velocity v’ relative to S’, so that 
the acceleration of Coriolis is normal to the 
plane determined by the vectors w and y’ 
and has the magnitude 2v’ sin(w, v’). 
The acceleration of Coriolis is also called 
the complementary acceleration. 

acceleration of a falling body. The ac- 
celeration with which a body falls in vacuo 
at a given point on or near a given point 
on the earth’s surface. This acceleration, 
frequently denoted by g, varies by less than 
one percent over the entire surface of the 
earth. Its “average value’ has been de- 
fined by the International Commission of 
Weights and Measures as 9.80665 meters 
(or 32.174 feet) per second per second. 
Its value at the poles is 9.8321 and at the 
equator 9.7799. Syn. Acceleration of 
gravity. 

angular acceleration. The time rate of 


change of angular velocity. If the angular 
velocity is represented by a vector w di- 
rected along the axis of rotation, then the 
angular acceleration a, in the symbolism 
of calculus, is given .by a= a. See 
VELOCITY—angular velocity. 

centripetal, normal, and tangential com- 
ponents of acceleration. See above, Ac- 
CELERATION. 

uniform acceleration. Acceleration in 
which there are equal changes in the velo- 
city in equal intervals of time. Syn. 
Constant acceleration. 


AC’CENT, n. A mark above and to the 
right of a quantity (or letter), as in a’ or x’; 
the mark used in denoting that a letter is 
primed. See PRIME—Dprime as a symbol. 


AC-CU'’MU-LAT’ED, adj. accumulated 
value. Same as AMOUNT at simple or com- 


pound interest. The accumulated value 


(or amount) of an annuity at a given date is 
the sum of the compound amounts of the 
annuity payments to that date. 


AC-CU’MU-LA'TION, adj., n. Same as 
ACCUMULATED VALUE. 

accumulation of discount on a_ bond. 
Writing up the book value of a bond on 
each dividend date by an amount equal to 
the interest on the investment (interest on 
book value at yield rate) minus the divi- 
dend. See vALUE—book value. 

accumulation factor. The name some- 
times given to the binomial (1+ 7), or 
(1+7), where r, or i, is the rate of interest. 
The formula for compound interest is 
A=P(1+r)", where A is the amount 
accumulated at the end of ” periods from 
an original principal P at a rate r. See 
COMPOUND—compound amount, and TABLE 
it in the appendix. 

accumulation point. An accumulation 
point of a set of points is a point P such 
that there is at least one point of the set 
distinct from P in any neighborhood of the 
given point; a point which is the limit of a 
sequence of points of the set (for spaces 
which satisfy the first axiom of count- 
ability), An accumulation point of a 
sequence is a point P such that there are an 
infinite number of terms of the sequence in 
any neighborhood of P; e.g., the sequence 


Accumulation 


1,4, 1, 4, 1, 4, 1, $,-- + has two accumula- 
tion points, the numbers 0 and 1 (also see 
SEQUENCE—accumulation point of a se- 
quence). Syn. Cluster point, limit point. 
See BOLZANO—Bolzano-Weierstrass theo- 
rem, and CONDENSATION—condensation 
point. 

accumulation problem. The determina- 
tion of the amount when the principal, or 
principals, interest rate, and time for which 
each principal is invested are given. See 
TABLES lll and Iv in the appendix. 

accumulation schedule of bond discount. 
A table showing the accumulation of bond 
discounts on successive dates. Interest 
and book values are usually listed also. 


AC-CU’MU-LA’TOR, zn. In a computing 
machine, an adder or counter that augments 
its stored number by each _ successive 
number it receives. 


AC’CU-RA-CY, 7. Correctness, usually 
referring to numerical computations. The 
accuracy of a table may mean either: 
(1) The number of significant digits ap- 
pearing in the numbers in the table (e.g., in 
the mantissas of a logarithm table); (2) the 
number of correct places in computations 
made with the table. (This number of 
places varies with the form of computation, 
since errors may repeatedly combine so as 
to become of any size whatever.) 


AC’CU-RATE, adj. Exact, precise, with- 
outerror. One speaks of an accurate state- 
ment in the sense that it is correct or true 
and of an accurate computation in the 
sense that it contains no numerical error. 
Accurate to a certain decimal place means 
that all digits preceding and including the 
given place are correct and the next place 
has been made zero if less than 5 and 10 if 
greater than 5 (if it is equal to 5, the most 
usual convention is to call it zero or 10 as 
is necessary to leave the last digit even). 
E.g., 1.26 is accurate to two places if 
obtained from either 1.264 or 1.256 or 
1.255. See ROUNDING—rounding off num- 
bers. 


AC'NODE, n. See pornt—isolated point. 


A-COUS’TI-CAL, adj. acoustical property 
of conics. See ELLIPSE—focal property of 


Adder 


ellipse, HYPERBOLA—focal property of hy- 
perbola, and PARABOLA—focal property of 
parabola. 


A’CRE, n. The unit commonly used in 
the United States in measuring land; con- 
tains 43,560 square feet, 4,840 square yards, 
or 160 square rods. 


AC’TION, n. A concept in advanced 
dynamics defined by the line integral 


P 
A= | * my-dr called the action integral, 
Pl 


where m is the mass of the particle, v is its 
velocity, and dr is the vector element of 
the arc of the trajectory joining the points 
P, and P,. The dot in the integrand de- 
notes the scalar product of the momentum 
vector mv and dr. The action A plays an 
important part in the development of dy- 
namics from variational principles. See 
below, principle of least action. 

law of action and reaction. The basic 
law of mechanics asserting that two par- 
ticles interact so that the forces exerted by 
one on another are equal in magnitude, act 
along the line joining the particles, and are 
opposite in direction. See NEWTON— 
Newton’s laws of motion. 

principle of least action. Of all curves 
passing through two fixed points in the 
neighborhood of the natural trajectory, 
and which are traversed by the particle at 
a rate such that for each (at every instant 
of time) the sum of the kinetic and poten- 
tial energies is a constant, that one for 
which the action integral has an extremal 
value is the natural trajectory of the par- 
ticle. See ACTION. 


A-CUTE’, adj. acute angle. An angle nu- 
merically smaller than a right angle; usually 
refers to positive angles less than a right 
angle. 

acute triangle. See TRIANGLE. 


AD’'DEND, n. One of a set of numbers to 
be added, as 2 or 3 in the sum 2+ 3. 


AD’DER, 7. In a computing machine, 
any arithmetic component that performs 
the operation of addition of positive 
numbers. An arithmetic component that 
performs the operations of addition and 


Adder 


subtraction is said to be an algebraic adder. 
See ACCUMULATOR, and COUNTER. 


AD-DI'TION, n. See sum. 

addition of angles, directed line segments, 
integers, fractions, irrational numbers, mixed 
numbers, matrices, and vectors. See various 
headings under SuM. 

addition of complex numbers. 
PLEX—complex numbers. 

addition of decimals. The usual pro- 
cedure for adding decimals is to place 
digits with like place value under one 
another, i.e., place decimal points under 
decimal points, and add as with integers, 
putting the decimal point of the sum 
directly below those of the addends. See 
sUM—sum of real numbers. 

addition formulas of trigonometry. See 
TRIGONOMETRY. 

addition of series. See SERIES. 

addition of similar terms in algebra. 
The process of adding the coefficients of 
terms which are alike as regards their other 
factors: 2x+ 3x=5x, 3x*y—2x2y= x2y and 
ax+bx=(a+b)x. See DISSIMILAR TERMS. 

addition of tensors. See TENSOR. 

algebraic addition. See sumM—algebraic 
sum, sum of real numbers. 

arithmetic addition. See sum—arith- 
metic sum of two quantities. 

proportion by addition (and addition and 
subtraction). See PROPORTION. 


See COM- 


ADD’I-TIVE, adj. additive function. A 
function {/ which has the property that 
f(x+y) is defined and equals f(x)+/(y) 
whenever f(x) and f(y) are defined. A con- 
tinuous additive function is necessarily 
homogeneous. A function f is subadditive 
or superadditive according as 


f(x. +X2) Sfx) +f(x2), 
F(x, +x) 2 f(x) + f(x), 


for all x;, x2, and x,;+ x, in the domain of 
definition of f (this domain is usually taken 
to be an interval of the form 0=xSa). 

additive set function. A function which 
assigns a number #(X) to each set X of a 
family F of sets is additive (or finitely addi- 
tive) if the union of any two members of F 
is a member of F and 


HXVYY)=4(X)+ AY) 


for any disjoint members X and Y of F. 


or 


Adjoint 


The function ¢ is completely additive (or 
countably additive) if the union of any finite 
or countable set of members of F is a 
member of F and 
$(UX;) = U(X) 

for any finite or countable collection of sets 
{X;} which are pairwise disjoint and belong 
to F. lf d(UX;) S=d(X;), then ¢ is said 
to be subadditive (it is then not necessary to 
assume the sets are pairwise disjoint). 
See MEASURE—measure of a set. 


AD’I-A-BAT’IC, adj. adiabatic curves. 
Curves showing the relation between pres- 
sure and volume of substances which are 
assumed to have adiabatic expansion and 
contraction. 

adiabatic expansion (or contraction). 
(Thermodynamics) A change in volume 
without loss or gain of heat. 


AD IN’FI-NI’'TUM. Continuing without 
end (according to some law); denoted by 
three dots, as---; used, principally, in 
writing infinite series, infinite sequences, 
and infinite products. 


AD-JA’CENT, adj. adjacent angles. Two 
angles having a common side and common 
vertex and lying on opposite sides of their 
common side. In the figure, AOB and 
BOC are adjacent angles. 


C 


O A 


AD-JOINED’, adj. adjoined number. See 
FIELD—number field. 


AD'JOINT, adj., n. adjoint of a differen- 
tial equation. For a homogeneous dif- 
ferential equation 


d"y qd! 
L(Y)=Po Fn t Pi ait ge 


dy 
+ Pn—-17. + PnY = 9; 
the adjoint is the differential equation 


L(y)=(~ 1p SP) (~ yy Se) 
PE) a y=0. 


+ ++. Ae 


Adjoint 


This relation is symmetric, L=0 being the 
adjoint of L=0. A function is a solution 
of one of these equations if and only if it is 
an integrating factor of the other. There 
is an expression P(u, v) for which 


dP(u, v) 


vL(u) —uL(v)= oF 


P(u,v) is linear and homogeneous in 
u, u,+ ++, ul), and inv, v’,-- +, vo"). It 
is known as the bilinear concomitant. An 
equation is self-adjoint if L(y)=L(y). 
E.g., Sturm-Liouville differential equations 
and Legendre differential equations are 
self-adjoint. 

adjoint of a matrix. The transpose of 
the matrix obtained by replacing each 
element by its cofactor; the matrix obtained 
by replacing each element a,, (in row r and 
column s) by the cofactor of the element 
a; in row s and column r). The adjoint 
is defined only for square matrices. The 
Hermitian conjugate matrix is frequently 
called the adjoint matrix by writers on 
quantum mechanics. 

adjoint of a transformation. For a 
bounded linear transformation YT which 
maps a Hilbert space H into H (with do- 
main of JT equal to H), there is a unique 
bounded linear transformation 7*, the 
adjoint of 7, such that the inner products 
(Tx, y) and (x, T*y) are equal for all x and 
y of H. It follows that ||7j/=||7*!|. Two 
linear transformations 7, and 7> are said 
to be adjoint if (T)x, y)=(x, T>y) for any x 
in the domain of 7, and y in the domain 
of 7,. If T is a linear transformation 
whose domain is dense in H, there is a 
unique transformation 7T* (called the ad- 
joint of T) such that T and 7* are adjoint 
and, if S is any other transformation 
adjoint to 7, then the domain of S is con- 
tained in the domain of T* and S and T* 
coincide on the domain of S. For a 
finite dimensional space and a transforma- 
tion T which maps vectors x=(X1, X2,°°°, 
X,) into Tx=(¥1,¥2,°°+; Yn) with y;= 


> aijX; (for each 7), the adjoint of Tis the 
J 


transformation for which T*x=()y, 2, °°, 
y,) with y;= > Gixi and the matrices of 


j 
the coefficients of T and of T7* are Hermitian 
conjugates of each other. If 71s a bounded 
linear transformation which maps a Banach 


Affine 


space X into a Banach space Y and X* and 
Y* are the first conjugate spaces of X and 
Y, then the adjoint of T is the linear trans- 
formation 7* which maps Y* into X* and 
is such that 7*(¢g)=/ (for f and g members 
of X* and Y*, respectively) if fis the con- 
tinuous linear functional defined by f(x)= 
g[T(x)]. For two bounded linear trans- 
formations 7,, and 7>, the adjoints of 
T,+T, and 7,-7T, are 7,*4+7,* and 
T,*-7,*, respectively. If T has an inverse 
whose domain is all of H (or Y), then 
(T*)-!=(7-1)*. For Banach spaces, the 
adjoint 7** of T* is a mapping of X** 
into Y** which is a norm-preserving exten- 
sion of 7 (T maps a subset of X**, which is 
isometric with X, into Y**). For Hilbert 
space, 7** is identical with 7 if T is 
bounded with domain H; 7** is a linear 
extension of J otherwise. See sELF—self- 
adjoint transformation. 

adjoint space. See CONJUGATE—conju- 
gate space. 


AF-FINE’, adj. affine transformation. (1) 
A transformation of the form 


x=ayxtbyyte, Y=axthoy+eo, 


where 


a, b 
ne 5! =aibs— aby #0. 


(2) A transformation of the form given 
in (1) except that the determinant of the 
coefficients may or may not be zero (it is 
singular or nonsingular according as this 
determinant is zero or nonzero). The 
determinant of the coefficients is denoted 
by A. The following are important special 
cases of the affine transformation, A40: 
(a) a translation (x’=x+a, y=y+5); 
(b) a rotation (x’=xcos@+ysin0, y= 
—xsin@+ycos@); (c) a stretching and 
Shrinking (x’=kx, y’=ky), called frans- 
formations of similitude or homothetic trans- 
formations; (d) reflections in the x-axis and 
y-axis, respectively, (x’=x, yw=-y or 
x’=—x, y’=y); (e) simple elongations 
and compressions (x’=x, y=ky or 
x’=kx, y’=y), sometimes called one- 
dimensional strains and one-dimensional 
elongations and compressions. The affine 
transformation carries parallel lines into 
parallel lines, finite points into finite points 
and leaves the line at infinity fixed. An 
affine transformation can always be fac- 
tored into the product of transformations 
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belonging to the above special cases. A 
homogeneous affine transformation is an 
affine transformation in which the constant 
terms are zero; an affine transformation 
which does not contain a translation as a 
factor. Its form is 


x’=axtbyy, y =anx+byy, 
A=a;b2—a»b, #0. 


An isogonal affine transformation is an 
affine transformation which does not 
change the size of angles. It has the form 


x =a,;xt+byyt+c, 
y= Asx+ boy+ C2, 


where either a,;=b, and a,=—b, or —a, 
=b, and a= by. 


AGE, n. age at issue. (Life Insurance.) 
The age of the insured at his birthday near- 
est the policy date. 

age year. (Life Insurance.) A year in 
the lives of a group of people of a certain 
age. The age year /, refers to the year 
from x to x+1, the year during which the 
group is x years old. 


AG’GRE-GA'TION, zn. Signs of aggrega- 
tion: Parenthesis, (); bracket, []; brace, {}; 
and vinculum or bar, ——. Each means 
that the terms enclosed are to be treated 
as a single term. F.g., 3(2—1+4) means 
3 times 5, or 15. See various headings 
under DISTRIBUTIVE. 


AGNESI. witch of Agnesi. Same as 
WITCH. 


AHMES (RHYND or RHIND) PAPYRUS. 
Probably the oldest mathematical book 
known, written about 1550 B.c. 


A’LEPH, nx. The first letter of the Hebrew 
alphabet, written &. 

aleph-null or aleph-zero. The cardinal 
number of countably infinite sets, written 
X,. See CARDINAL—cardinal number. 


AL’GE-BRA, x. (1) A generalization of 
arithmetic. £.g., the arithmetic facts that 
24+24+2=3x2, 4+4+4=3x4, etc., are 
all special cases of the (general) algebraic 
statement that x+x«+x«=3x. where x is 
any number. Letters denoting any num- 
ber, or any one of a certain set of numbers, 


such as all real numbers, are related by 
laws that hold for any numbers in the set; 
é.g., X+x=2x for all x (all numbers). On 
the other hand, conditions may be imposed 
upon a letter, representing any one of a 
set, so that it can take on but one value, as 
in the study of equations; e.g., if 2x+1=9, 
then x is restricted to 4. Equations are 
met in arithmetic, although not so named. 
For instance, in percentage one has to find 
one of the unknowns. in the equation, 
interest = principal x rate, or J=p x r, when 
the other two are given. (2) A system of 
logic expressed in algebraic symbols, or a 
Boolean algebra (see BOOLEAN). (3) See 
below, algebra over a field. 

algebra over a field. A set R is an 
algebra over the field F if R is a ring and 
multiplication of elements of R by “‘scalars”’ 
belonging to F is defined and satisfies: 
(a+ b)x=ax+bx, a(x+y)=ax+ay, a(bx) 
=(ab)x, 1-x=x, and (ax)(bx)=(ab)(xy), 
where a and b are any members of F and x 
and y are any members of R. The algebra 
is a commutative algebra, or an algebra 
with unit element, according as the ring is a 
commutative ring, or a ring with unit 
element. The set of real numbers is a 
commutative algebra with unit element 
over the field of rational numbers; for any 
positive integer n, the set of all square 
matrices of order n with complex numbers 
(or real numbers) as elements is an algebra 
(noncommutative) over the field of real 
numbers. 

algebra of subsets. An algebra of sub- 
sets of a set XY is a class of subsets of Y 
which contains the complement of each of 
its members and the wnion of any two of its 
members (or the intersection of any two of 
its members). It is called a o-algebra if it 
also contains the union of any sequence of 
its members. An algebra of subsets is a 
Boolean algebra relative to the operations 
of union and intersection. A ring of sub- 
sets of a set X is an algebra of subsets of X 
if and only if it contains X as a member. 
For any class C of subsets of a set , the 
intersection of all algebras (or o-algebras) 
which contain C is the smallest algebra (c- 
algebra) which contains C and is said to be 
the algebra (o-algebra) generated by C. 
For the real line (or n-dimensional space) 
examples of c-algebras are the system of all 
measurable sets, the system of all Borel 
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sets, and the system of all sets having the 
property of Baire. See RING—ring of sets. 

Banach algebra. An algebra over the 
field of real numbers (or complex numbers) 
which is also a real (or complex) Banach 
space for which ||xy||S|lxi|-|lyl! for all x 
and y. It is called a real or a complex 
Banach algebra according as the field is the 
real or the complex number field. The set 
of all functions which are continuous on 
the closed interval [0,1] is a Banach 
algebra over the field of real numbers if 
Lf! 1s defined to be the largest value of 
f(x) for OSxS1. Syn. Normed vector 
ring. 

Boolean algebra. See BOOLEAN. 

measure algebra. See MEASURE—measure 
ring and measure algebra. 

fundamental theorem of algebra. See 
FUNDAMENTAL—fundamental theorem of 
algebra. 


AL’GE-BRAIC, adj. algebraic adder. See 
ADDER. 

algebraic addition. See sumM—algebraic 
sum, sum of real numbers. 

algebraic curve. See CURVE. 

algebraic deviation. See DEVIATION. 

algebraic expression, equation, function, 
operation, etc. An expression, etc., con- 
taining or using only algebraic symbols and 
operations, such as 2x+3, x*+2x+4, or 
V2—x+y=3. See FUNCTION—algebraic 
function. 

algebraic multiplication. See MULTIPLI- 
CATION. 

algebraic number. (1) Any _ ordinary 
positive or negative number; any real di- 
rected number. (2) Any number which is 
a root of a polynomial equation with 
rational coefficients; the degree of the poly- 
nomial is said to be the degree of the 
algebraic number a, and the equation is the 
minimal equation of a, if « is not a root of 
such an equation of lower degree. An 
algebraic integer is an algebraic number 
which satisfies some monic equation 


X™+ayxr + +++ +a"=0, 


with integers as coefficients. The minimal 
equation of an algebraic integer is also 
monic. A rational number is an algebraic 
integer if and only if it is an ordinary 
integer. The set of all algebraic numbers 
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is an integral domain (see DOMAIN— 
integral domain). 

algebraic operations. Addition, subtrac- 
tion, multiplication, division, evolution, 
and involution (extracting roots and raising 
to a power), no infinite processes being used. 

algebraic proofs and solutions. Proofs 
and solutions which use algebraic symbols 
and no operations other than those which 
are algebraic. See above, algebraic opera- 
tions. 

algebraic subtraction. See SUBTRACTION. 

algebraic symbols. Letters representing 
numbers, and the various operational sym- 
bols indicating algebraic operations. See 
MATHEMATICAL SYMBOLS in the appendix. 

irrational algebraic surface. See IRRA- 
TIONAL. 


AL’GO-RITHM, n. Some special process 
of solving a certain type of problem. 

Euclid’s Algorithm. A method of finding 
the greatest common divisor (G.C.D.) of 
two numbers—one number is divided by 
the other, then the second by the remainder, 
the first remainder by the second re- 
mainder, the second by the third, etc. 
When exact division is finally reached, the 
last divisor 1s the greatest common divisor 
of the given numbers (integers). In alge- 
bra the same process can be applied to 
polynomials. £.g., to find the highest com- 
mon factor of 12 and 20, we have 20+ 12 
is | with remainder 8; 12~+8 is 1 with re- 
mainder 4; and 8=+4=2; hence 4 is the 
G.C.D. 


AL'IEN-A’TION, x. coefficient of aliena- 
tion. See CORRELATION—normal correla- 
tion. 


A-LIGN’MENT, adj. 
Same aS NOMOGRAM. 


alignment chart. 


AL’I-QUOT PART. Any exact divisor of 
a quantity; any factor of a quantity; used 
almost entirely when dealing with integers. 
E.g., 2 and 3 are aliquot parts of 6. 


AL’MOST, adj. almost everywhere. See 
MEASURE—measure zero. 
almost periodic. See PERIODIC. 


AL’PHA, n. The first letter in the Greek 
alphabet, written a. 


Alphabet, Greek 


AL’PHA-BET, GREEK. See the ApPEN- 
DIX. 


AL-TER’NANT, 7. A _ determinant for 
which there are n functions fj, fo,-°-, f, Gf 
the determinant is of order n) and m quanti- 
ties r}, 2,° °°, 4, for which the element in 
the ith column and jth row is f,(r;) for each 
i and j (this determinant with rows and 
columns interchanged is also called an 
alternant). The Vandermonde determi- 
nant is an alternant (see DETERMINANT). 


AL’TER-NATE, adj. alternate angles. 
Angles on opposite sides of a transversal 
cutting two lines, each having one of the 
lines for one of its sides. See ANGLE— 
angles made by a transversal. 

alternate exterior angles. Alternate 
angles neither of which lies between the 
two lines cut by a transversal. See ANGLE 
—angles made by a transversal. 

alternate interior angles. Either of the 
two pairs of alternate angles lying between 
the two lines cut by a transversal. See 
ANGLE—angles made by a transversal. 


AL-TER-NAT/ING, adj. alternating group. 
See GRoUP—alternating group. 

alternating series. A series whose terms 
are alternately positive and negative, as 

1-—44+4-44+ ae +(—1)*"!/n+ rsy 
An alternating series converges if each term 
is numerically equal to or less than the 
preceding and if the nth term approaches 
zero aS n increases without limit. This isa 
sufficient but not a necessary set of condi- 
tions—the term-by-term sum of any two 
convergent series converges and, if one 
series has all negative terms and the other 
all positive terms, their indicated sum may 
be a convergent alternating series and not 
have its terms monotonically decreasing. 
The series 


1 1 1 
loa oar a6 Fo" 
is such a series. See NECESSARY—necessary 
condition for convergence. 


AL’TER-NA’TION, 7. proportion by al- 
ternation. See PROPORTION. 


AL’TI-TUDE, 7. See CONE, CYLINDER, 
PARABOLIC— parabolic segment, PARAL- 
LELOGRAM, PARALLELEPIPED, PRISM, PYRA- 


Amicable 


MID, RECTANGLE, SEGMENT—Spherical 
segment, TRAPEZOID, TRIANGLE, ZONE. 

altitude of a celestial point. Its angular 
distance above, or below, the observer’s 
horizon, measured along a great celestial 
circle (vertical circle) passing through the 
point, the zenith, and the nadir. The 
altitude is taken positive when the object is 
above the horizon and negative when 
below. See figure under HoUR—hour- 
angle and hour-circle. 


AM-BIG’U-OUS, adj. Not uniquely deter- 
minable. 

ambiguous case in the solution of triangles. 
For a plane triangle, the case in which two 
sides and the angle opposite one of them is 
given. One of the other angles is then 
found by use of the law of sines; but there 
are always two angles less than 180° corres- 
ponding to any given value of the sine 
(unless the sine be unity, in which case the 
angle is 90° and the triangle is a right tri- 
angle). When the sine gives two distinct 
values of the angle, two triangles result if 
the side opposite is less than the side 
adjacent to the given angle (assuming the 
data are not such that there is no triangle 
possible, a situation that may arise in any 
case, ambiguous or nonambiguous). In 
the figure, angle A and sides a and 5b are 
given (a< bh); triangles 4B,C and AB,C are 
both solutions. If a=bsin A, the right 
triangle ABC is the unique solution. 


A 1 eae aad “By 


For a spherical triangle, the ambiguous 
case is the case in which a side and the 
opposite angle are given (the given parts 
may then be either two sides and an angle 
opposite one side, or two angles and the 
side opposite one angle). 


A-MER’I-CAN, adj. American experience 
table of mortality. See MORTALITY. 


AM’I-CA-BLE, adj. amicable numbers. 
Two numbers, each of which is equal to the 
sum of all the exact divisors of the other 
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holomorphic function, in D. See CAUCHY— 
Cauchy-Riemann partial differential equa- 
tions, and MONOGENIC. 

analytic function of a real variable. A 
function, f(x), is analytic for x=A if it can 
be represented by a Taylor’s series in powers 
of (x—/h), which is equal to the function 
for any x in some neighborhood of A. The 
function is said to be analytic in the interval 
(a, b) if the above is true for every / in the 
interval (a,b). See TAYLOR—Taylor’s 
series. 

analytic geometry. See GEOMETRY—ana- 
lytic geometry. 

analytic at a point. A single-valued func- 
tion f(z) of the complex variable z is said 
to be analytic at the point zy if there is a 
neighborhood WN of zp such that f’(z) exists 
at every pointof N. Le., f(z) is analytic at 
Zo if it is analytic in a neighborhood of Zp. 
Syn. Holomorphic, regular, or monogenic 
at a point. See above, analytic function 
of a complex variable. 

analytic proof or solution. A proof or 
solution which depends upon that sort of 
procedure in mathematics called analysis; 
a proof which consists, essentially, of 
algebraic (rather than geometric) methods 
and/or of methods based on limiting pro- 
cesses (such as the methods of differential 
and integral calculus). 

analytic structure for a space. A cover- 
ing of a locally Euclidean space of dimen- 
sion 7 by a set of open sets each of which is 
homeomorphic to an open set in n- 
dimensional Euclidean space E, and which 
are such that whenever any two of these 
open sets overlap the coordinate trans- 
formation (in both directions) is given by 
analytic functions (i.e., functions which can 
be expanded in power series in some neigh- 
borhood of any point). If neighborhoods 
U and V overlap and P is in their inter- 
section, then the homeomorphisms of U 
and V with open sets of n-dimensional 
Euclidean space define coordinants (x,, Xx», 

- +, x,) and (1, ¥2,---, ¥,) for P and the 
functions xj=x,(¥1,°° +, ¥,) and y;=y;,(x), 
+++, x,) are the functions required to be 
analytic. The analytic structure is real or 
complex according as the coordinates of 
points in E, are taken as real or complex 
numbers. See EUCLIDEAN—locally Eucli- 
dean space, and MANIFOLD. 

a-point of an analytic function. An a- 


point of the analytic function f(z) of the 
complex variable z is a zero point of the 
analytic function f(z)—a. The order of an 
a-point is the order of the zero of f(z)—a 
at the point. See zERO—zero point of an 
analytic function of a complex variable. 

normal family of analytic functions. See 
NORMAL. 

quasi-analytic function. For a sequence 
of positive numbers M,, M>,--- and a 
closed interval [a, b]=J, the class of quasi- 
analytic functions is the set of all functions 
which possess derivatives of all orders on J 
and which are such that for each function 
f there is a constant k such that 


[FM aX) <k"M, for n21 and xel, 


provided this set of functions has the 
property that if fis a member of the set and 
f™(xo)=0 for n20 and xpe/, then f(x)=0 
on J. If M,=n!, or M,=n", then the 
corresponding class of functions is precisely 
the class of all analytic functions on J. 
Every function which possesses derivatives 
of all orders on J (e.g., e~1/** on [0 ,1]) is 
the sum of two functions each of which 
belongs to a quasi-analytic class. Even if 
the class defined by M,,--- and J is not 
quasi-analytic, certain subclasses are some- 
times said to be quasi-analytic if they do 
not contain a nonzero function f for which 
f(x.)=0 for n20 and xpEl. Quasi- 
analyticity is one of the most important 
properties of analytic functions, but there 
exist classes of quasi-analytic functions 
which contain nonanalytic functions. 

singular point of an analytic function. 
See SINGULAR. 


AN’A-LYT’I-CAL-LY, adj. Performed by 
analysis, by analytic methods, as opposed 
to synthetic methods. 


AN’A-LY-TIC-TY, 7. point of analyti- 
city. A point at which a function f(z) of 
the complex variable z is analytic. 


ANCHOR RING or TORUS. A surface 
the shape of a doughnut with a hole in it; 
a surface generated by the rotation, in 
space, of a circle about an axis in its plane 
but not cutting the circle. If r is the radius 
of the circle, k the distance from the center 
to the axis of revolution, in this case the 
z-axis, and the equation of the generating 
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circle is (y—k)?+22=r2, then the equation 
of the anchor ring is 

(V x24 y2—k)24 22= 72, 
Its volume is 27*kr2 and the area of its 
surface is 47rkr. 


AN’GLE, 7. In geometry, the inclination to 
each other (the divergence) of two straight 
lines; the figure formed by two straight 
lines drawn from the same point (the 
vertex of the angle). In trigonometry, a 
figure which has been formed by one 
straight line (called the terminal line, or 
side) having been revolved about a fixed 
point on a stationary straight line (called 
the initial line, or side). If the motion is 
counterclockwise, the angle is said to be 
positive; if clockwise, it is said to be nega- 
tive. ‘‘Angle’’ is used for “‘plane angle.” 


Initial Position 


See ACUTE. 
See sUM—sum of 


acute angle. 

addition of angles. 
angles. 

adjacent angles. 
cent angles. 

angle of depression. The angle between 
the horizontal plane and the oblique line 


See ADJACENT—adja- 


joining the observer’s eye to some object 

lower than (beneath) the line of his eye. 
angle of elevation. The angle between 

the horizontal plane and the oblique line 
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from the observer’s eye to a given point 
above the line of his eye. 

angle of friction. See FRICTION. 

angle of inclination of a line. The 
positive angle, less than 180°, measured 
from the positive x-axis to the given line. 

angle of intersection. The angle of inter- 
section of two lines in a plane is defined thus: 
The angle from line L,, say, to line L, is 
the smallest positive angle through which 
L, can be revolved counterclockwise about 
the point of intersection of the lines to 


coincide with the line L,, angle ¢ in the 
cut. The tangent of the angle from L, 
to L, is given by . 
My— my, 
tan p= tan (65 0)= 1+mm,’ 
where m,=tan 6, and m,=tan@,. The 
angle between lines L, and L, 1s the least 
positive angle between the two lines (the 
angle between two parallel lines is defined 
to be of measure O). The angle between 
two lines in space (whether or not they inter- 
sect) is the angle between two intersecting 
lines which are parallel respectively to the 
two given lines. The cosine of this angle 
is equal to the sum of the products in pairs 
of the corresponding direction cosines of 
the lines (see DIRECTION—direction cosines). 
The angle between two intersecting curves 
is the angle between the tangents to the 
curves at their point of intersection. The 
angle between a line and a plane is the smaller 
(acute) angle which the line makes with its 
projection in the plane. The angle between 
two planes is the dihedral angle which they 
form (see DIHEDRAL); this is equal to the 
angle between the normals to the planes (see 
above, angle between two lines in space). 
When the equations of the planes are in 
normal form, the cosine of the angle be- 
tween the planes is equal to the sum of the 
products of the corresponding coefficients 
(coefficients of the same variables) in their 
equations. 


Angle 
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angle of a lune. See LUNE. 

angles made by a transversal. The angles 
made by a line (the transversal) which cuts 
two or more other lines. In the figure, the 
transversal ¢ cuts the lines m and n. The 
angles a, b,c’, d’ are interior angles; a’, b’, 


c, d are exterior angles; a and c’, and b and 
d’ are the pairs of alternate-interior angles; 
b’ and d, a’ and c are the pairs of alternate 
exterior angles; a’ and a, b’ and b, c’ and c, 
d’ and d are the exterior-interior or corres- 
ponding angles. 

angles of a polygon. The angles made 
by adjacent sides of the polygon and lying 
on the interior of the polygon. This defini- 
tion suffices for any polygon, even if con- 
cave, provided no side (not extended) cuts 
more than two sides. If this condition does 
not hold, the sides must be directed in some 
order when defining the polygon in order 
to uniquely define the angles between them. 
See DIRECTED—directed line. 

angle of reflection. See REFLECTION. 

angle of refraction. See REFRACTION. 

base angles of a triangle. The angles in 
the triangle having the base of the triangle 
for their common side. 

central angle. See CENTRAL. 

complementary angles. See COMPLE- 
MENTARY. 

conjugate angles. Two angles whose 
sum is a perigon; two angles whose sum 
is 360°. Such angles are also said to be 
explements of each other. 

coterminal angles. See COTERMINAL. 

dihedral angle. See DIHEDRAL. 

direction angles. See DIRECTION—direc- 
tion angles. 

eccentric angle. See ELLIPSE—parametric 
equations of an ellipse. 

Euler’s angles. See EULER—Euler’s 
angles. 

explementary angles. 
jugate angles. 

exterior angles. See EXTERIOR. 


See above, con- 


face angles. 
angle. 

flat angle. Same as STRAIGHT ANGLE. 

hour angle of a celestial point. The angle 
between the plane of the meridian of the 
observer and the plane of the hour circle of 
the star—measured westward from the 
plane of the meridian. See HOUR—hour 
angle and hour circle. 

interior angle. See INTERIOR. 

measure of an angle. See DEGREE, MIL, 
and RADIAN. 

negative angle. An angle generated by 
revolving a line in the clockwise direction 
from the initial line. See ANGLE. 

negatively oriented angle. An oriented 
angle for which the rotation is clockwise. 
Same aS NEGATIVE ANGLE. 

obtuse angle. An angle numerically 
greater than a right angle and less than a 
straight angle; sometimes used for all 
angles numerically greater than a right 
angle. 

opposite angle. See OpPOsITE—opposite 
vertices (angles) of a polygon. 

oriented angle. An angle with which the 
idea of directed rotation is associated. 

perigon (angle). An angle containing 
360°. 

plane angle. See above, ANGLE. 

polar angle. See POLAR—polar coordi- 
nates in the plane. 

polyhedral angle. The configuration 
formed by the lateral faces of a polyhedron 
which have a common vertex (A-BCDEF 
in the figure); the positional relation of a 
set of planes determined by a point and the 


See below, polyhedral 


sides of some polygon whose plane does not 
contain the point. The planes (ABC, etc.) 
are called faces of the angle; the lines of 
intersection of the planes are called edges 
of the polyhedral angle. Their point of 
intersection (A) is called the vertex. The 
angles (BAC, CAD, etc.) between two suc- 
cessive edges are called face angles. A sec- 
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tion of a polyhedral angle is the polygon 
formed by cutting all the edges of the 
angle by a plane not passing through the 
vertex. 


positive angle. An angle generated by 


revolving a line in the counterclockwise 
direction from the initial line. Also called 
a positively oriented angle. See ANGLE. 

quadrant angles. See QUADRANT. 

quadrantal angles. See QUADRANTAL. 

reflex angle. An angle greater than a 
straight angle and less than two straight 
angles; an angle between 180° and 360°. 

related angle. See RELATED. 

right angle. Half of a straight angle; an 
angle containing 90° or 47 radians. 

sides of an angle. The straight lines 
forming the angle. 

solid angle. See SOLID. 

spherical angle. The figure formed at 
the intersection of two great circles on a 
sphere; the difference in direction of the 
arcs of two great circles at their point of 
intersection. In the figure the spherical 


P 

angle is APB. It is equal to the plane 
angles A’PB’ and AOB. See DIRECTION— 
direction of a curve. 

straight angle. An angle whose sides lie 
on the same straight line, but extend in 
opposite directions from the vertex; an 
angle of 180° or7z radians. Syn. Flat angle. 

supplementary angles. See SUPPLEMEN- 
TARY. 

tetrahedral angle. A polyhedral angle 
having four faces. 

trihedral angle. A polyhedral angle 
having three faces. 

trisection of an angle. See TRISECTION. 

vertex angle. The angle opposite the 
base of a triangle. 

vertex of an angle. The point of inter- 
section of the sides. 

vertical angle. The angle at the vertex 


of a triangle. Usually called vertex 
angle. 


vertical angles. Two angles such that 
each side of one is a prolongation, through 
the vertex, of a side of the other. 

zero angle. The figure formed by two 
straight lines drawn from the same point 
in the same direction (so as to coincide); 
an angle whose measure in degrees is 0. 


AN’GU-LAR, adj. Pertaining to an angle; 
circular; around a circle. 

angular acceleration. See ACCELERATION 
—angular acceleration. 

angular distance. See DISTANCE—angu- 
lar distance between two points. 

angular momentum. See MOMENTUM— 
moment of momentum. 

angular speed. See SPEED. 

angular velocity. See VELOCITY. 


AN’HAR-MON’IC RATIO. See rRATIO— 
anharmonic ratio. 


AN-NI'HI-LA’TOR, 7. The annihilator 
of a set S is the class of all functions of a 
certain type which annihilate S in the sense 
of being zero at each point of S. E.g., if 
the functions are continuous linear func- 
tionals and S is a subset of a normed linear 
space N, then the annihilator of S is the 
linear subset S’ of the first conjugate space 
N* which consists of a]l continuous linear 
functionals which are zero at each point of 
S. Analogously the annihilator of a linear 
subset S of Hilbert space is the orthogonal 
complement of S. 


AN’NU-AL, adj. Yearly. 

annual premium (net annual premium). 
See PREMIUM. 

annual rent. Rent, when the payment 
period is a year. See RENT. 


AN-NU’I-TANT, 2. The life (person) upon 
whose existence each payment of a life 
annuity is contingent, i.e., the beneficiary 
of an annuity. 


AN-NU'I-TY, 7. A series of payments at 
regular intervals. An annuity contract is a 
written agreement setting forth the amount 
of the annuity, its cost, and the conditions 
under which it is to be paid (sometimes 
called an annuity policy, when the annuity 
is a temporary annuity). The payment 
interval of an annuity is the time between 


Annuity 


successive payment dates; the term is the 
time from the beginning of the first pay- 
ment interval to the end of the last one. 
An annuity is a simple annuity, or a general 
annuity, according as the payment intervals 
do, or do not, coincide with the interest 
conversion periods. A deferred annuity 
(or intercepted annuity) is an annuity in 
which the first payment period begins after 
a certain length of time has lapsed; it is an 
immediate annuity if the term begins im- 
mediately. An annuity due is an annuity 
in which the payments are made at the 
beginning of each period. If the payments 
are made at the end of the periods, the 
annuity is called an ordinary annuity. An 
annuity certain is an annuity that provides 
for a definite number of payments, as con- 
trasted to a life annuity, which is a series of 
payments at regular intervals during the 
life of an individual (a single life annuity) 
or of a group of individuals (a joint life 
annuity). A last survivor annuity is an 
annuity payable until the last of two (or 
more) lives end. An annuity whose pay- 
ments continue forever is called a_per- 
petuity. A temporary annuity is an annuity 
extending over a given period of years, 
provided the recipient continues to live 
throughout that period, otherwise termi- 
nating at his death. A reversionary annuity 
is an annuity to be paid during the life of 
one person, beginning with the death of 
another. An annuity whose payments 
depend upon certain conditions, such as 
some person (not necessarily the benefi- 
ciary) being alive, is called a contingent 
annuity. A forborne annuity is a_ life 
annuity whose term began sometime in 
the past; i.e., the payments have been 
allowed to accumulate with the insurance 
company for a stated period. In case a 
group contributes to a fund over a stated 
period and at the end of the period the 
accumulated fund is converted into an- 
nuities for each of the survivors, the 
annuity is also called a forborne annuity. 
A life annuity is curtate, or complete, 
according as a proportionate amount of a 
payment is not made, or is made, for the 
partial period from the last payment before 
death of the beneficiary to the time of 
death. A complete annuity is also called 
an apportionate annuity and a whole -life 
annuity. An annuity is increasing if each 
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Antilogarithm 


payment after the first is larger than the 
preceding payment; it is decreasing if each 
payment except the last is larger than the 
next payment. Also see TONTINE—tontine 
annuity. 

accumulated value of an annuity. The 
accumulated value (or amount) of an 
annuity at a given date is the sum of the 
compound amounts of the annuity pay- 
ments to that date. The amount of an 
annuity is the accumulated value at the end 
of the term of the annuity. 

annuity bond. See BOND. 

cash equivalent (or present value) of an 
annuity. See vALUE—present value. 

consolidated annuities (consols). See CON- 
SOLIDATED. 


ANN’U-LUS, 2. [p/. annuli]. The portion 
of a plane bounded by two concentric circles 
in the plane. The area of an annulus is 
the difference between the areas of the two 
circles, namely 7(R2—r2), where R is the 
radius of the larger circle and r is the radius 
of the smaller. 


A-NOM’A-LY, n. anomaly of a point. See 
POLAR—Dpolar coordinates in the plane. 


AN’TE-CED’ENT, n. (1) The first term 
(or numerator) of a ratio; that term of a 
ratio which is compared with the other 
term. In the ratio 2/3, 2 is the antecedent 
and 3 is the consequent. (2) See IMPLICA- 
TION. 


AN'TI-DE-RIV’A-TIVE, n. antiderivative 
of a function. Same as the PRIMITIVE or 


INDEFINITE INTEGRAL of the function. See 
INTEGRAL—indefinite integral. 

AN’ TI-HY-PER-BOL’IC functions. Same 
aS INVERSE HYPERBOLIC functions. See 


HYPERBOLIC—inverse hyperbolic functions. 


AN’TI-LOG’A-RITHM, 7. antilogarithm 
of a given number. The number whose 
logarithm is the given number; e.g., anti- 
logig 2=100. Syn. Inverse logarithm. To 
find an antilogarithm corresponding to a 
given logarithm that is not in the tables, 
subtract the next smaller mantissa from 
the given one and from the next larger one, 
divide the former difference by the latter 
and annex the quotient to the number 


Antilogarithm 


corresponding to the smaller mantissa. 
see CHARACTERISTIC. 


AN’TI-PAR’AL-LEL, adj. antiparallel 
lines. Two lines which make, with two 
given lines, angles that are equal in oppo- 
site order. In the figure the lines AC and 


AD are antiparallel with respect to the lines 
EB and EC, since “~EFD= / BCD and 
/ ADE= / EBC, Two parallel lines have 
a similar property. The parallel lines 4D 
and GH also make equal angles with the 
lines EB and EC, but in the same order; 
ie.,/ EFD= / BGH and/ ADE= / GHD. 


AN’TI-SYM-MET’RIC, adj. 
ric dyadic. See DYAD. 


antisymmet- 


AN’TI-TRIG’O-NO-MET’RIC, adj. anti- 
trigonometric functions. | Same as INVERSE 
TRIGONOMETRIC FUNCTIONS. See INVERSE. 


A’PEX, n. [p/. apexes or apices]. A highest 
point relative to some line or plane. The 
apex of a triangle is the vertex opposite the 
side which is considered as the base; the 
apex of a cone is its vertex. 


AP’-OL-LO'NI-US. problem of Apollonius. 
To construct a circle tangent to three given 
circles. 


A POS-TE’RI-O’RI, adj. a_ posteriori 
knowledge. Knowledge from experience. 
Syn. Empirical knowledge. 

a posteriori probability. See PROBABILITY 
—empirical or a posteriori probability. 


A-POTH’E-CAR-Y, z. apothecaries’ 
weight. The system of weights used by 
druggists. The pound and the ounce are 
the same as in troy weight, but the sub- 
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Approximation 
divisions are different. See DENOMINATE 
NUMBERS in the appendix. 


AP’O-THEM, 7. apothem of a regular 
polygon. The perpendicular distance from 
the center to a side. Syn. Short radius. 


AP-PAR’ENT, adj. apparent distance. 
See DISTANCE—angular distance between 
two points. 
apparent time. 
TIME. See TIME. 


Same aS APPARENT SOLAR 


APPLIED MATHEMATICS, See MATHE- 
MATICS. 


AP-POR’TION-A-BLE, adj. apportionable 
annuity. See ANNUITY. 


AP-PROACH,, v. approach a limit. 
LIMIT—limit of a variable. 


See 


AP-PROX’I-MATE, adj., v. To calculate 
nearer and nearer to a correct value; used 
mostly for numerical calculations. E.g., one 
approximates the square root of 2 when he 
finds, in succession, the numbers 1.4, 1.41, 
1.414, whose successive squares are nearer 
and nearer to 2. Finding any one of these 
decimals is also called approximating the 
root; that is, to approximate may mean 
either to secure one result near a desired 
result, or to secure a succession of results 
approaching a desired result. 

approximate result, value, answer, root, 
etc. One that is nearly but not exactly 
correct. Sometimes used of results either 
nearly or exactly correct. See ROOT—root 
of an equation. 


AP-PROX’I-MA’TION, 7. (1) A result 
that is not exact, but is accurate enough 
for some specific purpose. (2) The process 
of obtaining such a result. 

approximation by differentials. See piF- 
FERENTIAL. E£.g., to find the approximate 
change in the area of a circle of radius 2 feet 
when the radius increases .01 foot, we have 
A=mr, from which dA =2znr dr=27x2x 
Too = as7 Square feet, which is the approxi- 
mate increase in area. 

successive approximations. The succes- 
sive steps taken in working toward a 
desired result or calculation. See 
APPROXIMATE. 


A priori 


A PRI-O’RI, adj. a priori fact. Used in 
about the same sense as axiomatic or self- 
evident fact. 

a priori knowledge. Knowledge ob- 
tained from pure reasoning from cause to 
effect, as contrasted to empirical knowledge 
(knowledge obtained from _ experience); 
knowledge which has its origin in the mind 
and is (supposed to be) quite independent 
of experience. 

a priori reasoning. Reasoning which 
arrives at conclusions from definitions and 
assumed axioms or principles; deductive 
reasoning. 


AR’‘A-BIC, adj. Arabic numerals: 1, 2, 3, 
4, 5, 6, 7, 8, 9, 0; introduced into Europe 
from Arabia, probably originating in India, 
although the source is not definitely 
known. 


AR’BI-TRAR’Y, adj. arbitrary assump- 
tion. An assumption constructed at the 
pleasure of the writer without regard to its 
being consistent either with the laws of 
nature or (sometimes) with accepted mathe- 
matical principles. 

arbitrary constant. See CONSTANT. 

arbitrary «. A statement is true for 
arbitrary « if it is true for any numerical 
value (usually restricted to be positive) 
which may be assigned to e«. This idiom 
usually occurs in situations where small 
values of e« are of the most interest. 

arbitrary function in the solution of partial 
differential equations. A function which 
may take many forms and still satisfy the 
differential equation under consideration. 
E.g., z/x=f(y) or F[(z/x), y]=0 (where the 
last equation can be solved for z/x) are 
solutions of x(éz/dx) — z=0, in which f and 
F are arbitrary functions. 

arbitrary parameter. Same as parameter 
in its most commonly used sense. The 
addition of the attribute arbitrary places 
emphasis upon the fact that this particular 
parameter is entirely subject to the values 
directly assigned by the thinker, rather 
than by the conditions of the discussion or 
problem at hand. 


ARC, n. A segment, or piece, of a curve. 

arc length. The length in linear units of 
an arc of acurve. See LENGTH—length of 
a curve. 
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Arc cotangent 


differential (or element) of arc. See 
ELEMENT—element of integration. 

limit of the ratio of an arc to its chord. 
See LIMIT—limit of the ratio of an arc to 


its chord. 


minor arc of a circle. See sECTOR— 
sector of a circle. Syn. Short arc. 
short arc. See SHORT. 


ARC CO-SE’CANT, 7. arc cosecant of a 
number x. Written csc-! x or are cse x; 
an angle whose cosecant is x. E.g., csc-12 


4+ y= are csc £ 


is equal to 30°, 150°, or in general, 7180°+ 
(—1)"30°. See vALUE—principal value of 
an inverse trigonometric function. Syn. 
Inverse cosecant, anticosecant. (In the 
figure, y is in radians.) 


ARC CO’SINE, 7. arc cosine of a number 
x. Written cos~! x or arc cos x; an angle 
whose cosine is x. £.g., arc cos } is equal 
to 60°, 300°, or in general 360° + 60°. 
See VALUE—principal value of an inverse 


trigonometric function. Syn. Inverse co- 
sine, anticosine. The graph shows y= 
cos—! x (y in radians). 


ARC CO-TANGENT, 7. 
a number x. 


arc cotangent of 
Written cot-! x, ctn-! x or 


Arc cotangent 


arc cot x; an angle whose cotangent is x. 


E.g., arc cot 1 is equal to 45°, 225°, or in 


general 2180°+45°. See vALUE—principal 
value of an inverse trigonometric function. 
Syn. Inverse cotangent, anticotangent. 


y=arc cot % 


(In the figure, y is in radians.) 


ARCHIMEDES. 
See SPIRAL. 


spiral of Archimedes. 


AR’CHI-ME’DE-AN. Archimedean prop- 
erty. The property of real numbers that 
for any positive numbers a and 5b there is 
a positive integer nm such that a< nb. 


ARC:HY-PER-BOL’IC, adj. arc-hyper- 
bolic sine, cosine, etc. See HYPERBOLIC— 
inverse hyperbolic functions. 


ARC SE-CANT’, 7. arc secant of a num- 
ber x. Written sec”! x or arc sec x. An 
angle whose secant is x. E.g., arc sec 2 
is equal to 60°, 300°, or in general, 360° 
+60°. See vALUE—principal value of an 
inverse trigonometric function. Syn. In- 
verse secant, antisecant. (In the figure, y 
is in radians.) 


ARC SINE, 7. are sine of a number x. 
Written sin-! x or aresinx. An angle 
whose sine is x. £.g., arc sin 4 is equal to 
30°, 150°, or in general n180°+(— 1)"30°. 
See VALUE—principal value of an inverse 
trigonometric function. Syn. Inverse sine, 


Area 


antisine. The figure is the graph of y= 
sin! x (y in radians). 


ARC TAN-GENT’, 7. arc tangent of a 
number x. Written tan-! x or arc tan x. 


y arc tan x 


An angle whose tangent is x; e.g., arc tan 1 
is equal to 45°, 225°, or in general, 1180° 
+45°. See vALUE—principal value of an 
inverse trigonometric function. Syn. In- 
verse tangents, antitangent. (In the figure, 
y is in radians.) 


A‘RE-A, 7. area of a curved surface (a 
sphere, ellipsoid, etc.). The limit ap- 
proached by the sum of the areas of the 
faces of a polyhedron whose faces are 
tangent to the surface as the lengths of the 
edges of the polyhedron approach zero. 
In case the surface is not of such a nature 
as to permit such a polyhedron (e.z., if it is 
not closed) it can, in general, still be 
covered by a surface consisting of a set of 
polygons, each tangent to the surface, in 
such a way that each edge can be made to 
approach zero. The resulting limit of the 
sum of the areas of the polygons is the 
area of the surface (if the limit exists). 
See SURFACE—Surface area. 


Area 


Arm 


area of a lune. See LUNE. 

area of a plane region (a triangle, square, 
circle, etc.). The greatest lower bound of 
the sum of the areas of nonoverlapping 
squares which together completely cover 
the region, the area of a square being de- 
fined as the square of the length of its side. 
See MEASURABLE—measurable set, ELEMENT 
—element of integration, GEOMETRIC— 
method of geometric exhaustion, and the 
special configuration. 

differential (or element) of area. See 
ELEMENT—element of integration, and 
SURFACE—Surface area, surface of revolu- 
tion. 

lateral area of a cone, cylinder, parallele- 
piped, etc. See the specific configuration. 

relations between areas of similar sur- 
faces. Areas of similar surfaces have the 
same ratio (vary as) the squares of corres- 
ponding lines. F.g., (1) the areas of two 
circles are in the same ratio as the squares 
of their radii, (2) the areas of two similar 
triangles are in the same ratio as the squares 
of corresponding sides or altitudes. 


ARGAND DIAGRAM. Two perpendicu- 
lar axes on one of which real numbers are 
represented and on the other pure imagi- 
naries, thus providing a frame of reference 
for graphing complex numbers. These 
axes are called the real axis and the 
imaginary axis or the axis of reals and the 
axis of imaginaries. 


ca 
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AR’GU-MENT, x. argument of a complex 
number. Same as AMPLITUDE. See AMPLI- 
TUDE—amplitude of a complex number. 

argument of a function. Same as the 
INDEPENDENT VARIABLE. See FUNCTION. 

arguments in a table of values of a function. 
The values of the independent variable 
for which the values of the function are 
tabulated. The arguments in a trigono- 
metric table are the angles for which the 
functions are tabulated; in a log-table, 
the numbers for which the logarithms are 
tabulated. 


A-RITH’ME-TIC, n. The study of the 
integers 1, 2, 3, 4, 5,--- under the opera- 
tions of addition, subtraction, multiplica- 
tion, division, raising to powers, and 
extracting roots, and the use of the results 
of these studies in everyday life. 

four fundamental operations of arithmetic. 
Addition, subtraction, multiplication, and 
division. 


AR-ITH-MET IC or AR-ITH-MET’I-CAL, 
adj. Employing the principles and sym- 
bols of arithmetic. 

arithmetic component. In a computing 
machine, any component that is used in 
performing arithmetic, logical, or other 
similar operations. 

arithmetic mean (or average). See AVE- 
RAGE. 

arithmetic mean, or means, between two 
given numbers. The other terms of an 
arithmetical progression of which the given 
numbers are the first and last terms; a single 
mean between two numbers is their ave- 
rage, that is, one half of their sum. When 
the number of terms, 1, and the first and 
last are given, the other terms can be written 
out after finding the difference, d, from the 
formula, /=a+(n—1)d, where a and / are 
the first and last terms, respectively. See 
below, arithmetic progression. 

arithmetic number. See NUMBER—arith- 
metic numbers. 

arithmetic progression. Denoted by A.P. 
A sequence, each term of which is equal 
to the sum of the preceding term and a 
constant; written: @,a+d,a+2d,--+, at 
(n—1)d, where a is called the first term, d 
the common difference or simply the 
difference, and a+(n—1)d the last or nth 
term. The positive integers, 1, 2, 3,--- 
form an arithmetic progression. See be- 
low, arithmetic series. 

arithmetic series. The indicated sum of 
the terms of an arithmetic progression. 
This sum, to n terms, is denoted by S,, and 
is equal to 


$n(at+l) or 4n[2a+(n—1)d]. 


AR-ITH-MOM’E-TER, n. A computing 
machine. 


ARM, 7. arm of an angle. A side of the 
angle. 


Arrrangement 


AR-RANGE’MENT, 2. 


TATION (1). 


Same aS PERMU- 


AR-RAY’, n. (Statistics.) Arrangement 
of a series of items according to values of 
the items. Usually from largest to smallest, 
or the reverse. 


AS-CEND’ING, adj. 
series. 
SERIES. 

ascending powers of a variable in a 
polynomial. Powers of the variable that 
increase as the terms are counted from left 
to right, as in the polynomial 


ascending power 
Same aS POWER SERIES. See 


at bx+cex2+dxi+ ++, 


ASCOLI’S THEOREM. From any set of 
uniformly bounded functions equicontinu- 
ous on a bounded closed (compact) set 
(such as a closed interval) it is possible to 
select an infinite sequence which converges 
uniformly to a limit function which is also 
continuous. 


AS-SESSED"’, adj. assessed value. <A 
value set upon property for the purpose of 
taxation. 


AS-SES’SOR, n. One who estimates the 
value of (evaluates) property as a basis for 
taxation. 


AS’SETS, n. assets of an individual or 
firm. All of his (or its) goods, money, 
collectable accounts, etc., which have value; 
the opposite of liabilities. 

fixed assets. Assets represented by 
equipment for use but not for sale—such as 
factories, buildings, machinery, and tools. 

wasting assets. See DEPRECIATION. 


AS-SO’CIATE, adj. associate matrix. 
See HERMITIAN—Hermitian conjugate of a 
matrix. 


AS-SO’CI-AT’ED, adj. 
of convergence. 


associated radius 
If the power series 


Maks .k3 oe @ jee tea? ee Z,Kn 
converges for |z;|<rj, j=1, 2,---m, and 
diverges for |z;|>r;,/=1, 2,-+-a, where r; 


is positive, then the set r;, r2,°-- 1, is called 
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Astronomical 


a set of associated radii of convergence for 
the series. E.g., for the series 

1 
1—z 122 
associated radii clearly are any positive 
numbers rj, rz with ryr.=1. 


L+2,294+2;22727+ °° = 


AS-SO’CI-A’TIVE, adj. A method of 
combining objects two at a time Is associa- 
tive if the result of the combination of 
three objects (order being preserved) does 
not depend on the way in which the objects 
are grouped. If the operation is denoted 
by o and the result of combining x and y by 
xo y, then 
(xo y)ozZ=XxXo(yoz) 

for any x, y and z for which the “‘products”’ 
are defined. For ordinary addition of 
numbers, the associative law states that 
a+(b+c)=(a+6)+c for any numbers a, b, 
c. This law can be extended to state that 
in any sum of several terms any method of 
grouping may be used (i.e., at any stage 
of the addition one may add any two 
adjacent terms). The associative law for 
multiplication states that 


(ab)c = a(bc) 


for any numbers a, b, c. This law can be 
extended to state that in any product of 
several factors any method of grouping 
may be used (i.e., at any stage of the 
multiplication one may multiply any two 
adjacent factors). See GROUP. 


AS-SUMP’TION, n. See Axiom, and be- 
low, fundamental assumptions of a subject. 

empirical assumption. See EMPIRICAL— 
empirical formula, assumption, or rule. 

fundamental assumptions of a subject. A 
set of assumptions upon which the subject 
is built. For instance, in algebra the com- 
mutative and associative laws are funda- 
mental assumptions. Sets of fundamental 
assumptions for the same subject vary 
more or less with different writers. 


AS-SUR’ANCE, n. Same as insurance. 


AS’TROID, n. The hypocycloid of four 


Cusps. 
AS-TRO-NOM’I-CAL, adj. astronomical 
frame of reference. See FRAME. 


Asymmetric 


A’SYM-MET’RIC, adj. asymmetric rela- 
tion. See SYMMETRIC—Symmetric relation. 


AS’YMP’TOTE, n. A line such that a 
point, tracing a given curve and simul- 
taneously receding to an infinite distance 
from the origin, approaches indefinitely 
near to the line; a line such that the per- 
pendicular distance from a moving point 
on a curve to the line approaches zero as 
the point moves off an infinite distance 
from the origin. Tech. An asymptote is a 
tangent at infinity, i.e., a line tangent to 


(touching) the curve at an ideal point. See 
figure under HYPERBOLA. 
asymptote to the hyperbola. When the 


equation of the hyperbola is in the standard 
form x?/a2—y?/b?=1, the lines y=)bx/a 
and y=—bx/a are its asymptotes. This 
can be sensed by writing the above equa- 
tion in the form y= + (bx/a) V1 — a?2/x2 and 
noting that a*/x2 approaches zero as x in- 
creases without limit. Zech. The numerical 
difference between the corresponding or- 
dinates of the lines and the hyperbola is 


|bx/a\1 — V1 — a2/x?) 
= |bx/a|/((1+ V1—a2/x?2), 


which approaches zero as x increases, and 
the distances from the hyperbola to the 
lines are the product of this infinitesimal 
by the cosines of the angles the lines make 
with the x-axis; hence the distances between 
the lines and the hyperbola each approach 
zero as x increases. See above, ASYMPTOTE. 


AS’YMP-TOT‘IC, adj. asymptotic direc- 
tions on a surface at a point. Directions 
at a point P on a surface S$ for which 
Ddu2+2D’' dudv+ D” dv?=0. See FUNDA- 
MENTAL—fundamental coefficients of a 
surface. Asymptotic directions at P on S 
are the directions at P on S in which the 
tangent plane at P has contact of at least 
the third order. See DISTANCE—distance 
from a surface to a tangent plane. Asymp- 
totic directions are also the directions in 
which the normal curvature vanishes. At 
a planar point all directions are asymptotic 
directions; otherwise there are exactly two 
asymptotic directions, which are real and 
distinct, real and coincident, or conjugate 
imaginary, according as the point on the 
real surface S is hyperbolic, parabolic, or 
elliptic. 
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Asymptotic 


asymptotic cone of an hyperboloid. If 
either of the hyperboloids 


care ae Sa 

@ bc”? 
and 

V2, 

az b2 ¢c °° 


is cut by the plane y=m-x, hyperbolas are 
formed whose asymptotes pass through the 
origin. The cone described by these lines 
as m varies is called the asymptotic cone of 
the hyperboloid under consideration. 
asymptotic distribution. If a distribu- 
tion F(x) of a random variable x is a func- 
tion of a parameter n (e.g., n may be the 
size of a sample and x the mean), the limit 
of F(x) as n—> ©0 is the asymptotic distribu- 
tion function of x. In particular, if two 
quantities u and o can be obtained so that 


*—*\= 
= =Yn 
will be, in the limit as n— ©, equal to 


, 1 f 
lim p(y, < t)= — | e~x7/2 dx, 
n—>00 ‘ N/ Dar 05 
then F(x) is asymptotically normally distri- 
buted. This means that x is asymptotically 
normally distributed in the sense that the 


limit, as m—>o, of the probability of 


the distribution function of ( 


(=—- Yn) <t is given by the normal 


distribution regardless of whether or not x 
has a mean and variance of uw and oa. 
Whatever the distribution of x the prob- 
ability of the variable y is given in the limit 
by the normal distribution, if x can be so 
transformed as to be asymptotically normal. 

asymptotic expansion. A divergent series 
of the form ag+(a,/z)+(@,/z2)+(a3/z3) 
-++ +(a,/z")+ ---, where the numbers a; 
are constants, is an asymptotic expansion of 
a function f(z) if lim z"[f(z)— S,(z)]=0 for 

Z—®D 


any fixed value of m, where S,(z) is the sum 
of the first 7 terms of the series. E.g., 


{ * plex-t dt=(1/x)—(1[x2) + (21/23) 


x 


— ee $[(— 1) '@— 1)!/fe" + (— 1nd] 
co ext 
J mrt at. 
For n fixed and x sufficiently large, the pro- 


duct of x” and the last term (or remainder) 
can be made less than any preassigned posi- 


Asymptotic 


tive quantity. Hence the series with gen- 
eral (nth) term (—1)""!(n—1)!/x" 1s the 
asymptotic expansion of the function of x 
given by the integral. This fact is written: 


[> rte dr~ (J) (x) 
; + (2Yx3I)— BY x4 os, 


asymptotic line on a surface. A curve 
C on a surface S such that the direction 
of C at each of its points is an asymptotic 
direction on S; curves defined by the dif- 
ferential equation D du2+2D’ du dv+ D” 
dv?=0. In general there are two such 
curves through each point of S. See above, 
asymptotic directions on a surface at a 
point. 


AT-TEN’U-A’TION, n. In correlation, the 
reduction of correlation between two varia- 
bles because of independent errors of 
measurement in at least one of the variables 
is attenuation of correlation. 


AT-TRAC’TION, 7. center of attraction. 
See CENTER—Ccenter of mass. 
gravitational attraction. 

TION. 


See GRAVITA- 


AT’TRI-BUTE, 7. A qualitative charac- 
teristic, the presence or absence of which 
may assign a quantitative value to the 
variable. Thus, a defective item in a 
production process may be valued at 0 and 
a nondefective at 1. Qualitative character- 
istics may be fundamentally quantitative; 
thus, if the quantitative value exceeds a 
critical value, the item possesses the 
attribute, e.g., blemishes on a fruit. 


AUG-MEN'TED, adj. 
See MATRIX. 


augmented matrix. 


AU-TO-MOR’PHIC, adj. automorphic 
function. A  single-valued function f(z), 
analytic except for poles in a domain D 
of the complex plane, is said to be auto- 
morphic with respect to a group of linear 
transformations provided for each trans- 
formation 7 of the group it is true that, if 
z lies in D, then also 7(z) lies in D, and 


AIT(DJ=f(z). 


AU-TO-MOR’PHISM, n. 
PHISM. 


See ISOMOR- 
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AU’TO-RE-GRES’SIVE, 7. autoregres- 
sive series. If the variable y=/(f), written 
y, 1s of the form 


Y= yz) + by, 2+ +++ +myy_mtk, 
the variable y forms an autoregressive series. 


Specifically, a difference equation in the 
variable y forms an autoregressive series. 


AUX-IL'TA-RY, adj. auxiliary circle of 
the ellipse. The larger of the two eccentric 
circles of the ellipse. See ECCENTRIC— 
eccentric circles of the ellipse. 

auxiliary circle of the hyperbola. See 
HYPERBOLA—auxiliary circle of the hyper- 
bola. 

auxiliary equation. See DIFFERENTIAL— 
linear differential equations. 


AV’ER-AGE, n. (1) A single number 
typifying or representing a set of numbers 
of which it is a function. (2) A single 
number computed such that it is not less 
than the smallest nor larger than the 
largest of a set of numbers. A generalized 
formulation is 


») qixj? ~ 
rae 
> qi 


i=] 


‘Aus 


where q; are weights, y is arbitrary, and x; 
are the nm numbers, not necessarily different, 
to be averaged. The weighted arithmetic 
average or weighted mean is obtained by 
setting y=1; thus 


The numbers g; are called the weights; if 
they are all equal, the weighted mean 
reduces to the arithmetic mean or arith- 
metic average (usually called simply the 
mean or average). E.g., the average of 
the numbers 60, 70, 80, 90, is their sum 
divided by 4, or 75. If one desired to give 
more preference to the grades a student 
makes as the semester advances, he could 
do so by using a weighted average. If the 
grades were 60, 70, 80, 90, the average 
would be 75, but if 1, 2, 3, 4, were used as 


Average 


weights, the weighted average would be 
(60+ 140+ 240+ 360)/10, or 80. The har- 
monic average is the reciprocal of the 
arithmetic average of reciprocals of the 
numbers: 

n 

- qi 


i=] 


Hn= 
2445) 


In the generalized formula, the harmonic 
average is obtained by setting y= -—1. 
The nth root of the product of a set of 1 
positive numbers is the geometric average, 
or geometric mean, 


The antilogarithm of the arithmetic average 
of the logarithms of a set of values is the 
geometric mean. In the generalized for- 
mula, the geometric mean is equal to the 
limit of A as y—> 0. 

average curvature. See CURVATURE— 
average curvature of a curve in a plane. 

average deviation. Same aS MEAN DEVIA- 
TION. See DEVIATION—mean or average 
deviation. 

average ordinate. See MEAN—mean value 
of a function. 

average speed and velocity. See SPEED, 
and VELOCITY. 

average value of a function. 
mean value of a function. 

moving average. The k-period moving 
average is the series of arithmetic averages 
obtained by averaging subsets of A succes- 
sive equal-intervaled terms in a time series. 
Thus the average of the first A terms is 
usually identified with the midpoint of that 
interval. The second average is obtained 
from the second subset of & items count- 
ing from the second term in the series. 
Weighted averages may be used. 


See MEAN— 


AV’ER-AG-ING, nv. averaging an account. 
Finding the average date. See EQUATED— 
equated date. 


AV’OIR-DU-POIS’, adj. avoirdupois 
weight. A system of weights using the 
pound as its basic unit, the pound being 
equal to 16 ounces. See DENOMINATE 
NUMBERS in the appendix. 
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Axis 
AX’I-AL, adj. axial symmetry. Sym- 
metry with respect to a line. The line is 


called the axis of symmetry. 


AX’T-OM, n. (1) A self-evident and gen- 
erally accepted principle. (2) An assump- 
tion or postulate. The distinction between 
postulate and axiom is not very sharp. 
Axiom refers more to the a priori truth of a 
theorem than postulate. One may postu- 
late something that could be proved but 
would hardly call it an axiom. 

axiom of choice. See CHOICE. 

axiom of continuity. To every point on 
the real axis there corresponds a real 
number (rational or irrational); the assump- 
tion that there exist numbers such as those 
indicated by the Cauchy necessary and 
sufficient conditions for convergence, and 
the Dedekind cut postulate. Syn. Princi- 
ple of continuity. 

axiom of countability. See sEPARABLE— 
separable space. 

axiom of superposition. Any figure may 
be moved about in space without changing 
either its shape or size. 

Euclid’s axioms or ‘‘common notions.’’ 
(1) Things equal to the same thing are 
equal to each other. (2) If equals are added 
to equals, the results are equal. (3) If 
equals are subtracted from equals the re- 
mainders are equal. (4) Things which 
coincide with one another are equal. (5) 
The whole is greater than any of its parts. 
Axioms (4) and (5) are not universally 
attributed to Euclid. 


AX’‘IS, n. [pl. axes]. See CONE, CYLINDER, 
ELLIPSE, ELLIPSOID, HYPERBOLA, PARABOLA, 
PENCIL—pencil of planes, RADICAL—radical 
aXIS, REFERENCE—axis of reference, SYM- 
METRIC—Symmetric geometric configura- 
tions. 

axis of a curve or surface. Same as an 
AXIS OF SYMMETRY. See SYMMETRIC—Sym- 
metric geometric configurations. 

axis of perspectivity. See PERSPECTIVE— 
perspective position. 

axis of revolution. 
revolution. 

coordinate axis. A line along which (or 
parallel to which) a coordinate is measured. 
See CARTESIAN—Cartesian coordinates. 

major and minor axis of an ellipse. 
ELLIPSE. 


See SOLID—solid of 


See 


Axis 


Banach 


polar axis. See POLAR—polar co- 
ordinates in the plane. 

principal axes of inertia. See MOMENT— 
moment of inertia. 

real and imaginary axes. The straight 
lines upon which the scales of reals and 
imaginaries have been laid off when plotting 
complex numbers in rectangular’ co- 
ordinates. See ARGAND DIAGRAM. 

transverse and conjugate axis of the 
hyperbola. See HYPERBOLA. 


AZ'I-MUTH, 7. azimuth of a point in a 
plane. See POLAR—polar coordinates in the 
plane. 

azimuth of a celestial point. See HoOUR— 
hour angle and hour circle. 


AZ'I-MUTH’AL, adj. azimuthal map. A 
map of a spherical surface S in which the 
points of S are projected onto a -tangent 
plane from a point on that diameter of S 
that is perpendicular to the plane. An 
azimuthal map is said to be a gnomic map 
if the point of projection is the center of the 
sphere; it is an orthographic map if the 
point of projection is at infinite distance. 
See PROJECTION—Stereographic projection 
of a sphere on a plane. 


B 


B.T.U. See sBrRiITISH—British thermal unit. 


BAC-TE’RI-AL, adj. law of bacterial 
growth. The increase per second of bac- 
teria growing freely in the presence of un- 
limited food is proportional to the number 
present. It is defined by the equation 
dN/dt=kN, where k is a constant, ¢ the 
time, MN the number of bacteria present, 
and N& the rate of increase. The solution 
of this equation is N=cek'. This is also 
called the law of organic growth. See 
DERIVATIVE. 


BAIRE. Baire’s category theorem. See 
CATEGORY. 

Baire function. A real-valued function 
f which has the property that for any real 
number a the set of all x for which f(x)>a 
is a Borel set. Equivalent definitions result 
if the set of all x satisfying f(x)=a, or the 
set of all x satisfying a</f(x)<b for 


arbitrary a and b, are required to be Borel 
sets (and either or both of the signs S could 
be replaced by <). Any Baire function is 
measurable. The Baire functions can be 
classified as follows. The set of con- 
tinuous functions are of the first Baire 
class. In general, a function is of Baire 
class « if it is not of Baire class 8 for any 
{<a and is a point-wise limit of functions 
which belong to Baire classes correspond- 
ing to numbers preceding a. By transfinite 
induction, these classes are defined for all 
ordinal numbers corresponding to de- 
numerable well-ordered sets. No addi- 
tional functions are obtained by further 
extensions. Syn. Borel measurable func- 
tions. To every measurable function there 
corresponds a Borel measurable function 
which differs from f only on a set of 
measure zero. 

property of Baire. A set S contained in 
a set T has the property of Baire if each 
nonempty open set U contains a point 
where either S or the complement of S is 
of first category. A set has the property 
of Baire if and only if it can be made into 
an open (or a closed) set by adjoining and 
taking away suitable sets of the first 
category, or if and only if it can be repre- 
sented as a G; set plus a set of first category, 
or if and only if it can be represented as an 
F, set minus a set of first category. The 
class of all sets having the property of Baire 
is the o-algebra generated by the open sets 
together with the sets of first category. 
See BOREL—Borel set, MEASURABLE—meéa- 
surable set. 


BANACH. Banach algebra. See ALGEBRA— 
Banach algebra. 

Banach space. A vector space whose 
scalar multipliers are the real numbers (or 
the complex numbers) and which has 
associated with each element x a real 
number ||x||, called the norm of x, satisfying 
the postulates: (1) |/x|| > 0if x40; (2) |lax|/= 
|a|-\\c|! for all real numbers a; (3) |Ix+ yl] < 
x||+ | y|| for all x and y; (4) the space is 
complete, a neighborhood of an element x 
being the set of all y satisfying jIx—y||<e 
for some fixed «. Without postulate (4), 
the space 1s a normed linear space or 
normed vector space. The Banach space is a 
real Banach space or a complex Banach 
space according as the scalar multipliers 


Banach 


Base 


ne tS 


are real numbers or complex numbers. 
Examples of Banach spaces are Hilbert 
space, the spaces /™(r = 1) of all sequences 


ie @) 
x=(X1, X2,-- +) for which » |x;|" is finite 
i=1 


n 1/r 
and ||x||= BS | , and the space (C) 
i=1 


of all continuous functions f defined on 
the interval [0, 1] with ||f||=max|f(x)| for 
O<x<l. 

Banach-Steinhaus theorem. Let XY and Y 
be Banach spaces and let 7), 7>,--- be a 
sequence of bounded linear transformations 
from X to Y. If the set ||7,(x)||, ||To(x)II|, - - - 
is bounded for each x of X, then there is a 
number M such that ||7,(x)|| S Mllx|| for 
all x of X and each n. 

Hahn-Banach theorem. See HAHN- 
BANACH THEOREM. 


BANK, zn. bank discount. See DISCOUNT. 
bank note. A note given by a bank and 
used for currency. It usually has the shape 
and general appearance of government 
paper money. 
mutual saving bank. See MUTUAL. 


BAR, n. See AGGREGATION. 
bar graph. Sce GRAPH. 


BAR’ Y-CEN’TER, n. Same as CENTER OF 
MASS. See CENTER—center of mass. 


BAR’Y-CEN’TRIC, adj. barycentric co- 
ordinates. Let Po, P},-°°°, p, be n linearly 
independent points of n-dimensional Eucli- 
dean (or vector) space £,. Then for each 
point x of E, there is one and only one set 
Ao, ° + *, A, of real numbers for which 
x=Appot+Arpit oh AnPn 
and Ag+A,+:--+A,=1. The point x is (by 
definition) the center of mass of point 
masses Ao, A), °° +, A,, at the points po, - - +, Dns 
respectively, and the numbers Ap, Aj, °° -, A, 
are said to be barycentric coordinates of the 
point x. The motivation for this definition 
is that if three objects have weights Apo, 1, A> 
with Ajg+A,;+A,=1, and their centers of 
mass are at the points po=(X%o, Yo, Zo), 
Pi =(%1, V1, 21), P2=(X2, ¥2, Z2), then the 
center of mass of the three objects together 
is the point 
BP=AoPotAipitArpr 
= (Axo $Apx1 +A2X2, Apo +A +A2yV2, 
AZo +A,z1 +A Z>). 


BASE, n. A base of a geometric configura- 
tion is usually a side (or face) upon which 
(perpendicular to which) an altitude is 
constructed, or is thought of as being con- 
structed. See the particular geometric 
configuration. For an expression such as 
a", the quantity a is called the base and n 
the exponent. Also see the various headings 
below. 

base angles of a triangle. The two angles 
which have the base of the triangle for a 
common side. 

base for a topological space. A class B of 
open sets is a base for the topology of a 
topological space 7 if each open set is the 
union of some of the members of B. A 
subbase for a topology is a class S of open 
sets such that the class of all finite inter- 
sections of members of S is a base for the 
topology. A class N of open sets is a base 
for the neighborhood system of a point x (or 
a local base at X) if x belongs to each 
member of N and any open set which con- 
tains x also contains a member of N. A 
subbase for the neighborhood system of a 
point x (or a local subbase at x) is a class S 
of sets such that the class of all finite inter- 
sections of members of S' is a base for the 
neighbourhood system of x. A topological 
space is said to satisfy the first axiom of 
countability if each point has a countable 
base for its neighborhood system; it satis- 
fies the second axiom of countability if its 
topology has a countable base. A metric 
space satisfies the second axiom of counta- 
bility if and only if it is separable. 

base in mathematics of finance. A num- 
ber, usually a sum of money, of which some 
per cent is to be taken; a sum of money 
upon which interest is to be calculated. 

base of a logarithmic system. See 
LOGARITHM. 

base of a system of numbers. The num- 
ber of units, in a given digit’s place or 
decimal place, which must be taken to 
denote 1 in the next higher place. E.g., 
if the base is ten, ten units in units place 
are denoted by | in the next higher place, 
which is ten’s place; if the base is twelve, 
twelve units in units place are denoted by 
1 in the next higher place, which is twelve’s 
place—that is, when the base is twelve, 23 
means 2x twelve+3. Tech., an integer to 
any base is of form d)+d,(base) 
+ d,(base)* + d3(base)3+ ---, where do, dj, 


Base 


dy, d;, etc., are each nonnegative integers 
less than the base. A number between 0 
and | can be written as 


_ dy d> ds 
GE see — base * (base)? ' (base)? 
BA/SIS, n. basis of a vector space. A set 


of linearly independent vectors such that 
every vector of the space is equal to some 
linear combination of vectors of the basis. 
If the vectors of the basis are mutually 
orthogonal, the basis is an orthogonal basis; 
if they are also all of unit length, the basis 
is a normal (or normalized) orthogonal basis, 
or an orthonormal basis. If there is a finite 
number of vectors in the basis, the space is 
said to be finite dimensional and _ its 
dimension is equal to the number of vectors 
in its basis. Otherwise, it is infinite 
dimensional. For an infinite dimensional 
(and separable) vector space with a vector 
length (or norm) defined, a basis usually 
means a sequence of elements x1, x2,-°> 
such that every x is uniquely expressible 


[o @) 

in the form x= > a;x; (meaning that the 
i= | 

limit as n becomes infinite of the length of 


n 
x- > a,x; 1s zero). The examples given 
im] 


of Banach spaces possess such a basis, while 
for Hilbert space the sequence x, X9,--°- 
is a normal orthogonal basis if x, is an 
element for each p having all components 
zero except the pth, which is unity. 

Hamel basis. See HAMEL. 


BAYES’ THEOREM. (1) If an event A 
can occur only when one of the B,, Bo, 
---+, B, exhaustive and incompatible events 
occurs; and (2) if the a priori probabilities 
of the events B;, denoted by P(B;), are 
known when nothing is known about the 
occurrence of the event A; and (3) if the 
conditional probability of the event A to 
occur when B; has been known to occur 1s 
P(A, B;) and is known for all 7, then the 
a posteriori probability of B;, P(B;, A), 
when it is known that A has occurred, is 
given by 


P(B)) P(A, Bi) 


> P(B,) P(A, By) 
"=| 


P(B;, A)= 
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P(B;, A) is also known as the inverse 
probability of the event B;. E.g., 4 urns 
are equally likely to be sampled. Number 1 
contains | white and 2 red balls, number 2 
has 1 white and 3 red, number 3 has 1 
white and 4 red, and number 4 has 1 white 
and 5 red. The a priori probability of an 
urn being sampled is 4=P(B;); P(A, B;) 
equals 4, 4, $, and 3 respectively for i=1, 
---+,4, where A is the draw of a white 
ball. Application of Bayes’ formula yields 
PB(2,A)=15. P(B,) need not all be equal. 
Bayes’ theorem may be applied to confi- 
dence intervals and tests of hypotheses if the 
a priori probabilities are known. The usual 
Neyman and Pearson confidence interval 
and test of hypotheses do not rely on 
a priori probabilities. See PROBABILITY— 
mathematical or a priori probability. 


BEAR’ING, 7. bearing of a line. (Survey- 
ing.) The angle which the line makes with 
the north and south line; its direction rela- 
tive to the north-south line. 

bearing of a point, with reference to an- 
other point. The angle that the line through 
the two points makes with the north and 
south line. 


BEHREN’S:FISHER PROBLEM. The 
problem of determining the probability of 
drawing two random samples, whose 
means differ by k (kK may equal zero), from 
normal populations the difference of whose 
means is known but the ratio of whose 
variances is not known. 


BEI, adj. bei function. See BER—ber 
function. 
BEND, adj. bend point. A point on a 


plane curve where the ordinate is a maxi- 
mum or minimum. 


BENDING MOMENT. See MOMENT. 


BEN’E-FI’CI-ARY, n. (/nsurance.) The 
one to whom the amount guaranteed by 
the policy is to be paid. 


BEN’E-FIT, 7. benefits of an insurance 
policy. The sum or sums which the com- 
pany promises to pay provided a specified 
event occurs, such as the death of the in- 
sured or his attainment of a certain age. 


Ber 


BER, adj. ber function. The ber, bei, her, 
hei, ker, and kei functions are defined by 
the relations: 


ber,(z) +i bei,(z)=J,(z e#37/4), 
her,(z)+ i hei,(z) = H(z e37//4), 
her,(z)— i hei,(z) = H(z e— 37/4), 


ker,(z) + i kei,(z) = i="K,(z e+7‘/4), 


where J, is a Bessel function, H\? and H 
are Hankel functions, and K,, is a modified 
Bessel function of the second kind. The 
following conventions are also. used: 
ber,(z)= ber(z), beig(z)=bei(z), etc. It 
follows that: 

2 ker,(z)= —7 hei,(z); 

2 kei,(z)=7 her,(z). 
These six functions are real when z is real 
and z is real and positive. In particular, 


2 
ee ec Fea eee red oes, 
92.42 ' 92.42.62. 82 
bei x= 
x2 x6 x10 
53 92.42.62 | 22.42.62 82-102 


Aso, I.  eBer() dr=x bel’GO: | * bea 
0 


= — x ber’(x), these still being valid if ber is 
replaced by ker and bei by kei. 


BERNOULLI. Bernoulli’s equation. A 
linear differential equation of the form 


” + yf (x)= y"g (x). 


Bernoulli’s numbers. (1) The numerical 
values of the coefficients of x?/2!, x4/4!, 
+ x2n/(2n)!,--- in the expansion of 
x/-—e-*), or xex/(ex—1). Substituting 
the exponential series for e* and starting 
the division by the expansion of (e*—1) 
one obtains, for the first four terms of this 
quotient, 


1+ (4)x+ (6)x?/2!— (go)x4/41. 


The odd terms all drop out after the term 


(4)x. Some authors denote the Bernoulli 
numbers by B,, B2, etc. Others use Bo, 
Ba, ete. With the first notation: B,=%, 
B= 3 30> B3=7; 429 Bu=3i 303 Bs=¢6 66> Bo= Sus, 
B,=%, Bg=*sis- In general, 

By= spo >, 1 
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(2) The numbers defined by the relation 


[° @) 
(7 
= > By — 
i=} n 


= B,, except possibly for sign, that Bo,41’ 
=O, for all n>1(B,’=-—4), and that 
n'!B,’=B,(0), where Bz) is the nth 
Bernoullian polynomial. See below, Ber- 
noulli’s polynomials (1). Various trivial 
variations of these definitions are some- 
times given. 

Bernoulli’s polynomials. 
nomials B,(z) defined by 


zt 
sac -> B,(z)t". 


The first four Bernoulli polynomials are 
By(z)=z—4, Bo(z) = (22/2) — (2/2) + yz, B3(z) 
= (23/3!) — (27/4) + (2/12), Ba(z) = (24/4!) — 
ep eae It follows that 

B’n(Z)=B,(2),  Byz+1)—B,(z)= nz"! 
(n> 1); 


It follows that B,,,’ 


(1) The poly- 


2 COs 2r7z 
—1\n-1 See 
B,,(z)= ( 1) > (2ra)2” 
and 
2 sin 2rmz 
Boys (zZ)= (-—1)"- J 2 aaet ((2rm)2nth 
(n > 1) 
(2) The polynomials ¢,(z) defined by 
ra — . - > sas 


It follows that es er and 
that #(0)=0. See above, Bernoulli’s 
polynomials (2). Trivial variations of these 
definitions are sometimes given. 
Bernoulli’s theorem. (Statistics.) Let: 
(1) p be the probability of the event A on 
a trial, and (2) m/n be the observed propor- 
tion of the event A in» trials. Then the 


probability that <e has a limit of 


ol 
ae 


one as n—>0, for any arbitrary «. Syn. 
Law of large numbers. 

lemniscate of Bernoulli. See LEMNISCATE. 
BERTRAND. Bertrand curve. A curve 
whose principal normals are the principal 
normals of a second curve. Syn. Conju- 
gate curve. 

Bertrand’s postulate. There is always at 
least one prime number between n and 
(2n—2), provided n is greater than 3. 


Bertrand 


, if nis 4, 2n—2=6 and the prime 5 is 
sien 4 and 6. Bertrand’s ‘‘ postulate ’’ 
is atrue theorem [P. L. Tchebycheff (1852)]. 


BESSEL. Bessel functions. For 7 a posi- 
tive or negative integer, the mth Bessel 
function, J,(z), is the coefficient of ¢” in the 
expansion of e7[/-1/4/2 in powers of ¢ and 
1/t. In general, 


J A(z)=—- =| cos (nt—2z sin t) dt 
(—1)" 


S (3 n+2r 
— 2 Alert dD 5) 
the second form being valid if n~—1, 
—2,--°. Jij(z)= qe sin z, and for all n, 
2(dJ,(z)/dz] =JIn_1(Z) —Jn4i1@), 
(2n/z)J,(Z) =In-1(Z) + Ini), 


and J,(z) is a solution of Bessel’s differential 
equation. Sometimes called Bessel func- 
tions of the first kind. See HANKEL— 


Hankel function, _NEUMANN—Neumann 
function, and below, modified Bessel 
functions. 
Bessel’s differential equation. The dif- 
ferential equation 

od 4 (z2—n*)y=0. 


Bessel’s inequality. (1) For any real 
function F(x) and an orthogonal normalized 
system of real functions fj, ,--- on an 
interval (a, b), Bessel’s inequality is 


[ [FOP de = » f F(Mfy(x) dx] » 
or for complex valued functions, 


[ [F(o|2 dx = > | i F(x fx) dx|?. 
These are valid for all p if the functions 
Fifi, fo,°°* are assumed to be Riemann 
integrable (or, more generally, if they are 
Lebesgue measurable and their squares are 
Lebesgue integrable). For the Fourier 
coefficients of any (measurable) real func- 
tion whose square is Riemann (or Lebesgue) 
integrable, Bessel’s inequality becomes: 


; \, [F(x)]° dx = (ao/2)? + S (44° + BK), 
k=1 
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2a 
for all n, where ac=~ | F(x) cos kx dx, 
0 


2m 
=+/ F(x) sin kx dx (k=0,1,2,++°). 
0 


(2) For a vector space with an inner product 
(x, y) and an orthogonal normalized set of 
vectors X}, X», °° -°, X,, Bessel’s inequality is 


(u, u) = |u|? = 2 (u, x,)|?. 
=I 


See RIESZ-FISCHER THEOREM, VECTOR—VeC- 
tor space, and PARSEVAL—Parseval’s 
theorem. 

modified Bessel functions. The modified 
Bessel functions of the first kind and of the 
second kind are the functions J,(z) = i-"J,,(iz) 
and 


K,(z)= 4n(sin nz)! [_,(z)— 1,(2)]; 


K,,(z) is the limit of this expression if 7 is an 
integer. These functions are real when n 
is real and z is positive. Also, /,(z) is a 
solution of the modified Bessel’s differential 
equation, 


wt d*y e be sik 
aa +z——(z24+n*)y=0, 
oe 1 Z n+2r 
aca Saratan( a 


functions J, and /_, are independent solu- 
tions of this differential equation when n is 
not an integer, while the limit of K,, is a 
second solution when » is an_ integer. 
These functions satisfy various recurrence 
relations, such as = J,-1(z)—Jy+\(2)= 
(2n/z)I,(Z) and Ky-1(Z) — Kn41(Z) = — (2n/z) 
K,(z). The definition of K,(z) is sometimes 
taken as the product of cosmm and the 
above value (J, and K,, then satisfy the 
same recurrence formulae). See BER—ber 
function. 


BE’TA, n. The second letter in the Greek 

alphabet, written f. 
beta coefficient. 

multiple correlation. 
beta function. The integral 


See CORRELATION— 


1 
| xm-l(] — x)""! dx, m>0, n>0. 
0 


It is denoted by f(m, n). In terms of the 


I function, 
ane 


I'(m+n) 


Beta 


Bilinear 


On 


See GAMMA—gamma function. The in- 
complete beta function is defined by 


yon, n)= | amd — 0 de 


which is equal to m-!x™F(m, 1—n; m+1; 
x), where Fis the hypergeometric function. 

beta weight. See CORRELATION—normal 
correlation. 


BETTI, Betti group. See HOMOLOGY— 
homology group. 

Betti number. Let H, be the r-dimen- 
sional homology group (of a simplicial com- 
plex K) formed by using the group G. If G 
is the group of integers modulo 7, where z 
is a prime, then G is a field, H, is a linear 
(vector) space, and the dimension of H, is 
the r-dimensional Betti number (modulo 77) 
of K. If Gis the group of integers, then H, 
is a commutative group with a finite num- 
ber of generators and is the Cartesian 
product of infinite cyclic groups E),-- -, E,, 
and cyclic groups F),---, Ff, of finite 
orders rj,°--,7, (see TORSION—torsion 
coefficients of a group). The number 77 is 
the r-dimensional Betti number and r;, - - -, 
r, are the r-dimensional torsion coefficients 
of K. The Betti numbers (especially the 
1-dimensional Betti number modulo 2, or 
1 plus this number) are sometimes called 
connectivity numbers (see CONNECTIVITY). 
For an ordinary closed surface, y=2-— B}, 
where y is the Euler characteristic and B} 
is the 1-dimensional Betti number modulo 
2. If the surface is not closed (has boun- 
dary curves), then y=1-—8}. If the 
surface is orientable, then the genus of the 
surface is equal to +B}. 


BI-AN’NU-AL, adj. Twice a year. Syn. 
Semiannual. 


BI’ASED, or BI'ASSED, adj. biased sta- 
tistic. If the expected value E of a statistic 
obtained from random sampling is not 
equal to the parameter or quantity being 
estimated, the statistic is biased. More 
precisely, if from a population with a fre- 
quency function, f(x, ¢,, to,°-- 4,), where x 
is the variable and ¢; are the parameters of 
the function, random samples are drawn 
each of size n, and if for each of all the 
possible random samples of size n, a 
statistic 7;(7) is obtained as an estimate of 


t;, the statistic T;(n) is biased if E(7;(1)) 4 t;. 
If the equality holds the estimate is 

. . “(X— x) 
unbiased. £.g., the expression See 
where v is the size of a random sample from 
a normal distribution and x is the mean of 
n items, gives a biased estimate of the 
variance, but if m is replaced by n—1, it is 
unbiased. 


BI-COM-PACT’, adj. 
compact set. 


See COMPACT— 


BI-COM-PAC’TUM, n. See COMPACTUM. 


BI'CON-DI'TION-AL, adj. See EQUIVA- 
LENCE—equivalence of propositions. 


BIENAYME - TCHEBYCHEFF IN- 
EQUALITY. (Statistics.) Let x, be the 
mean of the sample values (x,, x2, -- + x,) of 
the random variable x whose mean is u and 
whose standard deviation is o. Then the 
probability of (|x,,—u| < of) is equal to or 
greater than 1—(1/7*). of may be replaced 
by aconstant e, whence 1 — (1/t?) is replaced 
by 1—(02/e2). Also known as Tcheby- 
cheff’s inequality. 


BI-EN’NI-AL, adj. Once in two years; 
every two years. 


BI'HAR-MON’IC, adj. biharmonic boun- 
dary value problem. See BOUNDARY. 
biharmonic function. A solution of the 
fourth order partial differential equation 
A. Au=0, where / is the Laplace operator 
02/0x2 + 02/dy2+ 0¢/éz2; thus, a solution 
u(x, y, z) of the equation 
a4 
Bi A i a 
6x4  dy* dz+ ~ @x?dy2  ~ dy?az2 
O4u 
dz20x2 
The definition applies equally well to 
functions of two, four, or any other number 
of independent variables. Biharmonic 
functions occur in the study of electrostatic 
boundary value problems and elsewhere in 
mathematical physics. 


ee 0. 


BI-LIN’E-AR, adj. A mathematical ex- 
pression is bilinear if it is linear with respect 
to each of two variables or positions. E.g.. 


Bilinear 


The function f(x, y)=3xy is linear in x and 
y, since f(xy +X2, y)=3(x, + X2)y= 3x yt 
3x2yv=f(x1, y) +f (x2, y) and f(x, y+ y2)= 
f(x, yD +f (x, y2). The scalar product of 
vectors x=X,i+x.jt2x3k and y=y,it+ 
yajt yak is x-y=x1 1+ X2y2+-X33, which 
is bilinear since (u+-v)-‘y=u-y+v-y and 
x-(u+v)=x-u+x-v. The scalar product 
and the function 3xy are bilinear forms (see 
FORM). The function F(u, v) whose value 
at x IS 


is t2u(t, x)v(t, x) dt 
0 


is a bilinear function of uv and v, where u 
and v are functions of two variables. 

bilinear concomitant. See ADJOINT— 
adjoint of a differential equation. 


BILL, ». A statement of money due, 
usually containing an itemized statement of 
the goods or services for which payment is 
asked. 


BIL’LION, n. (1) In the U.S. and France, 
a thousand millions (1,000,000,000). (2) In 
England and Germany, a million millions 
(1,000,000,000,000). 


BI-MO’DAL, adj. bimodal distribution. 
A distribution with two modes. J.e., there 
are two different values which are con- 
spiculously more frequent than neighboring 
values. 


BI'NA-RY, adj. binary representation of 
numbers. Writing numbers with the base 2 
(see BASE—base of a system of numbers). 
E.g., the number 45; in the decimal system 
would be 101101.101 when written with 
base 2. 


BI-NO’MI-AL, n. A polynomial of two 
terms, such as 2x+ 5y or 2—(a+b). 
binomial coefficients. The cocfficients of 
the variables in the expansion of (x+ y)". 
The (r+ 1)th binomial coefficient of order 
n (n a positive integer) is n!/[r'(n—r)!], 
the number of combinations of n things r 
at a time, and is denoted by (%), ,C,, 
C(n, r), or C,". The sum of the binomial 
coefficients is equal to 2”, obtained by 
putting unity for each of x and y in 
(x+y). See below, binomial theorem. 
binomial differential. A differential of 
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the form x”(a+ bx")? dx, where a and b are 
any constants and the exponents m, n, and 
p are rational numbers. 

binomial distribution (binomial frequency 
distribution). The distribution of the var- 
ious possible number of successes in a given 
number of trials; the distribution of proba- 
bilities of successes exhibited by the quo- 
tients of the coefficients in tne binomial 
expansion and their sum. E£.g., if two 
coins be thrown, the probability that both 
will be heads is 4, that one will be heads 
and the other tails is 4, and that both will 
be tails is 3- If x represents heads only, 
y tails only, and xy head and tails, then in 
the expression (x2+2xy+y)/4, x?/4 de- 
notes that the probability of getting 2 
heads is 4, 2xy/4 that the probability of 
getting a head and a tail is 4, and y2/4 that 
the probability of getting 2 tails is 4. 
Again if three coins be thrown, the proba- 
bility that all will be heads, two heads and 
one tail, etc., is well represented by 
(x3 + 3x2y+ 3xy2+ y3)/8. Tech. If the fre- 
quency function of the binomial distribu- 
tion is f(x)=(p+q)", where x is the 
number of observations of a particular 
event in 7 trials and the probability of this 
event is p and p+q=1, then the value of the 
function forx =/ is given by the (i+ I)st term, 


C*,pigr*, in the binomial expansion, C”’,; 


being the number of combinations of 
nitems takeniatatime. £.g., consider the 
proportion of heads in n tosses of a coin: 
the probability of 1 head in 4 tosses of a 
coin is given by C4;(.5)!(.5)3 =4(.5)(.125) = 
.25. Asn increases, the binomial distribu- 
tion tends toward a normal distribution 
(unless p is very small so that mp is a 
constant, in which case the Poisson 
distribution is the limiting form). The 
mathematical expectation (mean) of the 
binomial distribution is np, and the variance 
iS npq. 

binomial equation. An equation of the 
form x"—a=0. 

binomial expansion. The expansion 
given by the binomial theorem. 

binomial formula. The formula given by 
the binomial theorem. 

binomial series. A binomial expansion 
which contains infinitely many terms. 
That is, the expansion of (x+ y)", where 
nis not a positive integer or zero. Such 
an expansion converges and represents 


Binomial 


the function for all powers provided | y|< 
[xis ee. 


V3 = (24 1)2= 224402) 
— (422+ +, 
binomial surd. See suRD. 
binomial theorem. A theorem (or rule) 
for the expansion of a power of a binomial. 
The theorem can be stated thus: The 
first term in the expansion of (x+y)” is 
x"; the second term has n for its coefficient, 
and the other factors are x"~! and y; in 
subsequent terms the powers of x decrease 
by unity for each term and those of y 
increase by unity, while any coefficient 
can be obtained from the previous coeffi- 
cient by multiplying the latter by the 
exponent of x in the previous term and 
dividing by the number of terms to and 
including the previous term. E£.g., (x+y)? 
=x3+3x2y+3xy*+y3. In general, 
(x+y)"=x"+nx"ly 
+ [n(n—1)/2']xt-2y2+ +++ + yn 
if mn iS a positive integer. 
term, say the rth term, is 


[n(n—1) +--+ (n—r4t2)/(r—1)! art tyr), 
This coefficient is also written 


The general 


n! 
(r—1)!(m—r+ 1)! 
The (r+ 1)th term is often used since it is 
simpler. See above, binomial coefficients. 
The binomial theorem holds for any ex- 
ponent whatever under certain restrictions 
on x and y. See above, binomial series. 


BI-NOR’MAL, n. See NORMAL—normal 
to a curve or surface. 


BI-PAR’TITE, 7. bipartite cubic. The 
locus of the equation 
y2=x(x—a\(x—b), 0<a<b. 

The curve is symmetric about the x-axis 
and intersects the x-axis at the origin and 
at the points (a, 0) and (6,0). It is said 
to be bipartite because it has two entirely 
separate branches. 


BI-QUAD-RAT'IC, adj. biquadratic equa- 
tion. An algebraic equation of the fourth 
degree. Syn. Quartic. 


BI-REC-TANG’U-LAR, adj. birectangular 
triangle. A spherical triangle, two of 
whose angles are right angles. 


32 


Biserial 


BIRKHOFF. Poincaré-Birkhoff __ fixed 
point theorem. See POINCARE. 


BI-SECT’, v. To divide in half. 

bisect an angle. To draw a line through 
the vertex dividing the angle into two 
equal angles. 

bisect a line segment. To find the point 
on the line segment and equally distant 
from the ends. Analytically, the Cartesian 
coordinates of the midpoint can be found 
as the arithmetic means or averages of the 
corresponding coordinates of the two end 
points. See POINT—point of division. If 
P,(x1, ¥;) and P(x, y2) are the end points 
of a line segment, the coordinates of the 
midpoint are 


X=(X1+X2)/2,  Y=(1+y2)/2. 
BI-SECT’ING, adj. 


line segment, 
segment. 


bisecting point of a 
Same as MIDPOINT of a line 


BI-SEC’TOR, nx. bisector of an angle. 
The straight line which divides the angle 
into two equal angles. 

bisector of the angle between two inter- 
secting planes. A plane containing all the 
points equidistant from the two planes. 
There are two such bisectors for any two 
such planes. Their equations are obtained 
by equating the distances of a variable 
point from the two planes—first giving 
these distances like signs, and then unlike 
signs. See DISTANCE—distance from a 
plane to a point. 

equations of the bisectors of the angles 
between two lines. The equations obtained 
by equating the distances from a variable 
point to each of the lines (the distances 
being taken first with the same sign and 
then with opposite signs). See DISTANCE— 
distance from a line to a point. 


BI-SE’RLAL, adj. biserial correlation co- 
efficient. A correlation coefficient adapted 
to the bivariate case in which, although 
both variables are continuous, one is re- 
corded in dichotomy form. It is assumed 
that the dichotomized variable is normally 


distributed. Then 
=: (M, — Mp)Pq_ 


r fe 
bis a2 


Biserial 


Bond 


where M, and M, are means of the upper 
and lower sections of the dichotomized 
variable, p and gq are the proportions of 
Cases in each section, z is the ordinate of 
a normal distribution at the point which 
divides 4d normal distribution in the propor- 
tions p and q, and a is the standard devia- 
tion in the sample of the continuously 
measured variable. 


BLOCK, n. randomized blocks. A method 
of assigning an experiment to obtain sample 
observations for the analysis of variance, 
whereby two factors contributing to varia- 
tion in the variables under study may be 
controlled. E.g., in a study of quality of 
product, within the class of one of the 
factors under control (say identity of 
machine producing the product), another 
factor (say operator of machine) is ex- 
perimentally controlled by assigning the 
operators at random one to each machine. 
Here blocks are identified with machines 
and the operator is randomized in the 
block. As a result, variation attributable 
to machines and operators may be esti- 
mated and tested with the interaction as 
the error estimate. Repeated observations 
within each block-operator matching will 
yield an error estimate against which the 
interaction may be tested. The term blocks 
was first employed in agricultural field 
plots experiments. See VARIANCE—analysis 
of variance. 


BOARD MEASURE. The system of 
measuring used in measuring lumber. See 
MEASURE—board measure. 


BOD’'Y, 7. convex body. See CONVEX— 
convex set. 


BOLZA. problem of Bolza. In the calcu- 
lus of variations, the general problem of 
determining, in a class of curves subject to 
constraints of the form Q,(x, y, y’)=0 and 


&x(X1, VW(%1), X2, VW(X2)] 


x42 j 
+| Fidx, y, ¥’) dx=0, 
x1 
an arc that minimizes a function of the form 


T=aben YO, en YODI+ |" for nya 


BOLZANO. Bolzano’s theorem. A single- 
valued, real-valued function f(x) of a real 
variable x is zero for at least one value of x 
on an interval [a, b] if it is continuous on 
the closed interval [a, b] and f(a) and f(b) 
have opposite signs. 

Bolzano-Weierstrass theorem. If E is a 
bounded set containing infinitely many 
points, there is a point x which is a limit 
point of E. The set E may be a set of real 
numbers, a set in a plane, or a set in 
n-dimensional Euclidean space. An equi- 
valent statement of the theorem is that for 
any (finite dimensional) Euclidean space 
the concepts of bounded closed sets and 
compact sets are equivalent. This theorem 
is frequently credited to Weierstrass, but 
was proved by Bolzano in 1817 and seems 
to have been known to Cauchy. 


BOND, n. A written agreement to pay 
interest (dividends) on a certain sum of 
money and to pay the sum in some specified 
manner, unless it be a _ perpetual bond 
(which draws interest, but whose principal 
need never be paid). Callable (or optional) 
bonds are redeemable prior to maturity at 
the option of the issuing corporation, 
usually under certain specified conditions 
and at certain specified times. An annuity 
bond is redeemed in equal installments 
which include the interest on the unpaid 
balance and sufficient payment of the face 
of the bond to redeem it by the end of a 
specified time. Coupon bonds are bonds for 
which the interest is paid by means of 
coupons (in effect, the coupons are post- 
dated checks, attached to the bond, which 
may be detached and used at the specified 
date); registered bonds are bonds whose 
ownership is registered with the debtor, the 
interest being paid by check directly to the 
registered owner. If an issue of bonds is 
such that part of the bonds mature on a 
certain date and part of the bonds mature 
at each of certain dates thereafter (usually 
each year), the bonds are said to be serial 
bonds. Collateral trust bonds are bonds 
issued by corporations whose assets consist 
primarily of securities of subsidiaries and 
of other corporations (the securities are 
deposited with a trust company as trustee); 
guaranteed bonds are bonds for which some 
corporation (in addition to the one which 
issues the bonds) guarantees payment of 


Bond 


principal or interest or both; debenture 
bonds are unsecured and usually protected 
only by the credit and earning power of the 
issuer; mortgage bonds have the highest 
priority in case of liquidation of the cor- 
poration (they are called first mortgage 
bonds, second mortgage bonds, etc.). 

‘and interest price’’, purchase price, and 
redemption price of a bond. See PRICE. 

bond rate. See DIVIDEND—dividend ona 
bond: 

bond table. A table showing the values 
of a bond at a given bond rate for various 
investment rates, and for various periods. 
Most tables are based on interest computed 
semiannually (the usual practice) and on 
the assumption that the bonds will be 
redeemed at par. 

book value of a bond. See VALUE. 

dividend on a bond. See DIVIDEND— 
dividend on a bond. 

par value of a bond. The principal 
named in the bond. Syn. Face value. 

premium bonds. See PREMIUM. 

valuation of bonds. Computing the 
Present value, at the investor’s rate of 
interest, of the face value of the bond and 
of the interest payments (an annuity whose 
rental is equal to the dividend payments on 
the bond). 


P=C(04+i)"+ RI -d+4+i7)"")/i, 


where P denotes the value of the bond, 
C its redemption value, R the interest pay- 
ments (coupon value if a coupon bond), 
n the number of periods before redemption, 
and i the investor’s (purchaser’s) rate per 
period. 

yield of a bond. See YIELD. 


BONNET. Bonnet’s mean value theorem. 
See MEAN—mean value theorems (or laws 
of the mean) for integrals. 


BO’NUS, nm. A sum paid in addition to a 
sum that is paid periodically, as bonuses 
added to dividends, wages, etc. See 
INSURANCE—Pparticipating insurance policy. 
BOOK, n. book value. See VALUE. 

BOOL’E-AN, adj. Boolean algebra. A 
set which is a ring with the added properties 
that x-x=x, for each x, and there is an 
element J such that x-J=x for each x. If 
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the Boolean algebra is a class of sets, then 
addition and multiplication for the ring 
correspond to symmetric difference and 
intersection of sets and J is a set which 
contains each set of the class of sets. Ifa 
class of subsets of a set S contains the 
complement of each of its members and 
the union of any two of its members, then 
it is a Boolean algebra if the ring operations 
of addition and multiplication are taken to 
be symmetric difference and intersection. 
Conversely, any Boolean algebra is an 
algebra of subsets for some class of subsets 
of some set. If, for any Boolean algebra, 
the operations U and , and the concept 
of inclusion, are defined by 

AU B=(A+B)4+(A-B), 

AC B=A:-B, 

ACB ifandonlyif AN B=A, 
then these correspond to the union, inter- 
section, and inclusion concepts for sets and 
the following statements can easily be 
proved (A+A can be proved to have the 
same value for all elements A of the Boolean 
algebra and this common value is denoted 
by 8): 

AVU(BUC)=(AU BUC, 
AN(BOC)=(AN BNC, 

AU B=BUA, 

AN B=BOA, 
AN(BUC)=(ANB)U(AN YC), 
AU(BOC)=(AU B)N(AYU CO), 

AUVUA=ANA=A, G@UA=IN A=A, 
@cACI, 
A=B if ACB and BCA, 
AcC if ACB and BCC. 
If the complement A’ of A is defined to be 
A+TJ, then 
(AT BY=A UB’, (AV BY=A OB, 
AUVUA’=I, AQ A’=89, 
(AY=A, =O, V=I. 
The simplest Boolean algebra is the one 
whose elements are the empty set and the 
set of one point, 8 and J. Then 4 U B=] 
if and only if one (or both) of A and Bis J, 
and A © B=6@ if and only if one (or both) of 
A and Bis 6. As well as being interpreted 
as an algebra of sets, a Boolean algebra 
can also be interpreted as an algebra of 
elementary logical properties of statements 
(propositions). The statement p=q means 
that the statements denoted by “‘p” and “‘qg”’ 
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are logically equivalent; p VU q denotes the 
statement “‘p or gq’; p \ q denotes the state- 
ment “‘p and q’’. If p is the statement (or 
propositional function) “triangle x is 
isosceles’, and “q’ is the statement 
“triangle x is equilateral’, then p U gq is the 
statement “triangle x is isosceles or triangle 
x is equilateral’; pq is the statement 
“triangle x is isosceles and triangle x is 
equilateral’, and gcCp is the statement 
“qc p=q” (ie., “for any triangle x, x is 
isosceles if x is equilateral’). 


BOR’DER-ING, v. bordering a determi- 
nant. Annexing a column and a row. 
Usually refers to annexing a column and 
a row which have unity as a common 
element—all the other elements of either 
the column or the row being zero. This in- 
creases the order of the determinant by 
unity but does not change its value. 


BOREL. Borel covering theorem. Same as 
the HEINE-BOREL THEOREM. 

Borel’s first definition of the sum of a 
divergent series. If Xa, is the series to be 
summed, the sum by this definition is 
S= lim lim 

Ad-—> N-->8 
Sot spat sya2/2!4+ nae +s,a0"/n! 
ltata2/2!+ --+ +a"/n! 


n=Q""° 
t 
where s;= > a;. This definition is regu- 

i=0 

lar. See SUMMATION — summation of 
divergent series. 

Borel’s integral definition of the sum of 
a divergent series. The sum of 2a, is 


oe xen ‘ 
defined as | e*>a,— dx, where x is 
Q 0 n! 


real, if this limit exists. This definition is 
regular. See SUMMATION—Summation of 
divergent series. 

Borel measurable function. 
Baire function. 

Borel set. Any set which can be obtained 
from the closed and open sets on the real 
line by repeated applications of operations 
of union and intersection to denumerable 
numbers of sets. The class of all Borel sets 
is the o-a/lgebra generated by the class of all 
open sets (or by the class of all closed sets, 


See BAIRE— 
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or by the class of all intervals). Examples 
of Borel sets are F, sets, which are count- 
able unions of closed sets, and Gz; sets, 
which are countable intersections of open 
sets. Any Borel set is a measurable set. 
A Borel set is sometimes called a Borel 
measurable set. 


BOUND, rn. class bound. 
limits of a class interval. 

greatest lower bound of a set of numbers 
having a lower bound. Either the least 
number in the set (if this exists) or the 
greatest number less than aJl the numbers 
in the set. In the latter case the greatest 
lower bound is also an accumulation point. 
The set of numbers 4$, 4, 4, 4,---, has a 
greatest lower bound, zero, which is also an 
accumulation point. 

least upper bound of a set of numbers 
having an upper bound. Either the largest 
of the set (if this exists) or the least number 
greater than every number in the set. In 
the latter case the least upper bound is also 
an accumulation point. E.g., the set of 
numbers, .3, .33, .333,---, has the least 
upper bound }. 

lower bound of a set of numbers. A 
number which is less than (or equal to) 
every number in the set. 

upper bound of a set of numbers. A 
number which is greater than or equal to 
every number in the set. 


See LIMIT— 


BOUND’A-RY, 7.  biharmonic boundary 
value problem. For a region R with boun- 
dary surface S, the biharmonic boundary 
value problem is the problem of determining 
a function U(x, y, z) that is biharmonic in 
R and is such that its first-order partial 
derivatives coincide with prescribed boun- 
dary value functions on S. This problem, 
along with the Dirichlet problem, arises in 
particular problems concerning elastic 
bodies. 

boundary of a set. 
interior of a set. 

boundary of a simplex and a chain and 
boundary operator. See CHAIN—chain of 
simplexes. 

boundary value problem. (Differential 
Equations.) The problem of finding a 
solution to a given differential equation or 
set of equations which will meet certain 
specified requirements for a given set of 


See INTERIOR— 
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values of the independent variables—the 
boundary points. Many of the problems of 
mathematical physics are of this type. 

first boundary value problem of potential 
theory (the Dirichlet problem). Given a 
region R. its boundary surface S, and a 
function f defined and continuous over S, 
to determine a solution U of Laplace’s 
equation V?U=0 which is regular in R, 
continuous in R+.S, and which satisfies the 
equation U=f on the boundary. This 
problem occurs in electrostatics and heat 
flow. It has at most one solution. See 
GREEN—Green’s function. 

second boundary value problem of poten- 
tial theory (the Neumann problem). Given 
a region R, its boundary surface S, and a 
function f defined and continuous over S 


and such that | i fdS over S vanishes, to 


find a solution of Laplace’s equation 
V2U=0 which is regular in R, which 
together with its normal derivative is 
continuous in R+ 5, and such that its 
normal derivative is equal to f on the 
boundary S. This problem occurs in 
fluid dynamics. Any two of its solutions 
differ at most by a constant. See NEUMANN 
—Neumann’s function (potential theory). 
third boundary value problem of potential 
theory. As in the two above problems, 
except the function U is required to satisfy 
the equation AcU/én+hU=f on the 
boundary, where k, 4, and fare prescribed 
functions that are continuous on S. This 
problem includes the other two and is of 
importance in heat flow and fluid me- 
chanics. If A/k>0, it has at most one 
solution. See ROBIN—Robin’s function. 


BOUND’ED, adj. bounded linear trans- 
formation. See LINEAR—linear transforma- 
tion. 

bounded quantity, or function. A quantity 
whose numerical value is always less than 
or equal to some properly chosen constant. 
The ratio of a leg of a right triangle to the 
hypotenuse is a bounded quantity since it 
is always less than or equal to 1; that is, 
the functions sin x and cos x are bounded 
functions since they are always equal to or 
less than 1. The function tan x in the 
interval (0, $77) is not bounded. 

bounded sequence. See SEQUENCE—bound 
to a sequence. 


bounded set of numbers. A set of num- 
bers all of which are between two definite 
numbers; a set of numbers for which there 
are numbers A and B such that dSx<B 
for each number x of the set. 

bounded set of points. A set of points for 
which the set of distances between pairs of 
points is a bounded set. The least upper 
bound of such distances is called the 
diameter of the set. A set T is totally 
bounded if, for any «>0, there is a finite 
set of points in T such that each point of T 
is at distance less than e from at least one 
of these points. A metric space is compact 
if and only if it is complete and totally 
bounded. 

bounded variation. See VARIATION—total 
variation of a function. 


essentially bounded function. A function 
f for which there is a number K such that 
the set of all x for which |f(x)|>K is of 
measure zero. The greatest lower bound of 
such numbers K is the essential supremum 


of [f(x)]. 


BOX, n. three boxes game. A game in 
which there are three boxes marked 1, 2, 
and 3. For a given play of the game, 
player A removes the bottom of one of the 
boxes, but player B does not know which 
one itis. Player B then puts an amount 
of money equal to the number marked on 
the box in each of two of the three boxes. 
He loses the money put in the box with 
no bottom and wins the money put in the 
others. This is a zero-sum game with imper- 
fect information. The payoff matrix does 
not have a saddle point and the solutions 
are mixed strategies. The solutions are (0, 
4, 4) for A and (3, 2, 0) for B, meaning that 
A removes the bottoms of boxes 2 and 3, 
each with probability 4, player B puts money 
into boxes 1 and 2, or 1 and 3, with respec- 
tive probabilities 2 and 2 (never in 2 and 
3). The value of this game is 1 (with B 
the maximizing player). 


BOYLE’S LAW. At a given temperature, 
the product of the volume of a gas and the 
pressure (pv) is constant. Also called 
Boyle and Mariott’s law. Approximately 
true for moderate pressures. 


BRACE, 1. See AGGREGATION. 


Brachistochrone 


BRA-CHIS’TO-CHRONE, adj. brachisto- 
chrone problem. The calculus of variations 
problem of finding the equation of the 
path down which a particle will fall from 
One point to another in the shortest time. 
Proposed by John Bernoulli in 1696. It 
is easily shown that the time required for 
a particle with the initial velocity vg to 
fall along a path y=f(x) from a point 
(x1, ¥1) to a point (x2, y2) is 


1+ y;2 
t= 
er x4 ° ees dx, 


where a=(y,—Uo*)/2g. The solution of 
the problem then requires the determina- 
tion of a y(x) which minimizes the integral. 
See CALCULUS—calculus of variations. 
Newton, Leibnitz, Hospital, and James 
and John Bernoulli all found the correct 
solution, which is a cycloid through the 
two points. 


BRACK’ET, n. See AGGREGATION. 
BRANCH, x. branch of a curve. Any sec- 
tion of a curve separated from the other 
sections of the curve by discontinuities or 
special points such as vertices, maximum 
or minimum points, cusps, nodes, etc. 
One would speak of the two branches of an 
hyperbola, or even of four branches of an 
hyperbola; or of two branches of the semi- 
cubical parabola, or of the branch of a 
curve above (or below) the x-axis. 

infinite branch. See INFINITE. 

branch cut of a Riemann surface. A line 
or curve C on a Riemann surface such that 
on crossing Ca variable point is considered 
as passing from one sheet to another. 

branch of a multiple-valued analytic 
function. The single-valued analytic func- 
tion W=/(z) corresponding to values of z 
on a single sheet of the Riemann surface of 
definition. 

branch-point of a Riemann surface. A 
point of the Riemann surface at which two 
or more sheets of the surface hang together. 


BREADTH, 7 breadth of a plane figure. 
The length of a cross section of a plane 
figure all of whose cross sections are equal. 
If not all cross sections are equal, breadth 
is sometimes understood to mean the 
longest cross section. Syn. Width. 
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Brouwer 


BRIDG’ING, v. bridging in addition. In 
adding a one-place number to a second 
number, bridging is said to occur if the 
sum is in a decade different from that in 
which the second number lies. Thus 
bridging occurs in 14+9=23 but not in 
14+3=17. See DECADE. 

bridging in subtraction. If the difference 
obtained by subtracting a number from 
a second number (the minuend) is in a 
decade different from that in which the 
minuend lies, bridging is said to have oc- 
curred. Thus bridging occurs in the exam- 
ples 64—9=55, 34—27=7, but not in 
64-—3=6l. 


BRIGGS’ LOGARITHMS. Logarithms 
using 10 as a base. Syn. Common loga- 
rithms. See LOGARITHM. 


BRITISH, adj. British thermal unit or 
B.T.U. The amount of heat required to 
raise the temperature of | lb. of water 
1°F., when the water is at its maximum 
density, which is at 4°C. or 39.2°F. 


BRO’KEN, adj. broken line. A line con- 
sisting of segments of lines joined end to 
end and not forming a continuous straight 
line. 


BRO’KER, n. One who buys and sells 
stocks and bonds on commission, that is, 
for pay equal to a given percentage of the 
value of the paper. Broker is sometimes 
applied to those who sell any kind of goods 
on commission, but commission merchant, 
or commission man, is more commonly 
applied to those who deal in staple goods. 


BRO’KER-AGE, 2. A commission charged 
for selling or buying stocks, bonds, notes, 
mortgages, and other financial contracts. 
See BROKER. 


BROUWER. Brouwer’s fixed-point theo- 
rem. Let C be a circular disk consisting 
of a circle and the region within the circle. 
Then, for any continuous transformation 
which transforms each point of C into a 
point of C, there is some point which the 
transformation leaves fixed. The trans- 
formation is not assumed to be one-to-one. 
This theorem is also true for closed n-cells 
(n= 1), e.g., for a closed interval or for a 
sphere with its interior. 


Budan 


BUDAN. Budan’s theorem. The number 
of real roots of f(x)=0 between a and b 
(a<b), where f(x) is a polynomial of 
degree n, is V(a)— V(b), or less by an even 
number, V(a) and V(b) being the numbers 
of variations in sign of the sequence 
F(x), f°), F(X), + + 5 F(X), 

when x=a and x=b, respectively. 
(Vanishing terms in the sequence are not 
counted and m-tuple roots are counted as 
m roots.) F£.g., to find the number of 
roots of x3—5x+1=0 between O and 1, 
we form the sequence x3—5x+1, 3x2—5, 
6x, 6, then substitute 0 and 1 for x, suc- 
cessively. This give the sequences 1, —5, 0, 
6 and —3, —2, 6, 6, whence V(0)— V(1)= 
2—1=1. Thus there is one root between 
0 and 1. Similarly the other roots can be 
located between 2 and 3 and between —3 
and —2. 


BUFF’ER, 1. In a computing machine, a 
switch that transmits a signal if any one of 
several signals is received by the switch; 
thus a buffer is the machine equivalent of 
the logical ‘‘or’. See DISJUNCTION, and 
GATE. Syn. Inverse gate. 

BUILD’ING, n. building and loan associ- 
ation. A financial organization whose ob- 
jective is to loan money for building homes. 
One plan, called the individual account 
plan, is essentially as follows: Members 
may buy shares purely as an investment, 
usually paying for them in monthly install- 
ments at an annual nominal rate; or they 
may borrow money (shares) from the com- 
pany with which to build, securing (guar- 
anteeing) this money with mortgages on 
their homes. In both cases the monthly 
payments are called dues. Failure to meet 
monthly payments on time is sometimes 
subjected to a fine which goes into the 
profits of the company. The profits of 
the company are distributed to the share 
purchasers, thus helping to mature (com- 
plete the payments on) their shares. In 
practice, the interest rate is usually figured 
so that it returns all profits automatically. 
A serial plan is a plan under which shares 
are issued at different times to accommo- 
date new members. Monthly dues are paid 
and profits distributed to all shareholders. 
This plan naturally resolves into the INDI- 
VIDUAL ACCOUNT PLAN. A_ guaranteed 
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Calculating Machine 


stock plan is a plan in which certain 
investors provide certain funds and guar- 
antee the payment of certain dividends on 
all shares, any surplus over this guarantee 
being divided among these basic stock- 
holders. A terminating plan is a plan under 
which the members pay dues for a certain 
number of years to facilitate their building 
homes, the highest bidder getting the use of 
the money, since there is not enough to go 
around. New members coming in have to 
pay back-dues and back-earnings. This is 
the earliest plan of building and loan asso- 
ciation and is not usually practiced now. 


BULK, n. bulk modulus. See MoDULUSs. 


BUNIAKOWSKI. Buniakowski’s inequal- 
ity. See SCHWARZ—Schwarz’s inequality. 


BURALI-FORTI PARADOX. The “‘set of 
all ordinal numbers”’ (each of which is an 
order type of a well-ordered set) is a well- 
ordered set. However, the order type Y of 
this set is then a largest ordinal number. 
This is impossible, since Y+1 is a larger 
ordinal number (Y is the order type of a 
certain well-ordered set and Y+1 is the 
order type of the well-ordered set obtained 
by introducing a single new element to 
follow every member of this set). 


C 


C.G.S. UNITS. Units of the centimeter 
—gram—second system. Centimeter mea- 
sures the distance (length); gram, mass; 
and second, time. See ERG, and FORCE— 
unit of force. 


CABLE, 27. 
BOLIC. 


parabolic cable. See PARA- 


CAL’CU-LATE, v. To carry out some 
mathematical process; to supply theory or 
formula and secure the results (numerical 
or otherwise) that are required; a looser 
and less technical term than compute. 
One may say, “‘Calculate the volume of a 
cylinder with radius 4’ and altitude 5”’; he 
may also say, “Calculate the derivative of 
sin (2x+6).” Syn. Compute. 


CALCULATING MACHINE. Same as 
COMPUTING MACHINE, but see COMPUTER. 


Calculus 


Canonical 


CAL’CU-LUS, n. calculus of variations. 
The study of the theory of maxima and 
minima of definite integrals whose inte- 
grand is a known function of one or more 
independent variables and of one or more 
dependent variables and their derivatives, 
the problem being to determine the depend- 
ent variables so that the integral will be a 
maximum or a minimum. The simplest 
such integral is of the form 


b 
1=| fx, y, dyldx) dx, 


where y(x) is to be determined to make J 
a maximum or a minimum (whichever is 
desired). The name calculus of variations 
originated as a result of notations intro- 
duced by Lagrange in about 1760 (see 
VARIATION). Other integrals studied are 
of the form 


b 
I={ FOV Yas V1 Yn) dx, 
Qa 


where y;,--°°, ¥, are unknown functions of 
x, or multiple integrals such as 


b ph Oz Oz 
i=] 'f ene = a) dx dy, 


where z is an unknown function of x and 
y, or multiple integrals of higher order or 
of various numbers of dependent variables 
(the integrand may also be a function of 
derivatives of higher order than the first). 
See BRACHISTOCHRONE—brachistochrone 
problem, ISOPERIMETRIC—isoperimetric 
problem in the calculus of variations, and 
EULER—Euler’s equation. 

differential calculus. The study of the 
variation of a function with respect to 
changes in the independent variable, or 
variables, by means of the concepts of 
derivative and differential; in particular 
the study of slopes of curves, nonuniform 
velocities, accelerations, forces, approxi- 
mations to the values of a function, maxi- 
mum and minimum values of quantities, 
etc. See DERIVATIVE. 

fundamental lemma of the calculus of 
variations. See FUNDAMENTAL. 

fundamental theorem of the integral cal- 
culus. See FUNDAMENTAL—fundamental 
theorem of the integral calculus. 

infinitesimal calculus. Ordinary calcu- 
lus; so called because of its use of infinitesi- 


mal quantities. Sometimes refers only to 
that part of the calculus which deals with 
differentials and sums of infinitesimals. 

integral calculus. The study of integra- 
tion as such and its application to finding 
areas, volumes, centroids, equations of 
curves, solutions of differential equations, 
etc. 


CALL’A-BLE, adj. callable bonds. See 
BOND. 


CAL’O-RIE (or CAL’O-RY), 1. The 
amount of heat required to raise one gram 
of water one degree Centigrade. The 
calorie thus defined varies slightly for 
different temperatures. A standard calorie 
is usually defined as the amount of heat 
required to raise one gram of water from 
14.5° to 15.5°C. This unit is about the 
average amount required to raise one gram 
of water one degree at any point between 
0° and 100°C. A more exact definition 
(generally accepted in the U.S.) is that one 
calorie equals 4.1840 absolute joules. 


CAN’CEL, v. (1) To divide numbers (or 
factors) out of the numerator and de- 
nominator of a fraction; 


6 2x3 3 

8 2x4 4 
the number 2 having been canceled out. 
(2) Two quantities of opposite sign but 
numerically equal are said to cancel when 


added; 2x+3y—2x reduces to 3y, the 
terms 2x and —2x having canceled out. 


CAN’CEL-LA’TION, 7. The act of divid- 
ing like factors out of numerator and 
denominator of a fraction; sometimes used 
of two quantities of different signs which 
cancel each other in addition. Also used 
for the process of eliminating z when replac- 
ing x+z=y+z by x=y, or xz=yz by x=y 
(af z40). See DOMAIN—integral domain, 
and SEMI—semigroup. 


CA-NON’I-CAL, adj. canonical correla- 
tion. Consider two sets of random vari- 
ables. Let L, and L, each be linear func- 
tions of the two sets. The maximum cor- 
relation between L, and L, relative to the 
linear functions is the canonical correlation 


Canonical 


between the two sets of variables, subject 
to certain restrictions on the coefficients 
in the linear functions of the two sets of 
variables. 

canonical form of a matrix. That which 
has been considered the simplest and most 
convenient form to which square matrices 
of a certain class can be reduced by a cer- 
tain type of transformation. Syn. Normal 
form. E.g.: (1) Any square matrix can be 
reduced by elementary operations or an 
equivalent transformation to the canonical 
form having nonzero elements only in the 
principal diagonal; or when the elements 
are polynomials (or integers, etc.) to 
Smith’s canonical form having zeros except 
in the principal diagonal and each diagonal 
element being a factor of the next lower 
(Gf not zero). (2) Any matrix can be re- 
duced by a collineatory transformation to the 
Jacobi canonical form having zeros below 
the principal diagonal and characteristic 
roots as elements of the principal diagonal, 
or to the classical canonical form having 
zeros except for a sequence of Jordan 
matrices situated along the principal diag- 
onal. The exact type of the classical 
canonical matrix is specified by its Segre 
characteristic—a set of integers which are 
the orders of the Jordan submatrices, 
those integers which correspond to sub- 
matrices containing the same characteristic 
root being bracketed together. When the 
characteristic roots are distinct, the classical 
canonical form is a diagonal matrix. (3) 
A symmetric matrix can be reduced to a 
diagonal matrix by a congruent transforma- 
tion. (4) A normal matrix (and hence a 
Hermitian or a unitary matrix) can be 
reduced by a wnitary transformation to a 
diagonal matrix having characteristic roots 
along the principal diagonal. 

canonical representation of a space curve 
in the neighborhood of a point. Repre- 
sentation of the curve in the neighborhood 
of the point Po, with the arc length from 
the point as parameter and the axes of 
the moving trighedral as coordinate axes. 
The representation has the form x= 

| ] 


1 5. (=) 
Sok es BO hs eG Ss es es, Se eS 
5 6a »y ae 06 aE ‘ ae 


Hees z= — —_——s3+ .. 

6 poro | 
T) are the radii of curvature and torsion, 
respectively, at Po. 


+, where pg and 
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Cardan 


CAN’TI-LE’VER, adj. cantilever beam. 
A projecting beam supported at one end 
only. 


CANTOR. Cantor set. The set of points 
formed from the closed interval [0, 1] 
by removing first the middle third of the 
interval, then the middle third of each 
remaining interval, and so on indefinitely, 
the intervals removed being open intervals. 
The Cantor set is perfect and nondense and 
all its points are frontier points. Also 
called the Cantor discontinuum, and the 
Cantor ternary set. 


CAP’I-TAL, adj., n. capital stock. The 
money invested by a corporation to carry 
on its business; wealth used in production, 
manufacturing, or business of any sort, 
which having been so used is available 
for use again. Capital stock may be dis- 
seminated by losses but is not consumed in 
the routine process of a business. 

circulating capital. Capital consumed, 
or changed in form, in the process of pro- 
duction or of operating a business—such as 
that used to purchase raw materials. 

fixed capital. Capital invested perma- 
nently—such as that invested in buildings, 
machinery, etc. 


CAP’I-TAL-IZED, adj. capitalized cost. 
The sum of the first cost of an asset and 
the present value of replacements to be 
made perpetually at the ends of given 
periods. 


CARATHEODORY. Caratheodory mea- 
sure. See MEASURE. 


CARDAN. Cardan’s solution of the cubic. 
A solution of the reduced cubic (see RE- 
bUCED—reduced cubic), 
x3+ax+b=0, 

by the substitution x=u+v [x=u+v will 
be a root of the equation if u3+v3= — band 
uv = — ta, or if u> is a root of the quadratic 
equation in uw, 

(u3)2 + b(u3) — a3/27=0, and uwv= — 4a]. 
If u; is a cube root of 4(—b+ Vb2— 43/27), 
and v;= —4a/u,, then the three roots of the 
reduced cubic are: 

Zy=Uy,t+Vy, Z2=Why +w2v,, 
23> wu, + wv}, 


Cardan 


where w= —4+4V3i is a cube root of 
unity. This is equivalent to the formula 


x=[—4b6+ VR}'34+[—40-— VR}, 


where R=(4b)2+ a3/27 and the cube roots 
are to be chosen so that their product is 
—4tq. The number R is negative if and 
only if the three roots of the cubic are real 
and distinct, which is called the irreducible 
case, since the formulas (although still cor- 
rect) involve the cube roots of complex 
numbers. Ferro discovered this solution, 
but Cardan first published it. 


CAR’DI-NAL, adj. cardinal number. A 
number which designates the manyness 
of a set of things; the number of units, but 
not the order in which they are arranged; 
used in distinction to signed numbers. E.g., 
when one says 3 dolls, the 3 is a cardinal 
number. Tech. Two sets are said to have the 
same cardinal number if their elements can 
be put into one-to-one correspondence with 
each other. Thus a symbol or cardinal num- 
ber can be associated with any set. The car- 
dinal number of a set is also called the 
potency of the set and the power of the set 
(e.g., a set whose elements can be put into 
1—1 correspondence with the real numbers 
is said to have the power of the continuum). 
The cardinal number of the set a;, a2, - + + a, 
is denoted by n. The cardinal number of all 
countably infinite sets is called Aleph-null or 
Aleph-zero and is designated by No, and the 
cardinal number of all real numbers is 
designated by c. The cardinal number 2° 
is the cardinal number of the set of all 
subsets of the real numbers (i.e., the set 
of all real-valued functions defined for all 
real numbers) and is greater than c in the 
sense that the real numbers can be put 
into one-to-one correspondence with a 
subset of the real functions but not con- 
versely. See-ORDINAL—ordinal number. 


CAR’DI-OID, 7. The locus (in a plane) of 
a fixed point on a given circle which rolls 
on an equal but fixed circle. If a is the 
radius of the fixed circle, ¢ the vectorial 
angle, and r the radius vector—where the 


pole is on the fixed circle and the polar 


axis is on a diameter of the fixed circle— 
the polar equation of the cardioid is 
r=2a sin? 4¢=a(1—cos¢). A cardioid is 
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Cartesian 


an epicycloid of one loop and a special 
case of the limacon. 


CAR-TE’SIAN, adj. Cartesian coordinates. 
In the plane, a point can be located by its 
distances from two intersecting straight 
lines, the distance from one line being mea- 
sured along a parallel to the other line. The 
two intersecting lines are called axes (x-axis 
and y-axis), oblique axes when they are not 
perpendicular, and rectangular axes when 
they are perpendicular. The coordinates 
are then called oblique coordinates and 
rectangular coordinates, respectively. The 
coordinate measured from the y-axis paral- 
lel to the x-axis is called the abscissa and 
the other coordinate is called the ordinate. 


Oblique Axis 


Rectangular Axis 


In space, three planes (YOY, XOZ, and 
YOZ in the figure) can be used to locate 
points by giving their distance from each of 
the planes along a line parallel to the inter- 
section of the other two. If the planes are 
mutually perpendicular, these distances are 
called the rectangular Cartesian coordinates 
of the point in space, or the rectangular or 
Cartesian coordinates. The three inter- 
sections of these three planes are called the 
axes of coordinates and are usually labeled 
the x-axis, y-axis, and z-axis. Theircommon 
point is called the origin. The three axes 
are called a coordinate trihedral (see TRI- 
HEDRAL). The coordinate planes divide 
space into eight compartments, called 


Cartesian 


Category 


octants. The octant containing the three 
positive axes as edges is called the Ist octant 
(or coordinate trihedral). The other oc- 
tants are usually numbered 2, 3, 4, 5, 6, 7, 8; 
2, 3, and 4 are reckoned counterclockwise 
around the positive z-axis (or clockwise if 
the coordinate system is left-handed), then 
the quadrant vertically beneath the first 
quadrant is labeled 5, and the remaining 
quadrants 6, 7, and 8, taken in counter- 
clockwise (or clockwise) order as before. 


A rectangular space coordinate is quite 
commonly thought of as the projection of 
the line from the origin to the point upon 
the axis perpendicular to the plane from 
which the coordinate is measured; i.e., 
x= OA, y=OB, and z= OC in the figure. 

Cartesian product. See PRODUCT—Car- 
tesian product. 

Cartesian space. Same aS EUCLIDEAN 
SPACE. 


CASH, n. Money of any kind; usually 
coin or paper money, but frequently in- 
cludes checks, drafts, notes, and other sorts 
of commercial paper, which are immedi- 
ately convertible into currency. 

cash equivalent of an annuity. Same as 
PRESENT VALUE. See SURRENDER. 


CAS-SIN’I. ovals of Cassini. The locus 
of the vertex of a triangle when the product 
of the sides adjacent to the vertex is a con- 
stant and the length of the opposite side is 
fixed. When the constant is equal to one- 
fourth the square of the fixed side, the curve 
is called a lemniscate. If k2 denotes the 
constant and a one-half the length of the 
fixed side, the Cartesian equation takes the 
form 


[(x+a)*+y7][(x—a)?+ y7J=k4. 


If k2 is less than a2, the curve consists of 
two distinct ovals; if k2 is greater than a2, 


it consists of one, and if k2 is equal to a?, 
it reduces to the lemniscate. The figure 
illustrates the case in which k2> a2. 


CAST‘ING, 7. casting out nines. A 
method used to check multiplication (and 
sometimes division); based on the fact that 
the excess of nines in the product equals the 
excess in the product of the excesses in the 
multiplier and multiplicand. See EXxcEss. 
E.g., to check the multiplication 832 x 736 
= 612,352 add the digits in 612,352, sub- 
tracting 9 as the sum reaches or exceeds 9. 
This gives 1. Do the same for 832, and for 
736; the results are 4 and 7. Now multiply 
4 by 7, getting 28. Then add 2 and 8 and 
subtract 9. This leaves 1—which is the 
same excess that was gotten for the product. 
This method can also be used to check addi- 
tion (or subtraction), since the excess of 
nines in a sum is equal to the excess in the 
sum of the excesses of the addends. 


CAT’E-GO-RY, 7. Baire’s category 
theorem. The theorem which states that a 
complete metric space is of second category 
in itself. An equivalent statement is that 
the intersection of any sequence of dense 
open sets in a complete metric space is 
dense. E.g., the space C of all functions 
which are continuous on the closed interval 
(0, 1] is a complete metric space if the dis- 
tance d(f/, g) is defined to be the least upper 
bound of |f(x)—g(x)|._ The set of all mem- 
bers of C which are differentiable at one or 
more points of [0, 1] can be shown to be of 
first category in C, so that the set of con- 
tinuous functions not differentiable at any 
point of [0, 1] is of second category. 

Banach’s category theorem. The theorem 
which states that if a set S contained in a 
topological space T (of type 7;) is of second 
category in 7, then there is a nonempty 
open set U in T such that S is of second 
category at every point of U. It follows 
from this theorem that a subset of T is of 
first category in T if it is of first category at 
each point of T. 

category of sets. A set S is of first 
category in a set 7 if it can be represented as 


Category 


a countable union of sets each of which is 
nowhere dense in T. Any set which is not 
of the first category is said to be of second 
category. A set S is of first category at the 
point x if there is a neighborhood U of x 
such that the intersection of U and S is of 
first category. The complement of a set of 
first category in T is called a residual set of 
T (sometimes residual set is used only for 
complements of sets of first category in sets 
T which have the property that every non- 
empty open set in T is of second category). 
A subset S of the real line is of the first 
category if and only if there is a one-to-one 
transformation of the line onto itself for 
which S corresponds to a set of measure 
zero which is also an F, set (see BOREL— 
Borel set). 


CAT’E-NA-RY, n. The plane curve in 
which a uniform cable hangs when sus- 
pended from two points. Its equation in 
rectangular coordinates is 


y=(a/2)(e%/4 + e-*/4), 


where a is the y-intercept. 


Y 


a 
O x 


CAT’E-NOID, n. The surface of revolu- 
tion generated by the rotation of a catenary 
about its axis. The only minimal surface 
of revolution is the catenoid. See CATE- 
NARY. 


CAUCHY. Cauchy distribution. C(x; L, u) 
a4 Gea ay? is the Cauchy frequency 
function. It is a unimodal, symmetric 
distribution around the value x=u, which 
is the mode and median, but not the mean 
since the distribution has no positive finite 
moments whatsoever. The means of 
random samples of a Cauchy distribution 
have the same distribution as the popula- 
tion. Student’s t—-distribution with one 
degree of freedom is a Cauchy distribution 
with L=1 and u=0. 
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Cauchy 


Cauchy-Hadamard theorem. The theo- 
rem states that the radius of convergence 
of the Taylor series dg) +a ,zZ+a7z7+ -+- in 
the complex variable z is given by 


1 


fim ~|a,| 
n— 00 


r 


Cauchy-Riemann partial differential 
equations. For functions u=u(x, y), v= 
v(x, y), the Cauchy-Riemann equations 
are du/0x = dv/d0y and du/dy= —dv/0x. The 
equations characterize analytic functions 
u+iv of the complex variable z=x+ iy, 
and are satisfied if, and only if, the map is 
directly conformal except at points where all 
four partial derivatives vanish. 

Cauchy sequence. See SEQUENCE— 
Cauchy sequence. 

Cauchy’s condensation test for conver- 
gence. If Xa, is a series of positive mono- 
tonic decreasing terms and p is any positive 
integer, then the series a;+a,+a3;+ °-:- 
and pa,+p?a,2+p%a,3+ +--+ are either 
both convergent or both divergent. 

Cauchy’s condition for convergence of a 
sequence, An infinite sequence converges 
if, and only if, the numerical difference be- 
tween every two of its terms 1s as small as 
desired, provided both terms are sufficiently 
far out in the sequence. Tech. The infinite 
sequence 5S), 52, 53,° °°, S,,° °° converges if, 
and only if, for every « > 0 there exists an N 
such that 

Kee oe Sn| <€ 


foralln> Nandallh>O. See SEQUENCE— 
Cauchy sequence. Same as CAUCHY’S CON- 
DITION FOR CONVERGENCE Of a series when 
Ss, 1s looked upon as the sum to nv terms of 
the series 


Sit (52— Sy) +(53—Sa)+ + 
(8 Sp ye eae 


Cauchy’s condition for convergence of a 
series. The sum of any number of terms 
can be made as small as desired by starting 
sufficiently far out in the series. Tech. A 
necessary and sufficient condition for con- 
vergence of a series is that given any «> 0, 
there exists an N, dependent on e, such that 


|Sn+h—Spl<e forall n>N 


and all h>0O, where S, denotes the sum of 
the first » terms and S,,., the sum of the 
first n+/A terms of the series. 


Cauchy 


Cell 


a 


Cauchy’s form of the remainder for 
Taylor’s theorem. See TAYLOR’S THEOREM. 
Cauchy’s inequality. The inequality 


|2,aibi|?s 2 lal? > |d:/2. 


Also see SCHWARZ—Schwarz’s inequality. 
Cauchy’s integral formula. The formula 


l f@© 
{Z)=5— ie (=7 dt, 
where f(z) is an analytic function of the 
complex variable z in a finite simply con- 
nected domain D, C is a simple closed 
rectifiable curve in D, and z is a point in the 
finite domain bounded by C. This formula 
can be extended to the following, for n any 


positive integer: 
eae f® 
f(z) = ani Jo Ezy db. 


Cauchy’s integral test for convergence of 
an infinite series. Let f(x) be a function 
which, for x greater than some positive 
number, is a monotonically decreasing 
positive function of x and is such that 
f(n)=a,, (the nth term of the series) for all 
n sufficiently large. Then a necessary and 
sufficient condition for convergence of the 
series, Ua,, 1s that there exists a number a 
such that 


ee) 
i f(x) dx converges. 
a 


In the case of the p series, 
L1/nP, f(x)=1/x», 


i° 6] 
[or dx=x'r(—pyle if p#, 
1 


=logx]f if p=1, 


l- 
ima 0) af pet. 
xo 1—p 
=o if p<l 


and 

lim log x= ©. 

X—> © 
Hence the p series converges for p>1 and 
diverges for p=. 

Cauchy’s integral theorem. Jf f(z) is 
analytic in a finite simple connected domain 
D of the complex plane, and C is a closed 
rectifiable curve in D, then 


I f(z) dz=0. 


Cauchy’s mean value formula. See MEAN 
—second mean value theorem. 


Cauchy’s radical test for convergence. 
If the mth root of the nth term of a series 
of positive terms ultimately becomes and 
remains less than some number less than 
unity, the series converges; if it becomes 
and remains equal to or greater than unity, 
the series diverges. Consider the series, 


14+ x+2x7+ 3x34 +++ tnxtt---, 


Here the nth root of the nth term is n!/nx, 
Since lim n!/"=1, for any xo numerically 


nN—> 
less than 1, it is possible to choose an N 
such that n!/rx,9 is less than 1 ‘for all 
n>N. Hence the series converges if 
|x|<1. This radical test serves when- 
ever the ratio test does, but the converse is 
not true. It follows from the above test 
that if lim (a,)!/"“=r for a series <a,, 


h— 0 


then the series converges if r<1 and 
diverges ifr>1. Ifr=1no conclusion can 
be drawn unless a,!/"=1 for n greater than 
some properly chosen N, in which case the 
series diverges. 

Cauchy’s ratio test. See RATIO—ratio 
test. 


CAUSE, n. chance cause. See CHANCE. 


CAVALIERI’S THEOREM. If two solids 
have equal altitudes and all plane sections 
parallel to their bases and at equal distances 
from their bases are equal, the solids have 
the same volume. 


CE-LES’TIAL, adj. Of or pertaining to 
the skies or heavens. 

altitude of a celestial point. 
TUDE. 

celestial equator. See HOUR—hour angle 
and hour circle, and EQUATOR. 

celestial horizon, meridian, and pole. See 
HOUR—hour angle and hour circle. 

celestial sphere. The conceptual sphere 
on which all the celestial objects are seen 
in projection and appear to move. 


See ALTI- 


CELL, ”. An n-dimensional cell (n-cell) 1s 
a set which is homeomorphic either with 
the set of points (x;,-+-, x,) of n-dimen- 
sional Euclidean space for which 2x;*< 1, 
or with the set for which 2x;71 (it is an 
open 7-cell in the first case, a closed n-cell in 
the other). A O-cell is a point; a 1-cell is 
an open or a closed interval or a con- 


Cell 


tinuous deformation of an open or a closed 
interval. Circles (or simple polygons) and 
their interiors are examples of closed 2-cells; 
spheres (or simple polyhedrons) and their 
interiors are closed 3-cells. A closed n-cell 
is sometimes called a solid n-sphere, or an 
n-disk. 


CEN’TER, 7. center of attraction. 
aS CENTER OF MASS. 

center of a circle. See CIRCLE. 

center of curvature of a plane curve. See 
CURVATURE—Curvature of a plane curve. 

center of curvature (first curvature) of a 
space curve at a point. The center of the 
osculating circle of the curve at the point. 

center of a curve. The point (if it exists) 
about which the curve is symmetrical. 
Curves such as the hyperbola, which are 
not closed, but are symmetrical about a 
given point, are said to have this point as 
a center, but the term center commonly 
refers to closed curves such as circles and 
ellipses. Syn. Center of symmetry. See 
SYMMETRY—Symmetry of a geometric con- 
figuration. 

center of an ellipse. See ELLIPSE. 

center of geodesic curvature. See GEO- 
bDEsIC—center of geodesic curvature. 

center of gravity. Same as CENTER OF 
MASS. 

center of mass. The point at which a 
mass (body) can be considered as being 
concentrated without altering the effect of 
the attraction that the earth has upon it; 
the point in a body through which the 
resultant of the gravitational forces, acting 
on all its particles, passes regardless of the 
orientation of the body; the point about 
which the body is in equilibrium; the point 
such that the moment about any line is the 
same as it would be if the body were con- 
centrated at that point. See MOMENT— 
moment of mass. The center of mass is 
the point of the body which has the same 
motion that a particle having the mass of 
the whole body would have if the resultant 
of all the forces acting on the body were 
applied to it. If the body consists of a set 
of particles, the center of mass is the point 
determined by the vector 


>. rj; 
i 
2 


i 


Same 


r= > where r; is the position vector 
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Center 


of the mass m; in the system of particles 
m,,™M2,°**, My. In case of a continuous 
distribution of mass, the vector r locating 
the center of mass of a body is given by 


| am 
i dm 


out throughout the space s occupied by the 
body. The coordinates x, y, and z of the 
center of mass are given by 


£=(I/m) | x dm, y=(1m) | y dm, 
Z=(1/m) | z am, 


where 77 is the total mass of the body, x, y, z 
are the coordinates of some point in the 


r= > where the integration is carried 


element of mass, dm, and i indicates that 
§ 


the integration is to be taken over the en- 
tire body, the integration being single, 
double, or triple depending upon the form 
of dm; dm may, for instance, be one of the 
forms: pds, px dy, pdydx, pdzdy dx, 
where pis density. If elements such as y dx 
or x dy are used, one must take for the 
point in the element of mass the approxi- 
mate center of mass of these strips (ele- 
ments). Same as CENTER OF ATTRACTION 
and CENTER OF GRAVITY. See CENTROID. 

center of normal curvature of a surface 
for a given point and direction. The center 
of curvature of the normal section of the 
surface S through the point P of S and in 
the given direction. Thecoordinates of the 
center of normal curvature are given by 
(x+ RX, y+ RY, z+ RZ), where (x, y, z) 
are the coordinates of P, (XY, Y, Z) are the 
direction cosines of the normal to S at P, 
and R is the radius of normal curvature of 
Sat Pin the given direction. See RADIUS— 
radius of normal curvature of a surface, 
and MEUSNIER’S THEOREM. 

center of pressure of a surface submerged 
in a liquid. That point at which all the 
force could be applied and produce the 
same effect as when the force is distributed. 

center of a regular polygon. The center 
of its inscribed and circumscribed circles. 

center of a sheaf. See sHEAF—sheaf of 
planes. 

center of similarity (or similitude) of two 
configurations. See RADIALLY—radially 
related figures. 


Center 


Centroid 


centers of principal curvature of a surface 
at a point. The centers of normal curva- 
ture at the point and in the two principal 
directions. See above, center of normal 
curvature of a surface, and DIRECTION— 
principal directions on a surface at a point. 
Syn. Principal centers of curvature of a sur- 
face at a point. 

center of a quadric surface. The point 
of symmetry of the surface. See ELLIp- 
SOID, and HYPERBOLOID. 

radical center. See RADICAL. 


CEN-TES’I-MAL, adj. centesimal system 
of measuring angles. The system in which 
the right angle is divided into 100 equal 
parts, called degrees, a degree into 100 
minutes and a minute into 100 seconds. Not 
in common use. 


CEN’TI-GRADE, adj. centigrade _ ther- 
mometer. A thermometer on which 0° and 
100°, respectively, indicate the freezing and 
boiling points of water. See CONVERSION— 
conversion from centigrade to Fahrenheit. 


CEN’TI-GRAM, n. One hundredth of a 
gram. See DENOMINATE NUMBERS in the 
appendix. 


CEN’TI-ME’TER, 7. One hundredth part 
of a meter. See DENOMINATE NUMBERS in 
the appendix. 


CEN’TRAL, adj., n. central angle in a 
circle. An angle whose sides are radii. An 
angle with its vertex at the center. See 
figure under CIRCLE. 

central conics. Ellipses and hyperbolas. 

central death rate. See DEATH. 

central of a group. The set of all ele- 
ments of the group which commute with 
every element of the group. The central 
is an invariant subgroup, but may be con- 
tained properly in an invariant subgroup. 
See GROUP. 

central limit theorem. (Sratistics.) Let 
X1,X2,° °°, X, be independent random varia- 
bles. Then whatever the form of their 
distribution—subject to certain very gen- 
eral conditions—the sum X=2Xx; Is 
asymptotically normally distributed with 
mean M=2%m,; and variance V=Xo,?, 
where m; and o;? are the means and vari- 
ances of the ” random variables. If the 
random variables all have the same dis- 


tribution function, then the sufficient 
condition is that the variances be finite, and 
it follows that the arithmetic mean of the 
several variables is asymptotically nor- 
mally distributed with mean equal to the 
uniform mean of the several distributions 
and variance equal to o2/n. Other exten- 
sions as well as the most general conditions 
are known. 

central plane and point of a ruling on a 
ruled surface. See RULING. 

central projection. See PROJECTION. 

central quadrics. Quadrics having cen- 
ters—ellipsoids and hyperboloids. 

measures of central tendency. See MEAS- 
URE—measures of central tendency. 


CEN-TRIF’U-GAL, adj. centrifugal force. 
(1) The force which a mass, constrained to 
move in a path, exerts on the constraint in 
a direction along the radius of curvature. 
(2) A particle of mass m, rotating with the 
angular velocity w about a point O ata 
distance r from the particle, is subjected to 
a force, called centrifugal force, of magni- 
tude mw?2r (or mv2/r, where v is the speed 
of the particle relative to O). The direc- 
tion of this force on the particle is away 
from the center of rotation. The equal 
and oppositely directed force is called 
centripetal force. 


CEN-TRIP’E-TAL, adj. centripetal accel- 
eration. See ACCELERATION. 

centripetal force. The force which re- 
strains a body, in motion, from going in a 
Straight line. It is directed toward the 
center of curvature. A force equal, but 
opposite in sign, to the centrifugal force. 


CEN’TROID, n. centroid of a configura- 
tion. The point whose coordinates are the 
mean values of the coordinates of the points 
in the configuration. This means, for 
configurations over which integration can 
be performed, that the coordinates of the 
centroid, x, y, and Z, are given by 


#=[J xas|)s, 


and 


Centroid 


Chain 


where | denotes the integral over the con- 
AY 


figuration, ds denotes an element of area, 
arc length, or volume, and s denotes the area, 
arc length, or volume of the configuration. 
The centroid is the same as the center of 
mass if the object is regarded as having 
constant density (constant mass per unit 
area, length, or volume). Also, < may 
be looked upon as the mean of the x co- 
ordinates of all points in the configuration, 
and similarly for y and Z. See cCENTER— 
center of mass, INTEGRAL—definite integral, 
and MEAN—mean value of a function over 
a given range. 


CER’TAIN, adj. annuity certain. See 
ANNUITY. 


CESARO’S SUMMATION FORMULA. 
A specific method of attributing a sum to 
certain divergent series. A sequence of 


n 

partial sums, (S,), where S,= > aj, 1S re- 
i=0 

placed by the sequence (S,)/A,("), where 


(“FET A) si + cag 
n—1 
and 
A= ("*") = 5 oo 
n = n—-i 


(") being the rth binomial coefficient of 


order n. If the sequence, (S,,*)/A,), has 
a limit, the series Xa,, is said to be summable 
C,, or (C,k), to this limit. In terms of 
the a; of the original series, 
ees 
k+n 
n(n—1) 
(k+n—1)(kK+n) 
n! 
(EDK T2) (k+n) 
Cesaro’s summation formula is regular. 


See SUMMATION—summation of divergent 
series. 


S6/A) = aot ay 


++ + ++. 


CHAIN, adj., n. (1) A simply ordered 
set. See ORDERED, and NESTED—nested sets. 
(2) See below, chain of simplexes, etc. 


chain discounts. See DISCOUNT—dis- 
count series. 

chain of simplexes. Let G be a com- 
mutative group with the group operation 
indicated as addition. Let Sj, S3,---, S" 
be oriented r-dimensional simplexes of a 


simplicial complex K. Then 
X= 8 Si +8534 +++ +8 ySh 

is an r-dimensional chain, or an r-chain. It 
is understood that if *S’ is the simplex S’ 
with its orientation changed, then g(*S")= 
(—g)S’ for any g of G. The set of all r- 
chains is a group if chains are added in the 
natural way, i.e., by adding coefficients of 
each oriented simplex. The group G is 
usually taken as either the group IJ of 
integers or one of the finite groups J, of 
integers modulo an integer n. Of the 
latter, the group /, of integers modulo 2 is 
especially useful. If G is one of these 
groups of integers, then the boundary of an 
r-simplex S’ is defined to be the (r— 1)-chain 


ACS) =e )Bh-'+e,Bi-1+ +--+ +6,Br}, 


where B5~',---, B'-! is the set of all (r—1)- 
dimensional faces of S’ and e, is +1 or —1 
according as S” and Bj are coherently 
oriented or noncoherently oriented. Ifr=0, 
the boundary AS°® is defined to be 0. The 
boundary of the chain x is defined to be 


A(x) =2, AS{+g,AS54+ --- +g9,AS". 


It follows that the boundary of a boundary 
is 0, i.e., A(Ax)=0O for x any chain. A 
chain whose boundary is 0 is called a cycle 
(any boundary is acycle). E.g., a chain of 
“edges” St, S},---, Si is a cycle if the 
‘“‘“edges”’ are joined so as to form a closed 
oriented path. See HOMOLOGy—homology 
group. 


chain rule. For ordinary differentiation, 
the rule of differentiation which states that, 
if F(u) is a function of u and wu is a function 
of x, then 

D,.F(u)= D,F(u): D,.u. 
This rule can be used repeatedly, e.g., as 
D,u[v(w)]= D,u- D,,v- D,w, or along with 
other differentiation formulas (see DIF- 
FERENTIATION FORMULAS in the appendix, 
and DERIVATIVE) in an explicit differentia- 
tion, such as 
D,[(x?2 + 1)3+ 3} 
= 2[(x24+ 1)34+3]-3(x24 1)2-2x. 


Chain 


Characteristic 


The chain rule can also be used to change 
variables; e.g., if y is replaced by z= 1/y in 
the differential equation D,y+y2=0, one 
uses the formula 


D,z= Dyz: D,y=(— 1/y*)D,.y 


to obtain — y?D,z+ y?=0, or D,z=1. Now 
let F be a function of one or more variables 
Uy, U2,°* *, u, and each of these variables be 
a function of one or more variables 


X1,X2,°°:*. The chain rule for partial dif- 
ferentiation is 

aF _ & oF tu, 

Ox, i Gu; OX p 


If each of the variables wy, uo,---,u, is a 
function of one variable x, then this for- 
mula becomes 


dF _ OF dy 
dx = Ou; dx 


This is called the total derivative of F with 
respect to x. E.g., if z=f(x,y), x=d(f) 
and y=@(r), the total derivative of z with 
reference to ¢ is given by 


= f.lx, DP +L lo 900. 


e-chain. See EPSILON—epsilon chain. 

surveyor’s chain. A chain 66 feet long 
containing 100 links, each link 7.92 inches 
long. Ten square chains equal one acre. 
See DENOMINATE NUMBERS in the appendix. 


CHANCE, adj., n. Same aS PROBABILITY. 
Has considerable popular, but little tech- 
nical, usage. 

chance cause. If, in a given set of 
causes, each cause is associated with prob- 
ability less than one and greater than 
zero of being able to operate, then the set 
of causes is a set of chance causes. 

chance variable. Any variable that may 
assume each of its possible values x; with 
definite probability (not necessarily the 
same for all values). In general, any 
variable which may have a _ probability 
function is a chance variable, even though 
the frequency function is not known. 
Same aS RANDOM VARIABLE Or STOCHASTIC 
VARIABLE. 


CHANGE, n. change of base in loga- 
rithms. See BASsE—change of base in loga- 
rithms. 


change of coordinates. See TRANSFOR- 
MATION—transformation of coordinates. 

change of variable in integration. See 
INTEGRATION—integration by substitution. 

cyclic change of variables. Same as 
CYCLIC PERMUTATION. See PERMUTATION. 


CHAR’AC-TER, n. finite character. <A 
collection A of sets is of finite character if A 
contains any set all of whose finite subsets 
belong to A and each finite subset of a mem- 
ber of A belongs to A. A property of sub- 
sets of a set is of finite character if a subset 
S has the property if and only if each non- 
empty finite subset of S has the property. 
E.g., the property of being simply ordered is 
of finite character, while the property of 
being well-ordered is not. If a property is 
of finite character, then the collection of all 
sets with this property is of finite character. 
If a collection A of sets is of finite character, 
then the property of belonging to A is of 
finite character. See ZORN—Zorn’s lemma. 

group character. A character of a group 
G is a homomorphism of G into the group 
of complex numbers of absolute value 1; 
i.e., it is a continuous function f(x) defined 
on G for which f(x) is a complex number 
with | f(x)|=1 and f(x) f(y)=f(x-y) for all 
x and y of G (the group operation of G is 
indicated here by multiplication). The set 
of all characters of G is called a character 
group, the “product” of characters f and g 
being defined to be the character A defined 
by A(x)=f(x)g(x) foreach x of G. If G is 
commutative and locally (bi)compact, then 
G is algebraically isomorphic with the 
character group of its character group. The 
character group can be given a topology by 
defining neighborhoods of a point so that 
U is a neighborhood of a character /f if there 
are elements x,,---, x, of G and a positive 
number e such that U is the set of all char- 
acters G for which 


If-eix)|<e for k=1,---,n. 


It then follows that the character group is 
a topological group and is locally compact 
if G is locally compact; it is discrete if G is 
compact. If Gis the group of translations 
of the real line, then the character group of 
G is isomorphic with G. 


CHAR’AC-TER-IS’TIC, adj., n.  charac- 
teristic curves of a surface. That conjugate 


Characteristic 


Characteristic 


system of curves on a surface S such that 
the directions of the tangents of the two 
curves of the system through any point P of 
S are the characteristic directions at Pon S 
See CONJUGATE—conjugate system of curves 
on a surface, and CHARACTERISTIC—char- 
acteristic directions on a surface. The 
characteristic curves are parametric if and 
only if D:D”’=E:G and D’=0. _ See 
FUNDAMENTAL—fundamental coefficients of 
a surface. 

characteristic directions on a_ surface. 
The pair of conjugate directions on a 
surface § at a point P of S which are 
symmetric with respect to the directions of 
the lines of curvature on S through P. 
The characteristic directions on S at P are 
unique except at umbilical points, and are 
the directions which minimize the angle 
between pairs of conjugate directions on 
S at P. 

characteristic equation of a matrix. Let 
I be the unit matrix of the same order as 
the square matrix A. If d(xJ—A) is the 
determinant of the matrix x/J—A, then 
d(xI— A)=0 1s the characteristic equation 
of A and d(xIJ—A) is the characteristic 
function of A. Thus the characteristic 


equation of the matrix M= (; 3) 


2 3 
ie . | Gr. ef 
x2—5x+4=0. It is known that every 
matrix satisfies its characteristic equation 
(the Hamilton-Cayley Theorem). £.g., the 
matrix M-M—5M-+4lI is zero. The re- 
duced characteristic equation of a matrix is 
the equation of lowest degree which is 
satisfied by the matrix. If A is a matrix 
of order » and / is the unit matrix of order 
n, then the reduced characteristic equation 
is f(x)/g(x)=0, where f(x) is the determi- 
nant of the matrix x/—A and g(x) is the 
greatest common divisor of the (m—1)— 
rowed minor determinants of xJ—A. The 
reduced characteristic function is f(x)/g(x). 
The reduced characteristic equation 1s 
also called the minimal (or minimum) equa- 
tion, and the matrix derogatory if its order 
is greater than that of its reduced char- 
acteristic equation. See EIGENVALUE— 
eigenvalue of a matrix. 

characteristic function. (S‘fatistics.) The 
characteristic function of a random variable 
with frequency function f(x) is ¢(N= 


is the equation 


[e 6) 
eitx f(x) dx, where is a real number. 


—0o 

Let é"(t) be the nth derivative of (4). 
i-"}"(0) will give the nth moment of x if the 
nth moment exists. If x is replaced by cx, 
where c is a constant, the characteristic 
function of x, #(t), becomes ¢d(ct). If the 
x; are independently distributed with char- 
acteristic functions f;(x;), i= 1, +--+”, then the 
characteristic function of x, + x. + --++ x, 1S 


n 
ll f,(x;). From the characteristic func- 
tions of individual variables, it is possible 
to obtain the distribution of the sum of the 
individual component variables. The use- 
fulness of this follows from the fact that the 
logarithm of the characteristic functions 
may be set equal to an infinite series, the 
terms of which involve powers of (“‘it’’) and 
the semi-invariants of the distribution. 
Simply adding the various infinite series, 
one for each distribution, gives the loga- 
rithm of the characteristic function of the 
composite variable—and thence the mo- 
ments and distribution of the composite 
variables. See CUMULANTS and SsEMI— 
semi-invariants. 

characteristic function of a matrix. See 
above, characteristic equation of a matrix. 

characteristic function of a set. The 
function f(x) which is such that f(x)=1 
for each point x in the set, and f(x)=0 
if x is not in the set. 

characteristic of the logarithm of a num- 
ber. See LOGARITHM—characteristic and 
mantissa of a logarithm. 

characteristic number of a matrix. Same 
aS CHARACTERISTIC ROOT. See below. 

characteristic numbers and functions in 
the study of integral equations. Same as 
EIGENVALUES and EIGENFUNCTIONS. 

characteristic of a one-parameter family 
of surfaces. The limiting curve of inter- 
section of two neighboring members of the 
family as they approach coincidence—i.e., 
as the two values of the parameter deter- 
mining the two members of the family of 
surfaces approach a common value. The 
equations of a given characteristic curve 
are the equation of the family taken with 
the partial derivative of this equation with 
respect to the parameter, each equation 
being evaluated for a particular value of 
the parameter. The locus of the char- 
acteristic curves, as the parameter varies, 


Characteristic 


Chi-square 


is the envelope of the family of surfaces. 
E.g., if the family of surfaces consists of all 
spheres of a given, fixed radius with their 
centers on a given line, the characteristic 
curves are circles having their centers on 
the line, and the envelope is the cylinder 
generated by these circles. 

characteristic root of a matrix. A root 
of the characteristic equation of the matrix. 
Syn. Characteristic number, latent root. 
See EIGENVALUE—eigenvalue of a matrix. 

Euler characteristic. See EULER-—Euler 
characteristic. 

Segre characteristic of a matrix. See 
CANONICAL—canonical form of a matrix. 


CHARGE, 7. Coulomb’s law for point- 
charges. See COULOMB. 

density of charge. See various headings 
under DENSITY. 

electrostatic unit of charge. See ELEC- 
TROSTATIC. 

point-charge. A point endowed with 
electrical charge. The electrical counter- 
part of point-mass or particle, i.e., electrical 
charge considered as concentrated at a 
point. 

set (or complex) of point-charges. A 
collection of charges located at definite 
points of space. Sometimes the term 
complex carries the connotation that the 
maximum distance between the various 
pairs of charges is small in comparison to 
the distance to the field-points at which 
the electrical effects are to be determined. 

surrender charge. See SURRENDER. 


CHARLIER CHECK. A check on compu- 
tational accuracy where powers of ob- 
served values are involved. Rests on the 
following type of relationship: 


k k 


k k 
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where n; iS the frequency of observed 
values, x;. May be used for higher powers 
by appropriate expansions. 


CHART, n. flow chart. In machine com- 
putation, a diagram with labeled boxes, 
arrows, etc., showing the logical pattern 
of a problem, but not ordinarily including 
machine-language instructors and com- 
mands. See CODING, and PROGRAMMING— 
programming for a computing machine. 


CHECK, n. A draft upon a bank, usually 
drawn by an individual. v. To verify by 
repetition or some other device. 

Charlier check. See CHARLIER CHECK. 

check on a solution of an equation. Any 
process used to increase the probability of 
correctness of a solution. One such 
method is the substitution of the calculated 
root in the original equation (the equation 
before any changes have been made in it, 
such as squaring, transposing terms, etc.). 
If the root is correct, the result of this sub- 
stitution should be an identity which takes 
the form 0=0 after all terms have been 
transposed to the same side and combined. 


CHINESE. Chinese remainder theorem. 
The theorem states that numbers x exist 
which satisfy the congruences x=b,; (mod 
m,;), i=1, 2, 3,---+ 7, 1f the m; are relatively 
prime in pairs and constitute a single 


n 
number class modulo Il mj. 
1 


k 
CHI-SQUARE. ,7= > x;*, where the x; 


i=1 
are independently and normally distributed 
with mean of zero and variance of 1. The 
sampling frequency function of y? is 
2)(n—-2)/2p—(x2/2 
fo=G 
nrr(5) 
with n degrees of freedom. Discovered by 
Helmert in 1876. For n>30, V2 x2 is 
distributed approximately normally with 
mean V2n—1, and with unit variance. If 
xi2 (i=1,---,k) are independently dis- 
tributed with m, - - -, m, degrees of freedom, 


k 

Xx;2 is distributed as y? with > n; degrees 
i=] 

of freedom. For any independently and 

normally distributed variables with means 

u; and variance o;?, 


n; k 

S > Cue 80" 298 
= 
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with > 1 degrees of freedom, if the u; 
i=1 
and o;? are known. If these latter are not 


known, and instead are estimated from the 
k 


> n; observations, one degree of freedom 


i=] 


Chi-square 


Christoffel 


is lost for each parameter estimated. 
Widely used for testing statistical hypo- 
theses about (1) independence between an 
observed frequency and a hypothesis, or 
between two or more observed frequencies 
and the hypothetical frequencies, as in con- 
tingency tables or in problems of the good- 
ness of fit of fitted frequency distributions; 
(2) the variance of a normal distribution on 
the basis of observed sample variances; (3) 
the ratio of two variances. Also used in 
combining probabilities drawn from a 
number of independent random samples. 
See COCHRAN’S THEOREM, and DISTRIBUTION 
—F distribution 

chi-square test. A test of compatibility of 
observed and expected frequencies, based 
on the quantity 


2 = Stn _ e;)* 
i=1 
where k is the number of frequencies, m; and 
e; are the ith pair of observed and expected 
frequencies, and %n;=Xe,;=N. If Nis sufh- 
ciently large, the frequency function of y2 
is approximately that of the chi-square 
frequency function discussed above, with 
n=k—1. See CHI-SQUARE. 


CHOICE, nn. An alternative elected by 
one of the players, or determined by a ran- 
dom device, for a move in the play of a 
game. See GAME, MOVE, and PLAY. 

axiom of choice. Given any collection 
of sets, there exists a “‘method”’ of designat- 
ing a particular element of each set as a 
‘‘special’’ element of that set; for any col- 
lection A of sets there exists a single-valued 
function fsuch that f(S) is an element of S 
for each set S of the collection A. See 
ORDERED—well-ordered set, ZORN—Zorn’s 
lemma. Syn. Zermelo’s axiom. 


finite axiom of choice. The axiom of 


choice for the special case that the collection 
of sets is a finite collection. 


CHORD,n. Achord of any curve (or sur- 
face) is a segment of a straight line between 
two designated points of intersection of the 
line and the curve (surface). See CIRCLE, 
SPHERE, etc. 

chord of a circle, sphere, etc. See the 
specific configuration. 

chord of contact with reference to a point 
outside of a circle. The chord joining the 


points of contact of the tangents to the 
circle from the given point. 
focal chords of conics. See FOCAL. 
supplemental or supplementary chords in 
a circle. See SUPPLEMENTAL. 


CHRISTOFFEL. Christoffel symbols. 
Certain symbols representing particular 
functions of the coefficients, and of the 
first-order derivatives of the coefficients, 
of a quadratic differential form. The dif- 
ferential form is usually the first funda- 
mental quadratic differential form of a 
surface. For the quadratic differential 
form fll dx ;7+2219 dx AX. + 209 dx>?, the 
Christoffel symbols of the first kind are 


= >» where ij, jf, 
k Ox; OX; 7) 


2 
k=1, 2, separately. For a quadratic 
form in nv variables, we have 7, 7, k=1, 2, 


-+,m, separately. The symbol i | iS 


sometimes replaced by [i/, k], C;;*, or T,;,. 
The symbols are symmetric ini andj. For 
the quadratic differential form 


B11 dX172 +2812 dx, dx2+ 822 dx’, 
the Christoffel symbols of the second kind 
‘F) gaal] 4 gaaftd 2 
are ce & 1 ae >|? where i, j, 


k=1, 2, separately, g*' is the cofactor of 


g,; in the determinant A= fir §12 
ne &12 822 
divided by A, and iG are the Christoffel 


symbols of the first kind. The symbol 
No : hel v3 

- \ is sometimes replaced by i in 
keeping with the summation convention, 
or by I',;*. The symbols are symmetric 
in i and j7. For the quadratic differential 
form gj; dx! dx/ in n variables x!, x7, +++ x" 
(where the summation convention applies), 
the Christoffel symbols of the first kind 
i l=5 (“Bi  Bii _ Bik 
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2 
assumed that ¢;;=g;; for alli andj. The 
Christoffel symbols of the second kind 
are tne" : | where g is the deter- 
minant having g;; in the ith row and 
jth column and g¥=[cofactor of g;;]/g. 
Neither type of Christoffel symbols are 
tensors. The law connecting Christoffel 


Christoffel 


symbols of the second kind in two systems 
of coordinates x! and xX! is 


PTV af A exe xe 
ie py) Oxs OX ax 


where ef \ and i: \ are the Christoffel 
jk jk 


o2 xa C x! 
axiaxk ax* 


symbols of the second kind in the x’ and 
x! coordinate systems, respectively. See 
below, Euclidean Christoffel symbols. 

Euclidean Christoffel symbols. Chris- 
toffel symbols in an Euclidean space (i.e., 
where rectangular Cartesian coordinates 
V1, V2, °° 5 Yn CXiSt such that the element of 
arc length ds is given by ds?= dy;7). The 
Euclidean symbols of the second kind are 
all identically zero in rectangular Car- 
tesian coordinates. However, the Eucli- 
dean Christoffel symbols are not all zero 
in general coordinates and are given by the 
alternative expression 

i G2yA ax! 
\=5be oy 

in terms of the transformation functions 
and their inverses taking the rectangular 
Cartesian coordinates y! into the general 
coordinates x'. Since the Euclidean Chris- 
toffel symbols of the second kind are all 
identically zero in rectangular Cartesian 
coordinates, it follows that covariant dif- 
erentiation is ordinary partial differentia- 
tion in rectangular Cartesian coordinates. 
Hence successive covariant differentiation 
in Euclidean space is a commutative opera- 
tion even in general coordinates so long as 
partial differentiation is commutative. 

Riemann-Christoffel curvature tensor. See 
RIEMANN. 


CUPHER (or CYPHER), 7. 
0, denoting zero. 


The symbol 
Syn. Zero, naught. 


CYPHER, v. To compute with numbers; 
to carry out one or more of the fundamental 
operations of arithmetic. 


CIR’CLE, n. (1) A plane curve consisting 
of all points at a given distance (called the 
radius) from a fixed point in the plane, 
called the center. (2) A region of a plane 
all points of whose boundary are at a given 
distance (called the radius) from a fixed 
point in the plane, called the center. See 
below, equation of a circle in the plane. 
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Circle 


arc of circle. A curve which is one of 
the two pieces of the circle which are 
bounded by two given points. 

area of a circle. Pi times the square of 
the radius, wr2, or in terms of the diameter, 
dad*. See Pi. 

chord of a circle. A segment cut off on 
a secant by the circumference. See figure 
under CIRCLE. 

circle of convergence. See CONVERGENCE 
—circle of convergence of a power series. 

circle of curvature of a plane curve. See 
CURVATURE—Curvature of a plane curve. 

circle of curvature of a space curve. 
Same as the OSCULATING CIRCLE. See OS- 
CULATING. 

circumference of a circle. A term used 
to emphasize the fact that one is concerned 
with the curve itself and not with its radius, 
diameter, or what not. Used also for the 
length of a circle. The circumference of a 
circle is equal to 27r, where r is the radius 
and 7 is 3.1416—. See PI. 

circumscribed circle. 
SCRIBED. 

diameter of a circle. Twice the radius; 
the segment, intercepted by the circle, on 
any straight line passing through the center 
of the circle. See figure under CIRCLE. 

eccentric circles of an ellipse. See EL- 
LIPSE—parametric equations of an ellipse. 

equation of a circle in the plane. Jn 
rectangular Cartesian coordinates, (x—h)2 
+(y—k)*=r?, where r is the radius of 
the circle and the center is at the point 
(h, k). When the center is at the origin, 
this becomes: x2+y2=r?. (See DISTANCE 
—distance between two points.) Jn polar 
coordinates, the equation is 


p? + py?— 2pp, cos (P— $1) =P’, 
where p is the radius vector, ¢ the vectorial 
angle, (p;, ¢;) the polar coordinates of the 
center, and r the radius. When the center 


of the circle is at the origin this equation 
becomes p=r. The parametric equations 


See CIRCUM- 


Circle 


Circumcenter 


of a circle are: x=a cos 6, y=a sin @, 
where @ is the angle between the positive 
x-axis and the radius from the origin to the 
given point, and a is the radius of the 
circle. 

equations of a circle in space. The equa- 
tions of any two surfaces whose intersec- 
tion is the circle; a sphere and a plane, each 
containing the circle, would suffice. 

escribed circle. See ESCRIBED. 

family of circles. All the circles whose 
equation can be obtained by assigning 
particular values to an essential constant 
in the equation of a circle. E.g., x?+y2= 
r2 is the family of circles with their centers 
at the origin, r being the essential con- 
stant in this case. See PENCIL—pencil of 
circles. 

great circle. A section of a sphere by a 
plane which passes through its center; a 
circle (on a sphere) which has its diameter 
equal to that of the sphere. 

hour circle of a celestial point. The 
great circle on the celestial sphere that 
passes through the point and the north and 
south celestial poles. See HOUR—hour 
angle and hour circle. 

imaginary circle. The name given to the 
set of points which satisfy the equation 
x?+y2=—r*2, or (x—A)?4+(y—hk)}e= —-P?, 
r#oO. Both coordinates of such a point can 
not bereal. Although no points in the real 
plane have such coordinates, this termin- 
ology is desirable because of the algebraic 
properties common to these imaginary 
coordinates and the real coordinates of 
points on real circles. 

inscribed circle. See INSCRIBED. 

nine-point circle. The circle through the 
midpoints of the sides of a triangle, the 
feet of the perpendiculars from the vertices 
upon the sides, and the midpoints of the 
line segments between the vertices and the 
point of intersection of the altitudes. 

null circle. A circle with radius zero; the 
point (0, 0), which is the locus of (the only 
point that satisfies) x2+y2=0; or, in 
general, (/, k), which is the only point that 
satisfies (x —/)2+(y—k)2=0. 

osculating circle. See OSCULATING. 

parallel circle. See SURFACE—Ssurface of 
revolution. 

pencil of circles. See PENCIL. 

quadrature of a circle. See QUADRATURE 
——quadrature of a circle. 


radius of a circle. The distance from the 
center to the circumference (see figure un- 
der CIRCLE). Also, any line segment from 
the center to the circumference. 

secant of a circle. A line of unlimited 
length cutting the circumference. 

small circle. A section of a sphere by a 
plane that does not pass through the center 
of the sphere. 

squaring a circle. See QUADRATURE. 

unit circle. See UNIT—unit circle. 


CIR’CUIT, n. flip-flop circuit. In acom- 
puting machine, any bistable circuit that 
remains in either of its two stable states 
until receiving a signal changing it to the 
other state. Sucha circuit often involves a 
characteristic configuration of vacuum 
tubes. 


CIR’CU-LANT, nx. A. determinant in 
which the elements of each row are the ele- 
ments of the previous row slid one place to 
the right (and the last element put first). 
The elements of the main diagonal are all 
identical. 


CIR’CU-LAR, adj. circular cone and cylin- 
der. See CONE and CYLINDER. 

circular functions. The trigonometric 
functions. 

circular (or cyclic) permutation. See PER- 
MUTATION. 

circular point of a surface. An elliptic 
point of the surface at which D=kE, 
D’=kF, D”’=kG, k#0. See suRFACE— 
fundamental coefficients of a surface, and 
ELLIPTIC—elliptic point of a surface. For 
a circular point, the principal radii of nor- 
mal curvature are equal, and the Dupin 
indicatrix is a circle. A surface is a sphere 
if and only if all its points are circular 
points. The points where an ellipsoid of 
revolution cuts its axis of revolution are 
circular points. See PLANAR—planar point 
of a surface, and UMBILICAL—umblilical 
point of a surface. 

uniform circular motion. See UNIFORM. 


CIR’CU-LAT’ING, adj. circulating deci- 
mal. See DECIMAL—repeating decimal. 


CIR’CUM-CEN’TER, 7. circumcenter of 
atriangle. The center of the circumscribed 
circle (the circle passing through the three 


Circumcenter 


Circumscribed 


vertices of the triangle); the point of 
intersection of the perpendicular bisectors 
of the sides; point O in the figure. 


CIR’CUM-CIR’CLE, n. Same as CIRCUM- 
SCRIBED CIRCLE. 


CIR-CUM’ FER-ENCE, 7. (1) The bound- 
ary line of a circle; (2) the boundary line 
of any closed curvilinear figure. Syn. Peri- 
phery, perimeter. 

circumference of a sphere. The circum- 
ference of any great circle on the sphere. 


CIR'CUM-SCRIBED’, adj. A configura- 
tion composed of lines, curves, or surfaces, 
is said to be circumscribed about a polygon 
(or polyhedron) if every vertex of the latter 
is incident upon the former and the polygon 
(or polyhedron) is contained in the con- 
figuration. A polygon (or polyhedron) is 
circumscribed about a configuration if every 
side of the polygon (or face of the poly- 
hedron) is tangent to the configuration and 
the configuration is contained in the poly- 
gon (or polyhedron). If one figure is cir- 
cumscribed about another, the latter is said 
to be inscribed in the former. In parti- 
cular, the circumscribed circle of a polygon 
is a circle which passes through the vertices 
of the polygon. The polygon is then an 
inscribed polygon of the circle. If the poly- 
gon is regular and s is the length of a side 
and n the number of sides, the radius of 
the circle is 


r=S eso 2. 
=? n 
If the polygon is a triangle with sides a, b, c 


and s=43(a+b+c), then 
abc 
? = SS ee 
4V s(s—a)(s—b)(s—c) 
If the polygon is regular and has n sides, its 
area is 4r2n sin 360°/n and its perimeter is 
2rn sin 180°/n, where r is the radius of the 
circumscribed circle. A_ circumscribed 


polygon of a circle is a polygon which has 
its sides tangent to the circle. The circle is 


then an inscribed circle of the polygon (see 
INSCRIBED—inscribed circle of a triangle). 
If the polygon is regular, its area is 


180° 


nr2 tan 


> 


and its perimeter is 


° 


2nr tan = 


bd 


where r is the radius of the inscribed circle 
and n the number of sides of the polygon. 
If s is the length of a side of the polygon 
and n the number of its sides, the radius is 
$s cot 180°/n. A circumscribed sphere of a 
polyhedron is a sphere which passes 
through all the vertices of the polyhedron 
(the polyhedron is then said to be inscribed 
in the sphere). An inscribed sphere of a 
polyhedron is a sphere which is tangent to 
all the faces of the polyhedron (the poly- 
hedron is then said to be circumscribed 
about the sphere). A circumscribed pyra- 
mid of a cone is a pyramid having its base 
circumscribed about the base of the cone 
and its vertex coincident with that of the 
cone. The cone is then an inscribed cone 
of the pyramid. 


A circumscribed cone of a pyramid is a 
cone whose base is circumscribed about the 
base of the pyramid and whose vertex coin- 
cides with the vertex of the cone. The 
pyramid is then an inscribed pyramid of 
the cone. 


ee 


A circumscribed prism of a cylinder is a 
prism whose bases are coplanar with, and 


Circumscribed 


Closed 


circumscribed about, the bases of the cylin- 
der. The lateral faces of the prism are 
then tangent to the cylindrical surface and 
the cylinder is an inscribed cylinder of the 
prism. A circumscribed cylinder of a prism 
is a cylinder whose bases are coplanar with, 
and circumscribed about, the bases of the 
cylinder. The lateral edges of the prism 
are then elements of the cylinder and the 
prism is an inscribed prism of the cylinder. 


CIS’SOID (cissoid of Diocles), 1. The 
plane locus of a variable point on a variable 
line passing through a fixed point on a 
circle, where the distance of the variable 
point from the fixed point is equal to the 
distance from the line’s intersection with 
the circle to its intersection with a fixed 
tangent to the circle at the extremity of the 
diameter through the fixed point; the locus 
of the foot of the perpendicular from the 
vertex of a parabola to a variable tangent. 


A 
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If a is taken as the radius of the circle in the 
first definition, the polar equation of the 
cissoid is r=2atan ¢sin ¢; its Cartesian 
equation is y?(2a— x)= x3. Thecurve hasa 
cusp of the first kind at the origin, the x- 
axis being the double tangent. The cissoid 
was first studied by Diocles about 200 B.c., 
who gave it the name “Cissoid”’ (meaning 


ivy). 
CIV’IL, adj. civil year. See YEAR. 


CLAIRAUT. Clairaut’s differential equa- 
tion. A differential equation which is of 
the form y=xy’+/(y’) for some function 
f(x). The general solution is y=cx+f(c), 
and a singular solution is given by the 
parametric equations y= —pf(p)+f(p) 
and x= —f'(p). 


CLASS, xz. class frequency. The fre- 
quency with which a variable assumes the 


set of values included in a given class in- 
terval. 

class interval. (S/atistics.) A grouping 
of the possible values of a variable. Thus 
the variables, which may be continuous 
from 0 to 100, may be grouped arbitrarily 
into (class) intervals ten units wide from 
O up to 10, 10 and up to 20, etc. The 
width of the class is sometimes called the 
class interval. 

class limits. The upper and lower limits 
of the values of a class interval. Also called 
class bounds. 

class mark. The value or name given to 
a particular class interval. Often the mid- 
value, or the integral value nearest the mid- 
point. 

class of a plane algebraic curve. The 
greatest number of tangents that can be 
drawn to it from any point in the plane not 
on the curve. 

equivalence class. See EQUIVALENCE. 

subclass. Same as SUBSET. See SET and 
NUMBER. 


CLOCK’ WISE, adj. In the same direction 
of rotation as that in which the hands of a 
clock move around the dial. 

counterclockwise. In the direction of 
rotation opposite to that in which the hands 
of a clock move around the dial. 


CLOSED, adj. closed curve. A curve 
which has no end points. <A section of the 
curve which completely incloses a section 
of a plane or surface is called a loop of the 
curve. Tech. A set of points which is the 
image of a circle under a continuous trans- 
formation. See CONTINUOUS—continuous 
correspondence of points, and SIMPLE— 
simple closed curve. 

closed interval. See INTERVAL. 

closed mapping or transformation. (1) See 
OPEN—open mapping. (2) A linear trans- 
formation 7 is said to be closed if it has the 
property that, if lim x, =x, and lim T(x,) = 
Yo exist, where x, is in the domain D of T 
for each n, then xo is in D and T(x9)= yo. 
This is equivalent to stating that the set of 
points of type [x, 7(x)] is closed in the 
Cartesian product Dx R of the closure of 
the domain D and the closure of R, the 
range of 7. If D and R are contained in 
Banach spaces B, and B, and R is of the 
second category in By, it follows that R= B, 


Closed 


and there is a number M™ such that 
Ix!| S$ MIIT(x)|| for each x of T (if T is one- 
to-one, its inverse exists and is bounded). 
If D=B,, then 7 itself is bounded. 

closed set. A set of points U such that 
every limit point of U is a point of U; the 
complement of an open set. The set of 
points on and within a circle is a closed set. 

closed surface. A surface with no boun- 
dary curves; a space such that each point 
has a neighborhood topologically equiva- 
lent to the interior of acircle. See SURFACE. 


CLO’SURE, n. closure of a set of points. 
The set which contains the given set and 
all accumulation points of the given set. The 
closure of a closed set is the set itself, while 
the closure of any set is closed. The set 
of all limit points of a given set is called 
the derived set. The closure of a set U is 


usually denoted by U and the derived set 
by U’. 

CLUS’TER, adj. cluster point. Same as 
ACCUMULATION POINT. 


CO’A-LI'TION, x. In an n-person game, 
a set of players, more than one in number, 
who coordinate their strategies, presumably 
for mutual benefit. See GAME—coopera- 
tive game. 


CO-AL’TI-TUDE, n. coaltitude of a celes- 
tial point. Same as ZENITH DISTANCE. 


CO-AX’T-AL, adj. coaxial circles. Circles 
such that all pairs of the circles have the 
same radical axis. 

coaxial planes. Planes 
through the same straight line. 
is called the axis. 


which pass 
The line 


CO-BOUND’A-RY, 1. See COHOMOLOGY 


—cohomology group. 


CO-CY’CLE, n. See COHOMOLOGY—cO- 


homology group. 


COCHRAN’S THEOREM. If x; (i=1, 
- ++, m) are independently and normally dis- 
tributed variables. with zero mean and unit 
variance and if g1,q2, °° °,q, are k quadratic 
forms in the variables x; with rank 1, m1, 


k 
2+ +5 m,, With > qj= 
< 


43 
x;?, then a necessary 
j=] i=] 
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Coding 


and sufficient condition that q; be each 
independently distributed with the x2 dis- 
tribution with n; degrees of freedom is that 


k 
> nj=n. On the basis of this theorem it 
j= 


follows that with x,,-°-:°,x,, a random 


sample from a normal distribution with 

n z\2 

xj-X 
mean u and variance o?, > Greeti 5 
i=1 9% 

tributed as x? with n— 1 degrees of freedom, 
where xX is the mean of the sample. This 
theorem is useful, for example, in establish- 
ing the independence of the mean and sum 
of squares of deviations around the mean 
in random samples from a normal popula- 
tion. 


is dis- 


CODAZZI EQUATIONS. The equations 
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involving the fundamental coefficients of 
the first and second orders of a surface. 
In tensor notation: dyog—dyg..=0, «FB. 
There are no relations between these funda- 
mental coefficients and their derivatives 
which cannot be derived from the Gauss 
equation and the Codazzi equations, for 
these three equations uniquely determine 


a surface to within its position in space. 
See CHRISTOFFEL—Christoffel symbols. 


and 


CO-DEC’LI-NA’TION, 7. codeclination 
of a celestial point. Ninety degrees minus 
the declination; the complementary angle 
of the declination. See HouR—hour angle 
and hour circle. Also called POLAR DISs- 
TANCE. 


COD'ING, n. In machine computation, 
the detailed preparation from the pro- 
grammer’s instructions or flow charts, of 
machine commands that will lead to the 


Coding 


solution of the problem at- hand. See 
PROBLEM—problem formulation, and PRO- 
GRAMMING—programming for a computing 
machine. 


CO’EF-FI’'CIENT, 7. In elementary alge- 
bra, the numerical part of a term, usually 
written before the literal part, as 2 in 2x or 
2(x+y). (See PARENTHESIS.) In general, 
the product of all the factors of a term 
except a certain one (or a certain set), of 
which the product is said to be the coeffi- 
cient. E.g., in 2axyz, 2axy is the coefficient 
of z, 2ayz the coefficient of x, 2ax the 
coefficient of yz, etc. Most commonly 
used in algebra for the constant factors, as 
distinguished from the variables. 

binomial coefficients. See BINOMIAL. 

coefficient of alienation. See CORRELA- 
TION—normal correlation. 

coefficient of friction. See FRICTION. 

coefficient of linear expansion. (1) The 
quotient of the change in length of a rod, 
due to one degree change of tempera- 
ture, and the original length (not the same 
at all temperatures). (2) The change in 
length of a unit rod when the temperature 
changes one degree centigrade beginning at 
0°C. 

coefficient of strain. 
dimensional strains. 

coefficient of thermal expansion. A term 
used to designate both the coefficient of 
linear expansion and the coefficient of vol- 
ume expansion. 

coefficient of variation. See VARIATION. 

coefficient of volume (or cubical) expan- 
sion. (1) The change in volume of a unit 
cube when the temperature changes one 
degree. (The coefficient thus defined is 
different at different temperatures.) (2) 
The change in unit volume due to a change 
of 1°C. beginning at O°C., i.e., (v—v9)/(vot), 
where vy is the volume at 0°C., v the volume 
after the change of temperature, and f¢ the 
change of temperature. 

coefficients in an equation. (1) The co- 
efficients of the variables. (2) The con- 
stant term and the coefficients of all the 
terms containing variables. If the constant 
term is not included, the phrase coeffi- 
cients of the variables in the equation is 
often used. 


See ONE—one- 


confidence coefficient. See CONFIDENCE. 
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correlation coefficient between two sets 
of data (or numbers). A number between 
—1 and 1 which indicates the degree of 
linear relationship between the two sets 
of numbers. If the two sets of numbers 
are (x4, X25 °° "5 Xn) and (V1, V5 °° "5 Yn), the 
coefficient of correlation r measures how 
near the points (+1, ¥1), (%2, ¥2), °° +5 (ns Yn) 
are to lying on a straight line. If r=1, 
the points lie on a line and the two sets 
of data are said to be in perfect correlation. 
Tech. The coefficient of correlation r is 
defined to be the quotient of the sum of the 
products of the algebraic deviations of the 
corresponding numbers of the two sets 
and the square root of the product of the 
sum of the squares of the deviations of each 
set; J.é., 
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where x and y are the corresponding means. 
Also called Pearson’s coefficient. 

detached coefficients, multiplication and 
division by means of. Abbreviations of 
the ordinary multiplication and division 
processes used in algebra. The coefficients 
alone (with their signs) are used, the powers 
of the variable occurring in the various 
terms being understood from the order in 
which the coefficients are written, missing 
powers being assumed to be present with 
zero coefficients. F.g., (x3+2x+4+1) is 
multiplied by (3x—1) by using the expres- 
sions (1+0+2+1) and (3—1). See Syn- 
THETIC—synthetic division. 

determinant of the coefficients. See 
DETERMINANT—determinant of the coeffi- 
cients. 

differential coefficient. 
TIVE. 

leading coefficient. See LEADING. 

Legendre’s coefficients. See LEGENDRE— 
Legendre’s polynomials. 

matrix of the coefficients. See MATRIX. 

phi coefficient. (Statistics.) A coefficient 
obtained from a four-fold table, in which 
the two variables are essentially dichoto- 
mous. The phi coefficient, ¢, is defined by 


p= Vx7/n, 


where x? is computed from the cell entries 


Same as DERIVA- 


Coefficient 


Collinear 


and the marginal totals, which are the 
basis of the expected values. See CHI- 
SQUARE. 

regression coefficient. See REGRESSION. 

relation between the roots and coefficients 
of a polynomial equation. See ROOT—root 
of an equation. 

undetermined coefficients. See UNDETER- 
MINED. 


CO-FAC’TOR, n. cofactor of an element 
of a determinant. See MINOR—minor of an 
element of a determinant. 

cofactor of an element of a matrix. This 
is defined only for square matrices, and is 
the same as the cofactor of the same element 
in the determinant of the matrix. 


CO-FIN’AL, adj. cofinal subset. See 
MOORE-SMITH CONVERGENCE. 


CO-FUNC’TION, 1. See TRIGONOMETRIC 
—trigonometric cofunctions. 


CO-HER’ENT-LY, adv. coherently orien- 
ted. See MANIFOLD, and SIMPLEX. 


CO’‘HO-MOL’O-GY, adj. cohomology 
group. Let K be an n-dimensional sim- 
plicial complex and let A be the boundary 
operator, so that the boundary of a p-chain 
x=Lg,S? is Ax=Xg,AS?. Then Ax is a 
(p—1)-chain and the boundary operator 
maps the group of p-chains into the group 
of (p—1)-chains. In particular, 


b i,b-1 
Aok= > giot 
j 


for each p-simplex of, where {of~'} are 
(p— 1)-simplexes and g/ are elements of the 
group G whose elements are used as coeffi- 
cients in forming chains. If the matrix 
(gi) isr xs, its transpose is sx r and can be 
used to define a mapping 


b-1 _ ib 
Vo; = > glo?, 
i 


the chain Vo?~' being called the cobound- 
ary of of. This operator can be ex- 
tended to all (p—1)-chains by the defini- 
tion 

Vx=2e,VSP¢ if x=22,S?-' 
A chain ts called a cocycle if its coboundary 
is zero. The r-dimensional cohomology 


group is the quotient group 7’/H", where 7” 
is the group of all r-dimensional cocycles of 


K and A’ is the group of all cycles which 
are 0 or are coboundaries of an (r— 1)-chain 
of K. The concepts of homology and co- 
homology can be defined for certain 
generalizations of simplicial complexes 
(called complexes) for which each complex 
has a dual complex such that the homology 
group of one is the cohomology group of 
the other. 


COIN, n. coin-matching game. See GAME. 
CO’IN-CIDE’, v. To be coincident. 


CO-IN’CI-DENT, adj. coincident config- 
urations. Two configurations which are 
such that any point of either one lies on the 
other. Two lines (or curves or surfaces) 
which have the same equation are coinci- 
dent. The locus of an equation of the form 
[ f(x, y)]*#=0 is two coincident loci. 


CO-LAT’I-TUDE, n. colatitude of a point 
on the earth. Ninety degrees minus the 
latitude; the complementary angle of the 
latitude. 


COL-LAT’E-RAL, adj. collateral security. 
Assets deposited to guarantee the fulfill- 
ment of some contract to pay, and to be 
returned upon the fulfillment of the con- 
tract. 

collateral trust bonds. See BOND. 


COL-LECT’ING, p. _ collecting terms. 
Grouping terms in a parenthesis or adding 
like terms. E.g., to collect terms in 2+ 
ax+bx, we write it in the form 2+ 
x(a+b); to collect terms in 2x+3y— 
x+y, we write it in the form x+4y. 


COL-LIN’E-AR, adj. collinear planes. 
Planes having a common line. Syn. Co- 
axial planes. Three planes are either col- 
linear or parallel if the equation of any 
one of them is a linear combination of the 
equations of the others. See CONSISTENCY 
—consistency of linear equations. 

collinear points. Points lying on the 
same line. Two points in the plane are 
collinear with the origin if and only if their 
corresponding rectangular Cartesian co- 
ordinates are proportional, or the determi- 
nant, whose first row is composed of the 
Cartesian coordinates of one of the points 
and the second of those of the other, is 


Collinear 


ZerO; i.€., X;¥2— X2¥,;=0, where the points 
are (x), ¥;) and (x, ¥2). Two points in 
space are collinear with the origin if, and 
only if, their corresponding Cartesian co- 
ordinates are proportional, i.e., the matrix 


Xi Yi #1 
X2 2 22 


whose columns are composed of the co- 
ordinates of the points, is of rank one. 
Three points in a plane are collinear if, and 
only if, the third-order determinant whose 
TOWS are x1, ¥1, 1; x2, ¥2, 1; and x3, y3, 1, 
where the x’s and y’s are the coordinates 
of the three points, is zero. Three points 
in space are collinear if, and only if, lines 
through different pairs of the points have 
their direction numbers proportional, or 
if, and only if, the coordinates of any one 
of them can be expressed as a linear com- 
bination of the other two, in which the 
constants of the linear combination have 
their sum equal to unity. 


COL-LIN-E-A’TION, nz. A transformation 
of the plane or space which carries points 
into points, lines into lines, and planes into 
planes. See TRANSFORMATION—collinea- 
tory transformation. 


COL-LIN’E-A-TO-RY, adj. collineatory 
transformation. See TRANSFORMATION— 
collineatory transformation. 


CO-LOG’A-RITHM, x. cologarithm of a 
number. The logarithm of the reciprocal 
of the number; the negative of the loga- 
rithm of the number, written with the 
decimal part positive. Used in computa- 
tions to avoid subtracting mantissas and 
the confusion of dealing with the negatives 
of mantissas. E.g., to evaluate 324). by use 
of logarithms, write log 734, =log 641+ 
colog 1246, where colog 1246=10—log 
1246 — 10= 10—(3.0955) — 10= 6.9045 — 10. 


“COLONEL BLOTTO” GAME. Sec 
GAME. 
COL’UMN, n._ A vertical array of terms, 


used in addition and subtraction and in de- 


terminants and matrices. 
column in a determinant. 
MINANT. 


See DETER- 
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COMBESCURE, adj. Combescure trans- 
formation of a curve. A one-to-one con- 
tinuous mapping of the points of one space 
curve on another in such a way that the 
tangents at corresponding points are paral- 
lel. It follows that the principal normals 
and the binormals, respectively, at corre- 
sponding points must also be parallel. 

Combescure transformation of a_ triply 
orthogonal system of surfaces. A one-to- 
one continuous mapping of the points of 
three-dimensional Euclidean space on itself, 
such that the normals to the members of 
one triply orthogonal system of surfaces 
are parallel to the normals to the members 
of another system at points corresponding 
under the transformation. 


COM’BI-NA’‘TION, 2. A combination of 
a set of objects is any selection of one or 
more of the objects without regard to order. 
The number of combinations of 7 things r 
at a time is the number of sets that can be 
made up from the n things, each set con- 
taining r different things and no two sets 
containing exactly the same r things. This 
is equal to the number of permutations of 
the n things, taken r at a time, divided by 
the number of permutations of r things 
taken r at a time; that is, 


rfl[ri=n'/[nm—r)!r!], 


which is denoted by ,,C,, C?, C(n, r), or (?). 
E.g., the combinations of a, b, c, two at a 
time, are ab, ac, bc. ,C, 1s also the coeffi- 
cient in the (r+ 1)th term of the binomial 
expansion, (x—a)"=(x—a\)\(x—a)):-:: 
(x—a,), with the a’s all equal. That is, 
the coefficient of x"~" is a” times the number 
of combinations of the 7 different a’s r ata 
time. See BINOMIAL—binomial coefficients. 
The number of combination of n things, r 
at a time, when repetitions are allowed is the 
number of sets which can be made up of r 
things chosen from the given n, each being 
used as many times as desired. The num- 
ber of such combinations is the same as 
the number of combinations of +r—I 
different things taken r at a time, repetitions 
not allowed; i.e., 
(a+r—1)!. 
(n—1)!r! 

The combinations of a, 6, c two at a time, 
repetitions allowed, are: aa, bb, cc, ab, ac, 
bc. The total number of combinations of 2 


Combination 


different things (repetitions not allowed) is 
the sum of the number of combinations taken 


n 
1,2,---,n ata time, i. ea nC,, Which is 
r=] 
the sum of the binomial coefficients in 
(x+y)" less 1, or (27—1). 


linear combination. See LINEAR. 
COM’BI-NA-TO’RI-AL, adj. combina- 
torial topology. See TOPOLOGY. 
COM-MAND’, 7. An _ instruction, in 


machine language, for a computing mach- 
Ine to perform a certain operation. 


COM-MEN’SU-RA-BLE, adj. commen- 
surable quantities. Two quantities which 
have a common measure; i.e., there is a 
measure which is contained an integral 
number of times ineach of them. A rule, a 
yard long, is commensurable with a rod, for 
they each contain, for instance, 6 inches 
an integral number of times. 


COM-MER’CIAL, adj. commercial bank. 

A bank that carries checking accounts. 
commercial draft. See DRAFT. 
commercial paper. Negotiable paper 

used in transacting business, such as drafts, 

negotiable notes, endorsed checks, etc. 
commercial year. See YEAR. 


COM-MIS’SION, n. A fee charged for 
transacting business for another person. 

commission man or merchant. See 
BROKER. 


COM’MON, adj. common difference in an 
arithmetic progression. The difference be- 
tween any term and the preceding term, 
usually denoted by d. 

common divisor. See DIVISOR. 

common fraction. See FRACTION. 

common logarithms. Logarithms having 
10 for their base. See LOGARITHM. 

common multiple. See MULTIPLE—com- 
mon multiple. 

common stock. Stock upon which the 
dividends paid are determined by the net 
profits of the corporation after all other 
costs, including dividends on preferred 
stock, have been paid. 

least (lowest) common denominator of a 
set of fractions. The least common mul- 
tiple of their denominators. Denoted by 
L.C.D. The L.C.D. of 4, 4+ and ¢ is 30. 
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COM-MU-TA'TION, adj. commutation 
symbols in life insurance. Symbols denot- 
ing the nature of the numbers in the 
columns of a commutation table. For 
instance, D, and N,.. See below, commuta- 
tion tables. 

commutation tables (columns). Tables 
from which the values of certain types of 
insurance can be quickly computed. E.g., 
suppose that one has a commutation table 
with the values of D, and N,. for all ages 
appearing in the mortality tables, where 
D,, is the product of the number of persons 
who attain the age x in any year and the 
present value of a sum of money x years 
hence, at some given rate, and N, is the 
sum of the series (D,+ Dyi;+--+ to 
end of table). The value of an immediate 
annuity of $1.00 at age x is the quotient 
N,4;/D,, and that of an annuity due is 
N,,/D,.. Sometimes (following Davies) N,. 
is defined as the sum of the series (D,44+ 
Dy42+ +++). Using this definition, the an- 
nuity values must be N,/D, and N,-1/D,, 
respectively. Commutation tables based 
on the latter definition of N, are called 
the terminal form while those based on the 
former definition of N, are called the 
initial form. 


COM-MU'TA-TIVE, adj. A method of 
combining objects two at a time is com- 
mutative if the result of the combination of 
two objects does not depend on the order 
in which the objects are given. For ex- 
ample, the commutative law of addition 
states that the order of addition does not 
affect the sum: a+b=6+a for any num- 
bers a and b (e.g., 2+3=3+2). The com- 
mutative law of multiplication states that the 
order of multiplication does not affect the 
product: a-b=b-a for any numbers a and b 
(e g., 3-5=5-3). See GROUP. 
commutative group. See GROUP. 


COM’MU-TA-TOR, 7. commutator of 
elements of a group. The commutator of 
two elements a and 5b of a group is the 
element a-!b-1!ab, or the element c such 
that bac=ab. The group of all elements 
of the form c,c2 - + - ¢,, where each ¢; is the 
commutator of some pair of elements, is 
called the commutator subgroup. The 
commutator subgroup of an Abelian group 
contains only the identity element. A 
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group is said to be perfect if it is identical 
with its commutator subgroup. A com- 
mutator subgroup is an invariant subgroup 
and the factor group formed with it is 
Abelian. 


COM-MUT'ING, p. commuting obliga- 
tions. Exchanging one set of obligations to 
pay a certain sum (or sums) at various times 
for another to pay according to some other 
plan. The common date of comparison at 
which the two sets are equivalent (equal 
in value at that time) is called the focal 
date. 


COMPACT, adj. compact set. (1) A set 
E which either contains only a finite number 
of points or is such that every infinite set 
of points of FE has at least one accumulation 
point in £; a set E such that every sequence 
of points of E contains a subsequence which 
converges to a point of E. A set which is 
compact in this sense is also said to be 
sequentially compact or countably compact. 
(2) A set E which has the property that, for 
any union of open sets which contains E, 
there is a finite number of these open sets 
whose union also contains E. A set which 
is compact in this sense is also said to be 
bicompact. A set which is bicompact is 
also sequentially compact. A compact 
subset of a Hausdorff topological space is 
closed, but closed sets need not be compact 
in either sense. A space is locally compact 
if each of its points has a neighborhood 
whose closure is compact. The set (0, 1, 4, 
4, 4,-+-) is compact. The set of all real 
numbers is locally compact; it is not com- 
pact, since the sequence |, 2, 3, - + - does not 
contain a convergent subsequence. See 
BOLZANO—Bolzano-Weierstrass theorem, 
and HEINE-BOREL THEOREM. 


COM-PACT'I-FI-CA’TION, 1. A com- 
pactification of a topological space T is a 
compact topological space W which con- 
tains 7 ( or is such that T is homeomorphic 
with a subset of W). The complex plane (or 
sphere) is the compactification of the Eucli- 
dean plane obtained by adjoining a single 
point (usually designated by the symbol «) 
and defining the neighborhoods of « to be 
sets containing «© and the complement of a 
bounded, closed (i.e., compact) subset of 
the plane. Likewise, a locally compact 


Hausdorff space H has a one-point com- 
pactification (also a Hausdorff space) ob- 
tained by adjoining a single point, which 
can be designated by the symbol «, whose 
neighborhoods are sets containing © and 
the complement of a compact subset of H. 
The Stone-Cech compactification of a 
Tychonoff space T is the closure of the image 
of Tin the space /¢, where /¢ is the Cartesian 
product of the closed unit interval J (taken 
¢ times) and ¢ is the cardinal number of the 
family F of all continuous functions from 
T to J (the image of a point x of Tin J¢ is the 
member of /¢ whose f *‘component”’ is f(x) 
for each member fof F). The Stone-Cech 
compactification is (in a certain real sense) 
a maximal compactification. The entire 
space J/* is compact, a consequence of the 
Tychonoff theorem (see PRODUCT—Car- 
tesian product). 


COM-PAC’TUM, n._ A topological space 
which is compact and metrizable. Examples 
of compacta are closed intervals, closed 
spheres (with or without their interiors), and 
closed polyhedra. A Hausdorff topological 
space which is bicompact is sometimes 
called a bicompactum (see COMPACT—com- 
pact set). 


COM’PA-RA-BLE, adj. comparable func- 
tions. Functions f(x) and g(x) which have 
real-number values, which have a common 
domain of definition D, and which are such 
that either f(x)<g(x) for all x in D or 
f(x) 2 e(x) for all x in D. 


COM-PAR’I-SON, adj., n. comparison 
date. See EQUATION—equation of pay- 
ments. 

comparison test for convergence of an 
infinite series. If, after some chosen term 
of a series, the absolute value of each term 
is equal to or less than the value of the 
corresponding term of some convergent 
series of positive terms, the series con- 
verges (and converges absolutely); if each 
term is equal to or greater than the corres- 
ponding term of some divergent series of 
positive terms, the series diverges. 


COM’PASS, 7. An instrument for de- 
scribing circles or for measuring distances 
between two points. Usually used in the 
plural, as compasses. 
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mariner’s compass. A magnetic needle 
that rotates about an axis perpendicular to 
a card (see figure) on which the directions 
are indicated. The needle always indicates 
the direction of the magnetic meridian. 


COM-PAT’I-BIL’I-TY, adj., n. Same as 
CONSISTENCY. 

compatibility equations. (Elasticity.) The 
differential equations connecting the com- 
ponents of the strain tensor which guaran- 
tee that the state of strain be possible in a 


continuous body. 


COM’PLE-MENT, 7. complement of a 
set of points. The set of all elements (or 
points) that do not belong to the given set 
U, but belong to a given whole space (or 
set) that contains U. The complement of 
U is denoted by C(U). The complement 
of the set of positive numbers with respect 
to the space of all real numbers is the set 
containing all negative numbers and zero. 


COM’PLE-MEN’TA-RY, adj. comple- 
mentary acceleration. See ACCELERATION 
—acceleration of Coriolis. 

complementary angles. Two _ angles 
whose sum is a right angle. The two acute 
angles in a right triangle are always com- 
plementary. 

complementary function. See DIFFER- 
ENTIAL—linear differential equations. 

complementary minor. See MINOR— 
minor of an element in a determinant. 
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complementary trigonometric functions. 
Same aS TRIGONOMETRIC COFUNCTIONS. See 
TRIGONOMETRIC. 

surface complementary to a given surface. 
Given a surface S, there is an infinitude of 
parallel surfaces such that S is a surface of 
center relative to each of them. See sur- 
FACE—Surfaces of center relative to a given 
surface, and PARALLEL—parallel surfaces. 
The other common surface of center of the 
family of parallel surfaces is said to be 
complementary to S. 


COM-PLETE’, adj. complete annuity. See 
ANNUITY. 

complete field. See FrELD—ordered field. 

complete induction. See INDUCTION— 
mathematical induction. 

complete scale. See scALE—number 
scale. 

complete space A (metric) space such 
that every Cauchy sequence converges to a 
point of the space. See SEQUENCE—Cauchy 
sequence. The space of all real numbers 
(or all complex numbers) is complete. The 
space of all continuous functions defined 
on the interval [0, 1] is not complete if the 
distance between f and g is defined as 


1 
| |f-g| dx, since the sequence fi, fo, °° 
0 


does not then converge to a continuous 
function if f,.ad)=0 for Ox 4 and 
f(o=(x-4)'" for 45x81. A topo- 
logical space is topologically complete if it is 
homeomorphic to some complete metric 
space. A subset of a complete metric space 
is topologically complete if and only if it is 
a Gs subset (see BOREL—Borel set). 

complete system of functions. 
THOGONAL— orthogonal functions. 

complete system of representations for a 
group. Sce REPRESENTATION—representa- 
tion of a group. 

weakly complete space. 
weak completeness. 


See OR- 


See WEAK— 


COM-PLET’ING, n. completing the 
square. A process used in solving quad- 
ratic equations. It consists of transposing 
all terms to the left side of the equation, 
dividing through by the coefficient of the 
Square term, then adding to the constant 
(and to the right side) a number sufficient 
to make the left member a perfect trinomial 
square. This method is sometimes modi- 
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fied by first multiplying through by a num- 
ber sufficient to make the coefficient of the 
square of the variable a perfect square, 
then adding a constant to both sides of the 
equation, as before, to make the left side a 
perfect trinomial square. E.g., to complete 
the square in 2x2+8x+2=0, divide both 
members of the equation by 2, obtaining 
x?+4x+1=0. Now add 3 to both sides, 
obtaining 


x?+4x+4=(x4+ 2)?=3. 


Frequently, completing the square refers 
to writing any polynomial of the form 
a,x?+b\x+e, in the form a,(x+6,)?+ 
Co, a procedure used a great deal in reduc- 
ing the equations of conics to their standard 
form. 


COM’PLEX, adj.,n. Asa noun, a complex 
may mean simply a SET (also see below, 
simplicial complex). 

absolute value of a complex number. See 
MODULUS—modulus of a complex number. 

amplitude, or argument, of a complex 
number. See POLAR—polar form of a com- 
plex number. 

complex conjugate of a matrix. See 
MATRIX—complex conjugate of a matrix. 

complex domain (field). The set of all 
complex numbers. See FIELD. 

complex fraction. See FRACTION. 

complex integration. See CONTOUR— 
contour integral. 

complex number. Any number, real or 
imaginary, of the form a+ bi, where a and b 
are real numbers and i7=—1. Called 
imaginary numbers when 50, and pure 
imaginary when a=0 and b+0 (although 
complex numbers are not imaginary in the 
usual sense). Two complex numbers are 
defined to be equal if and only if they are 
identical. /.e., at+bi=c+di means a=c 
and b=d. A complex number x+ yi can 
be represented in the plane by the vector 
with components x and y, or by the point 
(x, y) (see the figure below, and ARGAND 


B 


ah 
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DIAGRAM). Thus two complex numbers are 
equal if and only if they are represented by 
the same vectors, or by the same points. 
In the above figure, x =rcos@ and y=r sin 6. 
Therefore 
x+yi=r(cos 6+ isin @), 

which is called the polar form of x+ yi (see 
POLAR). The sum of complex numbers is 
obtained by adding the real parts and the 
coefficients of i separately; e.g., (2—3/)+ 
(1+5)=3+4+2i. Geometrically, this is the 
same as the addition of the corresponding 
vectors in the plane. In the figure below, 


OP,+ OP,= OP, (OP,=P,P3). 


The product of complex numbers is com- 
puted by treating the numbers as poly- 
nomials in i with the special property 
iz=-—1. Thus: 


(a+ bi)(c+ di)=ac+(ad+ bc)i+ bdi? 
=ac—bd+(ad+ be)i. 


If the complex numbers are in the form 
r(cos A+isin A) and r.(cos B+isin B), 
their product is r,;r.[cos (A+ B)+isin (A+ 
B)], i.e., to multiply two complex numbers, 
multiply their moduli and add their am- 
plitudes (see DE MOIVRE—De Moivre’s 
theorem). Similarly, the quotient of two 
complex numbers is the complex number 
whose modulus is the quotient of the 
modulus of the dividend by that of the 
divisor and whose amplitude is the am- 
plitude of the dividend minus that of the 
divisor; that is, 


ri(cos 6, +i sin 0,)=+r(cos 44+ i sin 65) 
= [cos (6, -—95)+i sin (8, —65)]. 
2 


When the numbers are not in polar form, 
the quotient can be computed by multiply- 
ing dividend and divisor by the conjugate 
of the divisor, as illustrated in the following 
example: 

247 (2+)C0-1) 3-1 


———e 


1+i (+A)0-i) 2 
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Tech. The system of complex numbers is 
the set of ordered pairs (a, b) of real num- 
bers in which two pairs are considered equal 
if, and only if, they are identical [(a, b) 
=(c, d) if, and only if, a=c and b=4d], and 
in which addition and multiplication are 
defined by 


(a, b)+(c, d)=(a+c, b+d), 
(a, b)(c, d) =(ac— bd, ad+ be). 


The system satisfies most of the funda- 
mental algebraic laws, such as the associa- 
tive and commutative laws for addition 
and multiplication. It is a field, but not 
an ordered field. A remarkable conse- 
quence of these definitions is: 


(0, 1)(0, 1I)=(—1, 0); 
(0, — 1)(0, —1)=(~—1, 0). 


That is, the number (—I1, 0,) or —1, has 
the two square roots (0, 1) and (0, —1). See 
FUNDAMENTAL—fundamental theorem of 
algebra. 

complex plane. The plane (of complex 
numbers) with a single point at infinity 
whose neighborhoods are exteriors of 
circles with center at 0. The complex plane 
is topologically (and conformally) equiva- 
lent to a sphere. See PROJECTION—stereo- 
graphic projection. 

complex roots of a quadratic equation 
(ax*+bx+c=0). Used in contrasting 
roots of the form a+bi with real roots, 
although the latter are special cases of 
the former for which b=0. See DIs- 
CRIMINANT—discriminant of a quadratic 
equation in one variable. 

complex sphere. A unit sphere on which 
the complex plane is represented by a 
stereographic projection. The complex 
plane is usually the equatorial plane 
relative to the pole of projection, or the 
tangent plane at the point diametrically 
opposite the pole of projection. 

complex unit. A complex number whose 
modulus is unity; a complex number of 
the form cos 6+i sin 8; a complex number 
which, geometrically, is a radius of the 
unit circle about the pole. The products, 
or quotients, of unit complex numbers are 
unit complex numbers. 

conjugate complex numbers. Frequently 
called conjugate imaginaries: complex num- 
bers which are identical, except that the 
pure imaginary terms are opposite in sign 
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or both zero. Numbers of the form 
a+bi and a—bi are conjugate com- 
plex numbers. When b+40, a+bi and 
a—bi are also called conjugate imaginary 
numbers. 

modulus of a complex number. 
MODULUS. 

real and imaginary parts of a complex 
number. See REAL, and IMAGINARY. 

root of a complex number. See ROOT. 

simplicial complex. A set which consists 
of a finite number of simplexes (not neces- 
sarily all of the same dimension) with the 
property that the intersection of any two 
of the simplexes is either empty or is a face 
of each of them. This definition is some- 
times modified in various ways, e.g., by re- 
quiring that each simplex be oriented. A 
simplicial complex is sometimes called a 
complex, but a complex is sometimes de- 
fined with fewer restrictions (e.g., it may be 
a countable set of simplexes such that the 
intersection of any two of the simplexes is 
either empty, or is a face of each of them, 
and no vertex of a simplex belongs to more 
than a finite number of the simplexes). The 
dimension of a simplicial complex is the 
largest of the dimensions of the simplexes 
making up the simplicial complex. The 
class of all simplexes which belong to a 
simplicial complex K and have dimension 
less than that of K is called the skeleton of 
kK. A finite set K of elements ¢o, c), °° +, c, 
is called an abstract simplicial complex (or 
an abstract complex or a skeleton complex), 
and the elements co, -- -, c, are called ver- 
tices, if certain nonempty subsets of K, 
which are called abstract simplexes (or 
skeletons) are such that each subset (called 
a face) of an abstract simplex is an abstract 
simplex and each of the vertices is an ab- 
stract simplex. The dimension of an ab- 
stract simplex of r+1 points is r, and the 
dimension of an abstract complex is the 
largest of the dimensions of its abstract 
simplexes. An abstract complex of dimen- 
sion n can always be represented by a sim- 
plicial complex imbedded in the Euclidean 
space of dimension 2”+1. A _ simplicial 
complex is sometimes called a geometric 
complex (or simply a complex), or a tri- 
angulation. The set of all those points 
which belong to simplexes of a simplicial 
complex is called a polyhedron. A topo- 
logical space is said to be triangulable, and 


See 
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is sometimes called a polyhedron or a 
topological simplicial complex, if it is 
homeomorphic to the set of points be- 
longing to simplexes of a simplicial com- 
plex K; the homeomorphism together with 
the complex K is called a triangulation of 
the polyhedron. A simplicial complex is 
said to be oriented if each of its simplexes 
is oriented. See CHAIN—chain of a com- 
plex, MANIFOLD, SIMPLEX, SURFACE, and 
TRIANGULATION. 


COM-PO'NENT, 7. component of an 
acceleration, force, or velocity. See below, 
component of a vector. 

component of a computing machine. Any 
physical mechanism or abstract concept 
having a distinct role in automatic com- 
putation. See headings below and under 
ARITHMETIC, CONTROL, INPUT, OUTPUT, and 
STORAGE. 

component of a set of points. A sub- 
set which is connected and is not con- 
tained in any other connected subset of 
the given set of points. A component is 
necessarily a closed subset relative to the 
set. 

component of the stress tensor. In linear 
theory of elasticity, a set of six functions 
determining the state of stress at any point 
of the substance. 

component of a vector. One of a set of 
two or more vectors which are equivalent 
to the given vector (see RESULTANT). The 
component of a vector in a given direction 
is the projection of the vector on a line in 
the given direction. The vector may repre- 
sent a force, velocity, acceleration, etc. See 
VECTOR. 

direction components. 
direction numbers. 

elementary potential digital computing 
component. In a computing machine, any 
component that can assume any one of a 
fixed discrete set of stable states, and that 
can influence and/or be influenced by other 
components of the machine. See CIRCUIT 
—flip-flop circuit. 


See DIRECTION— 


COM-POS’ITE, adj. composite function. 
(1) Acomposite function of one variable is a 
function of a single variable which is itself 
a function of a second variable—such as 
y=f(t), where t=g(x). The derivative of 
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such a function, with respect to x, can be 
obtained by use of the formula 
dy _dy dt 
dx dt dx 

A composite function of two variables is 
a function in which the independent vari- 
ables are functions of other independent 
variables; for instance, z=/f(x, y), where 
x=u(t,s) and y=v(t, 5), is a composite 
function of sand ¢. (2) A function which is 
factorable (can be written as the product 
of two or more functions), as x*—y? or 
x*—1 (usually refers only to polynomial 
functions which are factorable relative to 
some specified field). 

composite life of a plant. The time re- 
quired for the total annual depreciation 
charge to accumulate, at a given rate of 
interest, to the original wearing value. 

composite number. A number that can 
be factored, as 4, 6, or 10, in distinction to 
prime numbers like 3,5, or 7. Refers only 
to integers, not to rational or irrational 
numbers. 

composite quantity. 
factorable. 

derivative and differential of a composite 
function. See CHAIN—chain rule, and DIF- 
FERENTIAL. 


A quantity that is 


COM’PO-SI'TION, 7. composition in a 
proportion. Passing from the statement of 
the proportion to the statement that the 
sum of the first antecedent and its conse- 
quent is to its consequent as the sum of the 
second antecedent and its consequent is to 
its consequent; i.e., passing from 


alb=c/d to (a+b)/b=(c+d)/d. 


composition and division in a proportion. 
Passing from the statement of the propor- 
tion to the statement that the sum of the 
first antecedent and its consequent Is to 
the difference between the first antecedent 
and its consequent as the sum of the second 
antecedent and its consequent is to the 
difference between the second antecedent 
and its consequent; i.¢., passing from 


alb=cld 
to 
(a+h)/(a—b)=(ct+d)/(ce—d). 


See above, composition in a proportion, 
and DIVISION—division In a proportion. 


Composition 

composition of tensors. See INNER— 
inner product of tensors. 

composition of vectors. The same process 


as addition of vectors, but the term com-. 


position of vectors is used more when 
speaking of adding vectors which denote 
forces, velocities or accelerations; finding 
the vector which represents the resultant of 
forces, velocities, accelerations, etc., repre- 
sented by the given vectors. See sumM—sum 
of vectors. 

graphing by composition of ordinates. 
See GRAPHING—graphing by composition. 


COM’/POUND, adj. 
See INTEREST. 
compound event. (1) An event the prob- 
ability of whose occurrence depends upon 
the probability of occurrence of two or 
more independent events. E.g., the proba- 
bility of getting two heads on each of two 
tosses of a coin is the product of the 
separate probabilities, which is$-4. (2) An 
event consisting of two or more non- 
mutually exclusive events. 
compound interest. See INTEREST. 
compound number. The sum of two or 
more denominations of a certain kind of 
denominate number; e.g., 5 feet, 7 inches, 
or 6 pounds, 3 ounces. 
compound survivorship _ life 
See INSURANCE—life insurance. 


compound amount. 


insurance. 


COM-PRES’SION, 1. See TENSION. 
modulus of compression. See MODULUS 
—bulk modulus. 
simple or one-dimensional compressions. 
Same as ONE-DIMENSIONAL STRAINS. See 
STRAIN. 


COM’PU-TA’TION, n. The act of carry- 
ing out mathematical processes; used 
mostly with reference to arithmetic rather 
than algebraic work. One might say, 
“Find the formula for the number of gal- 
lons in a sphere of radius r and compute 
the result for r=5°’; or “‘Compute the 
square root of 3.” Frequently used to 
designate long arithmetic or analytic pro- 
cesses that give numerical results, as com- 
puting the orbit of a planet. 

numerical computation. A computation 
involving numbers only, not letters repre- 
senting numbers. 
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COM-PUTE’, v. 
Syn. Calculate. 


COM-PUT’ER, n. Any instrument which 
performs numerical mathematical opera- 
tions. A mechanical machine which prim- 
arily performs combinations of addition, 
subtraction, multiplication and division is 
sometimes called a calculating machine in 
distinction from such more versatile instru- 
ments as electronic computers. Syn. Com- 
puting machine. 

analogue computer. A computing mach- 
ine in which numbers are converted into 
measurable quantities, such as lengths or 
voltages, that can be combined in accord- 
ance with the desired arithmetic operations; 
e.g.,aslide rule. Generally, if two physical 
systems have corresponding behavior, and 
one is chosen for study in place of the other 
(because of greater familiarity, economy, 
feasibility, or other factors), then the first 
is called an analogue device, analogue 
machine, or analogue computer. 

digital computer. A computing machine 
that performs mathematical operations on 
numbers expressed by means of digits. 
Syn. Digital device. 


CON’CAVE, adj. concave toward a point 
(or line). Said of a curve that bulges away 
from (is hollow toward) the point (or line). 
Tech. An arc of a curve is concave toward 
a point (or line) if every segment of the 
arc cut off by a secant lies on the opposite 
side of the secant from the point (or line). 
If there exists a horizontal line such that 
the curve lies above it and is concave to- 
ward it (lies below it and is concave toward 
it) the curve is said to be concave down 
(concave up). A circle with center on the 
X-axiS IS concave toward that axis, the 
upper half being concave down and the 
lower half concave up. 

concave function. 
convex function. 
function. 

concave polygon and polyhedron. 
POLYGON and POLYHEDRON. 


To make a computation. 


The negative of a 
See CONVEX—convex 


See 


CON-CAV’I-TY, n. The state or property 
of being concave. 


CON’CEN-TRA‘TION, 7. concentration 


method for the potential of a complex. See 
POTENTIAL. 


Concentric 


CON-CEN’TRIC, adj. concentric circles. 
Circles lying in the same plane and having a 
common center. Concentric is applied to 
any two figures which have centers (that is, 
are symmetric about some point) when 
their centers are coincident. Concentric 
is opposed to eccentric, meaning not con- 
centric. 


CON’CHOID, n. The locus of one end 
point of a segment of constant length, on 
a line which rotates about a fixed point 
(O in figure), the other end point of the 


segment being at the intersection Q of this 
line with a fixed line not containing the 
fixed point. If the polar axis is taken 
through the fixed point and perpendicular 
to the fixed line, the length of the segment 
is taken as b, and the distance from the 
fixed point to the fixed line as a, the polar 
equation of the conchoid is r=b+a sec @. 
Its Cartesian equation is 


(x —a)*(x?+ y?) = b2x?, 


The curve is asymptotic to the fixed line in 
both directions, and on both sides of it. If 
the line segment is greater than the perpen- 
dicular distance from the pole to the fixed 
line, the curve forms a loop with a node at 
the pole. If these two distances are equal, 
it forms a cusp at the pole. The conchoid 
is also called the conchoid of Nicomedes. 


CON-CLU’SION, 7. conclusion of a theo- 
rem. The statement which follows (or is 
to be proved to follow) as a consequence of 
the hypothesis of the theorem. See Im- 
PLICATION. 


CON-CORD’ANT-LY, adv. concordantly 
oriented. See MANIFOLD and SIMPLEX. 


CON’CRETE, adj. concrete number. A 
number referring to specific objects or 
units, as 3 people, or 3 houses. The num- 


67 


Condition 


ber and its reference are denoted by con- 
crete number. 


CON-CUR’RENT, adj. Passing through a 
point. 

concurrent lines. Two or more lines 
which have a point in common. Jn a plane, 
three lines (of which not more than two are 
coincident) are concurrent if, and only 
if, the determinant of the coefficients and 
constants of the equations of the: three 
lines 1s zero and one second-order deter- 
minant taken from the coefficients (the 
first two columns of the determinant) is 
not zero; i.e., the three equations defining 
the lines have a unique solution. Jn space, 
three lines are concurrent if, and only if, 
the six equations defining the three lines 
have a common solution. See MATRIX— 
rank of a matrix. 

concurrent planes. Three or more planes 
having a point in common. The condition 
for three planes to be concurrent is given 
under CONSISTENCY—consistency of linear 
equations. 


CON’DEN-SA’TION, adj. condensation 
point. A point P is a condensation point of a 
set S if each neighborhood of P contains 
uncountably many points of S. See ac- 
CUMULATION—accumulation point, and 
COUNTABLE—countable set. 


CON-DI'TION, 1. A mathematical as- 
sumption or truth that suffices to assure 
the truth of a certain statement, or which 
must be true if this statement is true. A 
condition from which a given statement 
logically follows is said to be a sufficient 
condition; a condition which is a logical 
consequence of a given statement is said to 
be a necessary condition. A necessary and 
sufficient condition is a condition that is 
both necessary and sufficient. A condition 
may be necessary but not sufficient, or 
sufficient but not necessary. It is necessary 
that a substance be sweet in order that it be 
called sugar, but it may be sweet and be 
arsenic; it is sufficient that it be granulated 
and have the chemical properties of sugar, 
but it can be sugar without being granu- 
Jated. In order for a quadrilateral to be a 
parallelogram, it is necessary, but not suffi- 
cient, that two opposite sides be equal, and 
sufficient, although not necessary, that all 
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of its sides be equal; but it 1s necessary and 
sufficient that two opposite sides be equal 
and parallel. See IMPLICATION. 

condition per cent of equipment. The 
ratio of its present wearing value to its 
wearing value when it was new. Present 
wearing value, as used here, means differ- 
ence between the sale price at the present 
moment and the scrap value. 


CON-DI’TION-AL, adj. conditional con- 
vergence of series. See CONVERGENCE— 
conditional convergence. 

conditional equation and inequality. See 
EQUATION, and INEQUALITY. 

conditional statement. Same as IMPLICA- 
TION. 


CON-DUC’TOR, adj.,n. conductor poten- 
tial. For a region R with boundary S, the 
conductor potential is the function har- 
monic in the interior of R, continuous on 
RWS, and taking on the constant value 
1 on S. It describes the potential of an 
electric charge in equilibrium on the sur- 
face of a conductor. 


CONE, 7. (1) A conical surface (see 
CONICAL—conical surface). (2) A solid 
bounded by a region (the base) in a plane 
and the surface formed by the straight line 
segments (the elements) which join points 
of the boundary of the base to a fixed point 
(the vertex) not in the plane of the base (the 
surface bounding this solid is also called a 
cone). The perpendicular distance from 
the vertex to the plane of the base is the 
altitude of the cone. If the base has a 
center, the line passing through the center 
of the base and the vertex is the axis of the 
cone. The cone is circular or elliptic 
in the cases its base is a circle or ellipse 
(sometimes a circular cone is defined to be 
a cone whose intersections with planes per- 
pendicular to the axis, but not intersecting 
the base, are circles). An oblique circular 
cone is a circular cone whose axis is not 
perpendicular to its base. A right circular 
cone (or cone of revolution) is a circular cone 
whose base is perpendicular to its axis 
(sometimes called simply a circular cone). 
A right circular cone can be generated by 
revolving a right triangle about one of its 
legs, or an isosceles triangle about its 
altitude. The slant height of a right circular 


cone is the length of an element of the cone. 
The lateral area of a cone is the area of the 
surface formed by the elements (for a right 
circular cone this is equal to wrh, where r 
is the radius of the base and h is the slant 
height). The volume of a cone is equal to 
one-third the product of the area of the 
base and the altitude. If the cone has a 
circular base, the volume is 477r2s, where r is 
the radius of the base and s is the altitude. 

frustum of a cone. The part of the cone 
bounded by the base and a plane parallel 
to the base (see figure). The volume of a 
frustum of a cone equals one-third the alti- 
tude (the distance between the planes) 
times the sum of the areas of the bases and 
the square root of the product of the areas 
of the bases; i.e., 


th(B, + Bo+ V B,B)). 


The lateral area of a frustum of a right 
circular cone (the area of the curved sur- 
face) is equal to z/(r+r’), where /is the slant 
height and r and r’ are the radii of the 
bases. 

ruling of a cone. See RULING. 

spherical cone. A surface composed of 
the spherical surface of a spherical segment 
and the conical surface defined by the 
bounding circle of the segment and the 
center of the sphere (see CONICAL—conical 
surface); a spherical sector whose curved 
base is a zone of one base. The volume of 
a spherical cone is 47r*h, where r is the 
radius of the sphere and A is the altitude of 
the zone base. 


tangent cone of a quadric surface. A 
cone whose elements are each tangent to 
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the quadric. In particular, a tangent cone 
of a sphere is any circular cone all of whose 
elements are tangent to the sphere. If a 
ball is dropped into a cone, the cone is tan- 
gent to the ball. 

truncated cone. The portion of a cone 
included between two nonparallel planes 
whose line of intersection does not pierce 
the cone. The two plane sections of the 
cone are called the bases of the truncated 
cone. 


CON’FI-DENCE, n. asymptotically short- 
est confidence interval. If a confidence in- 
terval is not shortest for finite sample 
sizes, but, aS n>, its probability of 
including wrong values of the parameter 
approaches that of the shortest confidence 
interval in the limit, then the interval is 
asymptotically shortest. Maximum-likeli- 
hood estimates give rise under certain 
regularity conditions to asymptotically 
shortest unbiased confidence intervals. 
confidence interval. A range of values 
which is believed, with a preassigned degree 
of confidence, to include the particular 
value of some parameter or characteristic 
being estimated. The degree of confidence 
is related to the probability of obtaining by 
random samples ranges which are correct. 
Tech, From a random sample of a specified 
population, one may set up an interval 
intended to delimit a characteristic (para- 
meter) of the population. The proba- 
bility of random samples yielding intervals 
that do include the correct value is deter- 
minable and controllable. If the proba- 
bility of getting correct intervals is set at 
.95, e.g., the interval is called a confidence 
interval with the confidence coefficient .95. 
Given a particular random sample and the 
derived confidence interval, it is not correct 
to say that if the probability is .95, the 
parameter estimated lies in a_ particular 
interval, since no distribution of parameter 
values is implied or used in the confidence- 
interval method. Regardless of what the 
parameter value is, the probability of ob- 
taining correct intervals is preassignable, 
e.g., .95. Roughly, of all the intervals that 
could be obtained by drawing random 
samples, a certain fraction will be right; 
the fraction is .95, and .05 of the intervals 
will be wrong. Symbolically and precisely: 
ifthe functions 7 (.S)and 7 (S) are such that 


whatever is the value of the parameter, 
T, and regardless of other parameters, the 
probability that 7(S)<7TST(S) is identi- 
cally equal to a, then 7(S) and 7T(S) are 
the lower and upper bounds of the con- 
fidence interval of the parameter T with 
confidence coefficient «, where: (1) S is a 
random sample from a distribution with T 
and other parameters; (2) T(S) and T(S) 
are two functions of S; (3) 0O<a<1. It 
must be noted that the sampling variables 
are 7(S) and 7T(S) and not 7. As an 
example, the method of obtaining, from 
a random sample of size n, the confidence 
interval with confidence coefficient .95 for 
the mean of a normal population with 
known variance, is 

: PE n(X—U) 

O 


Z9 = 2.025, 


where x is the sample mean, u is the para- 
meter to be estimated, and 2.0975 and Z 995 
are the normal deviates which are exceeded 
by .975 and .025 of the normal distribution 
respectively. If n=100, x=10.50, and 
o = 25, then 


V/100(10.50— u) 
25 
11.48 =u2=9.52. 


short unbiased confidence interval. An 
unbiased confidence interval, whose proba- 
bility of covering the wrong value of the 
parameter in the neighborhood of the true 
value is less than for any other unbiased 
confidence interval with the same con- 
fidence interval, is a short unbiased con- 
fidence interval. A confidence interval 
derived from Neyman’s type A critical 
region 1s a short unbiased interval. 

shortest confidence interval. The confi- 
dence interval which minimizes some func- 
tion of 7(S)— 7(S). J. Neyman’s shortest 
confidence interval is the interval 7(S) 
to T(S), where the probability of 7(S)< 
T, < T(S) (7, being an incorrect value) 
is less than the probability that 7’°(S)< 
T, < T’(S) where TS) and 7’(S) are any 
other functions of S and both intervals are 
of the same confidence coefficient, for a 
given sample size. Another alternative 
criterion requires that the ratio T(.S)/7(S) 
be a minimum for a given confidence 
coefficient. For simple and composite 
hypotheses with one constraint, this gives 


=, 90 = 1.96, 
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the same intervals as Neyman’s criterion. 
A shortest confidence interval (in Neyman’s 
sense) yields uniformly most powerful 
tests of hypotheses. See the example 
above, under confidence interval. 

unbiased confidence interval. The con- 
fidence interval T(S) to T(S) with con- 
fidence coefficient « is unbiased if the 
probability of containing the correct value 
is higher than the probability of containing 
any other value. Otherwise the method 
leads to biased confidence intervals. 


CON-FIG’U-RA’TION, n. A general term 
for any geometrical figure, or any combina- 
tion of geometrical elements, such as 
points, lines, curves, and surfaces. 


CON-FO’CAL, adj. confocal conics. Con- 
ics having their foci coincident. E.g., 
the ellipses and hyperbolas represented by 
the equation x2/(a2—k2)+ y2/(b2—k2)=1, 
where b2<a?,k?4b2, and k takes on all 
other real values for which k?<a?, are 
confocal. These conics intersect at right 
angles, forming an orthogonal system. 
(See point P in figure.) 


confocal quadrics. Quadrics whose prin- 
cipal planes are the same and whose sections 
by any one of these planes are confocal 
conics. E.g., if k is a parameter and a, b, 
and ¢ are fixed, the equation 
x2 y2 
ak’ bk” 
a? > b2>c?, represents a triply orthogonal 
system of confocal quadrics: For c2>k> 
— oo, the equation represents a family of 
confocal ellipsoids; for b2>k> c?, it repre- 
sents a family of confocal hyperboloids of 
one sheet; and for a2>k> b2, it represents 
a family of confocal hyperboloids of two 
sheets. Each member of one family is con- 
focal and orthogonal to each member of 
other families. See ORTHOGONAL—triply 
orthogonal system of surfaces. For k=c? 


z2 
i ame 
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we get, by a limiting process, the elliptic 
portion of the (x, y)-plane (counted twice) 
x2 2 
bounded by (1) a3 tp a= 1; 
similarly for k=b? we get the hyperbolic 
portion of the (x, z)-plane (counted twice) 
x2 z2 
bounded by (2) na 1. 
Equations (1) and (2) define the focal ellipse 
and the focal hyperbola, respectively, of the 
system. Through each point (x, y, z) of 
space there pass three quadrics of the 
system. The corresponding values k, ko, 
k3 of k are called the ellipsoidal coordinates 


of (x, y, z). See COORDINATE—ellipsoidal 
coordinates. 


CON-FORM’A-BLE, adj. conformable 
matrices. Two matrices A and B such that 
the number of columns in A is equal to the 
number of rows in B. It is possible to form 
the product AB if, and only if, A and B 
are conformable. Being conformable is 
not a symmetric relation. See PRODUCT— 
product of matrices. 


CON-FORM‘AL, adj. conformal-conjugate 
representation of one surface on another. 
A representation which both is conformal 
and is such that each conjugate system on 
one surface corresponds to a conjugate 
system on the other. Syn. Isothermal- 
conjugate representation of one surface 
on another. 

conformal map or conformal transforma- 
tion. A map which preserves angles; i.e., 
a map such that if two curves intersect at 
an angle @, then the images of the two curves 
in the map also intersect at the same angle 0. 
The functions x=x(u,v), y=yu, v), z= 
z(u, v) map the (u, v)-domain of definition 
conformally on a surface S if and only 
if the fundamental quantities of the first 
order satisfy E=G=A(u, v) 40, F=0. See 
ISOTHERMIC—isothermic map. The co- 
ordinates u, v are called conformal para- 
meters. The correspondence between sur- 
faces S and § determined by x=-x(u, v), 
y=ylu,v), z=2z(u,v) and x=X(u, v), 
y=y(u,v), z=2Z(u,v) is conformal at 
regular points if, and only if, the funda- 
mental quantities of the first order satisfy 
E:F:G=E:F:G. The only conformal 
correspondences between open sets in three- 
dimensional Euclidean space are obtained 


Conformal 


by inversions in spheres, reflections in 
planes, translations and magnifications. 
See CAUCHY—Cauchy-Riemann partial dif- 
ferential equations. 

conformal parameters. 
formal map. 


See above, con- 


CON-FOUND’, v. (Statistics.) In the 
analysis of variance, in which the factors 
affecting the variance between groups are 
under investigation, one or more of the 
factors affecting the variance may be 
associated with the other factors in such a 
manner that separation of the items into 
groups on the basis of one factor results, 
at the same time, in the separate groups 
being different with respect to some other 
factors. These factors, or sources of 
variation, are thus confounded, since it is 
not possible to tell which of the several 
factors are responsible for the group dif- 
ferences. Thus, if a set of data is classified 
into male and female groups, and at the 
same time age is associated with sex so that 
the males are older than the females, the 
difference between the two groups may be 
a result of age and/or sex. Confounding is 
often intentional when it leads to reduced 
sampling error. 


CON’GRU-ENCE, 7. A statement that 
two quantities are congruent. The con- 
gruence between a and b, with modulus c, 
is written: a=b (mod. c), and is read 
‘“‘a is congruent to b, modulus c.’”? Modulo 
is quite commonly used instead of modulus. 
E.g., 5=3 (mod 2). (The parenthesis is 
not always used.) See CONGRUENT—COn- 
gruent numbers. 

linear congruence. See LINEAR. 

quadratic congruence. A congruence of 
the second degree. Thus its general form is 
ax?+bx+c=0 (mod n), where a40. See 
CONGRUENCE. 


CON’GRU-ENT, adj. congruent figures 
in geometry. Figures which can be super- 
posed (placed one upon the other) so that 
they coincide. This is the definition as 
given by Euclid. Itis embarrassing in that 
it depends on experience, and such un- 
defined concepts as motion, keeping an 
object rigid during motion, and ability to 
move an object to a desired position (if an 
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object is at the center of the sun, a claim 
that it can be superposed with an object on 
the earth conflicts with experience). The 
usual procedure is to take congruence as 
an undefined concept, restricted by suitable 
axioms. 

congruent matrices. See TRANSFORMA- 
TION—congruent transformation. 

congruent numbers, or quantities. Two 
quantities which, when each is divided by 
a given quantity (called the modulus), give 
the same remainders; two quantities whose 


difference is divisible by the modulus. See 
CONGRUENCE. 
congruent transformation. See TRANS- 


FORMATION—congruent transformation. 


CON’IC, n. Any curve which is the locus 
of a point which moves so that the ratio of 
its distance from a fixed point to its dis- 
tance from a fixed line is constant. The 
ratio is called the eccentricity of the curve, 
the fixed point the focus, and the fixed line 
the directrix. The eccentricity is always 
denoted by e. When e is equal to unity, 
the conic is a parabola; when less than 
unity, an ellipse; and when greater than 
unity, a hyperbola. These are called conics, 


Santen PRD 
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or conic sections, since they can always be 
gotten by taking plane sections of a conical 
surface. The equation of a conic can be 
given in various forms. E.g.: (1) If the 
eccentricity is e, the focus is at the pole, and 
the directrix perpendicular to the polar axis 
and at a distance g from the pole, the equa- 
tion in polar coordinates is 


p=(eq)/(1+e cos @). 
This is equivalent to the following equation 


in Cartesian coordinates (the focus being 
at the origin and the directrix perpendi- 


Conic 


cular to the x-axis at a distance g from the 
focus: 
(1 — e2)x?+ 2e2gx+ y*=e7Q. 


(2) The general algebraic equation of the 
second degree in two variables always re- 
presents a conic (including here degenerate 
conics); i.e., an ellipse, hyperbola, parabola, 
a straight line, a pair of straight lines, or a 
point, provided it is satisfied by any real 
points. See DISCRIMINANT—discriminant 
of a quadratic equation in two variables. 
(3) See ELLIPSE, HYPERBOLA, and PARABOLA. 

acoustical, optical, or focal property 
of conics. See ELLIPSE—focal property of 
ellipse, .HYPERBOLA—focal property of 
hyperbola, and PARABOLA—focal property 
of parabola. 

central conics. Conics which have cen- 
ters—ellipses and hyperbolas. See CENTER 
—center of a curve. 

confocal conics. See CONFOCAL. 

degenerate conic. A point, a straight 
line, or a pair of straight lines, which is a 
limiting form of aconic. E£.g., the parabola 
approaches a straight line, counted twice, 
as the plane, whose intersection with a con- 
ical surface defines the parabola, moves into 
a position in which it contains a single ele- 
ment of the conical surface, and the para- 
bola approaches a pair of parallel lines as 
the vertex of the cone recedes infinitely far; 
the ellipse becomes a point when the cut- 
ting plane passes through the vertex of the 
cone but does not contain an element; the 
hyperbola becomes a pair of intersecting 
lines when the cutting plane contains the 
vertex of the conical surface. All these 
limiting cases can be obtained algebraically 
by variation of the parameters in their 
several equations. See DISCRIMINANT—dIs- 
criminant of the general quadratic. 

diameter of a conic. See DIAMETER. 

focal chords of conics. See FOCAL. 

similarly placed conics. Conics of the 
same type (both ellipses, both hyperbolas, 
or both parabolas) which have their cor- 
responding axes parallel. 

tangent to a general conic. (1) If the 
equation of the conic in Cartesian coordi- 
nates iS ax2+ 2bxy+cy*+2 dx+2ey+ f=), 
then the equation of the tangent at the 
point (x), 1) is 
ax,x+ (xy, +x1y)+cyiy 

+d(x+x,))+e(yty)+f=0. 
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(2) If the equation of the conic in homo- 
geneous Cartesian coordinates is written 
3 
> aj;x;x;=0, where aj;=4a;;, 
ij=1 
then the equation of the tangent at the 
point (b;, bo, b3) iS: 
3 
> aj;b;x;=0. 
i,j=l 
See COORDINATE—homogeneous coordi- 
nates. 


CON’I-CAL, adj. conical surface. A sur- 
face which can be generated by a line which 
always passes through a fixed point and 
intersects a fixed curve. The fixed point 
is called the vertex, or apex, of the conical 
surface, the fixed curve the directrix, and 
the moving line the generator or generatrix. 
Any homogeneous equation in rectangular 
Cartesian coordinates is the equation of a 
conical surface with vertex at the origin. 

circular conical surface. A conical sur- 
face whose directrix is a circle and whose 
vertex is on the line perpendicular to the 
plane of the circle and passing through the 
center of the circle. If the vertex is at 
the origin and the directrix in a plane 
perpendicular to the z-axis, its equation 
in rectangular Cartesian coordinates is 
x*+ y2= k2z2, 


quadric conical surfaces. Conical sur- 
faces whose directrices are conics. 


CON’I-COID, 1. An ellipsoid, hyperbo- 
loid, or paraboloid; usually does not refer 
to limiting (degenerate) cases. 


CON’JU-GATE, adj. complex conjugate 
of a matrix. See MATRIX—complex conju- 
gate of a matrix. 


Conjugate 


Conjugate 


conjugate algebraic numbers. Any set 
of numbers that are roots of the same 
irreducible algebraic equation with rational 
coefficients, an equation of the form: 


AgX"+a,xn-14 ---+a,=0. 


E.g., the roots of x*+x+1=0, which 
are 4(—1+iV3) and 4(—1-—iV3), are 
conjugate algebraic numbers (in this case 
conjugate imaginary numbers). 

conjugate angles. See ANGLE—conju- 
gate angles. 

conjugate arcs. Two arcs whose sum is 
a complete circle. 

conjugate axis of a hyperbola. See uy- 
PERBOLA. 

conjugate complex numbers. See com- 
PLEX—conjugate complex numbers. 

conjugate convex functions. See CONVEX 
—conjugate convex functions. 

conjugate curves. Two curves each of 
which is a Bertrand curve with respect to 
the other. The only curves having more 
than one conjugate are plane curves and 
circular helices. 

conjugate diameters. A diameter and 
the diameter which occurs among the par- 
allel chords that define the given diameter. 
The conjugate diameters in a circle are per- 
pendicular. The axes of an ellipse are 
conjugate diameters. But, in general, 
conjugate diameters are not perpendicular. 
See DIAMETER-—diameter of a conic. 


conjugate diameter of a diametral plane 
of a central quadric. The diameter which 
contains the centers of all sections of a cen- 
tral quadric by planes parallel to a given 
diameter. The diametral plane is likewise 
said to be conjugate to the diameter. 

conjugate directions on a surface at a 
point. The directions of a pair of conju- 
gate diameters of the Dupin indicatrix at 
an elliptic or hyperbolic point P of a sur- 
face S. There is a unique direction conju- 
gate to any given direction on S through P, 


so that there are infinitely many pairs of 
conjugate directions on S at P. Two con- 
jugate directions which are mutually per- 
pendicular are necessarily principal direc- 
tions. Conjugate directions are not defined 
at parabolic or planar points. The char- 
acteristic of the tangent plane to S, as the 
point of contact moves along a curve C on 
S, is the tangent to the surface in the 
direction conjugate to the direction of C, 
See below, conjugate system of curves on a 
surface. 

conjugate dyads and dyadics. See DYAD. 

conjugate elements and conjugate sub- 
groups of a group. See TRANSFORM—trans- 
form of an element of a group. 

conjugate elements of a determinant. 
Elements which are interchanged if the 
rows and columns of the determinant are 
interchanged; e.g., the element in the second 
row and third column is the conjugate of 
the element in the third row and second 
column. In general, the elements a;; and a;; 
are conjugate elements, aj; being the ele- 
ment in the /th row and jth column and a;; 
the element in the jth row and ith column. 
See DETERMINANT. 

conjugate harmonic functions. See HAR- 
MONIC—harmonic functions. 

conjugate hyperboloids. Hyperboloids 
which with suitable choice of coordinate 
axes have equations 


ye zy 

az b* ¢ 
and 

x2 y? ae 

az be (2 


Any plane containing the common axis 
z=0 cuts the two hyperboloids in con- 
jugate hyperbolas. See HYPERBOLOID— 
hyperboloid of one sheet, hyperboloid of 
two sheets. 

conjugate imaginaries. Imaginary num- 
bers a+ bi and a—bi, b#0. See COMPLEX 
—conjugate complex numbers. 

conjugate points relative to a conic. Two 
points such that one of them lies on the 
line joining the points of contact of the 
two tangents drawn to the conic from the 
other; two points that are harmonic con- 
jugates of the two points of intersection of 
the conic and the line drawn through the 
points; a point and any point on the polar 
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Conjugate 


of the point. Tech. If the conic is written 
in the form 
3 

> QijX;X;, Where x,,X2, and x; 

j=l 
are homogeneous rectangular Cartesian co- 
ordinates and a;;=a;;, then two points, 
(x1, X2, x3) and ()1, 2, ¥3), are conjugate 
points if, and only if, 


3 
> 4ijxivi=0. 
i,j=l 

See below, harmonic conjugates with re- 
spect to two points. 

conjugate radicals. (1) Conjugate bino- 
mial surds (see SURD). (2) Radicals that 
are conjugate algebraic numbers. 

conjugate roots. (1) Roots of an equa- 
tion that are conjugate imaginary numbers. 
(2) See above, conjugate algebraic numbers. 

conjugate ruled surfaces. See RULED. 

conjugate space. If f is a continuous 
linear functional defined on a normed linear 
space N (real or complex), then there is a 
least number, called the norm of f and 
written ||f||, such that |f(x)| SIif\|-{|xl| for 
each x of N. The set of all such functionals 
is a complete normed linear space, or 
Banach space, which is called the first con- 
jugate space of N. The first conjugate 
space of this space is the second conjugate 
space of N, etc. If N is finite-dimensional, 
then N and its second conjugate space are 
identical (i.e., isometric). For any normed 
linear space N, N is isometric with a sub- 
space of its second conjugate space (see RE- 
FLEXIVE—reflexive Banach space). If N is 
a Hilbert space with a complete ortho- 
normal sequence 4, u2,---, then the se- 
quence of functions f,(x) = (x, u,), n=1, 2, 

--, 1S a complete orthonormal sequence 
in the first conjugate space and the cor- 

[o.6) e.6) 


respondence > au? > Gf, iS an 1S0-. 
I 


metric correspondence between the two 
spaces. Syn. Adjoint space; dual space. 
conjugate subgroups. See ISOMORPHISM. 
conjugate svstem of curves on a surface. 
Two one-parameter families of curves on a 
surface S such that through each point 
P of S there passes a unique curve of each 
family, and such that the directions of the 
tangents to these two curves at P are con- 
jugate directions on Sat P. See CONJUGATE 


—conjugate directions on a surface at a 
point. The parametric curves form a con- 
jugate system if, and only if, D’=0 on S. 
See SURFACE—fundamental coefficients of 
a surface. The lines of curvature form a 
conjugate system, and the only orthogonal 
conjugate system. 

harmonic conjugates with respect to two 
points. Any two points that divide the line 
through the two points internally and 
externally in the same numerical ratio; 
two points (the 3rd and 4th) which with 
the given two (the Ist and 2nd) have a 
cross ratio equal to — 1 (see RATIO). If two 
points are harmonic conjugates with respect 
to two others, the latter two are harmonic 
conjugates with respect to the first two. 

isogonal conjugate lines. See ISOGONAL 
—isogonal lines. 

mean-conjugate curve on a surface. A 
curve C on a surface S such that C is tan- 
gent to a mean-conjugate direction on S at 
each point of C. See below, mean-con- 
Jugate directions on a surface at a point. 

mean-conjugate directions on a surface. 
Conjugate directions on the surface S at 
the point P of S such that the directions 
make equal angles with the lines of curva- 
ture of Sat P. The mean-conjugate direc- 
tions are real if the Gaussian curvature of 
S is positive at P, and the radius of normal 
curvature R of S in each of these two direc- 
tions is the mean of the principal radii 
there: R=(p,;+p2)/2. See above, mean- 
conjugate curves on a surface. 

method of conjugate directions. A 
generalization of the method of conjugate 
gradients for solving a system of n linear 
equations in ” unknowns. In the method 
of conjugate directions, special restrictions 
on the conjugate directions to be used do 
not need to be specified. 

method of conjugate gradients. An itera- 
tive method, terminating in n steps if there 
is no round-off error, for solving a system 
of m equations in n unknowns, x= 
(x1, X%2,°°°,X,). Starting with an initial 
estimate x, of the solution vector x, the 
correction steps are in directions that are 
conjugate to each other relative to the 
matrix of coefficients, and (to within this 
constraint) they are successively chosen to 
be in gradient directions relative to an 
associated quadratic function that assumes 
its minimum value 0 at the solution x of the 
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original problem. The sets of residuals are 
mutually orthogonal. See CONJUGATE— 
conjugate points relative to a conic. 

method of successive conjugates. In 
complex variable theory, an iterative method 
for the approximate evaluation of an analy- 
tic function that maps a given nearly cir- 
cular domain conformally onto the interior 
of a circle. This mapping might be con- 
sidered as the second step in a two-step 
process of mapping a given simply con- 
nected domain conformally on the interior 
of a circle, the mapping of the given domain 
onto a nearly circular domain having pre- 
viously been attained through known func- 
tions or through a catalogue of conformal 
maps. 


CON-JUNC’TION, n. conjunction of pro- 
positions. The proposition formed from 
two given propositions by connecting them 
with the word and. E.g., the conjunction 
of ‘““Today is Wednesday” and ““My name 
is Harry” is the proposition ‘““Today is Wed- 
nesday and my name is Harry.” The con- 
junction of propositions p and q is usually 
written as pA q, or p-qg, and read “‘p and q.”’ 
The conjunction of p and q is true if and 
only if both p and q are true. See DISJUNC- 
TION. 


CON-JUNC’TIVE, adj. conjunctive trans- 
formation. See TRANSFORMATION—Con- 
junctive transformation. 


CON-NECT’ED, adj. arcwise connected 
set. A set such that each pair of its points 
can be joined by a simple arc all of whose 
points are in the set (see simMpLE—simple 
arc). 

connected set of points. A set that can- 
not be divided into two sets U and V which 
have no points in common and which are 
such that no accumulation point of U be- 
longs to V and no accumulation point of V 
belongs to U (see DISCONNECTED—discon- 
nected set). The set of all rational numbers 
is not connected, since the set of rational 
numbers less than V5 and the set greater 
than V5 are both closed in the set of all 
rational numbers. An arc-wise connected 
set is connected, but a connected set need 
not be either arc-wise connected or simply 
connected. 
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locally connected set. A set S such that, 
for any point x of S and neighborhood U 
of x, there is a neighborhood V of x such 
that the intersection of S and V is con- 
nected and contained in U. 

simply connected region. A region such 
that any closed curve within it can be de- 
formed continuously to a point of the 
region without leaving the region; a region 
(area) such that no closed curve lying en- 
tirely within the region can enclose a 
boundary point of the region. A region 
which is not simply connected is said to be 
multiply connected. See CONNECTIVITY— 
connectivity number. 


CON’NEC-TIV'I-TY, adj. connectivity 
number. The connectivity number of a 
connected curve is 1 plus the maximum 
number of points that can be deleted with- 
out separating the curve into more than 
one piece (this is 2— yx, where x is the Euler 
characteristic). The connectivity number 
of a (connected) surface is | p/us the largest 
number of closed cuts (or cuts joining 
points of previous cuts, or joining points of 
the boundary or a point of the boundary to 
a point of a previous cut, if the surface is 
not closed) which can be made without 
separating the surface. This is equal to 
3—y for a closed surface and to 2—y for 
a surface with boundary curves. A simply 
connected curve or surface then has con- 
nectivity number |; a connected curve or 
surface is said to be doubly connected, triply 
connected, etc., according as its connectivity 
number is 2, 3, etc. The region between two 
concentric circles in a plane is doubly con- 
nected; the surface of a doughnut (a torus) 1s 
triply connected. In the above sense, the 
connectivity number of a connected sim- 
plicial complex (which may be a curve or a 
surface) is 1 plus the l-dimensional Betti 
number (modulo 2). However, the connec- 
tivity number is sometimes defined to be 
equal to this Betti number. 


CO’NOID, n. (1) Any surface generated 
by a straight line moving parallel to a given 
plane and always intersecting a given line 
and given curve. (2) A paraboloid of 
revolution, a hyperboloid of revolution, or 
an ellipsoid of revolution. (3) The general 
paraboloid and hyperboloid, but not the 
general ellipsoid. 


Conoid 


right conoid. A conoid for which the 
given plane and the given line are mutually 
orthogonal. 


CON’SE-QUENT, n. (1) The second term 
of a ratio; the quantity to which the first 
term is compared, i.e., the divisor. E.g., 
in the ratio 4, 3 is the consequent, and 2 the 
antecedent. (2) See IMPLICATION. 
CON’SER-VA’TION, 7. conservation of 
energy. See ENERGY. 


CON-SER’VA-TIVE, adj. conservative 
field of force. A force field such that the 
work done in displacing a particle from one 
position to another is independent of the 
path along which the particle is displaced. 
In a conservative field the work done in 
moving a particle around any closed path 
is zero. If the work done on the particle 
is represented by a line integral 


| F, dx+ F, dy+F, dz, 
C 


where F,, F,, and F, are the Cartesian 
components of force in a conservative field, 
then the integrand is an exact differential. 
The gravitational and electrostatic fields of 
force are examples of conservative fields, 
whereas the magnetic field due to current 
flowing in a wire and fields of force involv- 
ing frictional effects are non-conservative. 

conservative force. The force forming a 
conservative field. 


CON-SIGN’, v. to consign goods, or any 
property. To send it to someone to sell, 
usually at a fixed fee, in contrast to selling 
on commission. 


CON’SIGN-EE’, 7. 
goods are consigned. 


A person to whom 


CON-SIGN’OR, 1. A person who sends 
goods to another for him to sell; a person 
who consigns goods. 


CON-SIST’EN-CY, 7. consistency of 
equations. The property possessed by 
equations when they are all satisfied by at 
least one set of values of the variables, 
i.e., their loci all have one or more com- 
mon points. If they are not satisfied by 
any one set of values of the variables, they 
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are said to be inconsistent. E.g., the equa- 
tions x+ y=4 and x+ y=S are inconsistent; 
the equations x+ y=4 and 2x+2y=8 are 
consistent, but are not independent (see 
INDEPENDENT); and the equations x+ y=4 
and x— y=2 are consistent and independent. 
The first pair of equations represents two 
parallel lines, the second represents two 
coincident lines, and the third represents 
two distinct lines intersecting in a point, the 
point whose coordinates are (3, 1). 

consistency of linear equations. A linear 
equation in two variables is the equation of a 
line in the plane. Therefore a single equa- 
tion has an unlimited number of solutions. 
Two equations have a unique simultaneous 
solution if the lines they represent intersect 
and are not coincident; there is no solution 
if the lines are parallel and not coincident; 
there is an unlimited number of solutions 
if the lines are coincident. These corres- 
pond to the three cases of the following 
discussion. Consider the equations: a,x+ 
byy=C1, Aoxx+br2y=Cc>, where at least one 
of a,;, 6; and at least one of a>, b> is not 
zero. Multiply the first equation by 52 and 
the second by 4,, then subtract. This gives 
(a,b5 — Aob1)x = boc, — 610. Similarly, 
(a\b2— azb\) y=ayc2— aC, 


a, by, Cy by 
or Xx pd 5 

a2 b> C2 b> 

a, b a Cc 
and y 1 i a 1 1 

a2 bz a2 C2 


Three cases follow: I. If the determinant 
of the coefficients 


by 
by 


is not zero, one can divide by it and secure 
unique values for x and y. The equations 
are then consistent and independent. The 
equations 2x— y= 1 and x+ y=3 reduce in 
the above way to 


3x=4 and 3y=5 


and have the unique simultaneous solution 
x=4, y=3- II. If the determinant of the 
coefficients is zero and one of the deter- 
minants formed by replacing the coefficients 
of x (or of y) by the constant terms is not 
zero, there is no solution; i.e., the equations 
are inconsistent. The equations 2x—y=1 
and 4x—2y=3 reduce to 


O-x=1 and 0O-y=2, 


ay 
ay 
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which have no solution. III. If all three 
determinants entering are zero, there re- 
sults 0-x=0O and 0-y=0. The equations 
are then consistent but not independent. 
This is the situation for the equations 
x—y=1 and 2x—2y=2. An infinite num- 
ber of pairs of values of x and y can be 
found that satisfy both of these equations. 
A linear equation in three variables is the 
equation of a plane in space. Therefore a 
single equation has an unlimited number 
of solutions. Two equations either repre- 
sent parallel planes and have no common 
solution or else represent planes which 
intersect in a line or coincide and the 
equations have an unlimited number of 
solutions. Eliminating the variables, two 
at a time, from the equations 


axt+tbyy+cz=d,, 
Axx + boyt+ CZ >= d», 
Q3X+ b3yt+ C32 > d;, 


gives Dx=K,, Dy= Ky, and Dz= K3, 
where K,, K>, and K; are the determinants 
resulting from substituting the d’s in the 
determinant of the coefficients, D, in 
place of the a’s, b’s, and c’s, respectively. 
Three cases arise: I. If D0, it can be 
divided out and a unique set of values for 
x, y, and z obtained; i.e., the three planes 
representing the three equations then inter- 
sect in a point and the equations are con- 
sistent (and also independent). Il. If D=0 
and at least one of K,, Ko, and K, is not 
zero, there is no solution; the three planes 
do not have any point in common and the 
three equations are inconsistent. Ill. If 
D=0 and K,=K,=K;=0, three cases 
arise: a). Some second-order determinant 
in D is not zero, in which case the equations 
have infinitely many points In common; the 
planes (the loci of the equations) intersect 
in a line and the equations are consistent. b). 
Every second-order minor in D is zero and 
a second-order minor in K,, K>, or K;is not 
zero. The planes are then parallel, but at 
least one pair do not coincide; the equations 
are inconsistent. c). All the second-order 
minors in D, K,, K> and K,; are zero. The 
three planes then coincide and the equa- 
tions are consistent (but not independent). 
The general situation of m linear equations 
in 2 unknowns is best handled by considera- 
tion of matrix rank (see MATRIX—rank of a 
matrix): the equations are consistent if and 


only if the rank of the matrix of the coeffi- 
cients is equal to the rank of the aug- 
mented matrix. If the constant terms in a 
system of linear equations are all zero (the 
equations are homogeneous), then the 
equations have a trivial solution (each un- 
known equal to zero). For m homogeneous 
linear equations in m unknowns: (1) If 2 < m, 
the equations have a nontrivial solution 
(not all unknowns zero). (2) If n=m, the 
equations have a nontrivial solution if, and 
only if, the determinant of the coefficients 
is equal to zero. (3) If n> m, the equations 
have a nontrivial solution if, and only if, 
the rank of the matrix of the coefficients is 
less than m. These are simply the special 
case of the results for m linear equations in 
m unknowns when the constant terms are 
all zero. 


CON-SIST’ENT, adj. consistent assump- 
tions, hypotheses, postulates. Assump- 
tions, hypotheses, postulates that do not 
contradict each other. 

consistent equations. See CONSISTENCY. 

consistent estimate. (Stfatistics.) A con- 
sistent estimate is one that tends to be 
closer to the true value as the size of the 
sample increases. Precisely, an estimate 
of a parameter which converges in proba- 
bility to the true parameter value, as the 
sample size increases (m0), is a con- 
sistent estimate of the parameter. See 


CONVERGENCE—convergence probability, 
and PROBABILITY. 
CON-SOL’I-DAT’ED, adj. consolidated 


annuities. British government bonds irre- 
deemable except at the pleasure of the 
government. 


CON’SOLS, 7. Same as CONSOLIDATED 
ANNUITIES. See CONSOLIDATED. 


CON’STANT, n. A quantity whose value 
does not change, or is regarded as fixed, 
during a certain discussion or sequence of 
mathematical operations. 

absolute constant. A constant that never 
changes in value, such as numbers in arith- 
metic. 

arbitrary constant. A constant that may 
be assigned different values. See below, 
constant of integration. 


Constant 


constant of integration. An arbitrary 
constant that must be added to any func- 
tion arising from integration to obtain 


all the primitives. The integral, [3x2 dx, 


can have any of the values x3+c, where c 
is a constant, because the derivative of a 
constant is zero; further, it follows from 
the mean value theorem that there are no 
other values for the integral. See MEAN— 
mean value theorems for derivatives. 

constant of proportionality. See FACTOR 
—factor of proportionality. 

constant speed and velocity. An object is 
said to have constant speed if it passes over 
equal distances in equal intervals of time 
(although the object need not move in a 
straight line). It has constant velocity if it 
passes over equal distances in the same 
direction in equal intervals of time (this 
means that the instantaneous velocity is the 
same vector at each point of the path; see 
VELOCITY). Constant velocity is also some- 
times called uniform (rectilinear) velocity 
and uniform motion (although uniform 
motion is sometimes used in such a sense 
as uniform circular motion, meaning 
motion around a circle with constant 
speed). 

constant term in an equation or function. 
A term which does not contain a variable. 
Syn. Absolute term. 

essential constant. A set of essential 
constants in an equation is a set of arbitrary 
constants which: (1) cannot be replaced by 
a smaller number (changing the form of the 
equation if desired) so as to have a new 
equation which represents essentially the 
same family of curves, or: (2) are equal in 
number to the number of points needed to 
determine a unique member of the family 
of curves represented by the equation, or: 
(3) are arbitrary constants in an equation 
y=f (x) for which the number of arbitrary 
constants is equal to the minimum order 
of a differential equation which has y=/f(x) 
as a solution. The linear equation 
y=Ax+ B defines a family of straight lines; 
it has 2 essential constants, since 2 points 
(not in a vertical line) determine a unique 
line of the family, and y= Ax+ Bis a solu- 
tion of the differential equation y’”’=0, 
which is of order 2. The equation ax+ 
by+c=0 does not have 3 essential con- 
stants, since 2 points determine a line of the 
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family of lines it represents; also, it repre- 
sents the same family of curves as y= 
Ax+B, except for the lines x=constant. 
The equation y?2+bxy—abx—(a—c)y— 
ac=0 has 4 arbitrary constants; these are 
not essential, since the equation can be 
factored as (y—a)(y+6x+c)=0 and has 
the same family of curves as the equation 
y=mx+b. The number of essential con- 
stants in an equation is the number of 
essential constants to which the arbitrary 
constants can be reduced. E.g., the num- 
ber of essential constants in y*+bxy— 
abx —(a—c)y—ac=0 is 2. The constants 
A,,---, A, in the equation 

Y= Ayuy(X) + Aquy(x)+ +++ + Anuy(x) 
are essential if and only if the functions 
Uy, °° +, Uu, are linearly independent. 

gravitational constant. See GRAVITATION 
—law of universal gravitation. 

Lamé’s constants. See LAME’S CONSTANTS. 


CON-STRAIN’ING, p. adj. constraining 
forces (constraints). (1) Those forces that 
tend to prevent a particle’s remaining at 
rest or moving at a uniform velocity in a 
straight line (according to Newton’s first 
law of motion). (2) Those forces that are 
exerted perpendicularly to the direction of 
motion of a particle. 


CON-STRUCT’, v. To draw a figure so 
that it meets certain requirements; usually 
consists of drawing the figure and proving 
that it meets the requirements. E.g., to 
construct a line perpendicular to another 
line, or to construct a triangle having three 
given sides. 


CON-STRUC’TION, n. (1) The process of 
drawing a figure that will satisfy certain 
given conditions. See CONSTRUCT. (2) 
Construction in proving a theorem; draw- 
ing the figure indicated by the theorem and 
adding to the figure any additional parts 
that are needed in the proof. Such “‘addi- 
tional’ lines, points, etc., are usually called 
construction lines, points, etc. 


CON’TACT, n. chord of contact. See 
CHORD. 

order of contact. See ORDER—order of 
contact of two curves. 

point of contact. See TANGENT—tangent 


to a curve. 


Content 


Continuity 


CON’TENT, 7. content of a set of points. 
The exterior content (or outer content) of 
a set of points E is the greatest lower bound 
of the sums of the lengths of a finite num- 
ber of intervals (open or closed) such that 
each point of E is in one of the intervals, 
for all such sets of intervals. The interior 
content (or inner content) is the least upper 
bound of the sums of the lengths of a finite 
number of nonoverlapping intervals such 
that each interval is completely contained 
in £, for all such sets of intervals; or 
(equivalently) the difference between the 
length of an interval J containing E and 
the exterior content of the complement of 
E in I. Also called the exterior Jordan 
content and interior Jordan content. If 
the exterior content is equal to the interior 
content, their common value is the (Jordan) 
content. If the exterior content is zero, 
then the interior content is also, and the 
set is said to have (Jordan) content zero. 
The set of rational numbers in (0, 1) has 
exterior content of 1 and interior content 
of zero; the set (1, 4, 4,4, -- -) has content 
zero. This definition is for sets of points 
on a line. A similar definition holds for 
sets in the plane, or in a»-dimensional 
Euclidean space. 


CON-TIN’GENCE, 7. angle of contin- 
gence. The angle between the positive 
directions of the tangents to a given plane 
curve at two given points of the curve. 

angle of geodesic contingence. For two 
points P,; and P, of a curve C on a surface, 
the angle of geodesic contingence is the 
angle of intersection of the geodesics tan- 
gent to C at P; and P,. See above, angle 
of contingence. 


CON-TIN’GEN-CY, 1. contingency table. 
(Statistics.) If a set of items can be classi- 
fied jointly on the basis of two factors, of 
which one has qg subclasses and the other 
p subclasses, the resulting table of classi- 
fication is a gxp or q by p table. A 
bivariate correlation scattergram is a special 
type of contingency table, in which the 
two variables are classified by the values, 
or intervals of values, which they may 
assume, 

two-by-two contingency table. Ifa group 
of items can be jointly classified on the 
basis of two joint factors, and if each factor 


is a dichotomy, then a two-by-two table 
results. E.g., individuals may be classified 
by sex and political party, thus: 


Sex 


Party 


Repub. 10 
Demo. 


Also known as a fourfold table. 


CON-TIN’GENT, adj. contingent annuity 
and life insurance. See ANNUITY, and IN- 
SURANCE—life insurance. 


CON-TIN’U-A’TION, adj., n. analytic 
continuation of an analytic function of a 
complex variable. See ANALYTIC. 

continuation notation. Three center dots 
or dashes following a few indicated terms. 
In case there is an infinite number of terms, 
the most common usage is to indicate a 
few terms at the beginning of the set, follow 
these with three center dots, write the 
general term, and add three center dots as 
follows: 


Leo ae Fae eee 


continuation of sign in a polynomial. 
Repetition of the same algebraic sign before 
successive terms. 


CON-TIN’UED, adj. continued equality. 
see EQUALITY. 

continued fraction. See FRACTION—con- 
tinued fraction. 

continued product. A product of an in- 
finite number of factors, or a product such 
as (2x 3)x4 of more than two factors; 
denoted by II, that is, capital pi, with 
appropriate indices. 


E.g., (E)(G)G@) > 
[nfin+1))---= J] e/@tt)] 


n=1 


8 


is a continued product. 


CON’TI-NU'I-TY, 1. The property of be- 
ing continuous. 
axiom of continuity. See AXIOM. 


Continuity 


equation of continuity. A fundamental 
equation of fluid mechanics, namely, dp/dt 
+pV-n=0, where p is the density of the 
fluid and y is the velocity vector. A more 
general equation takes account of sources 
and sinks at which fluid is created and 
destroyed. 

principle of continuity. 
axiom of continuity. 


See AXIOM— 


CON-TIN’U-OUS, adj. absolutely con- 
tinuous function. A function f(x) is abso- 
lutely continuous on a closed interval [a, b] 
if for any positive number ¢ another posi- 
tive number 7 can be determined so that 
if (a1, 5), (ao, bz), ++ -. (a,, b,) is any finite 
set of nonoverlapping intervals such that 
the sum of the lengths of the intervals is less 


than », then > |f(a)—f(b)|<«. The 
i=] 


definition remains equivalent to this if it 
is changed to allow a countable number of 
intervals. An absolutely continuous func- 
tion 1s continuous and of bounded variation. 

continuous annuity. An annuity payable 
continuously. Such an annuity cannot 
occur, but has theoretical value. Formulas 
for this sort of annuity are limiting forms 
of the formulas for noncontinuous an- 
nuities, when the number of payments per 
year increases without limit while the 
nominal rate and annual rental remain 
fixed. The results differ very little from an- 
nuities having a very large number of pay- 
ments per year. Approximate present 
values for a single life continuous annuity 
of one dollar is that of a single life annuity 
payable annually at the end of the year plus 
4 of a dollar; or that of a single life annuity 
payable annually at the beginning of the 
year minus 4 of a dollar. 

continuous conversion of compound in- 
terest. See CONVERSION. 

continuous correspondence of points. A 
correspondence (function, mapping, or 
transformation) which associates with each 
point of a space D a unique point of a 
space R is continuous if, whenever x cor- 
responds to x* and W is a neighborhood of 
x*, there is a neighborhood U of x such 
that W contains all points of R which are 
associated with points of U. A correspon- 
dence which maps D onto R is continuous 
if and only if the inverse of each open set 
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of R is open in D (or if and only if the in- 
verse of each closed set of R is closed in D), 
where the inverse of a set W in R is the set 
of all points of D which are associated with 
points of W. See oPpEN—open mapping. 

continuous function. A function of one 
variable is continuous at a point if its value 
can be made as nearly equal to its value at 
the point as one pleases by restricting the 
value of the independent variable to values 
sufficiently near the given value. Tech. f(x) 
is continuous for x=a if f(x) is defined for 
all x in some neighborhood of a@ and 
lim f(x)=f(a), or, equivalently, if for 
x—a 


every «>0 there exists a 6>0 such that if 
|x—a| <6, then f(x) is defined and 


f(x) —f(a)| <e. 


A function of a real variable is continuous 
in an interval if it is continuous at each 
point of the interval. A function of a 
complex variable is continuous in a domain 
if it is continuous at each point of the 
domain. A function f(x, y) of two variables 
x and y is continuous at a point (a, b) (i.e., 
for x=a and y= )) if it is defined in the 
neighborhood of (a, 6) and if f(x, y) ap- 
proaches f(a, 6) when x and y approach a 
and b, respectively, in any way whatever; 
or, equivalently, if for an «> 0 there exists a 
5>0 such that if |x—a|<6 and |y—)| <6, 
then f(x, y) is defined and 


lf (x, y)—-fa, b)| <€, 


A function of two variables is continuous in 
a region if it is continuous at every point 
of the region. A function f(x), x2,°- +, X,) 
of the 2 variables x,, x2, - + -, x, 1S continuous 
at the point (a), - - -, a,,) if it is defined in the 
neighborhood of the point and the limit 
of the function as the variables approach 
their values at the point (in any way 
whatever) is equal to f(a,,---,a,), Or 
equivalently, if for any «>0O there exists 
a 5>0 such that, if the distance between 
the points (a;,°-°,@,) and (x1,°°-°, X,) 


n 
(7.é., Js |x;-—a;|2) is less than 6, then 
i=1 
S(x1,°°°*, X,) is defined and 
fle, +6 +5 Xn) —F (a1, + +5 An) | <e. 
The function is said to be continuous in a 


region if it is continuous for all points in 
that region. See DISCONTINUITY. 


Continuous 


continuous game. See GAME. 

continuous on the left or right. A _ real- 
valued function f(x) is continuous on the 
right at a point x, if for any «>0 there isa 
5>0 such that |f(x)—f(xo)| <e if x9<x< 
X +6, and to be continuous on the left if for 
any «>0O there is a 6>0 such that | f(x) 
—f(x9)|<e if x9 —8<x<xo. A function 
is continuous on the right (or left) on an 
interval (a, D) if it is continuous on the right 
(or left) at each point of (a, b). See LimiT— 
limit on the right. 

continuous in the neighborhood of a point. 
A function is continuous in the neighborhood 
of a point if there exists a neighborhood of 
the point such that the function is con- 
tinuous at each point of the neighborhood. 
Thus f(x1, X2,---, X,) iS continuous in the 
neighborhood of (a, -- -, a,) if there exists 
a positive number e« such that f is con- 
tinuous at (x,,-°--,x,) if |x;—a;|<e for 
each i, or if 


n 1/ 
| > xia; 7] ee 


I=] 


continuous surface in a given region. The 
graph of a continuous function of two 
variables; the locus of the points whose 
rectangular coordinates satisfy an equation 
of the form z=/(x, y), where f(x, y) is a 
continuous function of x and y in the 
region of the x, y plane which is the pro- 
jection of the surface on that plane. E.g., 
a sphere about the origin is a continuous 


tinuous function on, and within, the circle 
x2+y2=r?. To determine the entire 
sphere, both signs of the radical must be 
considered. Thought of in this way, the 
sphere is a multiple (two) valued surface. 

continuous transformation. See above, 
continuous correspondence. 

piecewise continuous function. 
PIECEWISE. 

semicontinuous function. If for any arbi- 
trary positive number e¢ a _ real-valued 
function f(x) satisfies the relation f(x)< 
f (xo) +e for all x in some neighborhood of 
Xo, the function is said to be upper semi- 
continuous at x9; if f(x) >/(x9)—e for all 
x in some neighborhood of xo, then f(x) is 
lower semicontinuous at xo. Equivalent 
conditions are, respectively, that the /imit 
superior of f(x) aS x—>x9 be Sf(xo) and 


see 
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that the limit inferior be =f(x,). A func- 
tion is upper semicontinuous (or lower 
semicontinuous) on an interval or region 
R if, and only if, it is so at each point of R. 
The function defined by f(x)=sin x if x 
#0 and f(0)=1 is upper semicontinuous, 
but not lower semicontinuous, at x=0. 


CON-TIN’U-UM, n. (pl. continua). A 
compact connected set. It is usually required 
that the set contain at least two points, 
which implies that it contains an infinite 
number of points. The set of all real 
numbers (rational and irrational) is called 
the continuum of real numbers. Any 
closed interval of real numbers is a con- 
tinuum. A continuum is topologically 
equivalent to a closed interval of real num- 
bers if and only if it does not contain more 
than two noncut points (see CUT). 

real continuum of numbers. The totality 
of rational and irrational real numbers. 


CON’TOUR, adj. contour integral. Fora 
complex-valued function f(z) and a curve C 
joining points p and q in the complex plane 
(or on a Riemann surface), let zyj=p, 
Z1,°°°*, Z,=q be n+1 arbitrary points on 
C which divide C into m consecutive seg- 
ments, Zz; be a point on the closed segment 
of C which joins z;,; to z;, and 6 be the 
largest of the numbers |z;—z;-;|. Then the 
contour integral 


{ Fy de 


is the limit of > f(z)(z;—z;-1) as 6 ap- 


i=] 
proaches zero, if this limit exists. If f(z) is 


continuous on C and C is rectifiable, this 
contour integral exists; if it is also true that 
F is a function such that dF(z)/dz=f(z) at 


each point of C, then " f(z) dz=F(q)- 
Pp 


F(p). With suitable restrictions on the 
nature of C, this contour integral can be 
evaluated as either of the line integrals 


| foe ial 


Or 


ic re dy+i {lv Peccunayy: 


Contour 


Convergence 


where z= z(f) is an equation for C and 


f(z)= u(x, y)+ iv(x, y) 

with z=x+iy and u(x, y) and v(x, y) real. 
See CAUCHY—Cauchy’s integral formula, 
Cauchy’s integral theorem. 

contour lines. (1) Projections on a plane 
of all the sections of a surface by planes 
parallel to this given plane and equidistant 
apart; (2) lines on a map which pass through 
points of equal elevation. Useful in show- 
ing the rapidity of ascent of the surface, 
since the contour lines are thicker where the 
surface rises faster. Syn. Level lines. 


CON-TRAC’TION, 7. contraction of a 
tensor. The operation of putting one con- 
travariant index equal to a covariant index 
and then summing with respect to that 
index. The resultant tensor is called the 
contracted tensor. 


CON’TRA-POS’I-TIVE, 7. contrapositive 
of an implication. The implication which 
results from replacing the antecedent by 
the negation of the consequent and the con- 
sequent by the negation of the antecedent. 
E.g., the contrapositive of “If x is divisible 
by 4, then x is divisible by 2” is “If x is not 
divisible by 2, then x is not divisible by 4.” 
An implication and its contrapositive are 
equivalent—they are either both true or both 
false. The contrapositive of an implication 
is the converse of the inverse (or the inverse 
of the converse) of the implication. 


CON’TRA-VA’‘RI-ANT, adj. contravari- 
ant derivative of a tensor. The contra- 
variant derivative of a tensor thts pp is the 


tensor 
Bdge = BEBE BD, gs 

where the summation convention applies, g "! 
is 1/g times the cofactor of g;; in the deter- 
minant g={g;;}, and ph $0 is the co- 
variant derivative. See COVARIANT—Covari- 
ant derivative of a tensor, and CHRISTOFFEL 
—Christoffel symbols. 

contravariant indices. See TENSOR. 

contravariant tensor. See TENSOR. 

contravariant vector field. See VECTOR. 


CON-TROL, adj., n. control chart. (Statis- 
tics.) A graph of the results of sampling 
the product of a process; usually consists of 


a horizontal line indicating expected mean 
value of some characteristic of quality and 
two lines on either side indicating the 
allowable extent of sampling and/or ran- 
dom production deviations. Usually used 
for control of quality of production. 

control component. In a computing 
machine, any component that is used in 
manual operation, for starting, testing, etc. 

control group. (Statistics.) In estimating 
the effect of a given factor it may be neces- 
sary to compare the result with another 
situation in which the tested factor is 
absent (or held constant). The control 
group is that sample in which the factor is 
absent. 

quality control. A statistical method of 
directing and testing the output of a pro- 
duction process in order to detect major, 
nonchance causes of variation in quality of 
output. 

statistical control. A state of statistical 
control exists if a process of obtaining items 
under essentially the same conditions is 
such that the variations in the values of the 
items are random, cannot be attributed to 
any assignable causes, and the mean values 
of the subgroups show no trend. Values 
that conform to what would be expected 
under a random sampling scheme from a 
hypothetical normal population also is 
frequently regarded as characterizing a 
state of statistical control. 


CON-VERGE’, v. To draw near to. (1) 
A series is said to converge when the sum 
of the first m of its terms approaches a 
limit as m increases without bound (see 
LIMIT). (2) A curve is said to converge to 
its asymptote, or to a point, when the dis- 
tance from the curve to the asymptote, or 
point, approaches zero; e.g., the polar 
spiral, r= 1/0, converges to the origin; the 
curve xy=1 converges to the x-axis as x 
increases and to the y-axis as y increases. 
(3) A variable is sometimes said to con- 
verge to its limit. See various headings 
under CONVERGENCE. 


CON-VER’GENCE, n. See CONVERGE. 
absolute convergence of an infinite pro- 
duct. See pRODUCT—infinite product. 
absolute convergence of an infinite series. 
The property that the sum of the absolute 
values of the terms of the series form a 


Convergence 


Convergence 


convergent series. Such a series is said to 
converge absolutely and to be absolutely 
convergent ; 1—-4$+42-434.---4 
(—1)r-1fn-14 --- is absolutely conver- 
gent. See sumM—sum of an infinite series; 
and below, conditional convergence. 

circle of convergence. For a power series, 


Cot c(z—a)+c,(z—a)*+ 
ete: oe +¢,(z—a)"+ aye a 


there is an R such that the series converges 
(absolutely) if |z—a|<R and diverges if 
|z—a|>R. The circle of radius R with 
center at a in the complex plane is the 
circle of convergence (its equation is 
|z—a|= R); R is the radius of convergence 
(R may be zero or infinite). The series con- 
verges uniformly in any circle with center 
at a and radius less than R. The series may 
either converge or diverge on the circum- 


co 
ference of the circle. E.g., > (3z)"/n 
n=] 

converges absolutely within the circle 
whose radius is } and whose center is the 
origin, and diverges outside this circle. It 
converges for z=—4, but diverges for 
z=+4. See below, interval of conver- 
gence. 

conditional convergence. An_ infinite 
series is conditionally convergent if it is con- 
vergent and there is another series which 
is divergent and which is such that each term 
of each series is also a term of the other series 
(the second series is said to be derived 
from the first by a rearrangement of 
terms); i.e., an infinite series is conditionally 
convergent if its convergence depends on 
the order in which the terms are written. 
A convergent series is conditionally conver- 
gent if and only if it is not absolutely con- 
vergent. E.g., the series 1—4+4—-—4+--- 
is conditionally convergent because it con- 
verges and the series 1+4+4+4+.--: di- 
verges. 

convergence of an infinite product. See 
PRODUCT— infinite product. 

convergence of an infinite sequence. See 
SEQUENCE—limit of a sequence. 

convergence of an infinite series. See 
suM—sum of an infinite series. 

convergence of an integral. The prop- 
erty that an integral possesses when it 
approaches a limit as the variable (or 
variables) which enters into its limits runs 


through some sequence of values; e.g., 
the integral 


[de dx = 144 


approaches 4 as y increases without bound. 

convergence in the mean. <A sequence 
of functions f,(x) is said to converge in the 
mean of order p to F(x) on the interval or 
region 22 if 


lim i F(x) —f,(x)|? dx=0. 
n> JO 


When the term convergence in the mean is 
used without qualification, it is some- 
times understood to mean “convergence in 
the mean of order two” and sometimes 
“convergence in the mean of order one.” 
convergence in measure. A sequence { f,,} 
of measurable functions is said to converge 
in measure to Fon the set S if, for any pair 
(e, 7) of positive numbers, there is a number 
N such that the measure of E, is less than 
7 when n> WN, where E,, is the set of all x 
for which 
| F(x) —f,020)| < €. 
If S is of finite measure, then a sequence 
{ f,} of measurable functions converges in 
measure to F if 
lim f,,(x) = F(x) 
hi—> © 
for all x except a set of measure zero. 
convergence probability. See PROBABIL- 
ITY. 
interval of convergence. A power series, 


Cot ¢y(x— a) + ¢(x— a)? + 
eet +¢,(x—a)"+ orth 


either converges for all values of x, or there 
is anumber R such that the series converges 
if |x—a|<R and diverges if |x—al>R. 
The interval (a—R,a+R) is the interval 
of convergence (R may be zero). The series 
converges absolutely if |x—a|< R and con- 
verges uniformly in any interval (A, B) with 
a—R<A<B<a+R. See ABEL—Abel’s 
theorem on power series; and above, circle 
of convergence. 

tests for convergence of an infinite series. 
See ABEL, ALTERNATING. COMPARISON, DI- 
RICHLET, RATIO, and NECESSARY—necessary 
condition for convergence. 

uniform convergence of a series. An 
infinite series whose terms are functions 
of a variable is uniformly convergent if the 


Convergence 
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a 


numerical value of the remainder after 
the first m terms is as small as desired 
throughout the given interval for n greater 
than a sufficiently large chosen number. 
Tech. If the sum of the first n terms of a 
series is 5,(x) the series converges uniformly 
to f(x) in (a, b) if for arbitrary positive « 
there exists an N (dependent upon e«) such 
that 


|f(X) — Sn(x)| <€ 


for all m greater than N and all x in the 
interval (a,b). Equivalently, s,(x) con- 
verges uniformly on (a, 5) if, for arbitrary 
positive «, there exists an N (dependent 
upon e¢) such that |s,+,(x)—s,(x)|<e for 
all n> N, for all positive p, and for all x in 
the interval (a, b). E.g., the series 


bp x22) ee 2) es 


converges uniformly for x in any closed 
interval contained in the interval (— 2, 2); 
but does not converge uniformly for 
—2<x<2, since the absolute value of the 
difference of 


f(x) =1/(1—x/2) and 
Sx) = [1 —(x/2)")/C — x/2) 


is |(x/2)"/(1 —x/2)|, which (for any fixed 7) 
becomes infinite as x approaches 2. See 
ABEL, DIRICHLET, and WEIERSTRASS for 
tests of uniform convergence. 

uniform convergence of a set of func- 
tions. See UNIFORM. 


CON-VER’GENT, adj., n. Possessing the 
property of convergence. See various 
headings under CONVERGENCE. 

convergent of a continued fraction. The 
fraction terminated at one of the quotients. 
see FRACTION—continued fraction. 

permanently convergent series. Series 
which are convergent for all values of the 
variable, or variables, involved in its terms; 
e.g., the exponential series, 1+ x+x?/2! 
+x3/3!+ ---, is equal to e* for all values 
of x; hence the series is permanently 
convergent. 


CON’VERSE, 7. converse of a theorem 
(or implication). The theorem (or implica- 
tion) resulting from interchanging the hypo- 
thesis and conclusion. If only a part of 
the conclusion makes up the new hypo- 
thesis, or only a part of the old hypothesis 
makes up the new conclusion, the new 


statement is sometimes spoken of as a con- 
verse of the old. E.g., the converse of “If 
x is divisible by 4, then x is divisible by 2” 
is the false statement “‘If x is divisible by 2, 
then x is divisible by 4.” If an implication 
is true, its converse may be either true or 
false. If an implication p—>q and its con- 
verse q—>p are both true, then the eguiva- 
lence pq is true. See INVERSE—inverse of 
an implication. 


CON-VER’SION, adj., 1. continuous con- 
version of compound interest. Finding the 
limit of the amount, at the given rate of 
interest, as the length of the period ap- 
proaches zero. J.e., 
lim (1+ j/m)™ 
m—> @® 
where / is the fixed nominal rate and m the 
number of interest periods per year. This 
limit is e/. See e. 
conversion from centigrade to Fahrenheit 
(or Fahrenheit to centigrade). Expressing 
a given temperature as recorded by one 
scale in terms of the other scale. The 
formulas for doing this are: 
Tp=$T,+32 
and 
conversion interval, or period. See In- 
TEREST. 
conversion tables. Tables such as those 
giving the insurance premiums (annual or 
single), at various rates of interest, which 
are equivalent to a given annuity. 
frequency of conversion of compound 
interest. The number of times a year that 
interest is compounded. 


CON’ VEX, adj. convex curve ina plane. 
A curve such that any straight line cutting 
the curve cuts it in just two points. 

conjugate convex functions. If f(x), with 
f(0)=0, is strictly increasing for x20, and 
2(y) is its inverse, then the convex functions 


x y 
Fie: I, fGy at dad GG)= j ea? aie 


said to be conjugate. More generally, for 
a convex function F(x, X5,--°-, x,)=F(x) 
defined in a domain D, the conjugate con- 
vex function is defined by 


G(V1; Y2.° + +> Yn) = 1u.b. [> xi¥i— FOX)] 


i=] 


for xin D. See YOUNG'S INEQUALITY. 


Convex 


convex function. A real function y= 
f(x), defined in the interval J, a<x<b, 
is said to be convex in J provided that, for 
each x1,.X%2, x, with a<x,;<x<x5,<b, we 
have f(x)S/(x), where /(x) is the linear 
function coinciding with f(x) at x; and xp. 
l.e., f(x) iS convex provided in each sub- 
interval of / the graph of the function 
y=f (x) lies nowhere above its secant line. 
A necessary and sufficient condition that 
f(x) be convex in J is that for x1, x», A, 
with a<x,<x.<b, O<A<1, we have 
flAx,+ U1 —A)x2] SAf (x) + -A)f(m). A 
convex function is necessarily continuous; 
but see below, convex in the sense of 
Jensen. If f(x) has a continuous second 
derivative, it is convex if, and only if, 
f(x) 20 at each point of J. 

convex hull of a set. The smallest convex 
set which contains all the points of the set; 
the intersection of all the convex sets which 
contain the given set. The closed convex 
hull of a set is the smallest closed convex 
set which contains the given set, and is also 
the closure of the convex hull. 

convex in the sense of Jensen. A _ real 
function f(x) defined in the interval /, 
a<x<hb, is said to be convex in the sense 
of Jensen in J provided that, for each x, 
X> with a<x,<x.<b, we have 


f(“ 5") 55 Let lool 
A function convex in the sense of Jensen is 
not necessarily continuous, but, if such a 
function is bounded in any subinterval of J, 
it is necessarily continuous in J. See 
above, convex function. 

convex linear combination. See LINEAR— 
linear combination. 

convex polygon and_ polyhedron. 
POLYGON, and POLYHEDRON. 

convex sequence. A sequence of num- 
bers @j,@2,a3,°** iS convex if aji,S 
$(a;+Q;+2) for all i (or for 1Sisn—2 if 
the sequence is the finite sequence a, do, 

-+,a,). If the inequality is reversed, the 
sequence is said to be concave. 

convex set. A set that contains the line 
segment joining any two of its points; ina 
vector space, a set such that rx+(1—r)y 
is in the set for O<r<1 if x and y are in 
the set. A set is locally convex if for any 
point x of the set and any neighborhood U 
of x there is a neighborhood V of x which 


See 
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is convex and contained in U. A convex 
set is called a convex body if it has an 
interior point (it is sometimes also required 
that a convex body be closed or compact). 

convex surface. A surface such that any 
plane section of it is a convex curve. 

convex toward a point (or a given line). 
Said of a curve which bulges toward the 
point (or line). Zech. An arc of a curve is 
convex toward a point (or line) when every 
segment of it, cut off by a chord, lies on 
the same side of the chord as does the 
point (or line). If there exists a horizontal 
line such that a curve lies above (below) 
it and is convex toward it, the curve is 
said to be convex down (convex up). A 
sufficient condition that a curve, whose 
equation is y=f(x), be convex upward (or 
downward) in a given interval is that the 
second derivative of the function, d2y/dx?, 
be negative (or positive) at all but a finite 
number of points of the interval. A sur- 
face 1s said to be convex toward (or away 
from) a plane when every plane per- 
pendicular to this plane cuts it in a curve 
which is convex toward (or away from) the 
line of intersection of the two planes. 

generalized convex function. Let {F} bea 
family of functions which are continuous 
on an interval (a, b) and such that, for any 
two points (x,, y,) and (x2, y>) with x, and 
Xz two different numbers of the interval 
(a, b), there is a unique member F of {F! 
satisfying 


F(x))=y13 


A function fis a generalized convex function 
relative to {F}, or a sub-F function in (a, 5), 
provided that for any numbers x,, €, x, 
with a<x,<&<x2.<b we have f(£)< F(), 
where F is the member of {F} for which 
F(x))=f(x,) and F(x2)=f(x9). 

logarithmically convex function. A func- 
tion whose logarithm is convex. The 
gamma function is the only logarithmically 
convex function which is defined and posi- 
tive for x>0, satisfies the functional equa- 
tion T(x+)=xl (x), and for which 
Pd)=1. 

Strictly convex space. A normed linear 
space which has the property that if 
Ix + y|| = |xi| + ||yl] and y#40, then there is a 
number 7 such that x=ry. A finite-dimen- 
sional space is s/rictly convex if and only if 
it is uniformly convex, but an_ infinite- 


F(x2)= 2. 
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dimensional space can be strictly convex 
without being uniformly convex. 

uniformly convex space. A normed 
linear space is uniformly convex if for any 
«>0 there is a 6>0 such that |lx—yl|<e if 
lixll<1+06, ||y|<1+6, and |Ix+yl|l>2. A 
finite-dimensional space is uniformly con- 
vex if and only if elements x and y are 
proportional whenever ||x+ y|/=|/x||+ Il yl. 
Hilbert space is uniformly convex. Any 
uniformly convex Banach space is reflexive, 
but there are reflexive Banach spaces which 
are not isomorphic with any uniformly 
convex space. 


CON-VO-LU’TION, 7. convolution of two 
functions. The function 


nxd= | fge—d at= | g(Ofe-H at 
0 0 

The 

function H(x)= | * /(OHg(x— t) dt is some- 


times also called a convolution of f(x) and 
g(x), but is also called a bilateral convolu- 
tion. Syn. Faltung (German), resultant. 
convolution of two power series. The 
convolution of two series of the form 


1,6) 
> b,z" 
n=— 0 


is the convolution of f(x) and g(x). 


[e.@) 
> a,z" and 


n=— a 
is the series 


00 10.@) 


> Cn,z", where c,= > apbn-p- 


n= — 0 p=— © 


This is the formal term-by-term product 
of the series. 


CO-OP’ER-A-TIVE, 
game. See GAME. 


adj. cooperative 


CO-OR’DI-NATE, n. One of a set of 
numbers which locate a point in space. If 
the point is known to be on a given line, 
only one coordinate is needed; if in a plane, 
two are required; if in space, three. See 
CARTESIAN and POLAR. 

barycentric coordinates. 
TRIC. 

Cartesian coordinates. See CARTESIAN. 

complex coordinates. (1) Coordinates 
which are complex numbers. (2) Co- 
ordinates used in representing complex 
numbers in the plane (see COMPLEXx— 
complex numbers). 


See BARYCEN- 
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coordinate paper. Paper ruled with 
graduated rulings to aid in plotting points 
and drawing the loci of equations. See 
CROSS—cross-section paper, and LOGARITH- 
mMiIC—logarithmic coordinate paper. 

coordinate planes. See CARTESIAN— 
cartesian coordinates. 

coordinate system. Any set of numbers 
which locate a point, line, or any geometric 
element, in space. See COORDINATE, CAR- 
TESIAN, and POLAR. 

coordinate trihedral. See TRIHEDRAL. 

curvilinear coordinates. See CURVILIN- 
EAR. 

cylindrical coordinates. See CYLINDRICAL 
—cylindrical coordinates. 

ellipsoidal coordinates. Through each 
point in space there passes just one of each 
of the families of confocal quadrics whose 
equations are the following, if a2> b2>c?: 


Polk bok 22k 
k<c4, 

Hea pd ja 
c2<]<h2 

a2 y2 9 ; 

a2@—m m—b2 m—-c ”’ 
b2<m<az?, 


The values of k, /, m, which determine these 
three quadrics, are called the ellipsoidal 
coordinates of the given point. However, 
three such quadrics intersect in eight 
points, so further restrictions are necessary 
to determine a point from a given set of 
quadrics, such perhaps as the quadrant in 
which the point shall Jie. See CONFOCAL— 
confocal quadrics. 

geodesic coordinates. See GEODESIC. 

geographical coordinates. See SPHERICAL 
——spherical coordinates. 

homogeneous coordinates. In a plane, 
the homogeneous coordinates of a point, 
whose Cartesian coordinates are x and y, 
are any three numbers (x,, x2, x3) for which 
x,/x3=x and x/x,=y. See LINE—line 
at infinity. The coordinates are called 
homogeneous since any equation in Carte- 
sian coordinates becomes homogeneous 
when the transformation to homogeneous 
coordinates is made; e.g., x3+xy?2+9=0 
becomes x,3+.2%1,X27+9x;3=0. Homo- 
geneous coordinates are defined analogously 
for spaces of three or more dimensions. 


Coordinate 


inertial coordinate system. In mechanics, 
any system of coordinate axes moving 
with constant velocity with respect to a 
system of axes fixed in space relative to the 
positions of ‘“‘fixed’’ stars. The latter 
system is called the primary inertial system. 

left-handed coordinate system. A _ co- 
ordinate system in which the positive 
directions of the axes form a left-handed 
trihedral. See TRIHEDRAL—directed tri- 
hedral. 

logarithmic coordinates. Coordinates 
using the logarithmic scale; used in plot- 
ting points on logarithmic paper. See 
LOGARITHMIC—logarithmic coordinate 
paper. 

normal coordinates. Coordinates y’ such 
that the parametric equations of any 
geodesic going through the origin y'=0 
have the linear form yi=€&'s in terms of 
the arc-length parameters. Normal co- 
ordinates are special kinds of geodesic 
coordinates. Also see ORTHOGONAL— 
orthogonal transformation. 

oblique coordinates. See CARTESIAN— 
Cartesian coordinates. 

polar coordinate paper. Paper ruled 
with concentric circles about the point 
which is to serve as the pole and with 
radial lines through this point at gradu- 
ated angular distances from the initial line. 
Used to graph functions in polar coordi- 


nates. See POLAR—polar coordinates in 
the plane. 
polar coordinates. See POLAR, and 
SPHERICAL—spherical coordinates. 
rectangular Cartesian coordinates. See 


CARTESIAN, and above, coordinate planes. 

right-handed coordinate system. A co- 
ordinate system in which the positive direc- 
tions of the axes form a right-handed 
trihedral. See TRIHEDRAL—directed tri- 
hedral. 

spherical coordinates. 
spherical coordinates. 

symmetric coordinates. Coordinates u, v 
of a surface S: x=x(u,v), y=y(u, v), 
z=2z(u, v), such that the element of length 
is given by ds2= F du dv; that is, such that 
E=G=O. See LINEAR—linear element of a 
surface. We have symmetric coordinates 
if, and only if, the parametric curves are 
minimal. See PARAMETRIC—parametric 
curves of a surface, and MINIMAL—minimal 
curve. 


See SPHERICAL— 


87 


Coriolis 


tangential coordinates of a surface. Let 
X, Y, Z denote the direction cosines of the 
normal to a surface S: x=x(u,v) y= 
y(u, v), Z=Z(u, v), and let W denote the 
algebraic distance from the origin to the 
plane tangent to S at the point P: (x, y, z) 
of S,;W=xX+yY+2zZ. The surface S$ 
is uniquely determined by the functions 
X, Y, Z, W, which are called the tangential 
coordinates of S. 

transformation of coordinates. See 
TRANSLATION, and TRANSFORMATION— 
transformation of coordinates. 


CO-PLA’NAR, adj. Lying in the same 
plane. £.g., coplanar lines are lines which 
lie in the same plane; coplanar points are 
points which lie in the same plane. Three 
points are necessarily coplanar; four points 
described by their rectangular Cartesian 
coordinates are coplanar if and only if the 
following determinant is zero (otherwise, 
the absolute value of the determinant is the 
volume of a parallelepiped with the four 
points as four of the eight vertices and 
three of the points adjacent to the fourth). 


X, Yr 2 1 
X2 2 22 | 
x3 3 23 1 
X4 y4 24 1 


CO-PUNC’TAL, adj.  copunctal planes. 
Three or more planes having a point in 
common. 


CORD, n. A stack of wood (with the 
sticks parallel, each to each) 8 feet long, 
4 feet high, and 4 feet wide. See DENOMI- 
NATE NUMBERS in the appendix. 


CORIOLIS. Coriolis acceleration. See 
ACCELERATION—acceleration of Coriolis, 
and below, Coriolis force. 

Coriolis force. (Astronomy.) A force on 
terrestrial particles arising from the rota- 
tion of the earth about its axis. Its mag- 
nitude is 2mwv, where w is the angular 
velocity of rotation of the earth and v is 
the speed of the particle of mass m relative 
to the earth. Because of the small angular 
velocity of the earth (27 radians per day, or 
7.27 x 10-5 radians per second) the effects 
of the Coriolis force are negligible in most 
technical applications, but are important 


Coriolis 


in meteorological and geographical con- 
siderations since they account for the trade 
winds. 


COR’OL-LA-RY, n. A theorem that fol- 
lows so obviously from the proof of some 
other theorem that no, or almost no, proof 
is necessary; a by-product of another 
theorem. 


COR-RECT’, adj. Without error in prin- 
ciple or computation. One speaks of a 
correct proof, correct solution, correct an- 
swer or correct computation. See ACCU- 
“RATE. 


COR-REC'TION, 7. correction in inter- 
polation. See INTERPOLATION. 

Sheppard’s correction, Yates’ correction. 
(Statistics.) See the respective names. 


COR’RE-LA’TION, n. (1) In pure mathe- 
matics: A linear transformation which, in 
the plane, carries points into lines and lines 
into points and, in space, carries points 
into planes and planes into points. (2) 
(Sratistics.) The interdependence between 
two sets of numbers: a relation between 
two quantities, such that when one changes 
the other does (simultaneous increasing or 
decreasing is called positive correlation and 
one increasing, the other decreasing, nega- 
tive correlation); a relation similar to that 
denoted by the functional concept, but 
usually not as explicitly defined. Tech. 
Let f(x, y) be a joint frequency function 
of the two variables. The study of correla- 
tion is a study of the properties of that 
joint frequency function. Let f(x | y) bea 
joint conditional frequency function. If 
f(x | y) is invariant for all possible values 
of y, then x and yare stochastically independ- 
ent and f(y | x) is invariant for all x. 
If f(x | y) varies with y, x is correlated with 
y. If f(x | y) varies with y, f(y | x) varies 
with x. Hence correlation under this 
general definition is mutual. Variables 
that are independent (or correlated) in this 
general sense are also independent (or 
correlated) in all more special or restricted 
definitions, but not conversely. K. Pear- 
son defined x as being correlated with y 
if the conditional mathematical expecta- 
tion of x takes different values as y changes; 
x is uncorrelated with y if the conditional 
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mean expectation of x is constant. Cor- 
relation, in Pearson’s sense, of x with y 
does not imply the correlation of y with x. 
Noncorrelation in Pearson’s sense does not 
imply noncorrelation under the preceding 
more general definition. Under both of the 
above definitions of correlation, x is cor- 
related with y if the expected conditional 
variance of x for given possible values of y 
is less than the unconditional variance of x. 

canonical correlation. See CANONICAL. 

correlation coefficient. See COEFFICIENT 
—correlation coefficient. 

correlation ellipse. The contour for 
which f(x,, x2) is a constant, where f(x, x2) 
is a normal bivariate frequency function, 
forms an ellipse, called the correlation 
ellipse. 

correlation ratio. 1—o,.,?/o,? is the 
correlation ratio and is equal to the square 
of the correlation coefficient if the regression 
of x on y is linear. Otherwise the correla- 
tion ratio is greater than r?. Here o,, de- 
notes standard deviation, r the correlation 
coefficient, and o,., the standard deviation 
of x categorized by intervals of the y vari- 
able. 

curvilinear correlation. If the regression 
function (the function relating the ex- 
pected value of x to the given value of y) 
is not a linear function of y, the variables 
are curvilinearly correlated. 

interclass correlation. The correlation 
between two or more variables, each vari- 
able considered as a separate class. E.gz., 
the correlation between height and weight, 
in which heights are regarded as one class 
and weights as the other; also the correla- 
tion between ages of elder and younger 
brothers, in which the older brothers are 
in one class (and their ages one variable), 
and the younger in the other (and their 
ages the other variable). 

intraclass correlation. If there are sev- 
eral classes of items, with more than one 
item in each class (each item being meas- 
ured in terms of the same variable), the 
intraclass correlation r. (not squared) is 
equal to o,2/(o,,2+0,.2), where oa,” is the 
variance within the classes and a,? is the 
variance between means of the classes (ex- 
pressed in terms of individual observation 
variance). It is especially useful when there 
is no basis for distinguishing between the 
items within the classes. The range of 
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r. is 1/(k-—1) to 1, if each class has k 
members. This is a special case of the 
analysis of variance. 

linear correlation. 
correlation. 

multiple correlation. The concept of 
correlation as applied to bivariate correla- 
tion may be generalized to & variables and 
as such is called multiple correlation. In 
the set of n variables x;,+--, x,, of which 
at least A, are stochastic variables, let 


Del = Diy_Xpok 


, 
=Xi—-X, 


See below, normal 


X1— by2X2— b43x3- 


where x’ is the linear regression function of 
X2,°°°,X, Which minimizes E(x,—x’)*. 
The 5,; are partial regression coefficients. 
If the x; are measured in standard devia- 
tion units, the regression coefficients are 
beta coefficients or beta weights, which 


are in general equal to 6;;=);; ot If the 
1 


conditional expectation of x, for x’, where 
f(x, x’) is a joint frequency function, ts a 
linear function of x’ over all x’, the variable 
x is linearly and multiply correlated with 
the set x»,---,x,. The extent of multiple 
correlation is measured by the relative 
reduction in the expected conditional vari- 
ance of x for given x’. Specifically, the 
multiple correlation coefficient is R,..-= 


V1—oy,.,7/o,2, or 
V [E(x— E(x)? EQ! — E(%’))?] 


Ry. = 


Also, 


Ry.9347 = 812.347 12+ P13-24"13 + Bi4.230 145 


which can be generalized for 7 variables. 

nonsense correlation. Correlation be- 
tween two variables may be due to the 
fact that each variable is correlated with a 
third variable. E.g., the population of 
South Africa and the number of kilowatts 
of electrical energy consumed in California 
may be correlated, since both are positively 
correlated with time (i.e., they both have 
a positive trend). This may be a nonsense- 
making situation in so far as any causal 
relationship is concerned. Sometimes the 
correlation observed in a random sample, 
if assignable to random sampling fluctua- 
tions, is called nonsense correlation. 

normal correlation. Two variables, cach 
of which is normally distributed, are nor- 
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mally correlated if the joint frequency func- 
tion 1s 
l 
x, y= —_—_—_. 
ORI ae 


r2 20 


1 x2 xy ye 
re Ee —r?) & ad C,0, +o)h 

where x and y are each normally distributed 
with mean of zero and variances o,? and 
E(xy) 

xoy 
product moment correlation coefficient. In 
normal correlation, r contains all the re- 
quired information about the degree of 
stochastic dependence between the two 
variables. The correlation is mutual and 
symmetrical, thus r,,=r,,. The coefficient 
of alienation is V1—r2. The conditional 
frequency functions are all normal with 
variance o,,*=a,°(1—r?), the square root 
of which is known as the standard error of 
estimate of x on y, for linear correlation. 
The conditional expectation of x for given 
values of y is a function of y and Is called 
the mean regression function of x on y. 
If the function is linear [E(x | y)=ax+ by], 
the correlation of x on y is called linear 
correlation; b is the regression coefficient 
of x on y. Where x and y are expressed in 
standard-deviation units, the regression 
coefficient of x on y is the beta weight of 
x on y, which is otherwise equal to bo,/c,.. 

partial correlation. Let the two stochas- 
tic variables x; and x» each be multiply 
correlated with the set of variables x3, - - -, 
x,. Then instead of the variables x; and 
X2, consider the residual variables y; and 
yz obtained by subtracting from x,, x. the 
respective linear functions of the set of 
variables x3,:-+,.x+, which maximize the 
multiple correlations with the two variables 
x, and x, individually. The residuals y, 
and y>, when correlated, form the partial 
correlation of x; and x, apart from x3,--- 
It is sometimes also called the net 
correlation. The partial-correlation coeffi- 
cient of x; and x) apart from .x3,°°-, Xx; 
is determinable from several alternative 
formulas. One useful formula for com- 
puting it from lower order correlation 
coefficients is 


o,*, and r= 


Also known as the 


Xf: 


PI2:34-++k 
ee See er oe, a | 
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The order of a correlation coefficient is 
equal to the number of terms in the 
secondary subscript of the correlation 
coefficient, and similarly for the regression 
coefficient. Thus rj, is a zero order coeffi- 
clent; r,2.3418 a second order partial correla- 
tion coefficient. 

product moment correlation coefficient. 
See above, normal correlation. 

rank correlation. If the joint values 
of two variables are ranked, each in terms 
of its own set of observations, then the 
Spearman rank correlation between the 
ranks of the variables is defined as 


n 
6> d? 


b 
nm—n 


r=1- 


where d is difference between the ranks of 
the paired items. Other less well-known 
correlation coefficients based on mere order 
rather than rank and order are available. 

spurious correlation. Correlation be- 
tween two variables which are related in 
that both variables have a common multi- 
plicative or additive variable. It is termed 
spurious correlation, although there is 
nothing spurious in the sense of false 
about the correlation. It may, however, be 
misleading. £.g., the correlation between 
x/y and z/y is due to the common element 
y, where x and z are uncorrelated. 

tetrachoric correlation. A _ correlation 
adapted to a bivariate sample in which, 
although both variables are continuous and 
normally distributed, they are each mea- 
sured in dichotomous form. The formula 
for estimating the correlation coefficient 
from the four categories resulting from the 
double dichotomizing is very complex. 
Tables are available for estimating the cor- 
relation coefficient from the double dicho- 
tomy table. Essentially, it consists of 
determining the value of the correlation 
coefficient of the bivariate normal distribu- 
tion which, if dichotomized in both vari- 
ables, would yield the same proportions as 
in the observed double dichotomy ‘“‘four- 
fold table.” 


COR’RE-SPOND’ENCE, 7. one-to-one 
correspondence. A correspondence (rela- 
tion) between two sets of things such that 
pairs can be removed, one member from 
each group, until both groups have been 


simultaneously exhausted; e.g., (a, b, c, d) 
and (1, 2, 3, 4) can be put into one-to-one 
correspondence in many ways. Tech. A 
One-to-one correspondence is said to have 
been set up between two classes of elements, 
Cand D, when a pairing has been set up be- 
tween them such that each element of D 
has been made to correspond to one and 
only one element of C, and each element of 
C has been made to correspond to one and 
only one element of D. 


COR’RE-SPOND’ING, adj. correspond- 
ing angles, lines, points, etc. Points, 
angles, lines, etc., in different figures, simi- 
larly related to the rest of the figures. 
E.g., in two right triangles the hypotenuses 
are corresponding sides. 

corresponding angles of two lines cut by 
a transversal. See ANGLE—angles made by 
a transversal. 

corresponding rates. Rates producing 
the same amount on the same principal in 
the same time with different conversion 
periods. The nominal rate of 6°%%, money 
being converted semiannually, and the 
effective rate of 6.099%, are corresponding 
rates. Syn. Equivalent rates. 


CO-SE’CANT, adj., n.  cosecant of an 
angle. See TRIGONOMETRIC—trigonometric 
functions. 

cosecant curve. The graph of y= 
cosec x; the same as the curve obtained by 
moving the secant curve 7/2 radians to 
the right, since cosec x= sec (x—77/2). 
See SECANT—Secant curve. 


CO-SET, nn. coset of a subgroup of a 
group. A set consisting of all products 
hx, or of all products xh, of elements h 
of the subgroup by a fixed element x of 
the group. If the multiplication by x is on 
the right, the set is a right coset. If the 
multiplication by x is on the left, the set is 
called a left coset. Two cosets are either 
identical or have no elements in common. 
Each element of the group belongs to one 
of the cosets. See GROUP. 


CO’'SINE, 7. cosine of an angle. See 
TRIGONOMETRIC—trigonometric functions. 

cosine curve. The graph of y=cos x 
(see figure). The curve has a y-intercept 


Cosine 


1, is concave toward the x-axis, and cuts 
this axis at odd multiples of 47 (radians). 


direction cosine (in space). See DIREC- 
TION—direction cosines. 

law of cosines. For a plane triangle, if 
a, b, c are the sides and C the angle oppo- 
site c, the law of cosines is 


c2= q2+ b2—2ab cos C. 


This formula is useful for solving a triangle 
when two sides and an angle, or three sides, 
are given. For a spherical triangle, the 
cosine laws are: 


cos a=cos bcos c+sin bsinc cos A, 
cos A= —cos Bcos C+sin Bsin C cos a, 


where a, b, c are the sides of the spherical 
triangle, and A, B, C are the corresponding 
opposite angles. 


COST, n. capitalized cost. First cost plus 
the present value of the perpetual replace- 
ments to be made at the end of regular 
periods. 

first cost. The amount paid for an art- 
icle, not including the expense of holding 
or handling. 

per cent profit on cost. See PER CENT. 

replacement cost. See REPLACEMENT. 


CO-TAN’GENT, x. cotangent of an angle. 
See TRIGONOMETRIC—trigonometric func- 
tions. 

cotangent curve. The graph of y= 
cot x; the same as the curve obtained by 
reciprocating the tangent curve. It is 


Count 


asymptotic to the lines x=0 and x=nz and 
cuts the x-axis at odd multiples of 7/2 
(radians). 


CO-TER'MI-NAL, adj. coterminal angles. 
Angles having the same terminal line and 
the same initial line; two angles generated 
by the revolution of two lines about the 
same point in the initial Jine in such a way 
that the final positions of the revolving lines 
are identical; e.g., 30°, 390°, and — 330° are 
coterminal angles. 


COTES. Newton-Cotes integration for- 
mulas. See NEWTON. 


COU-LOMB’, n. A _ unit of electrical 
charge, abbreviation coul or Cb. The 
absolute coulomb is defined as the amount of 
electrical charge which crosses a surface in 
one second if a steady current of one 
absolute ampere is flowing across the sur- 
face. The absolute coulomb has been the 
legal standard of quantity of electricity 
since 1950. The International coulomb, the 
legal standard before 1950, is the quantity 
of electricity which, when passed through 
a solution of silver nitrate in water, in 
accordance with certain definite specifica- 
tions, deposits 0.00111800 gm of silver. 


1 Int. coul=0.999835 abs. coul. 


Coulomb’s law for point-charges. <A 
point-charge of magnitude FE, located at a 
point P, exerts a force on a point-charge 
of magnitude e, located at a point P», 
which is given by the expression ke,er~2e4, 
where k is a positive constant depending 
on the units used, r is the distance 
between the charges, and o; is a unit 
vector having the direction of the dis- 
placement P; to P>. Thus the force is a 
repulsion or attraction according as the 
charges are of the same or opposite sign. 
If we replace the positive constant A with 
the negative constant —G and replace e, 
and e, with m, and mp, the magnitudes of 
two point-masses, the foregoing formula 
becomes Newton’s law of gravitation for 
particles. 


COUNT, v. To name a set of consecutive 
integers in order of their size, usually be- 
ginning with 1. 

count by twos (threes, fours, fives, etc.). 
To name, in order, a set of integers that 


Count 


have the difference 2 (3, 4, 5, etc.); e.g., 
when counting by two’s, one says ‘2, 4, 
6, 8,-:°’; when counting by three’s, 


oe eee a Wee 


COUNT-A-BIL'I-TY, 7. first and second 
axioms of countability. See BAsE—base for 
a topological space. 


COUNT’A-BLE, adj. countable set. (1) 
A set of objects whose members can be put 
into one-to-one correspondence with the 
positive integers; a set whose members can 
be arranged in an infinite sequence pj, p>, 
P3,°°° in such a way that every member 
occurs in only one position. Syn. Count- 
ably infinite. (2) A set of objects which 
either has a finite number of members or 
which can be put into one-to-one corres- 
pondence with the set of positive integers. 
The sets of all integers and of all rational 
numbers are countable, but the set of all 
real numbers is not. See DENUMERABLE, 
ENUMERABLE. 


COUN’ TER-CLOCK’WISE, adj. In the 
direction of rotation opposite to that in 
which the hands move around the dial of a 
clock. 


COUN’TER, adj., n. In a computing 
machine, an adder that receives only unit 
addends, or addends of amount one. 
Counters are usually built up by means of 
simple modulo 2 counters, a modulo 2 
counter being a simple arithmetic com- 
ponent that is in one of its two steady 
states according as the number of impulses 
it has received is even or odd. See ADDER. 

counter life. See INSURANCE—life in- 
surance. 


COU’PON, n. bond coupons. See BOND. 


COURSE, 7. course of a ship. See SAIL- 
ING—plane sailing. 


CO-VAR’I-ANCE, 7. analysis of covari- 
ance. Statistical analysis of variance of a 
variable (as in the analysis of variance) 
which is affected by linearly related vari- 
ables. As in the analysis of variance, the 
effects of linearly related variables may be 
considered. E.g., the effect of variation in 
carbon content on the tensile strength of 
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steel may be removed at the same time that 
other nonlinearly related factors, such as 
different manufacturers or blast furnaces, 
are also controlled. In this example, the 
intent is (1) to determine if there is any 
relationship between tensile strength and 
carbon content, (2) to determine if that 
relationship varies from manufacturer to 
manufacturer, and (3) to remove the effect 
of carbon content in determining the rela- 
tionship between tensile strength and manu- 
facturer. 


CO-VAR'I-ANT, adj. covariant deriva- 
tive of a tensor. The covariant derivative 


of a tensor #1. -aP is the tensor 


Pes i 
: tpl. pP ib “+b { \ 
a + e 

1 r—-1'"*rt+1 q b,j 


Oe aes so acute, if 
+ > tpg art 4p . y 
where the summation convention applies 
Elcg : 

and e n is the Christoffel symbol of the 
second kind. This tensor is contravariant 
of rank p and covariant of rank qg+1. 
Covariant differentiation is not commuta- 
tive. E.g., tj; ./Atx,;' im general, since 
tipo ta J HR yl’, where Rjxt' is the 
Riemann-Christoffel tensor. Wf t)(x!,x?,-°-, 
x") 18 a covariant tensor of rank one 
(i.e., a covariant vector field), then the co- 
variant derivative of f; is 


és =pt-{e , 
I,J oxi i j o> 


a covariant tensor of rank two. If f(x), 
+++, x") is a contravariant tensor of rank 
one (i.e., a contravariant vector field), then 
the covariant derivative of 7! is 


. oft | 
= +{ : 1°. 
oj 


| eee 

which is contravariant of rank one and 
covariant of rank one. In Cartesian co- 
ordinates, or for scalar fields, covariant 
differentiation is ordinary differentiation. 
see CONTRAVARIANT—Contravariant de- 
rivative of a tensor. 

covariant indices. See TENSOR. 

covariant tensor. See TENSOR. 

covariant vector field. See VECTOR. 


Covariant 


Stokian covariant derivative. If 
ree Ags oe, Xx") 
is an alternating covariant tensor field, 
then the covariant tensor field f 
of rank p+1 defined by 


Oi taaas 
oxB 


ayaz ese ap|B 


layay ese ap|B— 


_ s Ol pie ab Rai taeon 
Ox4r 

is an alternating tensor, called the Stokian 
covariant derivative of f,,...,,. The ter- 
minology is appropriate, since in the 
generalized Stokes’ theorem on multiple 
integrals we have 


| + [tay ce egy AxO1 ++ + drt 
Bp 


=] re flay ee sagye deat ++ dete dx 
Vo4 


r=] 


It is to be observed that Stokian covariant 
differentiation does not depend on the 
machinery put at one’s disposal by a 
metric tensor field g;,. 


COV’ER-ING, n. A covering of a set is a 
set of subsets such that each point of the 
set belongs to at least one of the subsets 
(sometimes it 1s required that a covering 
contain only a finite number of sets). A 
covering is closed (or open) according as 
each of the covering sets is closed (or each 
is open). An e-covering of a metric space 
M is a covering of M by a finite number of 
sets each of which is such that the distance 
between any two of its points is less than e. 
An e-covering is of order nif there is a point 
which is contained in n of the sets of the 
covering, but no point is contained in 
n+1 of these sets. Also see vVITALI—Vitali 
covering. 


CO'VERSED, adj. coversed sine. One 
minus the sine of an angle; geometrically 
the difference between the radius and the 
sine of an angle constructed in a unit 


circle. See TRIGONOMETRIC—trigonometric 
functions. 
CO’VER-SINE’. Same as COVERSED SINE. 


CRAMER’S RULE for the solution of any 
given number of linear algebraic equations 
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in the same number of unknowns. A 
simple rule for writing out, in determinant 
form, the value of each of the unknowns. 
The rule for n equations is: Each unknown 
is equal to the fraction in which the 
denominator is the determinant of the 
coefficients of the m unknowns and the 
numerator is the same determinant, except 
that the coefficients of the unknown which 
is being found are replaced by the constant 
terms if these appear as the right-hand 
members of the system of equations and by 
their negatives if they appear in the left 


members. E£.g., the values of x and y 
which satisfy 
x+2y=5 
2x+3y=0 are 
2 Aa 2a 
x= (5 3l+{2 yaa 
|e 2 ee ee 


This rule gives the solution of equations for 
which there is a unique solution, that is, for 
which the determinate of the coefficients is 
not zero. See DETERMINANT—determinant 
of the second order, and CONSISTENCY. 


CRED'IT, adj. credit business. A_ busi- 
ness in which goods are sold without im- 
mediate payment, but with a promise to 
pay later, generally at some specified time. 


CRED’I-TOR, vn. One who accepts a prom- 
ise to pay in the future in place of immedi- 
ate payment; a term most commonly 
applied to retail merchants who do a credit 
business. 


CRI-TE’RI-ON, n. [p/. cri-te’ri-a.] A law 
or principle by which a proposition can be 
tested. 


CRIT’I-CAL, adj. biased critical region. 
(Statistics.) A critical region of size « 1s 
biased if the probability of rejecting the 
null hypothesis is less than « when the null 
hypothesis is false. E.g., the use of two 
equal tails of the chi-square distribution 
is a biased critical region for the test of the 
hypothesis that a variance of a normal 
population is equal to some specified value. 

critical ratio. (Statistics.) A statistic 
used to determine the probability of a 


Critical 


sample, or one even less probable, under a 
given hypothesis about the population 
from which the sample is taken. Used in 
tests of hypotheses and tests of significance. 
F.g., the ratio of the difference between a 
sample mean and the hypothesized value 
to the standard deviation of the popula- 
tion is often called the critical ratio. 

critical region. See HYPOTHESIS—test of 
hypothesis. 

critical value or point. (1) A point at 
which a curve has a maximum, a minimum, 
or a point of inflection. (2) A point at 
which a curve has a maximum or a mini- 
mum. (3) A point at which dy/dx is either 
zero or infinite. See STATIONARY—station- 
ary point. 


CROSS, adj. cross product. See MULTI- 
PLICATION—multiplication of vectors. 

cross ratio. See RATIO—CroOss ratio. 

cross section of an area or solid. A 
plane section perpendicular to the axis 
of symmetry or to the longest axis, if there 
be more than one; rarely used except in 
cases where all cross sections are equal, as 
in the case of a circular cylinder or rec- 
tangular parallelepiped. 

cross-cap. A Mobius strip has a boun- 
dary which is a simple closed curve. It can 
be deformed into a circle, although in the 
process the strip must be allowed to inter- 
sect itself (the curve of intersection is re- 
garded as two different curves, each belong- 
ing to exactly one of the two parts of the 
surface which ‘“‘cross’? along the curve). 
The surface which results is a nonorientable 
surface called a cross-cap. It can be de- 
scribed as a hemisphere which has been 
pinched together along a short vertical line 
starting at the pole; the surface then ap- 
pears to intersect along this line and the 
line is to be regarded as two lines, each 
belonging to one of the two parts of the 
surface which cross along the line. See 
GENUs—genus of a surface. 

cross-section paper. Paper ruled with 
vertical and horizontal lines equally spaced; 
used in graphing equations in rectangular 
coordinates. Syn. Ruled paper, squared 


paper. 


CRU’CI-FORM, adj. 
The locus of the equation 


cruciform curve. 


x2y?2 — a2x?2— a2y2=0. 
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The curve is symmetric about the origin 
and the coordinate axes, has four branches, 
one in each quadrant, and is asymptotic 
to each of the four lines x= +a, y= +a. 
It is called the cruciform curve because of 
its resemblance to a cross. 


CRU’NODE, nn. A point on a curve 
through which there are two branches of 
the curve with distinct tangents. 


CUBE, n. A solid bounded by six planes, 
with its twelve edges all equal and its face 
angles all right angles. A cube in m-dimen- 
sional Euclidean space is a set consisting of 
all those points x=(0%, x%2,°°:,X,) for 
which a; = x; <b; for each i, where the num- 
bers {a;} and {b;} are such that 5;—a; has 
the same value k for each 7. The number k 
is the length of an edge of the cube and the 
volume (or measure) of the cube is equal to 
kn, Such a cube is the Cartesian product 
of n closed intervals, each of length k. 

cube of a number. The third power of 
the number. E.g., the cube of 2 is 2x 2x 2, 
written 23. 

cube of a quantity. The third power of 
the quantity; e.g., the cube of (x+y) is 
(x+y\(x+y)\(xt+y), written (x+y)? or 
x3+ 3x2y4+ 3xy2+4+ y3. 

cube root of a given quantity. A quan- 
tity whose cube is the given quantity. See 
ROOT—root of a number. 

duplication of the cube. 
TION. 


See DUPLICA- 


Cubic 


CU'BIC, adj., n. Cardan’s solution of the 
cubic. See CARDAN. 

bipartite cubic. See BIPARTITE. 

cubic curve. See CURVE—algebraic plane 
curve. 

cubic equation. A polynomial equation 
of the third degree, such as 


2x3+3x?2+x+5=0. 


reduced cubic. See REDUCED. 

resolvent cubic. See FERRARI'S solution 
of the general quartic. 

twisted cubic. A curve which cuts each 
plane in three points, real or imaginary, 
distinct or not. £.g., the equations x=at, 
y=bt?, z=ct?, abc#0, represent such a 
curve. 


CU'BI-CAL, adj. coefficient of volume 
(cubical) expansion. See COEFFICIENT. 
cubical expansion. Same as VOLUME EX- 
PANSION. 
cubical and semicubical parabola. 
PARABOLA—Cubical parabola. 


See 


CU'’MU-LANTS, n. A set of parameters 
A, of a distribution which measures its 
properties and frequently specifies it. In 
terms of moments u;, ky=u1, ky=u2—-Uyy?, 
ky=U3y—3unu,;+2u,3. Precisely, A; is the 
coefficient of (if)"/r! in log d(t), where (7) 
is the characteristic function derived from 
the frequency function of the distribution 
(if (7) can be expanded in a power series). 


CU'’MU-LA'TIVE, adj. cumulative fre- 
quency. The sum of al] preceding frequen- 
cies, a certain order having been estab- 
lished. E.g., if the number of students 
making the grades of 60°% to 70%, 70% to 
80°%, 80°% to 90%, and 90°%% to 100% are, 
respectively, 2, 4, 7, and 3 (which are 
called the frequencies), then cumulative 
frequencies are 2, 6, 13, and 16. The sum 
of the absolute (or relative) frequencies of 
values of x equal to or less than x; is the 
upward cumulative absolute (or relative) 
frequency of x. It may also be cumulated 
in a downward direction. See FREQUENCY 
—absolute frequency, and relative fre- 
quency. 

cumulative frequency curve. The curve 
whose ordinates are the cumulative fre- 
quencies and whose abscissas are the class 
intervals. Syn. Ogive curve. 
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Curvature 
CURL, 7. curl of a vector function, 
F(x, y, z). It is written Vx F and defined 
as 


where V is the operator, 


O20 a) 
l ay J ay k De 
E.g., \f F is the velocity at a point P(x, y, z) 
in a moving fluid, }VxF is the vector 
angular velocity of an infinitesimal portion 
of the fluid about P. See vEcCTOR—vector 
components. 


CUR’RENT, adj. current rate. Same as 
PREVAILING INTEREST RATE. See INTEREST. 

current yield rate. The ratio of the 
dividend (bond interest) to the purchase 
price. 


CUR'TATE, adj. 
ANNUITY. 

curtate expectation of life. 
TION—expectation of life. 


curtate annuity. See 


See EXPECTA- 


CUR’VA-TURE, rn. average curvature of 
a curve ina plane. The ratio of the change 
in inclination of the tangent, over a given 
arc, to the length of the arc. The limit of 
the average curvature as the length of the 
arc approaches zero is the curvature. 

center of curvature. See below, curvature 
of a plane curve. 

curvature of a plane curve. The rate of 
change of the inclination of the tangent 
with respect to change of arc length; i.e., 
the derivative of tan”! (dy/dx) with respect 
to the arc (see above, average curvature). 
In rectangular Cartesian coordinates the 
curvature, K, is given by 


K=(d?y/dx?)/{1 + (dy/dx)*}'2; 
in parametric coordinates it is 


(dx/dt\(d*y/ dt) — (dy/dt\d"x/adt") 
[(dx/dt)? + (dy/drt)?]}*:2 


where y=A(t), x=g(t); and in polar 


coordinates it 1s 
r2 + 2(dr/d0)2 — r(d?r/d6?) 
[r2 + (dr/d6)2)}° 2 
The numerical value of the curvature of 


a circle is constant and equal to the recip- 
rocal of its radius. The circle tangent to a 
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curve on the concave side and having the 
same curvature at the point of tangency is 
called the circle of curvature of the curve 
(at that point). Its radius is the numerical 
value of the radius of curvature, and its 
center is the center of curvature. The 
curvature at A is the limit of A@/As as As 
approaches zero (where As=AB and @ is 
measured in radians). The sign of K 


depends upon that of A@, which is positive 
or negative according as the curve is con- 
vex or concave down (according as d2y/dx2 
is positive or negative). Some writers de- 

fine the curvature to be |K]. 
curvature of a space curve at a point. 
If P is a fixed point, and P’ a variable 
point, on a (directed) space curve C, s the 
length of arc on C from P to P’, and A@ 
the angle between the positive directions of 
the tangents to C at P and P’, then the 
curvature K=1/p of C at P is defined by 
1 A@ 


p nee As 
may be taken as a measure of the rate of 
turning of the tangent to C relative to the 
arc length s. The number p is called the 
radius of curvature. Also called first curva- 
ture of a space curve ata point. See TOR- 
SION. 

Gaussian curvature of a surface at a 
point. See below, total curvature of a sur- 
face at a point. 

integral curvature of a geodesic triangle 
on a surface. See below, integral curvature 
of a region on a Surface. For a geodesic 
triangle, the value of the integral curvature 
is the sum of the angies of the triangle, 
diminished by 7. With proper account of 
sign, the integral curvature 1s equal to the 
area of the part of the unit sphere covered 
by the spherical image of the region. See 
below, total curvature of a geodesic tri- 
angle on a surface. 

integral curvature of a region on a sur- 
face. The integral of the Gaussian curva- 


Thus the curvature 
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ture over the region: | K dA. Syn. Curva- 


tura integra. 

lines of curvature of a surface. The 
curves on a surface S: x=x(u,v), y= 
yu, v), z=z(u,v) defined by (ED’— FD) 
du? + (ED” — GD) du dv + (FD” + GD’) 
dv?=0. See sSURFACE—fundamental coef- 
ficients of a surface. The curves form an 
orthogonal system on S, and the two curves 
of the system through a point P of S 
determine the principal directions on S at 
P. See DIRECTION— principal directions on 
a surface at a point. 

mean curvature of a surface at a point. 
The sum of the principal curvatures of the 
surface at the point: 


1 | F£D’+GD-—2FD’ 
Bo hee 

See below, principal curvatures of a surface 
at a point. Syn. Mean normal curvature. 

mean normal curvature of a surface. See 
above, mean curvature of a surface. 

normal curvature of a surface at a point 
in a given direction. The curvature, with 
proper choice of sign, of the normal section 
C of the surface S at the point and in the 
given direction. The sign is positive if the 
positive direction of the principal normal of 
C coincides with the positive direction of 
the normal to S, otherwise negative. The 
normal curvature 1/R is given by 

1 Ddu?+2D’ dudv+ D” dv? 


RO Eduw+2Fdudv+G adv — 


The reciprocal R of the normal curvature 
is called the radius of normal curvature of 
the surface at the point in the given direc- 
tion. See SURFACE—fundamental coeffi- 
cients of a surface. 

principal curvatures of a surface at a 
point. The normal curvatures 1/p, and 
1/p2 in the principal directions at the point. 
The numbers p,; and p> are called the prin- 
cipal radii of normal curvature of the surface 
at the point. See DIRECTION—principal 
directions on a surface at a point. 

radius of curvature. See various head- 
ings under RADIUS; and below, radius of 
curvature of a plane curve. 

radius of curvature of a plane curve. The 
reciprocal of the curvature. See above, 
curvature of a plane curve. 
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radius of curvature of a space curve. See 
TORSION; and above, curvature of a space 
curve. 


Riemannian curvature. See RIEMANN. 


second curvature of a space curve. Same 
aS TORSION. 
surface of negative curvature. A surface 


on which the fotal curvature is negative at 
every point. Such a surface lies part on 
one side and part on the other side of the 
tangent plane in the neighborhood of a 
point; e.g., the inner surface of a torus, and 
the hyperboloid of one sheet. 

surface of positive total curvature. A 
surface on which the fotal curvature is 
positive at every point, such as the sphere 
and ellipsoids. 

surface of zero total curvature. A sur- 
face on which the total curvature is zero 
at every point; such as cylinders or, in fact, 
all developable surfaces. 

total curvature of a geodesic triangle on 
a surface. See above, integral curvature 
of a geodesic triangle on a surface. 

total curvature of a surface at a point. 
The product of the principal curvatures of 
the surface at the point: 

— 1 _ DD”’—-D” 
“pip, EG— F? 
See above, principal curvatures of a surface 
ata point. In tensor notation this is the 
scalar field 
_ __ Riza1 
& 11822-8127 

if ds?=g,,., dx" dx” is the line element of 
the surface as a two-dimensional Rieman- 
nian space and, within sign, Rj,22; is the 
only nonzero component of the covariant 
Riemann-Christoffel tenor R,g,3s. Since 
R455, is the determinant of the coefficients 
of the second fundamental differential 
form of the surface, it follows that the 
total curvature of a surface is the ratio of 
the determinant of its second fundamental 
differential form to the determinant of its 
first fundamental differential form ds?= 
Lag dx* dx®, See RADIUS—radius of total 
curvature of a surface. Syn. Total normal 
curvature; Gaussian curvature. 


CURVE, n. The locus of a point which 
has one degree of freedom. F£.g.,ina plane, 
a straight line is the locus of points whose 
coordinates satisfy a linear equation, and a 
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circle with radius | is the locus of points 
which satisfy x2+ y2= 1. 

algebraic plane curve. A plane curve 
which has an equation in Cartesian co- 
ordinates of the form f(x, y)=0, where 
f(x, y) is a polynomial in x and y. If 
f(x, y) is a polynomial of the nth degree, 
the curve is said to be an algebraic curve of 
degree n. If is one, the curve is a straight 
line, if m is two, the curve is called a 
quadratic or conic; and if it is of the third, 
fourth, fifth, sixth degree, etc., it is called a 
cubic, quartic, quintic, sextic, etc. When zn 
is greater than 2, the curve is called a 
higher plane curve. 

analytic curve. See ANALYTIC. 

angle between two intersecting curves. 
See ANGLE—angle of intersection. 

curvature of a curve. See various head- 
ings under CURVATURE. 

curve fitting. Determining 
curves. See EMPIRICAL. 

curve in a plane, or plane curve. A curve 
all points of which lie in a plane; the locus 
of an equation (in Cartesian coordinates) of 
the form y=f(x) or f(x, y)=0. See above, 
CURVE. 

curve tracing. Plotting or graphing a 
curve by finding points on the curve and, 
in a more advanced way, by investigating 
such matters aS symmetry, extent, and 
asymptotes and using the derivatives to 
determine critical points, slope, change of 
slope, and concavity and convexity. 

curve of zero length. Same as MINIMAL 
CURVE. See MINIMAL, 

derived curve. See DERIVED. 

empirical curves. See EMPIRICAL. 

family of curves. See FAMILY. 

growth curve. See GROWTH. 

integral curves. See INTEGRAL— integral 


empirical 


curves. 
length of a curve. See LENGTH—length 
curve. 
normal frequency curve. See FRE- 
QUENCY. 


parabolic curve. An algebraic curve 
which has an equation in Cartesian co- 
ordinates of the following type: 


YHagtayxt ves +ayx", 


parallel curves (in a plane). Two curves 
which have their points paired on the 
same normals, always cutting off the same 
length segments on these normals. Their 
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tangents at points where they cut a com- 
mon normal are parallel. See INVOLUTE. 

path curves. See PATH. 

pedal curve. See PEDAL. 

periodic curves. See PERIODIC. 

primitive curve. See PRIMITIVE. 

quadric (or quadratic) curve. A curve 
whose equation is of the 2nd degree. 
Syn. Conic, or conic section. See above, 
CURVE. 

simple closed curve. See SIMPLE. 

skew curve. Same aS TWISTED CURVE. 
See below. 

space curve. A curve in space, but not 
necessarily a twisted curve. See below, 
twisted curve, and above, plane curve. 

spherical curve. A curve that lies wholly 
on the surface of a sphere. 

turning points on a curve. See TURNING. 

twisted curve. A space curve that does 
not lie in a plane. Syn. Skew curve. A 
twisted curve is of the ath order if it cuts 
each plane in n points, real or imaginary, 
distinct or not. See CUBIC—twisted cubic. 

u-curves on a surface. See PARAMETRIC 
—-parametric curves on a surface. 


CUR’ VI-LIN’E-AR, adj. curvilinear coor- 
dinates of a point in space. The surfaces 
of a triply orthogonal system of surfaces 
may be determined by three parameters. 
The values of these three parameters which 
determine the three surfaces of the system 
through a given point P in space are 
called the curvilinear coordinates of P. 
See ORTHOGONAL — triply — orthogonal 
system of surfaces, and CONFOCAL—con- 
focal conics. 

curvilinear coordinates of a point on a 
surface. Parametric coordinates u,v of a 
point on a surface S: x= x(u, v), y= yu, Vv), 
z=zZ(u,v). See PARAMETRIC—parametric 
equations of a surface. 

curvilinear motion. See MOTION. 


CUSP, 2. A double point at which the two 
tangents to the curve are coincident. Syn. 
Spinode. A cusp of the first kind (or simple 
cusp) is a cusp in which there is a branch of 
the curve on each side of the double tangent 
in the neighborhood of the point of tan- 
gency; e.g., the semicubical parabola, 
y2=x°?, has a cusp of the first kind at the 
origin. 


A cusp of the second kind is a cusp for 
which the two branches of the curve lie 
on the same side of the tangent in the 
neighborhood of the point of tangency; the 
curve y=x2+Vx5 has a cusp of the 
second kind at the origin. 


A double cusp is the same as a point of 
osculation (see OSCULATION). For a given 
family of curves, a cusp locus is a set of 
points each of which is a cusp for one of 
the members of the family. See DISCRIMIN- 
ANT—discriminant of a differential equa- 
tion. 

hypocycloid of four cusps. See HyYPoO- 
CYCLOID. 


CUT, n. A cut (or cutting) of a set Tis a 
subset C of 7 such that T—C is not con- 
nected. Ifa cut C is a point or a line, then 
C is called a cut point or a cut line. A 
point which is not a cut point is said to be a 
noncut point. 

Dedekind cut. See DEDEKIND CUT. 


CY’CLE, n. See PERMUTATION (2), and 
CHAIN—chain of simplexes. 


CY'CLIC, adj. cyclic change, interchange, 
or permutation, of objects. See PERMUTA- 
TION (2). 


CYC’LI-DES, n. cyclides of Dupin. The 
envelope of a family of spheres tangent to 
three fixed spheres. 


CY’CLOID, n. The plane locus of a point 
which is fixed on the circumference of a 
circle, as the circle rolls upon a straight 
line. £.g., the path described by a point 


Cycloid 


on the rim of a wheel. The cycloid is a 
special case of the trochoid, although the 
two words are sometimes used synony- 
mously. If @ is the radius of the rolling 
circle and @ is the central angle of this 
circle, which is subtended by the arc OP 
that has contacted the line upon which the 
circle rolls, the parametric equations of 
the cycloid are: 


x=a(@—sin 8), 


The cycloid has a cusp at every point 
where it touches the base line. The dis- 
tance from cusp to cusp is 27a, and the 
distance traveled by the point, as the center 
of the circle moves between two positions, 
is independent of a, provided the point 
starts and finishes at a cusp; i.e., the length 
of the path traced out by a point on the 
rim of a large wheel is the same as the 
length of the path traced out by a point 
on the rim of a small wheel, provided the 
hubs travel over the same distance and 
both paths have cusps at the beginning and 
finishing point. 

base of a cycloid. The line upon which 
the generating circle rolls. 

curtate cycloid. A frochoid which has no 
loops. See TROCHOID. 

prolate cycloid. See TROCHOID. 


y=a(l—cos 6). 


CY’CLO-SYM’'ME-TRY, 2. 
METRIC—symmetric function. 


See SYM- 


CY’CLO-TOM’IC, adj. 
tion. 


cyclotomic equa- 
An equation of the form 


xn-T yp xn-24 yn-3 4... +x41=0, 
where n is a prime number. A cyclotomic 


equation is irreducible (in the field of real 
numbers). 


CYL’IN-DER, 7. (1) A cylindrical surface 
(sce CYLINDRICAL). (2) Either the solid 
bounded by two parallel planes and a 
cylindrical surface whose directrix is a 
closed curve, or the surface consisting of 
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the portion of the cylindrical surface be- 
tween the planes and the regions of the 
planes bounded by the cylindrical surface 
(these are the bases of the cylinder). The 
altitude of a cylinder is the perpendicular 
distance between the bounding planes (or 
between the bases) and the elements (or 
rulings) are the segments of the elements of 
the cylindrical surface between the planes. 
The volume of a cylinder is equal to the 
product of the area of a base and the alti- 
tude; the lateral area (the area of the 
cylindrical surface between the planes) is 
equal to the product of the length of an 
element and the perimeter of the intersec- 
tion of the cylindrical surface with a plane 
perpendicular to the elements of the sur- 
face. The cylinder is circular, elliptic, 
hyperbolic, or parabolic, according as the 
directrix is a circle, ellipse, hyperbola, or 
parabola (it is a quadric cylinder if the Car- 
tesian equation of the directrix is of the 
second degree). Sometimes a _ circular 
cylinder is defined to be a cylinder whose 
intersections with planes perpendicular to 
the elements are circles. The figure shows 
a parabolic cylinder whose equation is 
x?=2py, where 4p is the distance from the 
z-axis of the focus of a cross section. 


The axis of a cylinder is a line of symmetry 
of the cylindrical surface: e.g., the line 
Joining the centers of the bases is the axis 
of an elliptic or a circular cylinder. A right 
circular cylinder (or cylinder of revolution) 


Cylinder 
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is a circular cylinder whose bases are per- 
pendicular to the axis. This is the surface 
generated by revolving a rectangle about 
one of itssides. (The equation of the cylin- 
drical surface in the figure is x2+ y?=a?, 
where a is the radius of a cross section.) Its 
volume is 7a2h and its lateral area is 27ah, 
where / is its altitude and a the radius of 
the base. 

similar right circular cylinders. Cylin- 
ders for which the ratio between the radius 
of the base and the length of an element 
in any one cylinder is the same as the cor- 
responding ratio in any of the other 
cylinders. 


CY-LIN’DRI-CAL, adj. cylindrical coor- 
dinates. Space coordinates making use of 
polar coordinates in one coordinate plane, 
usually the x, y plane, the third coordinate 
being simply the rectangular coordinate 
measured from this plane. These are called 
cylindrical coordinates because when r 1s 
fixed and z and @ vary, they develop a 
cylinder; i.e., r=c is the equation of a 
cylinder. The locus of points for which @ 
has a fixed value is a plane, PNO, contain- 
ing the z-axis; the points for which z Is 
constant define a plane parallel to the x, y 
plane. The three surfaces for r,@, and z 
constant, respectively, locate the point 
P(r, @, z) as their intersection. The trans- 
formation of cylindrical into rectangular 
coordinates is given by the formulas 
x=rcos 6, y=rsin 6, z=z. 


cylindrical function. Any solution of 
Bessel’s differential equation. Sometimes 
taken to be synonymous with Bessel func- 
tion. 

cylindrical map. For a spherical surface 
S with longitude and latitude denoted by 
6 and 4, respectively, a cylindrical map is a 
continuous one-to-one map of the points 
of S onto a set of points of a (uv, v)-plane 


given by formulas of the type u=@ and 
v=v(¢), with v(0)=0 and v(¢)> 0 for d>0. 
A cylindrical map that is given by the for- 
mulas u= 6, v=tan ¢ is said to be a central 
cylindrical projection. This is a projection 
of a sphere from its center onto a tangent 
right circular cylinder that is then slit along 
one of its elements and spread out on a 
plane. A cylindrical map that is given by 
the formulas u=@, v=¢ is said to be an 
even-spaced map. Lines of longitude and 
latitude with equal angular increments ap- 
pear as squares, such as the squares on a 
checkerboard. See MERCATOR—Mercator’s 
projection. 

cylindrical surface. The surface gener- 
ated by a straight line moving always paral- 
lel to a given straight line, and intersect- 
ing a given curve (if the curve is a plane 
curve with its plane parallel to the given 
line, the cylinder is a plane). The line is 
called the generator or generatrix. The 
curve is called the directrix. The gener- 
ator in any one fixed position is called an 
element. A cylindrical surface is not neces- 
sarily closed, since the directrix is not re- 
stricted to being a closed curve. See above, 
for example, parabolic cylinder. A cylin- 
drical surface is named after its right sec- 
tions; e.g., if the right section is an ellipse, 
it is called an elliptical cylindrical surface, 
or simply an elliptic cylinder (the word 
cylinder not always being restricted to the 
solid bounded by a cylindrical surface and 
two parallel cutting planes). The equation 
of a cylindrical surface, when one of the 
coordinate planes is perpendicular to the 
elements, is the equation of the trace of the 
cylinder in this plane. E.g., the equa- 
tion x?+y2=1 is the equation of a right 
circular cylindrical surface since, for every 
pair, (x, vy), of numbers that satisfies this 
equation, z may take all values; simi- 
larly, y?=2x is the equation of a parabolic 
cylindrical surface with its elements parallel 
to the z-axis, and 

x? -¥2 
7a += 

is the equation of an elliptical cylindrical 
surface with its elements parallel to the 
Z-axis, 


CYL’IN-DROID, n. (1) A cylindrical sur- 
face whose sections perpendicular to the 


Cylindroid 


elements are ellipses. (2) The surface 
which is the locus of a straight line moving 
SO as to intersect two curves and remain 
always parallel to a given plane. 


D 


D’ALEMBERT’S TEST for convergence 
(or divergence) of an infinite series. Same 
as the generalized ratio test. See RATIO— 
ratio test. 


DAMPED, p. damped harmonic motion. 
Harmonic motion having its amplitude 
continually reduced. See HARMONIC—har- 
monic motion. 
damped oscillations. See OSCILLATION. 

DARBOUX. Darboux’s monodromy theo- 
rem. The theorem states that if the function 
f(z) of the complex variable z is analytic in 
the finite domain D bounded by the simple 
closed curve C, and f(z) is continuous in 
the closed region D+C and takes on no 
value more than once for z on C, then f(z) 
takes on no value more than once for z in 
D. See MONODROMY—monodromy theo- 
rem. 

Darboux’s theorem. If f(x) is bounded 
on (a, b), M,, Mo, -- +, M, and my, m2,--- 
m,, are the upper and lower limits of f(x) on 
the intervals (a, x), (%1, X2),° °°) (X%y-1, 4), 
and the lengths of these subintervals con- 
verge to zero uniformly as w increases, then 


lim [M (x1 —-a)+ Mo(x.—- 4) 4+ saree 
a M,(b — Xp )] 
and 


lim [77,;(x4; —@)+mo(x2—X))+ °°: 


oe m,(b— Xn-1)] 
both exist. The former is called the upper 
Darboux integral of f(x) and is written 


[Feo ax: 


the latter is called the /ower Darboux 
integral of f(x) and is written 


{ Ojae 


A necessary and sufficient condition that 
f(x) be Riemann integrable is that these 
two integrals be equal. 
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DATE, n. after date draft. 
average date. 
dividend date. 

date. 
due date of a note or other promise to 

pay. The date when it is to be paid. 
equated date. See EQUATED. 
focal date. See COMMUTING—-commuting 
obligations. 


See DRAFT. 
Same aS EQUATED DATE. 
See DIVIDEND—dividend 


DEATH, 1. death rate. Same as RATE OF 
MORTALITY. See MORTALITY. 

central death rate, during one year. The 
ratio of the number of persons dying during 
that year to the number living at some 
particular time during the year; denoted 
by M,, where x is the year. Usually M,. 
is defined as d,/[4(.+/,+41)], where d, is 
the number of the group dying during the 
year x, /, is the number living at the 
beginning of the year, and /,,, the number 
living at the end. Compare MORTALITY— 
rate of mortality. 


DE-BEN’TURE, adj., n. A written recog- 
nition of a debt or loan; usually carries the 
seal of a corporation or other firm and 
represents funds raised in addition to ordi- 
nary stocks and bonds. Such a debenture 
bond is usually unsecured and protected 
only by the credit and earning power of the 
issuer. 


DEBT, 7. An obligation to pay a certain 
sum of money. 
DEBT’OR, n. One who owes a debt. 

DEC’ADE, n. (1) A division or group of 
ten. Thus the numbers from | to 10 in- 


clusive form one decade, those from 11 to 
20 inclusive another, etc. (2) Ten years. 


DEC’A-GON, 1. A polygon having ten 
sides. It is a regular decagon if the polygon 
is a regular polygon. 


DEC’ A-ME’TER, 7. A term used in the 
metric system; 10 meters or approximately 
32.808 feet. See DENOMINATE NUMBERS In 
the appendix. 


DE-CEL’ER-A’‘TION, zx. 
eration. 


Negative accel- 
See ACCELERATION. 


Decimal 


DEC’I-MAL, adj., n. A decimal fraction. 
Sometimes used of any decimal number. 

accurate to a certain decimal place. See 
ACCURATE. 

addition and multiplication of decimals. 
See ADDITION—addition of decimals, 
prRobuctT—product of real numbers. 

decimal equivalent of a common fraction. 
A decimal fraction equal to the common 
fraction. E.g., §=.125; $= .333---. 

decimal fraction (or decimal). A proper 
fraction whose denominator (not written) 
is a power of 10, the power being the num- 
ber of digits on the right-hand side of a dot, 
called the decimal point. If the number of 
digits in the numerator of a fraction, whose 
denominator is a power of 10, is not as 
large as the power, the required number is 
obtained by inserting zeros immediately to 
the right of the decimal point; e.g., 75 is 
written as a decimal in the form .2, +35 as 
23, and 7335 as .023. 

decimal measure. Any system of meas- 
uring in which each unit is derived from 
some standard unit by multiplying or divid- 
ing the latter by some power of 10. See 
METRIC—metric system. 

decimal number. A decimal fraction or 
any number containing a decimal point, as 
23 or 5.23. Tech. Any number written 
using base 10. 

decimal place. The position of a digit 
to the right of the decimal point; e.g., in 
2.357, 3 is in the first decimal place, 5 in 
the second, and 7 in the third. 

decimal point. See above, decimal frac- 
tion. 

decimal system. (1) The number system 
which uses ten as its base, the ordinary 
number system. (2) A number system in 
which all fractions are expressed as decimal 
numbers. (3) Any system of decimal meas- 
urement; the metric system, for instance. 

floating decimal point. See FLOATING. 

mixed decimal. An integer plus a deci- 
mal, as 23.35. 

recurring decimal. 
DECIMAL. 

repeating decimal. A decimal in which 
all the digits (after a certain one) consist 
of a set of one or more digits repeated 
indefinitely. E.g., .333---, .030303-.-., 
and .235235--- are repeating decimals, 
while 7 and the square root of 2 cannot be 
so represented. A repeating decimal can 


Same aS REPEATING 
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be written as a decimal with a finite number 
of nonzero digits p/us a geometric series 
having the ratio 1/10, or 1/100, or 1/1000, 


etc. E.g., .333+++ =.3+.03+.003+ ---, 
7.030303 -- - =7+.03+.0003+ ---, and 
235235 -- + =.235+.000235---. Using 


this property any repeating decimal can be 
shown to be equal to an ordinary fraction 
(a quotient of integers) and is therefore a 
rational number. See seRieES—geometric 
series. Syn. Circulating decimal. 

similar decimals. Decimals having the 
same number of decimal places, as 2.361 
and .253. Any decimals can be made sim- 
ilar by annexing the proper number of 
zeros; é.g., .36 can be made similar to .321 
by writing it .360. See piGit—significant 
digits. 


DEC’I-ME’TER, n. A term used in the 
metric system; one-tenth of a meter; ap- 
proximately 3.937 inches. See DENOMINATE 
NUMBERS In the appendix. 


DEC’LI-NA’TION, 7. declination of a 
celestial point. Its angular distance north 
or south of the celestial equator, measured 
along the hour circle passing through the 
point. See HOoUR—hour angle and hour 
circle. 

north declination. The celestial declina- 
tion of a point which js north of the celestial 
equator. It is always regarded as positive. 

south declination. The celestial declina- 
tion of a point which is south of the celestial 
equator. It is always regarded as negative. 


DE’COM-PO-SI’TION, 1. decomposition 
of a fraction. Breaking a fraction up into 
partial fractions. 


DE-CREAS’ING, adj. decreasing func- 
tion of one variable. A function whose 
value decreases as the independent variable 
increases; a function whose graph falls as 
the abscissa increases. If the function 
possesses a derivative, then the function 1s 
decreasing in an interval if the derivative 
is nonpositive throughout the interval, 
provided the derivative is not identically 
zero in any interval. A decreasing function 
is often said to be strictly decreasing, to 
distinguish it from a monotonic decreasing 
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function. Tech. A function f is strictly 
decreasing on an interval (a, 5) if 


F(¥) <f) 


for any two numbers x and y of this 
interval, for which x < y. 
decreasing the roots of an equation. 
ROOT—root of an equation. 
monotonic decreasing. See MONOTONIC. 


See 


DEC’RE-MENT, rn. The decrease, at a 
given age, of the number of lives in a given 
group—such as the number in the service 
of a given company. 


DEDEKIND CUT. A subdivision of the 
rational numbers into two nonempty 
disjoint sets A and B such that: (a) if x 
belongs to A and y to B, then x < y; (b) set 
A has no largest member (this condition 
can be replaced by the requirement that B 
have no least member). £.g., A might be 
the set of all rational numbers less than 3 
and B the set of all rational numbers 
greater than or equal to 3; or A might be 
the set of negative rational numbers together 
with all positive rational numbers x for 
which x*<2 and B the set of all positive 
rational numbers x for which x2>2. In 
the first example, B has a least member; 
in the second example, it does not. The 
real numbers can be defined as the set of all 
Dedekind cuts. It is then convenient to 
use the notation (A, B) for the real number 
or cut consisting of the sets A and B. 
Inequality, addition, and multiplication of 
real numbers can then be defined as follows: 
Inequality: (4,, B,)>(A>, B) if there is an 
x which belongs to A, but does not belong 
to Ao. Addition: If (A), B,) and (A>, B>) 
are real numbers, their sum is the real 
number (A, B) for which A is the set of all 
x+y where x belongs to A, and y belongs 
to A,. Miultiplication: If (4,, B,) and (4), 
B>) are real numbers, their product is the 
real number (A, B) for which A is the set 
of all rational numbers x with the property 
that, for any positive number e, there are 
numbers a@,, 5;, a>, b2, belonging to A, 
B,, A>, Bo, respectively, such that b; — a, <e, 
by—ax<e, and x< a ,a> (note that if A; and 
A, each contain positive numbers, then A is 
the set of all negative rational numbers and 
all products xy of positive numbers x and y 
which belong to A, and A>, respectively. 


103 


Deformation 


A real number (A, B) for which there is a 
rational number a which is the least upper 
bound of A is usually identified with a and 
called a rational number, since the corres- 
pondence a«>(A, B) preserves order, sums, 
and products. See iRRATIONAL—irrational 
number. Dedekind cuts of the real num- 
bers might now be similarly defined as 
subdivisions of the real numbers into two 
subsets, but this would yield a set of objects 
isomorphic with the real numbers them- 
selves and would not lead to a further 
extension of the number system. 


DE-DUC’TIVE, adj. deductive method or 
proof. The method which makes inferences 
(arrives at conclusions) from accepted prin- 
ciples. Syn. Synthetic method. 


DE-FAULT’ED, adj. defaulted payments. 
(1) Payments made on principal after the 
due date; occurs most frequently in install- 
ment plan paying. (2) Payments never 
made. 


DE-FEC’TIVE, adj. defective equation. 
See EQUATION—defective equation. 

defective (or deficient) number. 
NUMBER— perfect number. 


See 


DE-FERRED’, adj. deferred annuity and 
life insurance. See ANNUITY, and INSURANCE 
—life insurance. 


DE-FI’ CIEN-CY, 7. 
reserve. See RESERVE. 


premium deficiency 


DEF’I-NITE, adj. definite integral. 
INTEGRAL—4definite integral. 

definite integration. The process of find- 
ing definite integrals. 

partial definite integral. One of the defi- 
nite integrals constituting an ITERATED IN- 
TEGRAL. 

positive definite and semidefinite quad- 
ratic form. See QUADRATIC—dquadratic 
form. 


See 


DEF’OR-MA’TION, adj., n. continuous 
deformation. A transformation which 
shrinks, twists, etc., in any way without 
tearing. Tech. A continuous deformation of 
an object A into an object Bis a continuous 
mapping T(p) of A onto B for which there 
is a function F(p, 4) which is defined and 
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continuous (simultaneously in p and f¢) for 
real numbers ¢ with O<7S1 and points p of 
A and for which F(p, 0) is the identity 
mapping of A onto A, F(p,0)=p, and 
F(p, 1) 1s identical with 7T(p). With this 
definition, a circle in the plane can be con- 
tinuously deformed to a point (although a 
circle around the outer circumference of a 
torus can not be deformed continuously 
into a point, or into one of the small 
circles around the body of the torus, 
without leaving the torus—i.e., with all 
values of F(p, t) being points on the torus). 
It is frequently required that a continuous 
deformation not bring points together; 
i.e., that the above function F(p, f) 
be a one-to-one correspondence for each 
value of ¢. Then a circle in the plane 
can be continuously deformed into a 
square, but not into a point or a figure ‘*8”’; 
a sphere with one hole can be continuously 
deformed into a disc (a circle and its 
interior), but not into a cylinder or a sphere. 
It is said that two mappings 7, and 7, of a 
topological space A into a topological 
space B can be continuously deformed into 
each other if there is a function F(x, 2) 
which has values in B, which is continuous 
simultaneously in x and ¢ for x in A and 
O<s7s1, and for which F(x, 0)=7,(x) and 
F(x, l)=T>(x) for each x of A. Two 
mappings are said to be homotopic if they 
can be continuously deformed into each 
Other. If A is contained in B and 7; is the 
identity mapping of A onto A, then 7> is a 
continuous deformation (in the above 
sense) of A into the range of 7, 1f 7, can 
be continuously deformed into 7>. See In- 
ESSENTIAL—inessential mapping. 

deformation (in elasticity). The change 
in the position of the points of a body 
accompanied by a change in the distance 
between them. See STRAIN. 

deformation ratio. In a conformal map 
the magnification is the same in all direc- 
tions at a point, i.e., ds?=[M(x, y)]*(dx2 + 
dy*). The function M(x, y) is called the 
linear deformation ratio. The area de- 
formation ratio is [M(x, y)]?. If the map 
is given by the analytic function w=/(z) 
of the complex variable z, then M=|f(z)j. 
Syn. Ratio of magnification. 


DE-GEN’ER-ATE, adj. degenerate conics. 
See CONIC-—degenerate conic. 


De Moivre 
DE-GREE’, n. (1) A unit of angular 
measure. See SEXAGESIMAL—Sexagesimal 


measure of anangle. (2) A unit of measure 
of temperature. (3) Sometimes used in the 
same sense as period in arithmetic. (4) See 
the various headings below. 

degree of a curve. See CURVE—algebraic 
plane curve. 

degree of a differential equation. The 
degree of the equation with respect to its 
highest-order derivative; the greatest power 
to which the highest-order derivative occurs. 
The degree of 


dty\2 dy\3_ 
(=) +2(2) = 


is two. See DIFFERENTIAL—differential 
equation (ordinary). 

degree of a polynomial, or equation. 
The degree of its highest-degree term. The 
degree of a term in one variable is the 
exponent of that variable; a term in several 
variables has degree equal to the sum of the 
exponents of its variables (or one may speak 
of the degree with respect to a certain 
variable, meaning the exponent of that 
variable). E.g., 3x+ is of degree four; 
7x2yz} is of degree six, but of degree two in 
x. The equation 3x4+7x2yz3=0 is of 
degree six, but is of degree four in x, of 
degree one in y, and of degree three in z. 

general equation of the nth degree. See 
EQUATION—polynomial equation. 

spherical degree. See SPHERICAL. 

degree of freedom. (Statistics.) See 
FREEDOM. 


a Cnn 6) G 
DEL, ». The operator ists ah 


oy GZ 
denoted by V. See GRADIENT—gradient of 
a function, and DIVERGENCE—divergence 
of a vector function. 


DELAMBRE’S ANALOGIES. Same as 
GAUSS’S FORMULAS. 


DEL’TA, adj., n. The fourth letter of the 
Greek alphabet, written 6; capital, A. 
delta method. See FouR—four-step rule. 


DE-MAND’, adj. demand note. See NOTE. 
DE MOIVRE. De Moivre’s hypothesis of 


equal decrements. (Life Insurance.) The 
hypothesis that, for practical purposes, 


De Moivre 
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monetary computations can be made on 
the assumption that the number of a 
given group that die is the same during 
each year; in other words, if births are 
ignored, the numbers of members of a 
group which are living at the beginnings 
of successive years form a decreasing arith- 
metical progression. (Not a sufficiently 
accurate hypothesis to meet present-day 
demands.) See MAKEHAM’S LAW. 

De Moivre’s theorem. A rule for raising 
a complex number to a power when the 
number is expressed in polar form. The 
rule is: Raise the modulus to the given 
power and multiply the amplitude by the 
given power; /.e., 


[r(cos 8+ isin 6)]}"=r"(cos nO+i sin n6). 
E.g., 


(V2+iV2)2= [2(cos 45° + i sin 45°)]2 
= 4(cos 90° + i sin 90°) 
= 4i. 


DE MORGAN. De Morgan formulas. 
Let A and B be subsets of a set S. Then the 
complement of the union of A and B is the 
intersection of the complements of A and 
of B, and the complement of the intersec- 
tion of A and B is the union of the comple- 
ments of A and of B. These formulas are 
also valid for any collection of subsets {A,} 
of S, and may be stated symbolically as 


(UA) = OAL and (NA,)= VA, 


where the complement of a set A is indicated 
by A’. 


DE-NOM’I-NATE, adj. denominate num- 
ber. A number whose unit represents a 
unit of measure—such as 3 inches, 2 pounds, 
or 5 gallons. 

addition, subtraction or multiplication of 
denominate numbers. The process of re- 
ducing them to the same denomination 
and then proceeding as with ordinary 
(abstract) numbers. £.g., to find the num- 
ber of square yards in a room 17’ 6” by 
12’ 4”, the length in yards is 5% and the 
width is 4g. The required number of 
square yards is 52x44. See pRoDUCT— 
product of real numbers. 


DE-NOM’I-NA’TION, 1. denomination of 
a bond. Its par value. 


denomination of a number. See NUMBER 
—denominate number. 


DE-NOM’I-NA’TOR, n. The term below 
the line in a fraction; the term that 
divides the numerator. The denominator 
of 4 is 3. 

common denominator. A quantity divis- 
ible by all the denominators under con- 
sideration. 


DENSE, adj. dense set. A set EF ina 
space M is dense (or dense in M, or 
everywhere dense) if every point of Misa 
point of £ or a limit point of FE, or (equiva- 
lently) if the closure of E is M, or if every 
neighborhood in M contains a point of E. 
A set E is dense in itself if every point of E 
is a limit point of E, i.e., if each neighbor- 
hood of any point of E£ contains another 
point of E. A set Eis nondense (or nowhere 
dense) relative to M if no neighborhood 
in M is contained in the closure of EF, or 
(equivalently) if the complement of the 
closure of E is dense in M. The set of 
rational numbers is dense in itself and 
dense in the set R of all real numbers. The 
set (0, 1, 4, 4, J, - - -) is nowhere dense in R. 


DEN’SI-TY, n. The mass or amount of 
matter per unit volume. Since the mass 
of 1 cc. of water at 4°C. is one gram, density 
in the metric system is the same as specific 
gravity. See SPECIFIC. 

density of a sequence of integers. Let 
O, a|, d2,-++ be an increasing sequence A 
of integers. Let F(m) be the number of 
integers (other than zero) which are in this 
sequence and not larger than n. Then 
O< F(n)/n<=1 and the greatest lower bound 
of F(n)/n is said to be the density d(A) of the 
sequence 4. Then d(A)=0 if a; 41, or if A 
contains “‘very few’ of the integers, e.g., if 
A is a geometric sequence, a sequence of 
primes, or a sequence of perfect squares. 
Let the sum of two sequences A and B of 
the above type be defined as the sequence of 
all numbers (arranged in order of size) 
which can be represented as a sum of a 
term of one sequence and a term of the other 
sequence. It can be proved that d(4 + B)2 
d(A)+d(B) if d(A)+d(B)=1. A sequence 
has density | if and only if it contains all 
nonzero integers. 
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Dependent 


mean density. The mass divided by the 
volume. Tech. 


| pao | dv, 


where p is the density and | denotes the 


integral taken over the total volume. 

metric density. See METRIC. 

surface density of charge. Charge per 
unit area. It is sometimes advantageous 
to think of a body as having a skin of 
definite thickness at its boundary. If we 
then think of all of the charge in the skin 
as being shifted and concentrated on the 
outer surface of the skin, then so far as 
total charge is concerned we may replace 
the original charge per unit volume of the 
skin with the charge per unit area obtained 
by the shift. The volume integral of the 
former density would equal the surface 
integral of the latter. 

surface density (or moment per unit area) 
of a double layer (or dipole distribution). 
Polarization per unit area. Instead of 
charge being concentrated on the surface, 
we may consider that we have a continuous 
distribution of dipoles spread over the sur- 
face. 

volume density of charge. Charge per 
unit volume. The most fundamental prop- 
erty of density of charge is that its volume 
integral taken throughout any given volume 
V gives the total charge in V. If we 
start with point charge as the fundamental 
concept, instead of density, it is found that 
we may approximate the electric field at 
points external to the complex as closely 
as we please by introducing a sufficiently 
complicated density function. See POTEN- 
TIAL—concentration method for the poten- 
tial of a complex. In terms of total charge, 
density may be defined as the limit of 
e;/V;, where V; is a sequence of regions 
having the property that each V; is within 
a sphere of radius r; with center at P and 
lim r;=0, e; is the total charge in V;, and 
it is required that the limit of e;/V; be 
independent of the sequence of regions V;. 


DE-NU’MER-A-BLE, adj. denumerable 
set. Same aS COUNTABLE SET. Denumer- 
ably infinite is used in the same sense as 
countably infinite, to denote an infinite 
set whose elements can be put into one-to- 


one correspondence with the positive 
integers. 


DE-PAR’TURE, 7. departure between 
two meridians on the earth’s surface. The 
length of the arc of the parallel of latitude 
subtended by the two meridians. This 
grows shorter the nearer the parallel of 
latitude is to a pole. Used in parallel 
sailing. 


DE-PEND’ENCE, n. domain of depen- 
dence. For an initial-value problem for a 
partial differential equation, the value of the 
solution at a point p and time ¢ might be 
determined by the initial values on only a 
portion of their entire range, called the 
domain of dependence. E.g., for the wave 
equation (1/c*)u,,=u,,, With initial condi- 
tions u(x, 0)= f(x), u,(x, 0) = g(x), the value 
of the solution at the point x and time ?¢ 
depends only on the initial values in the 
interval [x—ct, x+cf]. See HUYGEN— 
Huygen’s principle. 


DE-PEND’ENT, adj. 
See EVENT. 

dependent functions. A set of functions, 
one of which can be expressed as a function 
of the others; e.z., 


dependent event. 


u=(x+1)/(y4+ 1) 
and 
v= sin [(x+ 1 /(y+1)] 


are dependent functions, for v=sinu. 
Syn. Interdependent functions. Functions 
that are not independent are said to be 
dependent. See INDEPENDENT. 

dependent variable. See FUNCTION— 
function of one variable. 

linearly dependent. A set of quantities 
Z1,Z2,°°*, Z, (vectors, matrices, polyno- 
mials, etc.) is said to be linearly dependent 
(in a given region) if there 1s a linear com- 
bination of them, 


QZ +:Q9Zo + + * 14,2, 


which is identically zero (zero for all values 
of the variables in the given region). The 
coefficients a; must belong to a specified 
field (real numbers, complex numbers, etc.), 
and at least one of them must be nonzero. 
A set of quantities is said to be linearly 
independent if they are not linearly depen- 


Dependent 


dent. The quantities x+ 2y and 3x+ 6y are 
linearly dependent, since 


— 3(x+ 2y)+ (3x+ 6y)=0. 


The numbers 3 and 7 are linearly indepen- 
dent with respect to rational numbers, since 
a,:3+a):7 can not be zero if a; and a) are 
rational numbers, not both zero. Since 
—1-3+(3/7)7=0, 3 and 7m are linearly 
dependent with respect to real numbers. 
Similarly, 1+/ and 3-—Si are linearly 
independent with respect to the field of real 
numbers and Jinearly dependent with respect 
to the field of complex numbers. If 
p* = (xk, xk, --, x5, k=1,2,---,7, are 
vectors (or points) of n-dimensional space, 
then these vectors are linearly dependent 
if there exist numbers A, A2, -- -, A,, not all 
zero, such that Ayv'+A,v7+ --- +Avr=0. 
This means that a similar equation holds 
for each component: Ayx,+A,x}+ +--+ + 
A.x5=0 for each p. See GRAM DETERMI- 
NANT, and WRONSKIAN. 


DE-PRE’CI-A’TION, adj., n. The loss in 
value of equipment; the difference between 
the cost value and the book value. 

depreciation charge. A decrease in the 
book value, usually annual, such that the 
total of these decreases, without interest, 
will equal the original book value (or cost) 
minus the scrap value at the end of a 
certain number of years (the total deprecia- 
tion). There are various methods for 
computing depreciation charges. For the 
straight line method, equal depreciation 
charges are made each year. For the 
declining balance method (or constant 
percentage method), each depreciation 
charge is computed as a constant percent 
of the book value at the time of computa- 
tion; this percent is equal to (l— V R/C) x 
100, where C is the cost, R the scrap value, 
and n the number of years. 


DE-PRESSED’, adj. depressed equation. 
The equation resulting from reducing the 
number of roots in an equation, i.e., by 
dividing out the difference of the unknown 
and a root; e.g., x*—2x+2=0 is the 
depressed equation obtained from x3 — 3x2 
+4x—2=0 by dividing the left member 
of the latter by x— 1. 
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DE-PRES’SION, n. angle of depression. 
See ANGLE—angle of depression. 


DE-RIV’A-TIVE, n. The instantaneous 
rate of change of a function with respect to 
the variable. Let y=/f(x) be a given 
function of one variable and let Ax denote a 
number (positive or negative) to be added 
to the number x. Let Ay denote the 
corresponding increment of y: 


Ay=f(x+Ax)—f (x). 
Form the increment ratio 


Ay _f(xt+Ax)—fX). 
Ax Ax 


Then let Ax approach zero. If Ay/Ax 
approaches a /imit as Ax approaches zero, 
this limit is called the derivative of f(x) at 
the point x. This derivative is denoted by 


dy ., 
Vy Dy, Tet D,. f (x), 


d aflx) 
dx 


ZIM 


The derivative, evaluated at a point, x=a, 
is written 


£@, Df Oem (FO) > £0lna 
XN dx=a 

etc. | 

The definition of the derivative of f(x) at 
the point a can also be written in the form 

f(a)= lim? —f(a) 
x—a X—a 

Two special interpretations of the deriva- 
tive are: (1) As the slope of a curve: In the 
figure, the ratio Ay/Ax is the slope of the 


line PP’. Therefore the limit of this ratio as 
Ax approaches zero is the slope of the 
tangent P7. It follows that a function is 
increasing at points where the derivative is 
positive and decreasing at points where the 
derivative is negative. If the derivative is 
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zero, the function may be either increasing 
or decreasing, or it may have a maximum 
Or minimum at the point (see MAXIMUM). 
(2) As the speed and acceleration of a 
moving particle: If the function y=f(p) is 
equal to the distance traversed by the 
particle in time ¢, then the derivative of f(7) 
at t=f, is the speed of the particle at the 
time f,;; the increment ratio Ay/Ar is the 
average speed during the time interval Ar. 
The derivative of the speed (the second 
derivative of the distance) at r=7, is the 
acceleration of the particle at the time 4). 
There are many powerful and_ useful 
formulas for evaluating derivatives (see 
DIFFERENTIATION FORMULAS in the appen- 
dix). E.g., the derivative of a sum is the 
sum of the derivatives, the derivative of x” 
is nx"-!, and the derivative of a function 
F(u), where uw is a function of x, is given by 
the following formula (chain rule): 


dF (u) dF (u) du 
dx du dx 
From these rules, it follows that D,(x3+ x2) 


=3x2+2x, D,[x'/24+ (x24 7)7]=4x724 
m(x2+7)"-(2x), etc. Syn. Differential 
coefficient. See various headings under 


ACCELERATION, DIFFERENTIAL, DIFFERENTIA- 
TION, LEIBNIZ’ THEOREM, TANGENT, VELOCITY. 
Similar definitions of the derivative are 
used when the function is of a different 
type (see below, derivative of a function of 
a complex variable, derivative of a vector). 

chain rule for derivatives. See CHAIN. 

covariant derivative of a tensor. 
COVARIANT. 


see 


derivative of a function of a complex 
variable. The complex function w=/(z), 
defined at all points in a neighborhood of 
Zo, has a derivative at z) provided 


f(z)—Ff (Zo) 


LZ—iZg 


lim 
a—>lZQ 
exists. The limit is called the derivative 
of f(z) at Zo and is denoted by f’(z)|-~. 


d 
I’ (20); 7 


function of a complex variable. 

derivative of higher order. Derivatives 
of other derivatives, the latter being con- 
sidered as functions of the independent 
variable just as was the function of which 
the first derivative was taken. F.g., y=x3 
has its first derivative y’=3x2 and its 


,etc. See ANALYTIC—analytic 


Z=Z9 
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second derivative y’’= 6x, gotten by taking 
the derivative of 3x2; similarly y’’’=6, and 
yl4] — 0. 


derivative of an integral. (1) The de- 


Xx 
rivative of | f(t) dt at the point x9 exists 


a 
and is equal to f(x9), provided f(x) is 
integrable on the interval (a, 56) and is 
continuous at x9, where x is on the open 
interval (a, b). See FUNDAMENTAL—funda- 
mental theorem of the integral calculus. 
(2) If f(t,x) has a partial derivative 
offet=f(t, x) which is continuous in both 


b 
x and ¢ and | F(t, x) dx = F(t) exists, then 


*b 
dF/dt exists and equals | S(t, x) dx. This 


is sometimes called Leibniz’s rule, although 
he did not specify the conditions on f(t, x). 
(3) Combining (1) and (2) by using the chain 
rule for partial differentiation gives the 
formula: 


D, { “f(t, x) dx= Dyv-f(t, v|)— Daut-flt, w) 
rf i “Ga 


2 
E.g., the derivative of | (x2-+y) dx, with 
1 


“2 
respect to y, is | dx, and the derivative, 
| 


ye 
with respect to y, of | (x*2+ y) dx is 
Jy 


y2 
i dx +(y4+y)2y—(y?+ y). 
Jy 


derivative from parametric equations. 
See PARAMETRIC—differentiation of para- 
metric equations. 

derivative of a vector. Let ¢ be the arc- 
length of a curve and suppose that corre- 
sponding to each point of the curve there is 


a vector. Let »(7) denote the vector at the 
point ¢ of the curve. Then 

ii y(t+ Ar)— v(t) 

At+0 At 


is the derivative of the vector, relative to 
the arc-length of the curve, at the point f, 
provided this limit exists. See ACCELERA- 
TION and VELOCITY. 
directional derivative. 
normal derivative. 
derivative. 
partial derivative. 


See DIRECTIONAL. 
See NORMAL—normal 


See PARTIAL. 
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particle derivative. The rate of change 
of a quantity with respect to the time. 
along a particle of a fluid. E.g., if p(x, y, 
z, t) is the density of the fluid and x= x(n), 
y=y(t), z=2z(t) are the equations of 
motion of a certain particle of this fluid, 
then the total derivative dp/dt=0p/éx dx/dt 
+ dp/6y dy/dt+ ep/éz dz/dt+ ép/et is a par- 
ticle derivative. It gives the rate of change 
of the density along a given particle of the 
fluid as opposed to the rate of change at a 
fixed geometrical point. 

total derivative. See CHAIN—chain rule 
(for partial differentiation). 


DE-RIVED’, adj., n. derived curve (first 
derived curve). The curve whose ordi- 
nates, corresponding to given abscissas, 
are equal in sign and numerical value to 
the slope of some given curve for the same 
values of the abscissas. FE.g., the curve 
whose equation is y=3x2 is the derived 
curve of the curve whose equation is 
y=x?. The derived curve of the first 
derived curve is called the second derived 
curve, etc. 

derived equation. (1) /n algebra, an 
equation obtained from another one by 
transposing terms, powering both sides, or 
multiplying or dividing by some quantity. 
A derived equation is not always equiva- 
lent to the original, i.e., does not always 
have the same set of roots. (2) Jn calculus, 
the equation resulting from differentiating 
the given equation. See above, derived 
curve. 

derived set. See CLOSURE. 


DESARGUE’S THEOREM on perspective 
triangles. If the lines joining corresponding 
vertices of two triangles pass through a 
point, the intersections of the three pairs 
of corresponding sides lie on a line, and 
conversely. 


DESCARTES. Descartes’ rule of signs. 
A rule determining an upper bound to the 
number of positive roots and to the number 
of negative roots of an equation. The rule 
as ordinarily used states that an algebraic 
equation, f(x)=0, cannot have a greater 
number of positive roots than it has varia- 
tions in sign, nor a greater number of nega- 
tive roots than the equation f(—«x)=0 


has variations in sign. For instance, the 
equation 


x4— x3 —x2+x—-1=0 


has three variations in sign and hence can- 
not have more than three positive roots. 
Since f(—x)=0 takes the form x4++x3-— 
x*—x—1=0, in which there is only one 
variation of sign, the original equation 
cannot have more than one negative root. 
Descartes’ Rule of Signs in full shows more 
than is indicated above, the complete 
criteria being: The number of positive real 
roots of an equation with real coefficients 
is either equal to the number of its varia- 
tions of sign, or is less than that number 
by an even integer, a root of multiplicity m 
being counted as mroots. As before, the 
equation can be tested for negative roots 
by applying this rule to the equation 
f(—x)=0. 


folium of Descartes. See FOLIUM. 


DE-TACHED’, adj. detached coefficient. 
See COEFFICIENT—detached coefficients. 


DE-TACH’MENT, vn. rule of detachment. 
If an implication is true and the antecedent 
is true, then the consequent is true. E.g., 
if the statements “If my team lost, I will 
eat my hat’ and “My team lost” are both 
true, then the statement “‘I will eat my hat”’ 
is true. 


DE-TER’MI-NANT, n. A square array of 
quantities, called elements, symbolizing 
the sum of certain products of these ele- 
ments. The number of rows (or columns) 
is called the order of the determinant. The 
diagonal, from the upper left corner to the 
lower right corner, is called the principal (or 
leading) diagonal. The diagonal from the 
lower left corner to the upper right corner 
is called the secondary diagonal. A 
determinant of the second order is a square 
array of type 


a, 5, 
ar by» 


3 


whose value is a,b2—a,b,. A determinant 
of the third order is a square array of type 
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whose value is (a,b2¢3+ a2b3c;+4a3b1C2— 
a3b2¢\— axb\c,3—a,b3c2). This expression 
is equal to the sum of the products of the 
elements in a given column (or row) by 
their cofactors (see below, expansion of a 
determinant by minors). The element in 
row i? and column j/ of a determinant is 
usually indicated by some such symbolas a;;, 
where / is called the row index and / the 
column index. The value of the determi- 
nant is then the algebraic sum of. all 
products obtained by taking one and only 
one factor from each row and each 
column and attaching the positive or 
negative sign to each product according as 
the column (or row) indices form an even 
or an odd permutation when the row (or 
column) indices are in natural order (1, 2, 
3, etc.). E.g., the term G1 3421434Q42 of the 
expansion of a determinant of order four 
has the column indices in order (3, 1, 4, 2). 
This term should have a negative sign 
attached, since three successive interchanges 
will change the column indices to (1, 3, 4, 
2), (1,3,2,4), and (1, 2,3,4), the last 
being in natural order. In practice, a 
determinant is usually evaluated by using 
minors (see below, expansion of a determi- 
nant by minors, Laplace’s expansion of a 
determinant) after simplifying the determi- 
nant by use of certain properties of 
determinants. Some of the simple proper- 
ties of determinants are: (1) If all the 
elements of a column (or row) are zero, 
the value of the determinant is zero. 
(2) Multiplying all the elements of a column 
(or row) by the same quantity is equivalent 
to multiplying the value of the determinant 
by this quantity. (3) If two columns (or 
rows) have their corresponding elements 
alike, the determinant is zero. (4) The 
value of a determinant is unaltered if the 
same multiple of the elements of any 
column (row) are added to the correspond- 
ing elements of any other column (row). 
(5) If two columns (or rows) of a determi- 
nant are interchanged, the sign of the 
determinant is changed. (6) The value of 
a determinant is unaltered when all the 
corresponding rows and columns are 
interchanged. 

cofactor of an element in a determinant. 
See MINOR—minor of an element in a 
determinant. 

conjugate elements of a determinant. 
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See CONJUGATE—conjugate elements of a 
determinant. 

determinant of the coefficients of a set of 
linear equations. For n equations in n 
unknowns, the determinant whose element 
in the ith row and jth column is the 
coefficient of the jth variable in the ith 
equation (the variables being written in the 
same order in each equation). This 
determinant is not defined if the number of 
equations is not equal to the number of 
variables (see MATRIX—matrix of the co- 
efficients). The determinant of the co- 
efficients of the unknowns of 


2x+3y—1=0 2 3 
4x—7Ty+5=0 4 —-7 


determinant of a matrix. See MATRIX. 

elementary operations on determinants. 
See ELEMENTARY. 

expansion of a determinant by minors. 
The expansion of the determinant by writing 
it in terms of determinants of one lower 
order, using the elements of a selected row 
(or column) as coefficients. The deter- 
minant is equal to the sum of the products 
of the elements of that row (or column) 
by their signed minors (or cofactors) (see 
MINOR—minor of an element in a deter- 


and 


minant). E.g., 
Q\ b, Cy 
a> br cp 
a, b3 63 
bz C2 by C) b, Cy 
=A, — a) + a, 
b, C3 b; C3 b> Co 


Fredhelm’s determinant. (/ntegral Equa- 
tions.) See FREDHOLM. 

functional determinant. 
BIAN. 

Gram determinant. Same as GRAMIAN. 

Laplace’s expansion of a determinant. 
Let A be a determinant of order n and 
Aji327...sk be the determinant formed from 
A by using the elements in rows r,, r2,-° °° 


Same as JACO- 


r, and columns s,, 52,°°:, 5,.Laplace’s 
expansion 1s 
= h eee eee 
A=3(— IMA (ATE LUD), 
where (r,, r2,° °°, fn) and (/,;, i2,° °°, i,) are 


permutations of the integers (1, 2, -- -, 7), 
h is the number of inversions necessary to 
bring the order (/;, (5, - - -, i,) into the order 
(r;,%2,°°°*, ’,), and the summation is to be 


Determinant 


Deviation 


taken over the n!/[k!(n—k)!] ways of 


choosing the combinations (i, i.,---, i,) 
from the integers (1, 2,---, 7). See above, 
expansion of a determinant by minors, 
which is the special case of Laplace’s 
expansion for k= 1. 

minor of an element in a determinant. 
See MINOR. 

multiplication of determinants. See MUL- 
TIPLICATION—multiplication of determi- 
nants. 

numerical determinant. A determinant 
whose elements are numbers (absolute 
numbers). 

skew-symmetric determinant. See SKEW. 

symmetric determinant. See SYMMETRIC 
—symmetric determinant. 

Vandermonde determinant. A determi- 
nant having unity in each place of the first 
row, the second row unspecified, and the 
elements of the ith row the (i— 1)th power of 
the corresponding elements of the second 
row, or the transpose of such a determinant. 


DE-VEL’OP-A-BLE, adj., n. developable 
surface. The envelope of a one-parameter 
family of planes; a surface that can be de- 
veloped, or rolled out, on a plane without 
stretching or shrinking; a surface for which 
the total curvature vanishes identically. 
See below, rectifying developable of a curve, 
polar developable of a curve, and TANGENT 
—tangent surface of a curve. 

polar developable of a space curve. The 
envelope of the norma! planes of the space 
curve; the totality of points on the polar 
lines of the curve. See above, developable 
surface, and NORMAL—normal plane to a 
space curve at a point. 

rectifying developable of a space curve. 
The envelope S of the rectifying planes of 
the space curve C. This developable sur- 
face § is called the rectifying developable 
of C because the process of developing S 
on a plane results in rolling C out alonga 
straight line. See above, developable sur- 
face, and RECTIFYING—rectifying plane of 
a space curve at a point. 


DE’VI-ATE, n. standard deviate. (S/a- 
tistics.) The standard deviate value of a 
particular value x; of the variable x is 
(x,;—X)/o, where the mean and standard 
deviation of x are X and a, respectively. 


DE’VI-A'TION, 71. (Statistics.) (1) The 
variation from the trend. (2) The dif- 
ference between the particular number and 
the average of the set of numbers under 
consideration. Syn. Measure of dispersion. 

algebraic deviation. (Sfatistics.) Devia- 
tion which is counted positive if the 
magnitude is greater than the average or 
trend, and negative if less. 

absolute mean deviation. The arith- 
metic mean of the numerical values of the 
deviations. For continuous variables, the 
absolute mean deviation is 


[x ECL ax, 


or, for discrete variables, 
n 
>, i E@dIin, 
=] 


where f(x) is the frequency function and 
E(x) the expected value of x. 
mean deviation. The quantity 


n 
> |x; — &|/n, 
i=] 

where xX is the arithmetic mean or the 
median. The use of the latter eliminates 
certain computational difficulties. The 
sum of deviations (with regard to sign) 
is zero about the mean and, without regard 
to sign, it is a minimum around the median. 
Either method yields an inefficient esti- 
mate of the standard deviation of a normal 
distribution. 

probable deviation. The deviation that 
will be exceeded by a random variable with 
probability 4. In a normal distribution, 
the probable deviation around the mean is 
+.675 standard-deviation units. It is 
not the deviation that is most probable, or 
even “‘probable.” No longer generally 
used. Syn. Probable error. 

quartile deviation. One-half of the dif- 
ference between the two quartile magni- 
tudes. 

standard deviation. The square root of 
the arithmetic mean of the squares of the 
deviations from the mean. Syn. Root mean 
square deviation. In anormal distribution 
the parameter o is the standard deviation, 
where the frequency function is 

l 


xXjp= — e7(x—u)2/02. 
a) oV 2a 


Deviation 


Same as the square root of the second 
moment around the mean expectation of the 


variable:,.2= | (x—E(O)f(x) dx. To 


estimate the standard deviation of a normal 
distribution from a random sample, the usu- 


n 
> Gj— *)? 

i=] 
ally used formula is c= a ar ’ 
where the mean x is estimated from the 
sample. If the mean of the population is 
known, m—1 is replaced by nv. This 
yields a maximum-likelihood estimate of 
the standard deviation and an unbiased 
minimum-variance estimate of the vari- 


ance. 


DEXTRORSUM [Latin] or DEX’TRORSE, 
adj. Same as RIGHT-HANDED CURVE. See 
RIGHT. 


DI-AG’O-NAL, adj., n. diagonal of a de- 
terminant. See DETERMINANT. 

diagonal of a matrix. See MATRIX. 

diagonal of a polygon. A line connecting 
two nonadjacent vertices. In elementary 
geometry it is thought of as the line segment 
between nonadjacent vertices; in projective 
geometry it is the straight line (of infinite 
length) passing through two nonadjacent 
vertices. 

diagonal of a polyhedron. A line segment 
between any two vertices that do not lie in 
the same face. See PARALLELEPIPED. 

diagonal scale, for a rule. A scale in 
which the rule is divided crosswise and 
diagonally by systems of parallel lines. 
E.g., suppose that there are 11 longitudinal 
(lengthwise of the ruler) lines per inch 
(counting the lines at the beginning and 
end of the inch interval) and one diagonal 
line per inch. Then the intersections of the 
diagonal lines with the longitudinal lines 
are ;jy inch apart longitudinally, for the 
10 segments cut off on any one diagonal by 
the horizontal lines are equal, and hence 
the 10 corresponding distances measured 
along the longitudinal lines must be equal. 
Thus the inch is divided into 10 equal 
parts. Similarly one diagonal per 7g inch 
scales the ruler in yj inch, etc. 


DI'A-GRAM, nv. A drawing representing 
certain data and, perhaps, conclusions 


Difference 


drawn from the data; a drawing represent- 
ing pictorially (graphically) a statement or 
a proof; used to aid readers in understand- 
ing algebraic explanations. 
Argand diagram. See ARGAND. 
indicator diagram. See INDICATOR. 


DI’A-LYT’IC, adj. Sylvester’s dialytic 
method. See SYLVESTER. 


DI-AM’E-TER, n. conjugate diameters. 
See CONJUGATE—conjugate diameters. 

diameter of a central quadric surface. 
The locus of the centers of parallel sections 
of the central quadric. This locus is a 
straight line. 

diameter of a circle. See CIRCLE. 

diameter of a conic. Any straight line 
which is the locus of the midpoints of a 
family of parallel chords; a chord joining 
the points of tangency of two parallel 
tangents to the conic. Any conic has 
infinitely many diameters. In the central 
conics, ellipses and hyperbolas, they form 
a pencil of lines through the center of the 
conic. See CONJUGATE—conjugate dia- 
meters. 

diameter of a set of points. See BOUNDED 
—bounded set of points. 


DI-AM’E-TRAL, adj. conjugate diametral 
planes. Two diametral planes, each of 
which is parallel to the set of chords 
defining the other. 

diametral line in a conic (ellipse, hyper- 
bola or parabola). Same as DIAMETER. 

diametral plane of a quadric surface. A 
plane containing the middle points of a set 
of parallel chords. 


DIDO’S PROBLEM. The problem of 
finding the curve, with a given perimeter, 
which incloses the maximum area. The 
required curve is a circle. If part of the 
boundary is freely given as a straight-line 
segment of arbitrary length, as along a 
river, then the solution is a semicircle. 


DIF’ FER-ENCE, adj.,n. The result of sub- 
tracting one quantity from another. Syn. 
Remainder. 

difference equation. See below, ordinary 
difference equation, and partial difference 
equation. 

difference of like powers of two quantities, 
factorability of. If the power is odd, the 


Difference 


difference of like powers of two quantities 
is divisible by the difference of the two 
quantities; whereas if the power is even, 
the difference is divisible by both the sum 
and the difference of the two quantities. 
E.g., 


x3— y3=(x—y)(x*+xyt+y), 
x4 — y4=(x—y)x+ yx? + y’). 

See suM—sums of like powers of two quan- 
tities. 

difference of two sets. The difference 
A—B of two sets A and B is the set of all 
points which belong to A and do not belong 
to B. The symmetric difference of two sets 
A and B is the set which contains all the 
points that belong to one of the sets but 
not to the other; i.e., the symmetric 
difference of A and Bis the union of the sets 
A—B and B—A. Some of the notations 
used for the symmetric difference of A and 
Bare ACB, AVB, A+ B. See RING—ring 
of sets. 

difference of two squares. The result of 
subtracting the square of one number from 
the square of another. If a@ and 4 denote 
the numbers, the difference of the squares, 
(a2— b2), is equal to (a+ b)(a— bd). 

difference quotient. The increment of 
the function, corresponding to an incre- 
ment of the independent variable, divided 
by the latter; e.g., if the function, f, is de- 
fined by f(x) =x?, the difference quotient is 

f(x+ Ax)—f(x) _ (x+ Ax)? — x? 
Ax 7 Ax 
=2x+ Ax. 


while 


See DERIVATIVE. 

differences of the first order or first-order 
differences. The sequence formed by sub- 
tracting each term of a sequence from the 
next succeeding term. The _ first-order 
differences of the sequence (1, 3, 5, 7,-- -) 
would be (2, 2, 2,---). 

differences of the second order or second- 
order differences. The first-order differ- 
ences of the first-order differences; e.g., the 
first-order differences of the sequence (1, 2, 
4,7, 11,---) are (1 ,2 ,3 ,4,---), while the 
second-order differences are (1,1, 1,---). 
Similarly, the third-order differences are the 
first-order differences of the second-order; 
and, in general, the rth-order differences 
are the first-order differences of the (r—1)th 
order. If the sequence is (a), @o, @3, °° *, Qn, 
---) the first-order differences are a,— a, 
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Q3;—Q7,A4—a3,-+-, the second-order are 


a;,—2a,+a, a4—2a3;+ a, aaa and the rth 
order are: 
[a,44—ra,+ir(r— 1)/2'a,-1;— +++ +a], 
[@,+2—ra,+yttr(r—1)/2a,— ++: 
tay], +++ 


finite differences. The differences de- 
rived from the sequence of values obtained 
from a given function by letting the varia- 
ble change by arithmetic progression. If 
f is the given function, the arithmetic 
progression (a,a+h,a+2h,---) gives the 
sequence of values: f(a), f(a+h), f(a+ 2h), 

The differences may be of any given 

order. The first-order differences are 
fl(at+h)—f(a), f(a+2h)—f(at+h),:--. The 
successive differences of order one, two, 
three, etc., are written: Af(x), A2f(x), A3f(x), 
etc. In the study of difference equations, 
it is sometimes understood that Af(x)= 
f(x+1I)—f(x), A(x) =AAS(X) = f(x + 2) 
—2f(x+1)+f(»), ete. 

ordinary difference equation. An _ ex- 
pressed relation between an independent 
variable x and one or more dependent 
variables f(x), g(x), ---, and any successive 
differences of f, g, etc., as Af(x)=f(x+h)— 
f(x), A*f(x)=f(xt 2h) — 2f(xt+h)t+ f(r), 
etc., or equivalently, the results of any suc- 
cessive applications of the operator E, 
where Ef(x)=f(x+hA). The order of a 
difference equation is the order of the 
highest difference (or exponent of the 
highest power of £), and the degree is the 
highest power to which the highest differ- 
ence is involved. A difference equation 
is linear if it is of the first degree with 
respect to all of the quantities /(»), 
Af(x), A2f(x), etc.; or f(x), Ef(x), etc. The 
equation f(x+ 1)=xf(x) is a linear differ- 
ence equation. See below, partial dif- 
ference equation. 

partial difference equation. An expressed 
relation between two or more independent 
variables x, y, z,- ++, one or more depend- 
ent variables f(x, y,z,---), and partial 
differences of these dependent variables. 

partial differences. Partial differences of 
a function f(x, y, Z,---°) of two or more 
variables are any of the expressions arising 
from successive derivation of ordinary 
differences, holding all the variables but 
one fixed at each step. 


tabular difference. See TABULAR. 
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DIF’ FER-ENC-ING, p. differencing a 
function. Taking the successive differences. 
See DIFFERENCE—finite differences. 


DIF’ FER-EN’TI-A-BLE, adj. For a func- 
tion of one variable, possessing a derivative. 
For a function of several variables, see 
DIFFERENTIAL. 


DIF’FER-EN’TIAL, adj., n. Let y=f(x) 
be a function of one variable for which the 
derivative f’(x) exists. Then the differential 
of y is 

dy = f'"(x) dx, 


where dx is an independent variable. Thus 
dy is a function of the two variables x and 
dx. Since the derivative of x is 1, it follows 
that the differential of x is dx. The 
differential dy has the property that, if x 
is changed to Ax, the resulting change Ay 
in y differs from dy (with dx set equal to 
Ax) by an infinitesimal of higher order than 
Ax; for since 


. A A 
lim =f'(x), =f’"(x) +e, 
Ax>0 Ax Ax 


where e€ is an infinitesimal. Hence 


als . 


Ax=dz 


Ay=f'(x) Ax+e Ax, 


from which dy is obtained by dropping 
the infinitesimal, « Ax, and writing dx in 
the place of Ax. The differential (the total 
differential), of a function of several 
variables, f(x), x2,° °°, X,), is the function 
of of of 
df= — dx, dx2+ ae dXn, 
whichis a oo. of the independent vari- 
ables x1,°--, Xp, dx\,°°:,dx,. Each of 
oC ; ‘ 
the terms a dx; is called a partial differ- 
ential. If w.=/(x, y, z) and z is a function 
of x and y, then 


du= (24+ 2%) avs (2422) a 


BEN es 


+ — += 
Ox oz 0x Oy ozaoy 


Each term on the right is a partial differ- 
ential, but is sometimes called an inter- 
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mediate differential in cases such as the 
above where at least one of the variables of 
fis dependent on the others. The formulas 
for the differentials of functions of one or 
more variables hold when the functions are 
composite. One may, in that case, replace 
the differentials of the variables by their 
total differentials in terms of the variables 
of which they are functions. E.g., if z= 
f(x, y), x=u(s, tf) and y=v(s, 2), then 
az= of x + Za ly 


rs Ou 
-Z(z ds+F val 


For a function f(x, y) of two variables, 


ae art 


The function f(x, y) is ae to be dif- 
ferentiable at (x, y) if, for any ¢>0, there 
isa 6>Osuch that if Ax and Ay are numbers 
with |Ax| and |Ay| each less than 6, then 


dx+ = Pe 


as (= of Ax+Z Ay) 


<e({Ax| + |Ay)), 


where Af= f(x+ Ax, y+ Ay)—f(x, y). Thus 
if the independent variables are changed by 
smal]! amounts, the change in a differentiable 
function can be approximated by its dif- 
ferential with an error which is small 
relative to the changes in the variables. A 
function with continuous partial derivatives 
is differentiable. This concept of approxi- 
mation can be used to define differentials 
for more general situations (see FUNCTIONAL 
—differential of a functional). Syn. Total 
differential. See INCREMENT—increment of 
a function, and ELEMENT—element of 
integration. 

adjoint of a differential equation. See 
ADJOINT. 

binomial differential. See BINOMIAL. 

differential analyzer. An instrument for 
solving differential equations (or systems of 
differential equations) by mechanical 
means. The Bush differential analyzer, 
designed in the 1920’s by Vannevar Bush, 
was the first differential analyzer ever built. 
It was based on the two fundamental 
Operations of addition and integration, 
performed respectively by differential gear 
boxes and wheel and disc mechanisms. 
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differential of arc, area, attraction, mass, 
moment, moment of inertia, pressure, 
volume, and work. Same as ELEMENT OF 
ARC, AREA, ATTRACTION, etc. See ELEMENT 
—element of integration. 

differential calculus. See CALCULUS. 

differential coefficient. Same as DERIVA- 
TIVE. 

differential equation (ordinary), An 
equation containing at most two variables, 
and derivatives of the first or higher order 
of one of the variables with respect to the 
other, such as y(dy/dx)+2x=0. The 
order of a differential equation is the order 
of the highest derivative which appears. 
When an equation contains only deriva- 
tives of the first order it is frequently 
written in terms of differentials. This is 
permissible because the first derivative 
may be treated as the quotient of the differ- 
entials. Thus the equation above may be 
written y dy+2x dx=0. See the headings 
below, and PARTIAL— partial differential 
equation. 

differential equations of Bessel, Clairaut, 
Gauss, Hermite, Laguerre, Laplace, Le- 
gendre, Mathieu, Sturm-Liouville, Tcheby- 
cheff. See the respective names. 

differential equations with variables sep- 
arable. Ordinary differential equations 
which can be written in the form P(x) dx + 
Q(y) dy=0, by means of algebraic opera- 
tions performed on the given equation. 
Its general solution is obtainable directly 
by integration. 

differential form. A homogeneous poly- 
nomial in differentials. E.g., if 2;,;,..-i, 
is a symmetric covariant tensor field and 
'g\82---g, 18 an alternating covariant tensor 
field, then 


Sijin- ++ iy dx'1 dxiz- ++ dxir 
and 
te By +++ By AXP dxP2 ++ + dx*g 


transform like scalar fields and are a sym- 
metric differential form and _ alternating 
differential form, respectively. 

differential of a functional. 
TIONAL. 

differential geometry. The theory of the 
properties of configurations in the neighbor- 
hood of one of its general elements. See 
GEOMETRY—metric differential geometry; 


See FUNC- 
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and below, projective differential geom- 
etry. 

differential operator. A polynomial in 
the operator D, where D stands for d/dx 
and Dy for dy/dx. E.g., (D?4+xD+5)y= 
d*y/dx2+ x(dy/dx)+5y. Symbols of the 
form 1/f(D), where f(D) is a polynomial in 
D, are called inverse differential operators. 
E.g., the symbol 1/(D—a) arises from the 
equation dy/dx—ay=f(x). The equation 
is written in the form (D-—a)y=f(x). 
Then 


1 
Y= (Da) f(x) 
is a solution, where 


1 , 
as — ax ax ax 
pup l=cete [e i de 

differential parameter of a surface. For 
a given function f(u, v) and a given surface 
S: x=x(u,v), y=y(u,v), z=2(u,v), the 
function 


ss-(f) 


AEp ar LE ol 


C—O a 5 


where the derivative df/ds is evaluated in 
the direction perpendicular to the curve 
f=const. on S, is invariant under change 
of parameters: u=u(iuy,v,), v=v(uy,, V4). 
See VARIATION—Variation of a function 
ona surface. The invariant A,/ is called 
the differential parameter of the first order 
for the function f relative to the surface S. 
See below, mixed differential parameter of 
the first order. 

The differential parameter of the second 
order is the invariant 


Af= 
of of of 
2 ( Ciu~Fin) a(F ap | 
éu \(EG— F232) * 0 \(EG—F3" 
(EG — F2)'/2 
For a conformal map of the (uv, v)-domain 
of definition on the surface S, which is a 
map with E=G=o(u,v)40, F=0, the 
numerator of A,f reduces to the Laplacian 
cf a4f 
of f: A, f= (5+=5) lc. There are other 
differential invariants of the second and 
higher orders, such as A,A,(f,g), A;A.S; 
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etc. See below, mixed differential para- 
meters of the first order. 

exact differential equation. A_ differ- 
ential equation which is obtained by setting 
the total differential of some function equal 
to zero. An exact differential equation in 
two variables can be put in the form: 

[of (x y)/ex] dx + [ef(x y)/éy] dy= 

A necessary and sufficient condition that 
an equation of the form M dx+ N dy=0, 
where M and N have continuous first-order 
partial derivatives, be exact is that the 
partial derivative of M with respect to y be 
equal to the partial derivative of N with 
respect to x; ie, D,M=D,N. The 
equation 


(2x+3y) dx+(3x+ Sy) dy=0 


is exact. If a differential equation in three 
variables is of the form 


Pdx+Qdy+Rdz= 


where P, Q, and R have continuous first- 
order partial derivatives, then a necessary 
and sufficient condition that it be exact is 
that D,P=D,Q, D,Q=D,R and D,R= 
D,P, where D,P, etc., denote partial deriva- 
tives. This can be generalized to any num- 
ber of variables. 

homogeneous differential equation. A 
name usually given to a differential equa- 
tion of the first degree and first order which 
is homogeneous in the variables (the deriva- 
tives not being considered) such as 


y?t (xy + x?) Y =0 


and 


Solvable by use of the substitution y= ux. 
Equations of the type 
dy ax+byt+c 
dx dx+eyt+f 
can be reduced to a homogeneous equation 
by the substitutions: x=2x’ +h, y=y' +k, 
where A and & are to be chosen so as to 
remove the constant terms in the numerator 
and denominator of the fraction. 
homogeneous linear differential equation. 
A linear differential equation which does 
not contain a term involving only the 
independent variable. E.g., y+yf(x)=0. 
integrable differential equation. A differ- 
ential equation that is exact, or that can 
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be made so by multiplying through by an 
integrating factor. 

linear differential equation. A_ linear 
differential equation of first order is an 
equation of the form 


—_— 


5 t Ploy = Q(x). 
Such an equation has an integrating factor 
of the form e/?4x See example above, 
under differential operator. The general 
linear differential equation is an equation 
of the first degree in y and its derivatives, 
the coefficients of y and its derivatives 
being functions of x alone. J.e., an equa- 
tion of the form 


n-1l 

L(y)= po 5 arian ie — + “+ +pny= Q(x). 
The general solution can be found by finding 
n linearly independent particular solutions 
of the homogeneous equation L(y)=0, 
multiplying each of these functions by an 
arbitrary parameter, and adding to the 
sum of these products (called the comple- 
mentary function) some particular solution 
of the original differential equation. The 
equation L(y)=0 is called an auxiliary 
equation or a reduced equation. The 
original equation L(y)=Q is called the 
complete equation. Another method of 
finding a general solution, after having the 
complementary function, consists in assum- 
ing that the arbitrary parameters in the 
complementary function are undetermined 
functions of x, then substituting the 
complementary function in the original 
differential equation and determining these 
undetermined functions of x so that the 
result is an identity. This method is called 
variation of parameters. 

metric differential geometry. Sce GEOM- 
ETRY. 

mixed differential parameter of the first 


order. The invariant 
Alf, g)= 
pte _ (Le fe af of og 
av ov Ou dv | ov ou Cu eu 
EG— F2 


for given functions f(u, v) and g(u, v) and 
a given surface S: x=x(u, v), y=y(y, Vv), 
z=2z(u, v). See above, differential para- 
meter of the first order. The invariance of 
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Differentiation 


A.(f, gz) under change of parameters u, v 
follows from its geometrical significance: 


AWS, g) ; 
[Af]? (Ayg]'2 


where @ is the angle between the curves 
f=const. and g=const. through a point of 
S. Another mixed differential parameter 
of the first order is 


Af £) 
c(u, Vv) 


cos = 


Of, Z)= 
We have 
Af, g)+ O74 9) = [Ai fAig]. 


order of a differential equation. The 
order of its highest-order derivative. 

partial differential equation. See PARTIAL 
—partial differential equations. 

Picard and Runge-Kutta methods for 
solving differential equations. See the 
respective names. 

projective differential geometry. The 
theory of the differential properties of con- 
figurations, which are invariant under pro- 
jective transformations. 

primitive of a differential equation. See 
PRIMITIVE—primitive of a differential equa- 
tion. 

simultaneous (or systems of) differential 
equations. Two or more differential equa- 
tions involving the same number of depen- 
dent variables, taken as a system in the 
sense that solutions are sought which will 
satisfy them simultancously. 

solution of a differential equation. Any 
function which reduces the differential 
equation to an identity when substituted 
for the dependent variable; y= x?+ cx is a 
solution of 


/(EG — F?)'/2, 


Se ae dy _ 
xa y=0, for hook te 


and substituting 2x+ ec for 2 and x*+c¢x 


for y, in the differential equation reduces 
it to the identity O=0. Syn. primitive 
integral. The constant c in the solution 
y=x*+cx is an arbitrary constant in the 
sense that y= .x*2+ cx 1s a solution whatever 
value is given to c. The general solution of 
a differential equation is a solution in 
which the number of essential arbitrary 
constants is equal to the order of the 


differential equation. A particular solution 
is a solution obtained from the general 
solution by giving particular values to the 
arbitrary constants. A singular solution is 
a solution not obtainable by assigning 
particular values to the parameters in the 
general solution; it is the equation of an 
envelope of the family of curves represented 
by the general solution. This envelope 
satisfies the differential equation because at 
every one of its points its slope and the 
coordinates of the point are the same as 
those of some member of the family of 
curves representing the general solution. 
See DISCRIMINANT—discriminant of a dif- 
ferential equation. 

total differential. See above, DIFFEREN- 
TIAL. 


DIF’FER-EN’TI-A'TION, adj., n. The 
process of finding the derivative, or differ- 
ential coefficient. See DERIVATIVE. 
differentiation formulas. Formulas that 
give the derivatives of functions or enable 
one to reduce the finding of their derivatives 
to the problem of finding the derivatives of 
simpler functions. See DIFFERENTIATION 
FORMULAS in the appendix, CHAIN—chain 
rule, and DERIVATIVE. 
differentiation of an infinite series. See 
SERIES—differentiation of an infinite series. 
differentiation of parametric equations. 
See PARAMETRIC—parametric equations. 
differentiation of an integral. See DE- 
RIVATIVE—derivative of an integral. 
implicit differentiation. The process of 
finding the derivative of one of two 
variables with respect to the other by 
differentiating all the terms of a given 
equation in the two variables, leaving the 
derivative of the dependent variable (with 
respect to the independent variable) in in- 
dicated form, and solving the resulting 
identity for this derivative. E.g., if 


e+xtyt+ty=4, 
then 
3x2+14+y'4+ 3y2y’=0, 
whence 
y= -—(B3x74+ 1)/By24+ 1). 


In cases where an equation cannot be 
solved for one of the variables, this method 
is indispensable. [It generally facilitates the 
work even when the equation can be so 


Differentiation 


solved. For the equation f(x, y)=0 one 
may also use the formula: 


dy/dx = — D,.f (x, y)/Dyf (x, y), 
if 
Dy f (x, y) #9; 


this is easily seen to be equivalent to the 
above method. See DIFFERENTIAL (when 
the point (x, y,z) moves along a curve 
parallel to the xy-plane, i.e., if z is constant, 
dz = df(x, y) is zero and the above formula 
results). 

indirect differentiation. See INDIRECT. 

logarithmic differentiation. Finding de- 
rivatives by the use of logarithms. Consists 
of taking the logarithm of both sides of an 
equation and then differentiating. It is 
used for finding the derivatives of variable 
powers of variable bases, such as x*, and 
to simplify certain differentiation processes. 
E.g., if y=x*, one can write log y=x log x 
and find the derivative of y with respect 
to x from the latter equation by means of 
the usual method of implicit differentiation. 

successive differentiation. The process 
of finding higher-order derivatives by 
differentiating ]Jower-order derivatives. 


DIG’IT, n. A term applied to any of the 
integers 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 occurring 
in a number. The number 23 has the 
digits 2 and 3. 

significant digits. (1) The digits which 
determine the mantissa of the logarithm of 
the number; the digits of a number begin- 
ning with the first digit on the left that is 
not zero and ending with the last digit on 
the right that is not zero. (2) The digits of 
a number which have a significance; the 
digits of a number beginning with the first 
nonzero digit on the left of the decimal point, 
or with the first digit after the decimal point 
if there is no nonzero digit to the left 
of the decimal point, and ending with the 
last digit to the right. £.g., the significant 
digits in 230 are 2, 3, and 0. The signifi- 
cant digits in .230 are 2, 3, and 0, the 0 
meaning that, to third place accuracy, the 
number is .230. In 0.23, the O is not 
significant, but in 0.023 the second zero is 
significant. 


DIG’IT-AL, adj. digital device. Sce 
COMPUTER—digital computer. 


Dimension 


DI-HE’DRAL, adj. dihedral angle. The 
angle between two planes. If the planes 
are parallel, the angle is said to be zero. 
A dihedral angle is measured by the plane 
angle formed by the lines of intersection 
of the two planes with a plane perpendicular 
to their line of intersection. The planes 
a and B form a dihedral angle, which is 
measured by the angle drawn at A, or at A’. 
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DIL’A-TA’TION, n. The change in vol- 
ume per unit volume of the element of a 
deformed substance. Ifthe principal strains 
are denoted by e;, eo, and e;3, the dilatation 
b=(1+e,)(1+e2)(1+e3)—1, and for small 
strains d =e,+e)+e3, approximately. 


DI-MEN’SION, 7. Refers to those prop- 
erties called length, area, and volume. 
A configuration having length only is said 
to be of one dimension; area and not 
volume, two dimensions; volume, three 
dimensions. A geometric configuration is 
of dimension n if 2 is the least number of 
real-valued parameters which can be used 
to (continuously) determine the points of 
the configuration; 7.e., if there are n degrees 
of freedom, or the configuration is (locally) 
topologically equivalent to a subspace of 
n-dimensional Euclidean space. There are 
various definitions of dimension of a 
topological space, the most important of 
which give the same number for a compact 
metric space. E.g., ‘““A metric space is of 
dimension 7 if (1) for each positive 
number e there is a closed «-covering of 
order less than or equal to n+1, and 
(2) there is a positive number e for which 
each closed e-covering of M is of order 
greater than n’’ (see COVERING). This 
definition of dimension is such that the 
dimension of a metric space is topo- 
logically invariant and a subset of n- 
dimensional Euclidean space which con- 
tains the interior of a sphere is of dimension 
n. Also see BASIS—basis of a vector space, 
and SIMPLEX. 


Dimensionality 


DI-MEN’SION-AL'I-TY, n. The number 


of dimensions of a quantity. See DIMEN- 
SION. 


DIM’I-NU’TION, nr. diminution of the 
roots of an equation. See RoOoT—root of an 
equation. 


DI-O-PHAN’TINE, adj. diophantine anal- 
ysis. A method for finding integral solu- 
tions of certain algebraic equations. De- 
pends mostly upon an ingenious use of 
arbitrary parameters. 

diophantine equations. See EQUATION— 
indeterminate equation. 


DI'POLE, n. See POTENTIAL—concentra- 
tion method for the potential of a complex. 


DI-RECT’, adj. direct product (or sum). 
See headings under PRODUCT. 

direct trigonometric functions. The trigo- 
nometric functions sine, cosine, tangent, 
etc., as distinguished from the inverse 
trigonometric functions. See TRIGONO- 
METRIC—trigonometric functions. 


DI-RECT’ED, adj. directed angle. An 
angle that has been indicated as positive 
or negative. See ANGLE. 

directed line, or line segment. A line 
(or line segment) on which the direction 
from one end to the other has been indi- 
cated as positive, and the reverse direction 
as negative. 

directed numbers. Numbers having 
signs, positive or negative, indicating that 
the negative numbers are to be measured, 
geometrically, in the direction opposite to 
that in which the positive are measured. 
Syn. Signed numbers, algebraic numbers. 
See POSITIVE—positive number. 

directed set. See MOORE-SMITH CON- 
VERGENCE, 


DI-REC’TION, adj., n. The relation be- 
tween two points which is independent of 
the distance between them. 

characteristic directions on a_ surface. 
See CHARACTERISTIC. 


direction angle of a line in the plane. 


The smallest positive (or zero) angle 
that the line makes with the positive 
x-axis. See below, direction of a line in a 
plane. 


Direction 


direction angles. The three positive 
angles which a line makes with the positive 
directions of the coordinate axes. There 
are two such sets for an undirected line, 
one for each direction which can be assigned 
to the line. Direction angles are not inde- 
pendent (see PYTHAGOREAN—Pythagorean 
relation between direction cosines). In 
the figure, direction angles of the line L 
are the angles, «, 8 and y, which the parallel 
line L’ makes with the coordinate axes. 


direction components of the normal to a 
surface. See below, direction cosines of 
the normal to a surface. 

direction cosines. The cosines of the 
direction angles. They are usually denoted 
by /, m, and n, where, if «, 8, y are the 
direction angles with respect to the x-axis, 
y-axis, and z-axis, respectively, /=cos a, 
m=cos 8, and n=cosy. Direction cosines 
are not independent. When two of them 
are given, the third can be found, except 
for sign, by use of the Pythagorean relation, 
cos? «+cos? 8+cos*y=1. See below, di- 
rection numbers. 


direction cosines of the normal to a sur- 
face. For a surface S given in parametric 
representation, x=x(u,v), y=y(u, v), Z= 
z(u, v), direction components of the normal 


Direction 


at a regular point are any three numbers 
having the ratio 4:B:C, where 


Oy OZ Oz Ox 
Ou Ou ou ou 
A= , Bal I, 
Oy OZ Oz Ox 
Cv ov Ov dv 

ox oy 

du ou 

C= 
Ox oy 
Cv Ov 


The positive direction of the normal is 
taken to be the direction for which the 
direction cosines are X=A/H, Y=B/H, 
Z=C/H, where H=vV A2+ B2+C2, Thus 
the orientation of the normal depends on 
the choice of parameters. 

direction of a curve (at a point). The 
direction of the tangent to the curve at the 
point. See below, direction of a line. 

direction of a line. For a line in the 
plane, its inclination; i.e., the angle it 
makes with the x-axis (which is defined as 
the smallest positive angle obtainable by 
revolving the positive x-axis, counterclock- 
wise, until it is parallel to the line). Fora 
line in space, its direction angles. 

direction numbers (or ratios) of a line in 
space. Any three numbers, not all zero, 
proportional to the direction cosines of the 
line. Syn. Direction components. Ifa line 
passes through the points (x, y), z,) and 
(x>, ¥2, Z2), its direction numbers are pro- 
portional to x»— xX), ¥2—\4, 22—21, and its 
direction cosines are 


Y2—Vi1 


5 


D 


X2— X41 
—— nS 
D 


22 as | 
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where 


D= V (x2— 1)? + (Y2— 1)? + (22-21), 
the distance between the points. 

principal direction of strain. See STRAIN. 

principal direction on a surface. At an 
ordinary point of a surface there are direc- 
tions in which the radius of normal 
curvature attains its absolute maximum 
and its absolute minimum. These direc- 
tions are at right angles to each other 
(unless the radius of normal curvature is 
the same for all directions at the point), 
and are called the principal directions on the 
surface at the point. See CURVATURE—Dprin- 
cipal curvature of a surface at a point, and 
UMBILICAL—umbilical point on a surface. 
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DI-REC'TION-AL, adj. directional de- 
rivative. The rate of change of a function 
with respect to arc length as a point moves 
in a given direction (i.e., along a given 
curve). This is equal to the sum of the 
directed projections, upon the tangent line 
to the path, of the rates of change of the 
function in directions parallel to the three 
axes. Explicitly, for a function u= 
F(x, y, z), the directional derivative in the 
direction of a curve whose parametric 
equations are x=x(s), y=y(s), z=2(s), 
where s is arc length, is given by: 

du 


- dx dy 
Tg Ex ds Zz) Js 1 Po» 2) 7. 


dz 
+ Fx, Vs 2) 7, 
=IF(x, ys z)+ mF,(x, ys Z)+nFx, y» Z); 


where /, m and n are the direction cosines of 
the tangent to the curve. For a function 
u=f(x, vy) of two variables, this can be 
written as 


f(x, y) cos 6+ f(x, y) sin 8, 


where @ is the angle which the tangent to 
the curve (directed in the direction of 
motion) makes with the directed x-axis. 
See CHAIN—Cchain rule. 


DI-REC’TOR, adj. director circle of an 
ellipse (or hyperbola). The locus of the 
intersection of pairs of perpendicular tan- 
gents to the ellipse (or hyperbola). In the 
figure, the circle is the director circle of the 


bl 


js 
So aa 
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ellipse, being the locus of points P which 
are the intersections of perpendicular tan- 
gents like (1) and (2). 

director cone of a ruled surface. A cone 
formed by lines through a fixed point in 


x 


Director 


Disconnected 
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space and parallel to the rectangular gen- 
erators of the given ruled surface. See 
INDICATRIX—Sspherical indicatrix of a ruled 
surface. 


DI-REC’TRIX, 7. directrix of a conic. 
See CONIC. 
directrix of a cylindrical surface. See 
CYLINDRICAL—cylindrical surface. 
directrix of a ruled surface. A curve 
through which a line generating the surface 
always passes. See CONICAL—conical sur- 
face, CYLINDRICAL—cylindrical surface, 
and PYRAMIDAL—pyramidal surface. 
directrix planes of a hyperbolic parabo- 
loid. The two lines of intersection of z=0 
with the hyperbolic paraboloid 
x2 y? 
a be 
each taken with the z-axis, determine two 
planes which are called the directrix planes 
of the hyperbolic paraboloid. 
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DIRICHLET. Dirichlet characteristic 
properties of the potential function 


[[[pir av: 


Assume that p and its first partial deriva- 
tives are piecewise continuous and that 
the set of points at which p is not zero may 
be enclosed in a sphere of finite radius. 
The Dirichlet properties of the potential 


function u= || [pir dV are: (1) U is of 


class C! throughout space, (2) U is of class 
C? except on surfaces of discontinuity of 
p, Sp/ex, ep/ey, and ép/éz; (3) at points 
external to the body (p=0O) U satisfies 
Laplace’s equation 62U/éx2+62U/éy2+ 
62U/dz2=0, while at points internal to 
the body but not on the boundary, U 
satisfies the more general Poisson equation 
62U/0x2 + 02U/dy2+ 02U/dz2= +4ap (the 
sign is plus in the electrostatic case and 
plus or minus in the gravitational case 
depending on the conventions adopted); 


(4) if M= [[lp dV and R2=x2+y2+2?, 
then as R—> co, R(U— M/R)->0, while each 
of R3 &(U—M/R)/éx, R3 (U—M/R)/ey, R3 
o(U— M/R)/éz remains bounded. See 


POTENTIAL—potential function for a volume 
distribution of charge or mass. 


Dirichlet integral. The integral 


A) GE) + EY | ao. 


or its analogue for a function of any num- 
ber of independent variables. The Dirichlet 
principle states that if the Dirichlet integral 
is minimized in the class of functions 
continuously assuming a given boundary 
value function on the boundary of A, then 
the minimizing function is harmonic on the 
interior of A. 

Dirichlet problem. Same as the first 
boundary value problem of potential 
theory. See BOUNDARY. 

Dirichlet product. For a given domain R 
and a given nonnegative function p(x, y, Z), 
the Dirichlet product D[u, v] of functions 
u(x, y, z) and u(x, y, z) 1s defined by 


D{u, v]= I, (Vu-Vvu+puv) dx dy dz, 


Cu cv Oudv Cu Ov 
ax ax" dy Oy” dz Oz 
above, Dirichlet integral. 
Dirichlet’s conditions. 
Fourier’s theorem. 
Dirichlet’s test for convergence of a 
series. Let a), a2,-°° be a sequence for 
p 
>, an 


n=1 


where Vu: Vv= See 


See FOURIER— 


which there is a number K with 


<K for all p. Then > a,u, converges if 
n=1 


Un -?Un+, for all n and tlmu,=0. 


n—- 


This test is easily deduced from Abel’s 
inequality. 

Dirichlet’s test for uniform convergence 
of a series. If a,(x) are functions for which 


p 
thereis a K for which | > at < K (where K 


{n=l 
is independent of p and x), and if u,(x) = 


Un+ (x) and u,(x) > 0 uniformly as n> ~, 
oO 


then > an(x)un(x) converges uniformly. 
n=] 


Sometimes called Hardy’s test. 


DIS'CON-NECT’ED, adj. disconnected 
set. A set which can be divided into two 
sets U and V which have no points in com- 
mon and which are such that no accumula- 
tion point of U belongs to V and no 
accumulation point of V belongs to U. A 
set is said to be totally disconnected if no 


Disconnected 


subset of more than one point is connected; 
e.g., the set of rational numbers is totally 
disconnected. A set is extremally discon- 
nected if the closure of each open set is open, 
or (equivalently) if the closures of two 
disjoint open sets are disjoint. An 
extremally disconnected Hausdorff space is 
totally disconnected. 


DIS-CON’TI-NU'I-TY, a. (1) The 
property of being noncontinuous. (2) A 
point at which a given function is not 
continuous (also called a point of dis- 
continuity). A discontinuity may mean a 
point at which the function is defined but is 
not continuous, but sometimes is also 
used for a point at which the function is not 
defined (particularly for such a point as 0 
for the function y=1/x). Points of dis- 
continuity of a real-valued function are 
classified as follows. If the function can 
be made continuous at the point by being 
given a new value at the point, then the 
discontinuity is removable (this is the case 
if the limits from the right and left exist and 
are equal); e.g., y=x sin 1/x has a remov- 
able discontinuity at the origin. It 
approaches zero as x approaches zero either 
from the left or right, although it is not 
defined for x=0. A nonremovable dis- 
continuity is any discontinuity which is not 
removable. An ordinary discontinuity (or 
jump discontinuity) is a discontinuity at 
which the limits of the function from the 
right and left exist, but are not equal; e.gz., 
the limits (at x = 0) from the right and left of 
y=1/04+2!/*) are 0 and 1, respectively. 
The difference between the right and left 
limits is called the jump of the function 
(sometimes a jump discontinuity is called 
simply a jump). A finite discontinuity is a 
discontinuity (removable, ordinary, or 
neither) such that there is an interval about 
the point in which the function is bounded; 
e.g., y=sin 1/x has a finite discontinuity at 
x=0, which is neither removable nor 
ordinary. An infinite discontinuity of a 
function f(x) is a discontinuity such that 
|f(x)| can have arbitrarily large values 
arbitrarily near the point. See SINGULAR— 
singular point of an analytic function. 


DIS’CON-TIN’U-OUS, adj. discontinu- 
ous function. A function that is not con- 
tinuous. The term is usually used when 


Discount 


speaking of the nature of a function at a 
given point, or set of points, although it is 
sometimes used loosely in the sense that a 
function is discontinuous on an interval 
when it is discontinuous at some point or 
points on the interval. See DISCONTINUITY. 


DIS’COUNT, adj., n. bank discount. A 
discount equal to the simple interest on the 
obligation; interest paid in advance on a 
note or other obligation (strictly speaking 
the interest is made part of the face of the 
note and paid when the note is paid). 
E.g., a note for $100, discounted by the 
bank rule at 6°%, would leave $94 (paying 
the face value of $100 at the end of the 
year is equivalent to paying 6.38% interest, 
or if the interest is to be 6%, the true 
discount would be $5.66 and the discount 
rate 5.66%, not 6°). 

bond discount. The difference between 
the redemption value and the purchase 
price when the bond is bought below par. 

cash discount, or discount for cash. A 
reduction in price made by the seller be- 
cause the buyer is paying cash for the pur- 
chase. 

chain discount. Same as DISCOUNT SERIES. 

commercial discount. A reduction in 
the price of goods, or in the amount of a 
bill or debt, often given to secure payment 
before the due date. This discount may be 
computed either by means of discount rate 
or by means of interest rate; the former is 
used in discounting prices and the latter, 
usually, in discounting interest bearing 
contracts. The discount in the latter case 
is the face of the contract minus its present 
value at the given rate. When simple 
interest is used, present value is S/(1+ni); 
when compound interest is used, it is 
S/(1+i)", where n in both cases is the 
number of interest periods and S the face 
of the contract. See below, discount rate, 
simple discount, compound discount. 

compound discount. Discount under 
compound interest; the difference between 
face value and the present value at the 
given rate after a given number of years: 


D=S—S/ +i)", 
or, in terms of discount rate, 
D=S—A, where A=S(1-—d)". 


discount factor. The factor which, when 
multiplied into a sum, gives the present 
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value over a period of n years; i.e., gives 
the principal which would amount to the 
sum at the end of n years at the given 
interest rate. For compound interest, this 
factor is (1+/)~", where i is the interest 
rate. In terms of the discount rate, d, 
this factor is (1—d)". See below, discount 
rate. 

discount on a note. The difference be- 
tween the selling value and the present 
value of a note. 

discount on stocks. The difference be- 
tween the selling value and the face value 
of stocks, when the former is lower than 
the latter. 

discount problem under compound _in- 
terest. Finding the present value of a 
given sum, at a given rate of compound 
interest; i.e., solving the equation S= 
P(i+r)" for P. 

discount rate. The percentage used to 
compute the discount. It is never the 
same as the interest rate on the contract. 
See above, bank discount, and below, true 
discount. If dis the discount rate and 7 
the interest rate, the discount on a sum, 
S, for one interest period is S—S/(1+/) 
or Sd, where 


d=1—1/+i)=i/( +i). 


discount series. A sequence of discounts 
consisting of a discount, a discount upon 
the discounted face value, a discount upon 
the discounted, discounted face value, 
etc. The successive discount rates may or 
may not be the same. E.g., if $100 is 
discounted at a discount rate of 10%%, the 
new principal is $90; if this principal is 
discounted 5%, the new principal is 
$85.50, and the discounts $10 and $4.50 
are called a discount series. Syn. Chain 
discount. 

simple discount. Discount proportional 
to the time (on the basis of simple interest). 
If S is the amount due in the future (after 
n years), P the present value, and / the 
interest rate, the discount D is equal to 
S—P, where P= S/(1+n/). 

time discount. Discount allowed if pay- 
ment is made within a prescribed time; 
usually called cash discount. A vendor who 
does credit business often prices his goods 
high enough to make his credit sales cover 
losses due to bad accounts, then discounts 
for cash or for cash within a certain period. 


trade discount. A reduction from the 
list price to adjust prices to prevailing 
prices or to secure the patronage of certain 
purchasers, especially purchasers of large 
amounts. 

true discount. The reduction of the face 
value of an agreement to pay, by the simple 
interest on the reduced amount at a given 
rate; e.g., the true discount on $100 for 
one year at 6%% is $5.66, because 6°% of 
$94.24 is $5.66. The formula for true 
discount is: D=S—S/(1+ni), where S is 
face value, m time in years, and / interest 
rate. 


DIS-CREP’ANCE, n. Same as INTERAC- 
TION. 


DIS-CRETE’, adj. discrete set. A set of 
numbers, or points, that has no limit points. 
See ISOLATED—1solated set. 

discrete variable. A variable that is not 
continuous; a variable that takes on only 
certain disconnected values on any interval 
of the continuum; a variable whose possible 
values form a discrete set, e.g., the integers. 


DIS-CRIM’I-NANT, adj., n. discriminant 
function. (Statistics.) A linear combina- 
tion of a set of 7 variables that will classify 
(into two different classes) the events or 
items for which the measurements of the n 
variables are available, with the smallest 
possible proportion of misclassifications. 
Useful, for example, in the taxonomic 
problems of classifying individuals of a 

plant into the various species. 
discriminant of a differential equation. 
For a_ differential equation of type 
F(x, y, p)=0, where p=dy/dx, the p- 
discriminant is the result of eliminating p 
between the equations F(x, y, p)=0 and 
OF (x, y, P)_¢ 
Op ; 
differential equation is u(x, y,c)=0, the 
c-discriminant is the result of eliminating c 
between the equations u(x, y,c)=0 and 
ou(x, y, C) 

OC 


If the solution of the 


=(). Thecurve whose equation is 


obtained by setting the p-discriminant equal 
to zero contains all envelopes of solutions, 
but also may contain a cusp locus, a tac- 
locus, or a particular solution (in general, 
the equation of the tac-locus will be 
squared and the equation of the particular 
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solution will be cubed). The curve whose 
equation is obtained by setting the c- 
discriminant equal to zero contains all 
envelopes of solutions, but also may 
contain a cusp locus, a node locus, or a 
particular solution (in general, the equation 
of the node locus will be squared and the 
equation of the cusp locus will be cubed). 
In general, the cusp locus, node locus, and 
tac-locus are not solutions of the dif- 
ferential equation. .g., the differential 
equation (dy/dx)?(2 — 3y)2=4(1 — y) has the 
general solution (x—c)?= y?(1—y) and the 
p-discriminant and c-discriminant equa- 
tions are, respectively, 

(2—3y)*01—-y)=0 and y%l—y)=0. 
The line 1— y=0 is an envelope; 2—3y is 
a tac-locus; y=0 is a node locus. 

discriminant of a polynomial equation, 
x"-+ayx"-14 +--+. +a,=0. The product 
of the squares of all the differences of the 
roots taken in pairs. The discriminant is 
equal to the resultant of the equation and 
its derived equation, except possibly in 
sign. The discriminant is (— 1)"(#-1)/2 
times this resultant. If the leading co- 
efficient is ao instead of 1, the factor a2"? 
is introduced in the discriminant and the 
discriminant is (—1)"@-)/2/qay times the 
resultant. The discriminant is zero if and 
only if the polynomial equation has a 
double root. For a quadratic equation, 
ax*+bx+c=0, the discriminant is 
b*—4ac. If a, b, and c are real, the dis- 
criminant is zero when and only when the 
roots are equal, and negative or positive 
according as the roots are imaginary or 
real. E.g., the discriminant of x2+2x+ 
1=0 is O and the two roots are equal; the 
discriminant of x*+x+1=0is —3 and the 
roots are imaginary; the discriminant of 
x*—3x+2=0 is 1 and the roots, | and 2, 
are real and unequal. See QUADRATIC— 
quadratic formula. For a_ real cubic 
equation, x°>+ ax*+ bx+c=0, the discrimi- 
nant is equal to 

a*b? + 18abc — 4b3 — 4a3¢— 27c?. 

This discriminant is positive if the equation 
has three real, distinct roots; it is negative 
if there is a single real root and two conju- 
gate imaginary roots; and it is zero if the 
roots are all real and at least two of them 
are equal. See RESULTANT—resultant of a 
set of polynomial equations. 


discriminant of a quadratic equation in 
two variables. If the equation is 
ax*+ bxy+cy?+dx+ey+f=0, 


then the discriminant is the quantity 
A= (4acf— b2f— ae*—cd2+ bde), which can 
be written 


2a b ad 
A=4| b 2c e|- 
de 2f 


The discriminant is also equal to the 
product of —(b2—4ac) and the constant 
term in the equation obtained by translat- 
ing the axes so as to remove the first degree 
terms—namely, 


a’x* + b’xy+ c’y2— A/(b2— 4ac)=0. 


The discriminant and the invariant, (b2— 
4ac), provide the following criteria concern- 
ing the locus of the general quadratic in 
two variables. If A40O and b?—4ac<0, 
the locus of the general quadratic is a 
real or imaginary ellipse; if A#40O and 
b?—4ac>0, a hyperbola; if A40O and 
b2—4ac=0, a parabola. If A=0 and 
b?—4ac<0, the locus is a point ellipse; 
if A=O and b*—4ac>0, two intersecting 
lines; and if A=0 and b*—4ac=0, two 
parallel or coincident lines or no (real) 
locus. The discriminant A is defined dif- 
ferently by different writers, but all the 
forms are the same except for multiplica- 
tion by some constant. 

discriminant of a quadratic form. The 
determinant with a;; in row i and column j, 


n 
where the quadratic form Q= > AjjXjX; 
i, j=! 
is written so that a,,=a,; for alliandj. If 
A,, is the discriminant of the quadratic form 
obtained from Q by discarding all terms but 
those involving only x, x,°+:,X,,, then 
there is a linear transformation of the form 


n n 
Bian an a > bij; such that > QjjXjXj = 
n 


> ai2, where =Aj,02=A,/Ay, a3= 
i=1 

A3/A>, + + +, &y=A,/A,-1. See TRANSFORMA- 
TION—congruent transformation, and 
INDEX—index of a quadratic form. 


DIS-JOINT’, adj. Two sets are disjoint if 
there is no point which belongs to each of 


Disjoint 


Distance 


the sets (/.e., if the intersection of the sets is 
the null set). A system of more than two 
sets 1S pairwise disjoint (sometimes simply 
disjoint) if each pair of sets belonging to the 
system is disjoint. 


DIS-JUNC’TION, n. disjunction of propo- 
sitions. The proposition formed from two 
given propositions by connecting them with 
the word or, thereby asserting the truth of 
one or both of the given propositions. 
The disjunction of two propositions is false 
if and only if both the propositions are 
false. E.g., the disjunction of “2°3=7” 
and “Chicago is in Illinois’ is the true 
statement *‘2°3=7 or Chicago is in Illi- 
nois.” The disjunction of “‘Today is 
Tuesday” and ‘““Today is Christmas”’ is the 
statement “‘Today is Tuesday or today is 
Christmas,’ which is true unless today is 
neither Tuesday nor Christmas. The 
disjunction of propositions p and gq is 
usually written p vg and read “p or q.” 
See CONJUNCTION. Syn. Alternation. 


DIS-PER’SION, 7. (Statistics.) The 
variation, scatteration, of the data; the lack 
of tendency to concentrate or congregate. 
measure of dispersion. (Statistics.) Usu- 
ally taken as the STANDARD DEVIATION. 


DIS’PRO-POR’TION-ATE, adj. 
portionate subclass numbers. 


DIS-SIM’I-LAR, adj. dissimilar terms. 
Terms that do not contain the same powers 
or the same unknown factors. E.g., 2x 
and Sy, or 2x and 2x2, are dissimilar termis. 
See ADDITION—addition of similar terms 
in algebra. 


dispro- 
See SUBCLASS. 


DIS’TANCE, n. angular distance between 
two points. The angle between the two 
lines drawn from the point of observation 
(point of reference) through the two points. 
Syn. Apparent distance. 

distance between two parallel lines. The 
length of a perpendicular joining them; the 
distance from one of them to a point on the 
other. 

distance between two parallel planes. 
The length of the segment which they cut 
off on a common perpendicular; the dis- 
tance from one of them to a point on the 
other. 

distance between two points. The length 
of the line segment joining the points. 


In analytic geometry it is found by 
taking the square root of the sum of the 
squares of the differences of the corre- 
sponding rectangular Cartesian coordinates 
of the two points. In the plane this is 
V(x»—xX1)2+(2—y1)2, where the points 
are (x, ¥;) and (x, y2); in space it is 
V (x2 — X14)? + (2-1)? + (29 — 21)”, 

where the points are (x1, ¥}, Z,) and (%9, 
25 Z2). 

distance between two skew lines. The 
length of the line segment joining them and 
perpendicular to both. 

distance from a line to a point. The 
perpendicular distance from the line to the 
point. It can be found by substituting the 
coordinates of the point in the normal form 
of the equation of the line (if the point and 
line are both in the (x, y)-plane; see LINE— 
equation of a line) or by finding the 
coordinates of the foot of the perpendicular 
from the point to the line and then finding 
the distance between these two points. 

distance from a plane to a point. The 
length of the perpendicular from the point 
to the plane. It may be obtained by sub- 
stituting the coordinates of the point in the 
normal form of the equation of the plane. 
See PLANE—equation of a plane. 

distance-rate-time formula. The formula 
which states that the distance passed 
over by a body, moving at a fixed rate for 
a given time, is equal to the product of the 
rate and time, written d=/rr. 

distance from a surface to a_ tangent 
plane. For a surface S: x=x(u,v), y= 


yu, v), z= 2z(u, v), the distance between the 


point corresponding to (u+du, v+dv) and 
the plane tangent to S at (u, v) is given by 
MWdx dX+dy dY+dz dZ)+e=3(D du?t+ 
2D’ du dv+ D” dv?)+e=1®@+e, where X, 
Y, Z are the direction cosines of the normal 
to S, e denotes terms of the third and higher 
orders in du and dv, and 
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Distance 


Distributive 


See SURFACE—fundamental quadratic form 
of a surface. 

Minkowski distance function. See MIN- 
KOWSKI. 

polar distance. Same aS CODECLINATION. 

zenith distance of a star. See ZENITH. 


DIS’TRI-BU'TION, xn. (Statistics.) The 
relative arrangement of a set of numbers 
(elements); a set of values of a variable and 
the frequencies of each value. Sometimes 
called a frequency distribution to distinguish 
it from an arrangement according to some 
other criterion, such as time or location. 

binomial distribution. See BINOMIAL— 
binomial distribution. 

distribution function. (Stfatistics.) A 
function giving the cumulative frequency 
corresponding to the various values of a 
variable. The cumulative frequency is 
the cumulative frequency from lowest 
values up to given values of the variable. 


k 
Mathematically, F(x,)= > f(x, is the 
i=1 
distribution function of the discontinuous 
variable x with # values that range from 
x, to x,. The total frequency is yielded by 
summation over the # values. For a 


b 
continuous variable, F(b)= i I (x) dx is 
—@ 


the distribution function and yields the 
frequency cumulated from — © to b, where 
f(x) is the frequency function. Integration 
over the entire permissible range gives the 
total frequency. It is not yet universal 
practice to confine the term frequency 
function to f(x) and distribution function 
to F(x), although such usage is quite com- 
mon. Also common is the use of either 
term in either sense. It is customary to 
define the distribution function so that the 
integral over the entire permissible range 
of the variable equals 1. In this form F(x) 
is also called the probability distribution 
function and f(x) becomes the probability 
density function. See FREQUENCY—fre- 
quency function, and PROBABILITY—prob- 
ability density function. 

F distribution. The random sampling 
distribution of the ratio of two independent 
estimates of the variance of a normal 
distribution: 

84% Nyx {? 


Sy? NX? 


b] 


where there are 1, and 7, degrees of freedom 
in the first and second independent esti- 
mates, respectively ; 


T (m5) ny? 1/2pyna/2 Fm —2)/2 
hp a 


r (3) r (7?) (np-+ my F)nvtny)/2 


is the density function of F, with nm, and 
n, degrees of freedom. Student’s “‘t,” 
when squared, is the F ratio with n,=1 
and n, equal to the degrees of freedom asso- 
ciated with Student’s “rt.” Chi-square is 
equal to Fn,;, when n.—> oo, with ny, 
degrees of freedom. When n,=1 and 
N»—> ©, F is equal to the square of the 
normal deviate whose mean and variance 
are 0 and 1, respectively. Fisher’s z is equal 
to 4 log, F. See FISHER. 

frequency distribution. See FREQUENCY. 

Gibrat distribution. See GIBRAT. 

normal distribution. (S/atistics.) A dis- 
tribution which follows the normal fre- 
quency curve. See FREQUENCY—normal 
frequency curve. 

Pearson distribution. See PEARSON. 

Poisson distribution. See POISSON. 

relative distribution function. See PpRo- 
BABILITY—probability density function. 

skew distribution. (Statistics.) A non- 
symmetrical distribution. A distribution 
is skewed to the left (right) if the longer tail 
is on the left (right)—also called negative 
(positive) skewness. More precisely, it is 
skewed to the right (left) if the third moment 
about the mean is positive (negative). 

symmetrical distribution. (Statistics.) A 
distribution that is symmetrical about the 
median; a distribution such that one side 
is a reflection of the other through the 
median. 

truncated distribution. A_ distribution 
which is arbitrarily cut so that there are 
no values of the variable x for which x >a 
(or x<a). The distribution is said to be 
truncated at the value a. 


DIS-TRIB’U-TIVE, adj. An operation is 
distributive relative to a rule of combina- 
tion if performing the operation upon the 
combination of a set of quantities is 
equivalent to performing the operation 
upon each member of the set and then 


Distributive 


combining the results by the same rule of 
combination. E.g., 


d(u+v) _ au, do 
dx dx dx 


the rule of combination being addition. 
The function sin x is not distributive, 
since sin (x+ y)#sin x+sin y. See FIELD; 
and below, distributive law of arithmetic 
and algebra. 

distributive law of arithmetic and algebra. 
The law which states that 


a(b+c)=ab+ac 


for any numbers a, b, and c; e.g., 2(33+5)= 
2-3+2-5, each expression being equal to 
16. This law can be extended to state that 
the product of a monomial by a polynomial 
is equal to the sum of the products of the 
monomial by each term of the polynomial; 
e.g., 2034+x+2y)=6+2x+4y. When two 
polynomials are multiplied together, one is 
first treated as a monomial and multiplied 
by the individual terms of the other, then 
the results multiplied out according to the 
above law (or one may multiply each term 
of one polynomial by each term of the other 
and add the results). E.g., 


(x + y)(2x + 3) = x(2x + 3) + W(2x+4 3) 
=2x2+3x+2xy+3y. 


DI-VER’GENCE, adj., n. divergence of a 
sequence or series. The property of being 
divergent; the property of not being con- 
vergent. See DIVERGENT. 
divergence of a vector function, F(x, y, z). 
V-F, where V is the operator 
4 oO 
cae cae er 
; Ox +d “ee Oz 
and 
_OF . OF OF 
_OFx | OFy , eF; 
Oe Oy. 08 
where F=iF, 4+) Fy +k F;. 


If, for instance, F is the velocity of a fluid 
at the point P:(x, y, z), then V- F is the rate 
of change of volume per unit volume of an 
infinitesimal portion of the fluid containing 
P. See below, divergence of a tensor. 
divergence of a tensor. The divergence 
of a contravariant tensor 7’ of order one 
(i.e., a contravariant vector field) is 7 ;', or 


Divide 


1 ATiv/’g) 
Vg oxi 
vention applies, g is the determinant having 
g,; in the ith row and /th column (g;; being 
the fundamental metric tensor), and T _;' is 
the covariant derivative of 7'. The diver- 
gence of a covariant tensor 7; of order one 
(i.e., a covariant vector field) is gT;,;, or 
T ;', where T'=g'iT; and g'/ is I/g times 
the cofactor of g;; in g. 

divergence theorem. 
THEOREM (in space). 


» where the summation con- 


Same aS GREEN’S 


DI-VER’GENT, adj. divergent sequence. 
A sequence which does not converge. It is 
said to be properly divergent, or to oscillate, 
in the sense described below for the 
sequence of partial sums of a divergent 
series. 

divergent series. A series which does not 
converge. The sequence of partial sums 
S;, So,... Of a divergent series (S, is the 
sum of the first m terms of the series) is a 
divergent sequence. The series is properly 
divergent if the partial sums become 
arbitrarily large for large values of in the 
sense that, for any number N, S,>M for 
all but a finite number of values of 7, or if 
they become arbitrarily small (algebraically) 
in the sense that, for any number M, 
S,<M for all but a finite number of values 
of n. In these two cases, one writes 
lim S,=+0 and limS,=—-o. All 


nN— © n—- @© 

other types of divergent series are called 
oscillating divergent series, or just oscil- 
lating series (the latter, however, is some- 
times used of convergent series whose sums 
oscillate about the limit as they approach 
it—such as, 1—4+4-—i+.---). The series 
14+2434+.---,14+44+44+---, and -1-1 
—1—1--+ are properly divergent, while 
1-1+1-1+.--: and 1—2+3-4+-:-:-: 
are oscillating divergent series. For the last 
example, the partial sums are 1, —1, 2, —2, 
3, —3,4, —4,---. This sequence is diver- 
gent in the sense that, for any number M, 
|S,,|>M for all but a finite number of 
values of 2; one writes: lim S,= ©. 


n—->® 


summation of divergent series. See 
SUMMATION—summation of divergent 
series. 


DI-VIDE’, v. To perform a division. 


Dividend 


DIV’I-DEND, 7. (1) A quantity which is 
to be divided by another quantity. (2) In 
finance, profits of a stock company or any 
joint enterprise which are to be distributed 
among the shareholders. (3) The amount 
of such profits as noted in (2), which accrue 
to each shareholder. 

dividend on a bond. The _ periodic, 
usually semiannual, interest paid on a 
bond. The dividend date is the date upon 
which the dividend is due; the interest rate 
named in the bond ts the dividend rate or 
bond rate. An accrued dividend is a partial 
dividend; the interest on the face value of 
a bond from the nearest preceding dividend 
date to the purchase date. In bond 
market parlance, accrued interest is used 
synonymously with accrued dividends. 

dividend on stock. The portion of the 
profits of the business which is paid on each 
share of stock. 


DI-VID’ERS, 1. An instrument like a 
compass, but with a point on each leg. 


DI-VIS’I-BIL’I-TY, x. special criteria for 
divisibility in arithmetic. A number is di- 
visible by 3 (or 9) when, and only when, 
the sum of the digits is divisible by 3 
(or 9); e.g., 35,712 is divisible by both 3 
and 9, since the sum of the digits is 18. 
A number is divisible by 2 if the last digit 
is divisible by 2. A number is divisible 
by 4 if the number consisting of the last 
two digits on the right is divisible by 4. 
A number is divisible by 8 if the number 
formed by the last three digits is divisible 
by 8. A number is divisible by 5 if it ends 
in O or 5. 


DI-VI’SION, #. Division is the inverse 
operation to multiplication. The result of 
dividing one number (the dividend) by 
another (the divisor) is called their quotient. 
The quotient a/b of two numbers a and b 
is that number c such that b-c=a, provided 
c exists and has only one possible value (if 
b=0, then c does not exist if a40, and c 
is not unique if a=0; /.e., a/O0 is meaning- 
less for all a, and division by zero is meaning- 
less); the quotient a/b can also be defined 
as the product of a and the inverse of 5 (see 
GROUP). F.g., 6/3=2, because 3-2=6: 
(3+/)/(2—i)=1+i, because 3+ i=(2—/) 
(1+i). The division of a fraction by an 
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integer is accomplished by dividing the 
numerator (or multiplying the denominator) 
by the integer (4/5+2=2/5 or 4/10, 
because 2-2/5=4/5 and 2-4/10=4/5); 
division by a fraction is accomplished by 
inverting the fraction and multiplying by it, 
or by writing the quotient as a complex 
fraction and simplifying (7/5 + 2/3 = (3/2) 
(7/5)=21/10, because 7/5 = (2/3)(3/2)(7/5); 
see FRACTION—Ccomplex fraction); division 
of mixed numbers is accomplished by 
reducing the mixed numbers to fractions 
and dividing these results (14+34= 
5/3 + 7/2= 10/21). 

division by a decimal. See above, DIVISION. 
Accomplished by multiplying dividend and 
divisor by a power of 10 that makes the 
divisor a whole number (i.e., moving the 
decimal point to the right in the dividend 
as many places as there are decimal places 
in the divisor), then dividing as with whole 
numbers, placing a decimal point in the 
quotient in the place arrived at before using 
the first digit after the decimal place in the 
dividend. FE.g., 


28.7405 = 23.5 = 287.404 = 235 = 1.223. 


division modulo p. If, in the process of 
performing the division transformation, 
f(x) =q(x):d(x)+r(x), any of the coeffi- 
cients are increased or diminished by 
multiples of p, the process is called division 
modulo p and is written f(x)=q(x)-d(x)+ 
r(x) (mod p). This definition applies only 
when each coefficient is an integer. Each 
coefficient is usually written as one of the 
integers 0, 1, 2, ---. p-1, two integers being 
regarded as equal (or equivalent) if they 
differ by a multiple of p. 

division in a proportion. Passing from a 
proportion to the statement that the first 
antecedent minus its consequent is to its 
consequent as the second antecedent minus 
its consequent is to its consequent, i.e., 
from a/b=c/d to (a—b)/b=(c—d)/d. See 
COMPOSITION—composition in a propor- 
tion. 


division by use of logarithms. See 
LOGARITHM. 

harmonic division of a line. See HAR- 
MONIC. 

point of division. See POINT—point of 
division. 


ratio of division or division ratio. See 


POINT—point of division. 


Division 


short division and long division. (1) Divi- 
sion is called short (or long) -according as 
the process can (or cannot) be carried out 
mentally. It is customary to discriminate 
between long and short division solely upon 
the basis of the complexity of the problem. 
When the steps in the division must be 
written down, it is called long division; 
otherwise it is short division. (2) Division 
is short (or long) if the divisor contains one 
digit (or more than one digit); in algebra, 
if the divisor contains one term (or more 
than one term). 

synthetic division. See SYNTHETIC. 

the division transformation. The relation 
dividend = quotient x divisor + remainder. 
Rarely used. 


DI-VI'SOR, n. The quantity by which the 
dividend is to be divided. See DIVISION. 

common divisor of two or more quanti- 
ties. A quantity which is a factor of each 
of these quantities. It is sometimes called a 
common measure. A common divisor of 10 
and 15 its 5. 

greatest common divisor of two or more 
quantities. The greatest (largest) quantity 
which is a common divisor of these 
quantities. It is written G.C.D. The 
G.C.D. of 30 and 42 is 6. Tech. the G.C.D. 
of two quantities is a common divisor of 
the two quantities that is divisible by every 
one of their common divisors. Syn. Great- 
est common measure. 

normal divisor of a group. See INVARI- 
ANT—invariant subgroup. 


DO-DEC’A-GON, 7. <A polygon having 
twelve sides. 

regular dodecagon. 
regular polygon. 


See REGULAR— 


DO’DEC-A-HE’DRON, n. A polyhedron 
having twelve faces. 

regular dodecahedron. A dodecahedron 
whose faces are regular pentagons and 
whose polyhedral angles are congruent. 
See figure under POLYHEDRON—regular 
polyhedron. 


DO-MAIN’, n. (1) A field, as the number 
domain of all rational numbers, or of all 
real numbers (see FIELD). (2) Any open 
connected set that contains at least one 
point. Also used for any open set contain- 


Double 


ing at least one point. Sometimes called 
a region. (3) The domain of a function is 
the set of values which the independent 
variable may take on, or the range of the 
independent variable. See FUNCTION. (4) 
See below, integral domain. 

domain of dependence for a_ partial 
differential equation. See DEPENDENCE. 

integral domain. A commutative ring 
with unit element which has no proper 
divisors of zero (proper divisors of zero are 
nonzero elements x and y for which 
x-y=0, where 0 is the additive identity). 
The assumption that there are no proper 
divisors of zero is equivalent to the 
cancellation law: x=y whenever xz=yz 
and z#0. The set of ordinary integers 
(positive, negative, and QO) and the set of all 
algebraic integers are integral domains. 
See ALGEBRAIC—algebraic number, and 
RING. 


DOM'I-NANT, adj. 
See STRATEGY. 

dominant vector. A vector a=(q), a, 
-*+,@,) such that, relative to a second 
vector b=(b,, bo,---, b,,), the inequality 
a;2b; holds for each i (i=1,2,---,m). If 
the strict inequality a;> 5; holds for each i, 
the dominance is said to be strict. 


dominant strategy. 


DOT, 1. dot product. See MULTIPLICA- 
TION—multiplication of vectors. 


DOU’BLE, adj. double-angle formulas. 
See TRIGONOMETRY—double angle formulas 
of trigonometry. 

double integral. See INTEGRAL—iterated 
integral, multiple integral. 

double law of the mean. See MEAN— 
mean value theorem for derivatives. 

double ordinate. See ORDINATE. 

double point. See poINT—multiple point. 

double root of an algebraic equation. A 
root that is repeated, or occurs exactly 
twice in the equation; a root such that 
(x—r)*, where r is the root, is a factor of 
the left member of the equation when the 
right is zero, but (x—r)> is not such a 
factor. Syn. Repeated root, root of 
multiplicity two, coincident roots, equal 
roots. See MULTIPLE—multiple root of an 
equation. 

double tangent. (1) A tangent which has 
two noncoincident points of tangency with 


Double 


the curve. (2) Two coincident tangents, 
as the tangents at a cusp. See POINT— 
double point. 


DOU'BLET, n. See POTENTIAL—concen- 
tration method for the potential of a com- 
plex. 


DRAFT, 2. An order written by one per- 
son and directing another to pay a certain 
amount of money. 

after-date draft. An accepted draft, for 
which the time during which discount is 
reckoned (if there be any) begins on the 
date of the draft. 

after-sight draft. An accepted draft for 
which the time during which discount is 
reckoned begins with the date of accept- 
ance. 

bank draft. A draft drawn by one bank 
upon another. 

commercial draft. A draft made by one 
firm on another to secure the settlement of 
a debt. 


DRAG, n. If the total force F that is 
applied to a body B gives B a motion with 
velocity vector », then the component of F 
in the direction opposite to »y is called drag. 
In exterior ballistics, the drag F,, is given 
approximately by the formula 
F,,= pd’v-K, 

where p is the density of air, dis the diameter 
of the shell, v is the speed at which it is 
traveling, and K is the constant called the 
drag coefficient of the shell. See LIFT. 

axial drag. In exterior ballistics, axial 
drag is the component, in the direction 
opposite to that of the advancing axis of a 
Shell, of the total force acting on the shell. 
It is found that the axial drag F, is given 
approximately by the formula 

Fy=pd7v,*Ka, 

where p is the density of air, d is the 
diameter of the shell, v, is the component 
of the velocity in the direction of the axis 
of the shell, and K, is a constant. The 
constant K, is called the axial-drag co- 
efficient of the shell; it depends mostly on 
the shape of the shell, but also somewhat on 
its size. 


DRAWING TO SCALE, 
drawing to scale. 


See SCALE— 


Duality 


DU’AL, adj. dual formulas. Formulas 
related in the same way as dual theorems. 
dual theorems. See PRINCIPLE—prin- 
ciple of duality of projective geometry, and 
principle of duality in a spherical triangle. 
Sometimes called RECIPROCAL THEOREMS. 


DU-AL’I-TY, n. Poincaré duality theorem. 
The p-dimensional Betti numbers B® of an 
orientable manifold which is homeo- 
morphic to the set of points of an n- 
dimensional simplicial complex satisfy 
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where G is the group for which chains and 
homology groups are defined. Poincaré 
proved the theorem for the case G is the 
group of rational numbers; the proof for 
G the group of integers mod 2 was given by 
Veblen and the proof for G the group of 
integers mod p (p a prime) was given by 
Alexander. See BETTI—Betti number; 
HOMOLOGY—homology group. 

principle of duality of projective geom- 
etry. The principle that if one of two dual 
theorems is true the other is also. Ina 
plane: point and line are called dual ele- 
ments; the drawing of a line through a 
point and the marking of a point on a line 
are known as dual operations, as are also 
the drawing of two lines through a point 
and the marking of two points on a line, 
or the bringing of two lines to intersect in 
a point and the joining of two points by a 
line; figures which can be obtained from 
one another by replacing each element by 
the dual element and each operation by the 
dual operation are called dual figures, as 
three lines passing through a point and 
three points lying on a line (three concur- 
rent lines and three collinear points). 
Theorems which can be obtained from one 
another by replacing each element in one 
by the dual element and each operation by 
the dual operation are called dual theo- 
rems. In space: the point and plane are 
dual elements (called space duals), the defi- 
nitions of dual operations, figures, and 
theorems being analogous to those in the 
plane. Some writers state dual theorems 
in such terms that they are interchanged 
merely by interchanging the words point 
and line (or point and plane), as, for in- 
stance, two points determine a line—two 
lines determine a point, or two points on a 


Duality 


line—two lines on a point. E.g., the two 
following statements are plane duals: (a) 
one and only one line is determined by a 
point and the point common to two lines; 
(b) one and only one point is determined 
by a line and the line common to two 
points. 

principle of duality in a spherical triangle. 
In any formula involving the sides and the 
supplements of the angles opposite the 
sides, another true formula may be 
obtained by interchanging each of the sides 
with the supplement of the angle opposite 
it. The new formula is called the dual 
formula. 


DU’‘EL, n. A two-person zero-sum game 
involving the timing of decisions. Delay of 
action increases accuracy but also increases 
the likelihood that the opponent will have 
acted first. A duel is a noisy duel if each 
player knows at all times whether or not 
the opponent has taken action; it is a 
silent duel if the players never know 
whether or not their opponent has taken 
action. 


DUHAMEL’S THEOREM. If the sum of 
n infinitesimals (each a function of 7) 
approaches a limit as 7 increases (becomes 
infinite), then the same limit is approached 
by the sum of the infinitesimals formed by 
adding to each of these infinitesimals other 
infinitesimals which are uniformly of higher 
order than the ones to which they are 
added. E£.g,, the sum of n terms, each 
equal to 1/n, is equal to 1 for all m. Hence 
this sum approaches (is) | as m# increases. 
The sum of vm terms, each equal to 1/n 
+1/n?2, must, by Duhamel’s Theorem, also 
approach | as n increases. This is seen 
to be true, from the fact that this sum is 
1+1/n, which certainly approaches | as n 


increases. See INTEGRAL—definite integral. 
Tech. If 
nN 
lim > a; (=L, 
n—->O jo] 
then 


lim > lon) +B(n)|=L, 

N-> @ i=] 
provided that for any e>0O there exists 
an N such that |8,(n)/a,)(n)|<e for all 
i’s and for allw >N. (When §;/c; satisfied 
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this restriction the ratios 8;/«; (i=1, 2, 3, 
---) are said to converge uniformly to 
zero). This is a sufficient, but not a 
necessary, condition for the two limits to 
be the same. All that is necessary is that 
the sum of the n betas approach zero as 
n becomes infinite, which can happen, for 
example, when any finite number of the 
betas are larger than the alphas, provided 
each of them approaches zero and the other 
betas are such that all 8;/a; formed from 
them converge uniformly to zero. See 
UNIFORM—uniform convergence of a set 
of functions. 


DU’O-DEC’I-MAL, adj. duodecimal sys- 
tem of numbers. A system of numbers in 
which twelve is the base, instead of ten. 
E.g., in the duodecimal system, 24 would 
mean two twelves plus four, which would 
be 28 in the decimal system. See BASE— 
base of a system of numbers. 


DUPIN. Dupin indicatrix of surface at a 
point. If the tangents to the lines of curva- 
ture at the point P of the surface S are 
taken as €, 7 coordinate axes, and p; and 
p2 are the corresponding radii of principal 
curvature of S at P, then the Dupin 


ee 
indicatrix of S at P is —+--——=l, or 
Pil [pal 
£2 2 
2+ =+1, or €2=|p,|, according as 
Pi p2 


the total curvature of S at P is positive, 
negative, or zero (1/p.=0). The curve 
of intersection of S and a nearby plane 
parallel to the tangent plane at P is approxi- 
mately similar to the Dupin indicatrix of 
S at P, or, if the curvature of S is negative 
at P, to one of the hyperbolas constituting 
the Dupin indicatrix. Accordingly, a point 
of the surface is said to be an elliptic, 
hyperbolic, or parabolic point according as 
the total curvature is positive, negative, or 
zero there. 


DU’PLI-CA’TION, rn. duplication of the 
cube. Finding the edge of a cube whose 
volume is twice that of a given cube, 
using only straightedge and compasses; 
the problem of solving the equation, 
y?=2a3, for y, using only straightedge 
and compasses. This is impossible, since 
the cube root of 2 cannot be expressed in 
terms of radicals of index 2, and square 


Duplication 


Efficiency 


roots are the only kind of irrationals that 
can be evaluated by means of straightedge 
and compasses alone. 


DU’TY, 7. A tax levied by a government 
on imported (sometimes on exported) mer- 
chandise at the time of entering (or leaving) 
the country. 

ad valorem duty. A duty which is a 
certain per cent of the value of the goods. 


DY’AD, 1. The juxtaposition of two vec- 
tors, without either scalar or vector multi- 
plication being indicated, as AB=®. A 
dyad is thought of as an operator which 
may operate on a vector by either scalar 
or vector multiplication, and in either order: 
®-F=A(B-F), F-®=(F-A)B, &«F= 
(AxB)xF, Fx ®=Fx«(A<B). The | first 
vector is called the antecedent, the second 
the consequent. The sum of two or more 
dyads is called a dyadic. If the order of 
the factors in each term of a dyadic is 
changed, i.e., A,B,+A.,B,+ A;3B, is writ- 
ten B,A;+B,A,+B;A;3, the two dyadics 
are Called conjugate dyadics. Two dyadics 
@®,and ®, are defined to be equal if r-®, = 
r-®, and ®,-r=@®,-r forallr. Ifadyadic 
is equal to its conjugate, it is said to be 
symmetric. If it is equal to the negative 
of its conjugate, it is said to be anti- 
symmetric. The (direct) product of dyads 
AB and CD is defined as the dyad (B-C)AD. 


DY-AD’IC, n. See DYAD. 


DY-NAM‘ICS, x. A branch of mechanics 
studying the effects of forces on rigid and 
deformable bodies. It is usually treated 
under two heads—statics and kinematics. 
See STATICS, KINEMATICS, and KINETICS. 


DYNE, 1. The unit of force in the c.g.s. 
system of units (centimeter-gram-second 
system). See FORCE—unit force. 


E 


e. The base of the natural system of loga- 
rithms; the limit of (1+1/n)" as n in- 
creases without limit. Its numerical value 
is 2.7182818284---. The binomial form, 
(1+ 1/n)", occurs in the process of deriving 
the formula for the derivative of log x with 


respect to x. Its limit can be approxi- 
mated by expanding by the binomial 
theorem and adding the limits of successive 
terms, giving e=1+1/1!+1/2!4+1/3!4+-.-.. 


EC-CEN’TRIC, adj. eccentric angle and 
circles of an ellipse. See ELLIPSE. 

eccentric angle and circles of an hyper- 
bola. See HYPERBOLA—parametric equa- 
tions of the hyperbola. 

eccentric, or excentric, configurations. 
Configurations with centers which are not 
coincident. The term is used mostly with 
reference to two circles. 


EC’CEN-TRIC’I-TY, 7. eccentricity of a 
parabola, ellipse, or hyperbola. See CONIC. 


E-CLIP’TIC, n. The great circle in which 
the plane of the earth’s orbit cuts the 
celestial sphere; the path in which the sun 
appears to move. 


EDGE, 7. A line which is the intersection 
of two plane faces of a solid. See POLy- 
HEDRON. An edge of a polyhedral angle is 
the intersection of two faces of the poly- 
hedral angle. See ANGLE—polyhedral 
angle. 

lateral edge of a prism. See PRISM. 


EDVAC. A computing machine built at 
the University of Pennsylvania for the 
Ballistic Research Laboratories, Aberdeen 
Proving Ground. EDVAC is an acronym 
for Electronic Discrete Variable Automatic 
Computer. ° 


EF-FEC’TIVE, adj. effective interest rate. 
See INTEREST. 


EF-FI’CIEN-CY, n. (Sratistics.) The sta- 
tistic “7?” is an efficient estimate of the 
parameter 7 in a frequency function 
f(x, T) if: (VW N(t—T) is asymptotically 
normally distributed with zero mean and 
finite variance, o2; (2) if “‘t,”’ is any other 
statistic such that V N(t,— T) is asymptoti- 
cally normally distributed with zero mean 
and finite variance, o,2, then o2<o,2. The 
efficiency (relative to ¢,) is defined numeri- 
cally as o7/o,7._ A Statistic “‘r”’ is inefficient 
if either condition (1) or (2) is not satisfied, 
although the latter condition is the usual 
criterion. 


Eigenfunction 


Electrostatic 


EIGENFUNCTION, x. eigenfunction of a 
homogeneous integral equation. A _ solu- 
tion of the equation. A necessary and 
sufficient condition that the equation 


b 
Y= | K(x, DO at 


have a solution other than y(x)=0 is that 
A be an eigenvalue of the kernel K(x, 1). 
E.g.. yW(x)=1 is an eigenfunction and 
A=1/(b—a) an eigenvalue of the kernel 
K(x, t)=1. See HILBERT—Hilbert-Schmidt 
theory of integral equations with symmetric 
kernels. Syn. Characteristic function, fun- 
damental function, autofunction. 


EIGENVALUE, xz. eigenvalue for integral 
equations. An eigenvalue of a_ kernel 
K(x, t) is a real or complex number A that 
satisfies the equation D(A)=0, where D(A) 
is the Fredholm determinant of the kernel 
K(x, t). A number A is an eigenvalue of a 
kernel K(x, ¢) if and only if there is a 
function y(x) 40 such that 


b 
yo=a {> K(x, D0 dt. 


Syn. Characteristic number, value, or con- 
stant; fundamental number. See EIGEN- 
FUNCTION—eigenfunction ofa homogeneous 
integral equation. 

eigenvalue of a matrix. A root of the 
characteristic equation of the matrix. Syn. 
Characteristic root, characteristic number, 
latent root. A matrix A has the eigenvalue 
A if and only if there is a vector x of com- 
ponents x), X%,---, x, such that Ax=Ax, 
where multiplication is matrix multiplica- 
tion and x is considered to be a one-column 
matrix. Such a vector x is called an 
eigenvector of the matrix. The set of all 
eigenvalues of a matrix is called the 
spectrum of the matrix. 


EIGENVECTOR, n. eigenvector of a mat- 
rix. See EIGENVALUE—eigenvalue of a 
matrix. 


E-LAS’TIC, adj. elastic bodies. Bodies 
possessing the property of recovering their 
size and shape when the forces producing 
deformations are removed. 

elastic constants. See HOOKE—general- 
ized Hooke’s law, MODULUS—Young’s 
modulus, POISSON’S RATIO, and LAME’S 
CONSTANTS. 


E’LAS-TIC’I-TY, n. (1) The property pos- 
sessed by substances of recovering their 
size and shape when the forces producing 
deformations are removed. (2) The mathe- 
matical theory concerned with the study of 
the behavior of elastic bodies. It deals 
with the calculation of stresses and strains 
in elastic substances subjected to the action 
of prescribed forces or deformations. The 
theory of elasticity of small displacements 
is called the linear theory. The first funda- 
mental problem of elasticity is the problem 
of the determination of the state of stress 
and deformation in the interior of a body 
when its surface is deformed in a known 
way. The second fundamental problem of 
elasticity is the problem of the determina- 
tion of the state of stress and deformation 
in the interior of a body when its surface is 
subjected to a specified distribution of 
external forces. 

volume elasticity, or bulk modulus. The 
quotient of the increase in pressure and 
the change in unit volume; the negative 
of the product of the volume and the rate 
of change of the pressure with respect to 
the volume, i.e., E= — V dp/dV. 

Young’s modulus of elasticity. A meas- 
ure of the elasticity of stretching or 
compression; the ratio of the stress to the 
resulting strain. 


E-LEC’TRO-MO’'TIVE, adj.  electromo- 
tive force. Denoted by E.M.F. (1) That 
which causes current to flow. (2) The 
energy added per unit charge due to the 
mechanical (or chemical) action producing 
thecurrent. (3) The open circuit difference 
in potential between the terminals of a cell 
or generator. 


E-LEC’TRO-STAT‘IC, adj. electrostatic 
intensity. The force a unit positive charge 
would experience if placed at the point in 
question assuming that this is done without 
altering the positions of the other charges 
in the universe. This assumption should 
be regarded as a convenient mathematical 
fiction rather than as a physical possibility. 
If eE is the electrostatic force experienced 
by a charge e when placed at the point P, 
then the vector E is the electrostatic 
intensity at P. Dimensionally, E is force 
per unit charge. The electric intensity 
due to a single charge e is given by the 


Electrostatic 


expression er—2e,. See CHARGE—point 
charge, and COULOMB—Coulomb’s law for 
point-charges. Here r is the distance from 
the charge point to the field point and oe, 
is the unit vector pointing from charge 
point to field point. 

electrostatic potential. See POTENTIAL. 

electrostatic potential of a complex of 
charges. The scalar point function Le,/r; 
(=e,/r)+eo/ro+ +++ +e,/r,). Here ry, ro, 
+++, r, are the distances from the charges 
€1,€2,°**, e, to the field point—the point, 
supposedly free of charge, at which we are 
computing the potential. Thus the poten- 
tial in this case is a point function which 
is defined at all points excepting the charge 
points. In rectangular Cartesian coordi- 
nates, = e,;/r; =e, [(x—x;)? + (y— yp)? + (2—- 
z;)*]~’/2, where x, y, z and x;, y;, z; are the 
coordinates of the field point and of the ith 
charge point. The potential at a field 
point P is equal to the work done by the 
field in repelling a unit positive charge from 
P to infinity or to the work that must be 
done against the field to bring the unit 
charge from infinity to rest at the point P. 
This work is given by the line integral of 
the tangential component of the electric 


ie @) 
intensity E—namely, | E-7 ds, where 7 is 


the unit tangent vector to the curve em- 
ployed and s is the arc length. See COULOMB 
—Coulomb’s law for point charges; FORCE 
—field of force; and above, electrostatic 
intensity. This line integral is independent 
of the path. The negative gradient of this 
potential function considering the charge 
points as fixed and the field point as 
variable is equal to the electric intensity. 
This potential function satisfies Laplace’s 
partial differential equation at field points 


and is of the order of , for r infinite. 


electrostatic unit of charge. A charge of 
such magnitude that when placed one 
centimeter away from a duplicate charge 
will repel it with a force of one dyne. 
Evidently, if force, distance, and charge 
are measured in dynes, centimeters, and 
electrostatic units, respectively, the con- 
stant k in Coulomb’s law for point charges 
will assume the value unity. See COULOMB. 
In this definition, the charges are to be in 
free space—otherwise the dielectric con- 
stant of the medium must also be involved. 
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Element 


Gauss’s fundamental theorem of electro- 
statics. See GAUSS. 

superposition principle for electrostatic 
intensity. The principle that the electro- 
Static intensity due to a complex (or set) 
of charges e; at P;, e at Po, etc., is equal to 
the vector sum of the electric intensities 
due to the separate charges: Le,r;—2;. 


EL’E-MENT, 7. See CONE, CYLINDER, 
CYLINDRICAL—cylindrical surface, DETER- 
MINANT. 

element of an analytic function of a com- 
plex variable. See ANALYTIC—analytic con- 
tinuation of an analytic function of a com- 
plex variable. 

element of integration. The expression 
following the integral sign (or signs) in a 
definite integral (or multiple integral). If 
the integral is being used to determine 
area (or volume, mass, etc.), the element is 
called the element (or differential) of area 
(or volume, mass, etc.). It can then be 
interpreted as an approximation to the area 
(or volume, mass, etc.) of small pieces, the 
limit of whose sum as the pieces decrease in 
size in a suitable way is the value of the area 
(or volume, mass, etc.). See INTEGRAL— 
definite integral, multiple integral. Follow- 
ing are some particular examples of ele- 
ments of integration: The element of arc 
length (or linear element) of a curve is an 
approximation to the length of the curve 
(see LENGTH), between two points, which 
(for a curve in the plane) is equal to 


ds = V (dx)2 + (dy)? = V 1+ (dy/dx)2 dx 
= V (dx/dy)2+1 dy, 


where dy/dx is to be determined in terms 
of x before integrating, and dx/dy in terms 
of y, from the equation of the curve. It 


Element 


Elevation 


can be seen from the figure that ds= MP is 
an approximation of the arc-length MN= 
As, which results from an increase of Ax in 
the independent variable. In polar form: 


ds=V p2+ (dp/dé@)2 dé. 
If the equation of a space curve is in the 


parametric form, x=f()), y=e(0, z=A(d), 
the element of Jength is 


Vv (dx/dt)?+ (dy|dt)? + (dz/dt)? dt. 


The element of plane area (denoted by dA) 
for an area bounded by the curve y=/(x), 
the x-axis, and the lines x=a and x=4, is 
usually taken as f(x) dx. The area is then 
equal to 


[Fe dx. 


In polar coordinates, dA is taken as 4r2d0 
or 4p2d@. Then 


62 
A=4 |p? dé 

aT 
is the area bounded by the two rays 0= 4, 
6= 6, and by the given curve for which p 
is expressed as a function of 8. In double 
integration, the element of area in rectangu- 
lar Cartesian coordinates is dxdy, and in 
polar coordinates it is pdpdé@ (also see suR- 
FACE—surface area, surface of revolution). 
The element of volume can be taken as 
A(h)dh, where A(h) is the area of a cross- 
section perpendicular to the /A axis (for a 
particular example of this, see REVOLUTION 
—solid of revolution). For triple integra- 
tion in Cartesian coordinates, the element 
of volume is dxdydz. The volume then 


equals 
Zz y x 
[Pf PP aay ae, 
41 “Yi x1 


where z,; and z, are constants, y,; and y> 
may be functions of z, and x; and x, may 
be functions of y, or z, or of both y and z, 
these functions depending upon the particu- 
lar shape of the surface that bounds the 
volume. The order of integration may, of 
course, be changed (the proper change in 
limits being made) to best suit the volume 
under consideration. The figure shows an 
element of volume in rectangular coordi- 
nates and illustrates the process of finding 
the volume by an integral of the form 


me JP)? az ay ate. 
x1 °Y1 z1 


In cylindrical coordinates, the element of 
volume is dv=rdrd6dz, and in polar 
(spherical) coordinates it is dv=r2sin@ 
dr d@ dd. 


The element of mass is dm=pdV, where dV 
is an element of arc, area, or volume and 
p is the density (mass per unit length, area, 
or volume). Also see AREA; VOLUME; 
MOMENT—moment of a mass, moment of 
inertia; PRESSURE—fluid pressure; and 
WORK. 

elements of geometry, calculus, etc. The 
fundamental assumptions and propositions 
of the subject. 

geometrical element. (1) A point, line, 
or plane. (2) Any of the parts of a con- 
figuration, as the sides and angles of a 
triangle. 


EL-E-MEN’TA-RY, adj. elementary di- 
visor of a matrix. See INVARIANT— 
invariant factor of a matrix. 

elementary operations on determinants 
or matrices. The operations: (I) Inter- 
change of two rows, or of two columns; (IT) 
addition to a row of a multiple of another 
row, or addition to a column of a multiple 
of another column; (III) multiplication of 
a row or of a column by a nonzero con- 
stant. Operation (II) leaves the value of a 
determinant unchanged, (1) leaves the nu- 
merical value unchanged but changes the 
sign, and (III) is equivalent to multiplying 
the determinant by the constant. See also 
EQUIVALENT—equivalent matrices. 

elementary symmetric functions. See 
SYMMETRIC. 


EL’E-VA’TION, 7. (elevation of a given 
point). The height of the point above a 
given plane, above sea level unless other- 
wise indicated. 


Elevation 


angle of elevation. See ANGLE—angle of 
elevation. 


E-LIM’I-NANT, n. See RESULTANT. 


E-LIM’I-NA’TION, x. elimination of an 
unknown from a set of simultaneous equa- 
tions. The process of deriving from these 
equations another set of equations which 
does not contain the unknown that was 
to be eliminated and is satisfied by any 
values of the remaining unknowns which 
satisfy the original equations. This can be 
done in various ways. Elimination by 
addition or subtraction is the process of 
putting a set of equations in such a form 
that when they are added or subtracted in 
pairs one or more of the variables dis- 
appears, then adding or subtracting them 
as the case may require to secure a system 
(or perhaps one equation) containing at 
least one less variable. E.g., (a) given 
2x+3y+4=0 and x+y—1=0, x can be 
eliminated by multiplying the latter equa- 
tion by 2 and subtracting the result from 
the first equation, giving y+ 6=0; (b) given 


(1) 4x+ 6y—z—9=0, 
(2) x—3y+z+1=0, 
(3) x+2y+z—4=0, 


y can be eliminated by multiplying (2) by 
2 and adding the result to (1), and (3) by —3 
and adding to(1). The results are 6x+z— 
7=0 and x—4z+3=0. Elimination by 
comparison is the process of putting two 
equations in such forms that their left (or 
right) members are identical and the other 
members do not contain one of the 
variables, then equating the right (or left) 
members. F.g., x+y=1 and 2x+y=5 
can be written x+y=1 and x+y=5-x, 
respectively. Hence 5—x=1.  Elimina- 
tion by substitution is the process of solving 
one of a set of equations for one of the un- 
knowns (in terms of the other unknowns), 
then substituting this expression in place 
of this unknown in the other equations. 
E.g., in solving x —- y=2 and x+ 3y=4, one 
might solve the first equation for x, getting 
x=y+2, and substitute in the second, 
getting 
yt2+3yv=4 or y=}. 


See RESULTANT—resultant of a set of 
polynomial equations. 


Ellipse 


EL-LIPSE’, 7. A sort of elongated circle, 
like a longitudinal section of a football; 
any plane section of a circular conical 
surface, which is a closed curve (i.e., not a 
parabola, hyperbola, or straight lines); the 
plane curve which is the set of all points 
which are such that the sum of the dis- 
tances of one of the points from two fixed 
points (called the foci) is constant; a conic 
whose eccentricity is less than unity. The 
ellipse is symmetric with respect to two 
lines, called its axes. Axes usually refer 
to the segments cut off on these lines by the 
ellipse, and are called the major (longer) and 
minor (shorter) axes. If the major and 
minor axes lie on the x-and y-axes, re- 
spectively, the center is then at the origin 
and the equation of the ellipse, in Cartesian 
coordinates, is 


x2 2 


a2 
where a and 5 are the lengths of the semi- 
major and semiminor axes. This is the 
standard form of the equation of the ellipse, 
and is the equation of the ellipse in the 
position illustrated. The distance from an 


1 


end of the minor axis to a focus isa. Ifc 
is the distance from the center to a focus, 
then the ratio c/a is called the eccentricity 
of the ellipse (see conic). Two ellipses 
are said to be similar if they have the same 
eccentricity. The intersection of the axes 
is called the center of the ellipse, the points 
where the ellipse cuts its major axis are 
called its vertices, and the chords through 
its foci and perpendicular to its major axis 
are called the latera recta (plural of latus 
rectum). If the center of the ellipse is at 
the point (A, k) and its axes are parallel to 
the coordinate axes, its Cartesian equa- 
tion is 


(xh, (Y=) 


m2 Bb 1. 


Ellipse 


If the 1 in the right member of this equation 
is replaced by 0, the equation is said to be 
the equation of a point ellipse, since the 
equation has the form of the equation of an 
ellipse but is satisfied by the coordinates of 
only one point. If 1 is replaced by —1, 
the equation is said to be the equation of an 
imaginary ellipse, since no point with real 
coordinates satisfies the equation. When 
the ellipse has its center at the origin and 
its axes on the coordinate axes, the para- 
metric equations are 


y=bsina, 


X=acos a, 


where a and b are the lengths of the semi- 
major and semiminor axes, and a@ is the 
angle (at the origin) in the right triangle 
whose legs are the abscissa, OA, of the 
point P(x, y) on the ellipse, and the ordi- 
nate, AB, to the circle with radius a and 
center at the origin. The angle, «, is called 
the eccentric angle of the ellipse. The two 
circles in the figure are called the eccentric 
circles of the ellipse. A circle is an extreme 
case of an ellipse with eccentricity zero, 
with its major and minor axes equal, and 
with coincident foci. See Conic, and DIs- 
CRIMINANT—discriminant of a quadratic 
equation in two variables. 

area of an ellipse. The product of 7 and 
the lengths of the semi-major and semi- 
minor axes (i.e., 7ab). This reduces to the 
formula for the area of a circle (wr?) when 
the major and minor axes of the ellipse are 
equal, i.e., when the ellipse is a circle. 

diameter of an ellipse. The locus of the 
midpoints of a set of parallel chords. Any 
diameter must pass through the center of 
the ellipse and always belongs to a set of 
parallel chords defining some other dia- 
meter. Two diameters in this relation to 
each other are called conjugate diameters. 
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Ellipsoid 
director circle of an ellipse. See DIREC- 
TOR. 

focal property of the ellipse. Lines drawn 
from the foci of an ellipse to any point on 
the ellipse make equal angles with the tan- 
gent (and normal) to the ellipse at the point 
(see figure). Hence, if the ellipse is con- 
structed from a strip of polished metal, rays 
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of light emanating from one focus will come 
together at the other focus. This is some- 
times called the optical or reflection property 
of the ellipse. When reflection of sound 
instead of light is being considered it is 
called the acoustical property of the ellipse. 


EL-LIP’SOID, . A surface whose plane 
sections are all either ellipses or circles. An 
ellipsoid is symmetrical with respect to 
three mutually perpendicular lines (called 
the axes), and with respect to the three 
planes determined by these lines. The in- 
tersection of these lines is called the center. 


Any chord through the center 1s called a 
diameter. The standard equation of the 
ellipsoid, with center at the origin and inter- 
cepts on the axes, a, —a, b, —b, and ec, 
—C, 1S 
2. pe 92 
Zpte 


I. 


Ifa>bh>c, ais called the semimajor axis, } 
the semimean axis, and c the semiminor axis. 
If a= b=c, the equation becomes the equa- 
tion of a sphere. If the | in the right 


Ellipsoid 


member of the above equation is replaced 
by 0, the equation is said to be the equation 
of a point ellipsoid (since the coordinates of 
only one point satisfy the equation); if the 
1 is replaced by — 1, then no real values of 
the coordinates satisfy the equation and it 
is said to be the equation of an imaginary 
ellipsoid. The center of an ellipsoid is the 
point of symmetry of the ellipsoid. This 
point is the intersection of the three princi- 
pal planes of the ellipsoid. An ellipsoid of 
revolution (or spheroid) is an _ ellipsoid 
generated by revolving an ellipse about one 
of its axes (See SURFACE—Surface of revolu- 
tion). This is an ellipsoid whose sections 
by planes perpendicular to one of its axes 
are all circles. The axis passing through 
the centers of these circular sections is 
called the axis of revolution. The largest 
circular section is called the equator of the 
ellipsoid of revolution. The extremities of 
the axis of revolution are called the poles of 
the ellipsoid of revolution. The ellipsoid 
of revolution is said to be prolate if the dia- 
meter of its equatorial circle is less than the 
length of the axis of revolution, and oblate 
if this diameter is greater than the length of 
the axis of revolution. 

confocal ellipsoids. 
focal quadrics. 

similar ellipsoids. See SIMILAR. 

volume of an ellipsoid. If a,b, and c are 
the semi-axes, the volume is $7abc. When 
a=b=c the ellipsoid is a sphere and this 
formula becomes 477a?. 


See CONFOCAL—CON- 


EL’LIP-SOI’DAL, adj. ellipsoidal coordi- 
nates. See COORDINATE. 


EL-LIP’TIC, or EL-LIP’TI-CAL, adj. el- 
liptic conical surface. A conical surface 
whose directrix is an ellipse. When the 
vertex is at the origin and the axis coinci- 
dent with the z-axis in a system of rectangu- 
lar Cartesian coordinates, its equation is 
x2/a2 + y2/b2 — z?/c2=0. 
When a=5, this is a right circular cone. 
elliptic coordinates of a point. Coordi- 
nates in the plane determined by confocal 
conics (ellipses and hyperbolas) or coordi- 
nates in space determined by confocal 
quadrics (in the latter case, usually called 
ellipsoidal coordinates). See CONFOCAL-— 
confocal quadrics, and CURVILINEAR— 
curvilinear coordinates of a point in space. 
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Elliptic or Elliptical 


elliptic cylinder. See CYLINDER. 

elliptic function. The inverse x=¢(y) of 
an elliptic integral y with limits of integra- 
tion x, and x. See below, Jacobian elliptic 
functions, and Weierstrassian elliptic func- 
tions. An elliptic function of a complex 
variable is defined as a doubly periodic 
single-valued function f(z) of the complex 
variable z such that f(z) has no singularities 
other than poles in the finite plane. A 
doubly periodic function cannot be an 
entire function, unless it is a constant. 

elliptic modular function. See MODULAR. 

elliptic integral. Any integral of the type 


i R(x, VS) dx, where S=aox4++a,x3+ 


A,x2+a,xX+a4, has no multiple roots (ap 
and a, are not both zero), and R(x, VS) is 


a rational function of x and V S. Integrals 
of the form 
na" dt 
tg (=P) = k222)"/2 
ae 
9 —k? sin? py'/2 
*1-k?P ye Tey? 
no [*o “a-ayn 4 
= [" 1k? sin? y's a, 
0 
x dt 
9 (?—-a)yl — t27)'20 — k222)'/2 
ap 


9 (sin? b—a)(1 — Kk? sin? p)'/2 
where sin d= x, were called (by Legendre) 
incomplete elliptic integrals of the first, 
second, and third kinds, respectively. The 
modulus of one of these elliptic integrals ts 
k and the complementary modulus is k’= 
(1 —k2)’/2, it being usual to take 0<k*<1. 
The integrals are said to be complete if 
x=1(¢=47). Also, 1,=8, 


B 
Lh= { dn? ¢ dt, 
0 
and 
B 
=| (sn? t—sn?2 a)! dt, 
0 


where x=sn f, a=sn2a, and sn¢ and dnt 
are Jacobian elliptic functions. The in- 
complete elliptic integral of the second kind 
is sometimes taken to be of the form 


i * 21 = 2) — k222)42 dt. 
0 


Elliptic or Elliptical 


Empirical 


Elliptic integrals are so named because 
they were first encountered in the problem 
of finding the circumference of an ellipse. 

Jacobian elliptic functions. The func- 
tions sn z, cn z, dn z defined by y=sn (z, k) 
=g§n zif 


oa i (1 — 2)12(1 — k292)2 dt, 
0 


and sn?z+cen?z=1, k’sn?z+dn?z=1, 
where the sign of cn z and dn z are chosen 
so that cn (0)=dn (0)=1. The number k 
is the modulus of the functions and k’= 


V1—k2 is the complementary modulus. If 


1 
K= (1 — 22)-'2(1 — k222)-'/2 dt 
0 
and 


1 
=| (=e) -k2Py 4h dt, 
0 


then sn z, cn z, and dn z are doubly periodic 
functions with periods (4K, 2/K’), (4K, 
2K+2iK’), and (2K, 4iK’), respectively. 
Also, 
dsnz_ oy ota dcnz 
dz ; dz 
ddnz 
dz 


Jacobi’s notation for these functions was 
sinam z, cosam z, Aam z. He also wrote 
tanam z for sn z/cn z. See above, elliptic 
integrals. 

elliptic paraboloid. See PARABOLOID. 

elliptic partial differential equation. A 
real second-order partial differential equa- 
tion of the form 


= —sn z dn z, 


= —k2snzcnz. 


" O2u 
aij ” 
if. OXiOX; 
Ou Ou 
.* ss @ —— os 8 @ —- = 0, 
+ F(x, Xn, U, ox, ’ =| 


n 
such that the quadratic form > AjXiX; 
i,j=l 

is nonsingular and definite; i.e., by means 
of a real linear transformation this quadra- 
tic form can be reduced to a sum of n 
squares all of the same sign. Typical 
examples are the Laplace and Poisson 
equations. See INDEX—index of a quadra- 
tic form. 

elliptic point on a surface. A point whose 
Dupin indicatrix is an ellipse. 


elliptic type of Riemann surface. See 
TYPE—type of a Riemann surface. 

Weierstrassian elliptic functions. The 
function p(z) defined by y=p(z) if z= 


i S—/2 dt, where S=4— got—g3,=4(t— 


e260 —e3), and the function p’(z)= 
V4p3—g.p—g3. These are doubly periodic 
functions with periods 2w,, 2w>, where 
W,= K(e, Bis e3)71)2 and W.= iK"(e, a e3)—'/2, 
and K and K’ are as defined above under 
Jacobian elliptic functions. Any elliptic 
function f(z) can be expressed as a product 
of p’(z) and a rational function of p(z), 
where p(z) and p’(z) have the same periods 
as f(z). Also, p(z)=e3+ (e;—e3)[sn{z(e; — 
e3)'/2}]-2, where sn z is a Jacobian elliptic 
function, and 


p= 2+ 2 ea Taal 


where Q2,,, , = 2mw + 2nw2 and the summa- 
tion is over all integral values of m and n 
except m=n=0. 


E’LON-GA’TION, n. (1) The limit of the 
ratio of the increment A/ in length / of a 
vector, joining two points of a body (this 
increment resulting from the body being sub- 
jected to a deformation), to its undeformed 
length / as / is allowed to approach zero. 
In symbols, e=lim Al//. This limit has in 


l—>0 
general different values depending on the 
direction of the vector in the deformed 
medium. (2) The change in length per 
unit length of a vector in a deformed 
medium. 
elongations and compressions. 
ONE-DIMENSIONAL STRAINS, 


Same as 
See STRAIN. 


EM-PIR’I-CAL, adj. empirical formula, 
assumption, or rule. A statement whose 
reliability is based upon a limited number 
of observations (such as laboratory experi- 
ments) and is not necessarily supported by 
any established theory or laws; formulas 
based upon immediate experience rather 
than logical (or mathematical) conclusions. 
empirical curve. A curve that is drawn 
to approximately fit a set of statistical data. 
It is usually assumed to represent, approxi- 
mately, additional data of the same kind. 
See METHOD—method of least squares, and 
GRAPHING—Statistical graphing. 


End 


END, adj. end point of a curve. A point 
at which a branch of the curve ends. 
end point of an interval. See INTERVAL. 


EN’DO-MOR’PHISM, 7. 
PHISM. 


See HOMOMOR- 


EN-DORSE’, v. Same as INDORSE. 


endowment insur- 
See INSURANCE—life insurance. 


EN-DOW'MENT, adj. 


ance. 


EN’ER-GY, 7. 
work. 

conservation of energy. A principle as- 
serting that energy can neither be created 
nor destroyed. In mechanics this principle 
asserts that in a conservative field of force 
the sum of the kinetic and potential ener- 
gies is a constant. 

energy integral. (1) An integral that 
arises in the solution of the particular dif- 
ferential equation of motion, d2s/dt#= + 
k2s, describing simple harmonic motion. 


The integral is vj2= +k ds and is 


The capacity for doing 


called the energy integral, because when 
it is multiplied by m it is equal to the 
kinetic energy, 4mv2. (2) An integral stating 
that the sum of the potential and kinetic 
energies is constant, in a dynamic system in 
which this is true. 

kinetic energy. The energy a body pos- 
sesses by virtue of its motion. A particle 
of mass m moving with velocity v has 
kinetic energy of amount 4mv*. In a 
conservative field of force, the work done 
by the forces in displacing the particle 
from one position to another is equal to 
the change in the kinetic energy. A body 
rotating about an axis and having angular 
velocity w and moment of inertia J about 
the axis has kinetic energy of amount 
L]w2. 

potential energy. The energy a body 
possesses by virtue of its position. A term 
applicable to conservative fields of force 
only; potential energy is defined as the 
negative of the work done in displacing a 
particle from its standard position to any 
other position. See ENERGY—conservation 
of energy. 

principle of energy. A principle in mech- 
anics asserting that the increase in kinetic 
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Enumerable 


energy 1s equal to the work done by the 
force. 


ENIAC, n. An early large-scale general- 
purpose computing machine (Electronic 
Numerical Integrator and Computer) that 
was built at the University of Penn., demon- 
strated publicly in 1946, and moved to the 
Ballistic Research Laboratories, Aberdeen 
Proving Ground, in 1947. 


ENNEPER. equations of Enneper. Inte- 
gral equations for the coordinate functions 
of a minimal surface referred to its minimal 
curves as parametric curves: 


x=4| (1-12) p(w) du+4| (1 vO) do, 
yas fa + u*)d(u) du - fa + v2)b(v) dv, 
f= | ucs(u) + { vis(v) dv, 


where ¢(u) and ¢(v) are arbitrary analytic 
functions. See WEIERSTRASS—equations of 
Weierstrass. 
surface of Enneper. See SURFACE. 

EN-TIRE’, adj. entire function. A func- 
tion which can be expanded in a Mac- 
laurin’s series, valid for all finite values of 
the variable; a function of a complex vari- 
able which is analytic for all finite values 
of the variable. Syn. Integral function. 
An entire function f(z) is said to be of 
order p for 6,<@< 06, provided 


log |f(re!)| _ 9 


lim sup a 


r> @ 


uniformly in 0,8,<0@<8@,, for each e«>0, 
but not for any «<0. See LIOUVILLE— 
Liouville’s theorem, PHRAGMEN-LINDELOF 
FUNCTION, and PICARD’S THEOREMS. 

entire series. A power series which con- 
verges for all values of the variable. The 
exponential series, 1+x+.x?/2!+2x3/3!+ 
-++ +x"/n!4 ---, is an entire series. 


E-NU’MER-A-BLE, adj. | enumerable set. 
Same aS COUNTABLE SET. Enumerably 
infinite is used in the same sense as countably 
infinite, to denote an infinite set whose mem- 
bers can be put into one-to-one corres- 
pondence with the positive integers. 


Envelope 


EN’VE-LOPE, 1. The envelope of a one- 
parameter family of curves is a curve that 
is tangent to (has a common tangent with) 
every curve of the family. Its equation is 
obtained by eliminating the parameter 
between the equation of the curve and the 
partial derivative of this equation with 
respect to this parameter. The envelope 
of the circles (x—a)?+ y2?—1=0 is y= +1. 
See DIFFERENTIAL—Solution of a differen- 
tial equation. In particular, the envelope 
of a one-parameter family of straight lines is 
a curve that is tangent to every member of 
the family of lines; e.g., the curve 4(x — 2)° 
= 27y2 is the envelope of the family of lines 
y= —4tcex+ct+te> and is the result of 
eliminating c between this equation and the 
equation 0O= —4x+1+2c2. The envelope 
of a one-parameter family of surfaces is the 
surface that is tangent to (has a common 
tangent plane with) each of the surfaces of 
the family along their characteristics; the 
locus of the characteristic curves of the 
family. See CHARACTERISTIC—characteris- 
tic of a one-parameter family of surfaces. 


EP-I-CY’CLOID, n. The plane locus of a 
point fixed on the circumference of a circle 
as the circle rolls on the outside of a fixed 
circle (remaining in the same plane as the 
fixed circle). If 6 (OB in the figure) is the 
radius of the fixed circle with center at the 
origin, a (BC) is the radius of the rolling 


circle, and @ is the angle at the origin sub- 
tended by the arc, AB, which has already 
contacted the rolling circle when the point 
is in the position P:(x, y), the parametric 
equations of the curve are: 


x=(a+b) cos 6—acos [(a+ b)6/a], 
y=(a+b) sin 8—a sin [(a+ b)6/a). 


The curve has one arch when a=), two 
arches when a=b/2, and n arches when 
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Epsilon 


a=b/n. It has a cusp of the first kind at 
every point at which it touches the fixed 
circle. 


EP-I-TRO’CHOID, n. A generalization 
of an epicycloid, in which the describing 
point may be at any fixed point on the 
radius of the rolling circle, or this radius 
extended. Letting 4 denote the distance 
from the center of the rolling circle to the 
describing point, and using a, b, and @ 
as in the discussion of the epicycloid, the 
parametric equations of the epitrochoid are: 


x=(a+b) cos @—hA cos [(a+ 5)@/al, 
y=(a+b) sin @—h sin [(a+b)6/a]. 


‘The cases for h<a and h>a are analogous 


to the corresponding cases (b<a and 
b>a) in the discussion of the trochoid. 
See figure under TROCHOID. 


EP’I-TRO-CHOI’DAL, adj. epitrochoidal 
curve. The locus of a point in the plane of 
a circle which rolls without slipping on an- 
other circle in such a way that the planes 
of the two circles meet under constant 


angle. All epitrochoidal curves are spheri- 
cal curves. See SPHERICAL—Sspherical 
curve. 


EP’SI-LON, adj., n. The fifth letter of 
the Greek alphabet, written, lower case, «; 
capital, E. 

epsilon-chain. A_ finite succession of 
points Pp}, P2,°*°, P, such that the distance 
between any two successive points is less 
than epsilon (¢€), « being some positive 
real number. Any two points of a con- 
nected set can be joined by an e-chain for 
any «€ >0, while a compact set is connected 
if every pair of its elements can be joined 
by an e-chain for any e>0. 

epsilon symbols. The symbols e¢'1'2°"'k 


and €)i,:-i. which are defined as being 


zero unless the integers /;, i2---, i, con- 
sist of the integers 1, 2, ---, A in some order, 
and to be + 1 or — 1 according as {\, i5,---:, 
i, is obtained from 1, 2,---, k by an even or 
an odd permutation. If 8j1j2:\jk is the 
generalized Kronecker delta, then ¢'1'2°"'k = 


i sret __ 1,2,°"°k _ 
Oe ON a= Eigig iy: The two 
epsilon symbols are relative numerical tensor 
fields of weight +1 and —1, respectively. 


Equal 


Equation 


E’QUAL, adj. In geometry, equal is used 
to denote exact agreement with respect to 
some particular property, but not neces- 
sarily actual congruence. E.g., triangles 
with equal altitudes and equal bases are 
said to be equal because their areas are 
the same, but they may not be congruent. 
Equality and congruence are synonymous 
in some cases; two equal angles are 
congruent. Equal is sometimes, although 
rarely, used in the same sense as congruent. 
In analysis, equal is used in describing a 
relation between two quantities that are 
alike in any or all senses, the sense in which 
they are alike being specified; e.g., if two 
functions of a variable are equal numeri- 
cally for all values of the variable the rela- 
tion is an identity; if they are equal for only 
certain values, the relation is an equation. 
Tech. An equals relation is a relation which 
is reflexive, symmetric, and _ transitive. 
Equality is then defined by means of the 
particular equals relation which applies to 
the case at hand. Sec EQUIVALENCE—equl- 
valence relation. 

equal roots of an equation. Sce MULTIPLE 
—muultiple root of an equation, and pis- 
CRIMINANT—discriminant of a polynomial 
equation. 


E-QUAL’I-TY, n. The state of being equal; 
the statement, usually in the form of an 
equation, that two things are equal. 

continued equality. Three or more quan- 
tities set equal by means of two or more 
equality signs in a continuous expression, 
as a=b=c=d, or f(x, y)=2(x, y)=A(x, y). 
The last expression is equivalent to the 
equations f(x, y)=g(x,y) and g(x, y)= 
h(x, y). 

equality of two complex numbers. The 
property of having their real parts equal 
and their pure imaginary parts equal (a+ 
bi=c+di means a=c and b=d); the 
property of having equal moduli and ampli- 
tudes which differ by integral multiples of 
277. 


E-QUATE’, v._ to equate one expression to 
another. To form the algebraic statement 
of equality which states that the two ex- 
pressions are equal. The statement may 
be either an identity or a conditional equa- 
tion (commonly called simply an equation). 
E.g., one may equate (x+ 1)? to x2+2x+1, 


getting the identity (x+ 1)?=x?2+2x+1; or 
one may equate sin x and 2x+1; or one 
may equate coefficients in ax+ 6 and 2x-+ 3, 
getting a=2, b=3. 


E-QUAT’ED, adj. equated date (for a set 
of payments). The date upon which they 
could all be discharged by a single payment 
equal to the sum of their values when due, 
taking into account accumulations of pay- 
ments due prior to that date and present 
values, at that date, of future payments. 
Syn. Average date. 

equated time. (Finance.) The time from 
the present to the equated date. 


E-QUA’TION, n. A statement of equality 
between two quantities. Equations are of 
two types, identities and conditional equa- 
tions (or usually simply equations). A 
conditional equation is true only for certain 
values of the unknown quantities involved 
(see IDENTITY); e@.g., x+2=5 is a true 
statement only when x=3; and xy+y-— 
3=0 is true when x=2 and y=1, and for 
many other pairs of values of x and y; but 
for still other pairs it is false. 

amortization equation. See AMORTIZA- 
TION. 

auxiliary equation. See DIFFERENTIAL— 
linear differential equations. 

biquadratic equation. A polynomial 
equation of the fourth degree. Syn. 
Quartic equation. 

compatibility equations. See COMPATI- 
BILITY. 

cubic equation. See CUBIC. 

defective equation. An equation which 
has fewer roots than some equation from 
which it has been obtained. Roots may 
be lost, for instance, by dividing both 
members of an equation by a function of 
the variable. If x2+x=0 1s divided by x, 
the result, x+1=0, is defective; it lacks 
the root 0. 

difference equation. See DIFFERENCE. 

differential equation. See DIFFERENTIAL 
—differential equations. 

differential equations of Bessel, Hermite, 
Laguerre, Legendre, etc. See the respective 
names. 

equation of continuity. (Hydrodynamics.) 
The equation divg=V-g=0, where gq 
represents the flux of some fluid. If there 
are no sources or sinks in a fluid, this 


Equation 


Equation 


equation states that the fluid does not con- 
centrate toward or expand from any point. 
If this equation holds at every point in a 
body of liquid, then the lines of vector flux 
must be closed or infinite. Such a distribu- 
tion of vectors is called solenoidal. 

equation of a curve. See various head- 
ings under CURVE, and PARAMETRIC-— 
parametric equations of a curve. For a 
curve in space, the equations of any two 
surfaces whose intersection is the curve can 
serve as equations of the curve. 

equation of a cylinder. See CYLINDRICAL 
—cylindrical surface. 

equation of a line. See LINE—equation 
of a straight line. 

equation of motion. An equation, usually 
a differential equation, stating the law by 
which a particle moves. 

equation of the normal line to a plane 
curve. See NORMAL—normal line to a 
plane curve. 

equation in the p-form. A polynomial 
equation in one variable, in which the co- 
efficient of the highest degree term is unity 
and the other coefficients are all integers. 

equation of payments. An equation 
Stating the equivalence of two sets of pay- 
ments on a certain date, each payment in 
each set having been accumulated or dis- 
counted to that certain date, called the 
comparison, or focal, date. 

equation of a plane. See PLANE. 

equation of a surface. An equation satis- 
fied by those, and only those, values of its 
variables which are coordinates of points 
on the surface. See PARAMETRIC—para- 
metric equations, CYLINDRICAL—cylindri- 
cal surface. 

equation of value. An equation of pay- 
ments stating that a set of payments is 
equivalent to a certain single payment, at 
a given time. Some authors use only the 
term equation of value and others use only 
equation of payments, making no distinc- 
tion between the cases in which there are 
two sets of several payments and those in 
which one set is replaced by a single pay- 
ment. See above, equation of payments. 

exponential equation. An equation in 
which the unknown letter (or letters) occurs 
in an exponent. Usually refers to an 
equation in which the unknown appears 
only in the exponent, but is sometimes used 
for equations having the unknown in the 


exponent and elsewhere; an equation of the 
form 2*—5=0 would always be called an 
exponential equation. 

homogeneous equation. See HOMOGENE- 
OUS. 

inconsistent equations. See CONSISTENCY. 

indeterminate equation. An equation 
containing more than one variable, such as 
x+2y=4. The equation is indeterminate 
because there are, in general, an unlimited 
number of sets of values which satisfy it. 
Historically, this kind of equation has been 
of particular interest when the coefficients 
are integers and it is required to find ex- 
pressions for the sets of integral values of 
the variables that satisfy the given equation. 
Under these restrictions, the equations are 
called Diophantine equations. 

indeterminate system of linear equations. 
A system of linear equations having an 
infinite number of solutions. 

integral equations. See various headings 
under INTEGRAL. 

irrational (or radical) equation. An 
equation containing the unknown, or un- 
knowns, under radical signs or with frac- 
tional exponents. The equations 


Vx2+1=Vx4+2 and x2+4+1=3 


are both irrational equations. 

linear differential equations. See DIF- 
FERENTIAL—linear differential equations. 

linear equation. See LINEAR. 

locus of an equation. See LOCUS. 

logarithmic equation. An equation con- 
taining the logarithm of the unknown. It 
is usually called logarithmic only when the 
unknown occurs only in the arguments of 
logarithms; log x + 2log 2x+4=0 is a 
logarithmic equation. 

minimal (or minimum) equation. See 
ALGEBRAIC—algebraic number; CHARAC- 
TERISTIC — characteristic equation of a 
matrix. 

multiple root of an equation. See MUL- 
TIPLE. 

numerical equation. An equation in 
which the coefficients of the variables and 
the constant term are numbers, not literal 
constants. The equation 2x?7+5x+3=0 
is a Numerical equation. 

parametric equations. See PARAMETRIC. 

partial differential equations. See DIF- 
FERENTIAL— partial differential equations. 

polynomial equation. A polynomial in 
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Equidistant 


one or more variables, set equal to zero. 
The degree of the equation is the degree of 
the polynomial (see DEGREE—degree of a 
polynomial, or equation). The general 
equation of the second degree in two 
variables is 


ax* + by*+cxy+dx+ey+f=0. 


(See DISCRIMINANT—discriminant of the 
general quadratic.) The general equation 
of the nth degree in one variable is a poly- 
nomial equation of the nth degree whose 
coefficients are literal constants, such as 


AjgxxX"+a,x"14 +--+ +a,=0. 


A polynominal equation of nth degree is 
said to be complete if none of its coefficients 
are zero; it is incomplete if one or more 
coefficients (other than the coefficient of 
x") are zero. Aroot of a polynomial equa- 
tion in one variable is a value of the variable 
which reduces the equation to a true 
equality. Sometimes a solution can be 
found by factoring the equation; e.g., the 
equation x2+ x—6=0 has roots 2 and — 3, 
since x7+x—6=(x—2)(x+3). If the equa- 
tion can not be factored, the method of 
solution usually consists of some method 
of successive approximations. Horner’s 
and Newton’s methods offer systematic 
approximations of this type. For the 
determination of imaginary roots, one can 
substitute uw+iv for the variable, equate 
the real and imaginary parts to zero, and 
solve these equations for uw and v (usually 
by some method of successive approxima- 
tions). See RATIONAL—rational root theo- 
rem, QUADRATIC—quadratic formula, CAR- 
DAN—Cardan’s solution of the cubic, 
FERRARI'S solution of the quartic, and 
FUNDAMENTAL—fundamental theorem of 
algebra. 

quadratic equation. See QUADRATIC. 

reciprocal equation. See RECIPROCAL. 

redundant equation. An equation con- 
taining roots that have been introduced by 
operating upon a given equation; e.g., such 
roots may be introduced by multiplying 
both members by the same function of the 
unknown, or by raising both members to a 
power. The introduced roots are called 
extraneous roots. The equation x—1= 


Vv x+1, when squared and simplified, be- 
comes x*—3x=0, which has the roots 0 


and 3, hence is redundant, because 0 does 
not satisfy the original equation. 
snultaneous equations. See SIMULTA- 
NEOUS. 
theory of equations. Sec THEORY. 
transformation of an equation. See 
TRANSFORMATION. 
trigonometric equation. See TRIGONO- 
METRIC. 


E-QUA’TOR, n. celestial equator. The 
great circle in which the plane of the earth’s 
equator cuts the celestial sphere. See HOUR 
—hour angle and hour circle. 

equator of an ellipsoid of revolution. See 
ELLIPSOID—ellipsoid of revolution. 

geographic equator (earth’s equator). 
The great circle that is the section of the 
earth’s surface by the plane through the 
center of the earth and perpendicular to 
the earth’s axis. See ELLIPsoID—ellipsoid 
of revolution. 


E’QUI-AN’GU-LAR, adj. equiangular hy- 
perbola. Same aS RECTANGULAR HYPER- 
BOLA. See HYPERBOLA. 

equiangular polygon. A polygon having 
all of its interior angles equal. An equi- 
angular triangle is necessarily equilateral, 
but an equiangular polygon of more than 
three sides need not be equilateral. 

equiangular spiral. Same as logarithmic 
spiral. Called equiangular because the 
angle between the tangent and radius 
vector is a constant. See LOGARITHMIC— 
logarithmic spiral. 

mutually equiangular polygons. See MU- 
TUALLY. 

equiangular transformation. See ISOGO- 
NAL—isogonal transformation. 


E-QUI-A’RE-AL MAP. Same as AREA- 
PRESERVING MAP. See Map. 


E-QUI-CON-TIN’U-OUS, adj. equicon- 
tinuous functions. The functions {/,} are 
said to be equicontinuous over an interval 
if, for arbitrary «>0, there exists a 64, 
(5 dependent on ¢) such that | f(x«1)—f,(x2)| 
<e for all i, whenever |x;—x2|<6, for 
points x, and x, on the interval (qa, dD). 
See ASCOLI’S THEOREM. 


E’QUI-DIS’TANT, adj. equidistant sys- 
tem of parametic curves. See PARAMETRIC. 


Equilateral 


Equivalent 


E’QUI-LAT’ER-AL, adj. equilateral hy- 
perbola. See HYPERBOLA—rectangular hy- 
perbola. 

equilateral polygon. A polygon having 
all of its sides equal. An equilateral tri- 
angle is necessarily equiangular, but an 
equilateral polygon of more than three sides 
need not be equiangular. 

equilateral spherical polygon. A spheri- 
cal polygon which has all of its sides equal. 

mutually equilateral polygons. See MU- 
TUALLY. 


E’QUI-LIB’RI-UM, 7. — equilibrium of 
forces. The property of having their re- 
sultant force and the sum of their torques 
about any axis equal to zero. See RE- 
SULTANT. 

equilibrium of a particle or a body. A 
particle is in equilibrium when the resultant 
of all forces acting on it is zero. A body 
is in equilibrium when it has no accelera- 
tion, either of translation or rotation; a 
rigid body is in equilibrium when its center 
of mass has no acceleration and the body 
has no angular acceleration. The condi- 
tions for a body to be in equilibrium are: 
(1) That the resultant of the forces acting 
on it be equal to zero; (2) that the sum of 
the moments of these forces about every 
axis be equal to zero (about each of three 
mutually perpendicular axes suffices). 


E’QUI-PO-TEN’TIAL, adj. equipotential 
surface. A surface on which a potential 
function U maintains a constant value. 
More generally, if U is any point function, 
then an equipotential surface relative to U 
is a surface on which U is constant. 


E-QUIV’A-LENCE, adj., n. equivalence 
class. If an equivalence relation is defined 
on a Set, then the set can be separated into 
classes by the convention that two elements 
belong to the same class if and only if they 
are equivalent. These classes are called 
equivalence classes. Two equivalence clas- 
ses are identical if they have an element in 
common. Each element belongs to one 
of the equivalence classes. E.g., if one 
says that a is equivalent to 6 if a—bis a 
rational number, this is an equivalence 
relation for the real numbers. The equiva- 
lence class which contains a number a is 


then the class which contains all numbers 
which can be obtained by adding rational 
numbers to a. 

equivalence of propositions. An equi- 
valence is a proposition formed from two 
given propositions by connecting them by 
“if, and only if.” An equivalence is true 
if both propositions are true, or if both are 
false. The proposition “For all triangles 
x, x iS equilateral if, and only if, x is equi- 
lateral’”’ is true, since any particular triangle 
is either both equilateral and equiangular, 
or it is neither equilateral nor equiangular. 
The equivalence formed from propositions 
p and q is usually denoted by peg, or 
p=q. The equivalence pq is the same as 
the statements “‘p is a necessary and suffi- 
cient condition for q,”’ or “‘p if, and only if, 
q’; it is equivalent to the conjunction of the 
Implications p—q and g—>p. Propositions 
p and q are said to be equivalent if p<+q is 
true. An equivalence is also called a bi- 
conditional statement (or proposition). 

equivalence relation. A_ relation  be- 
tween elements of a given set which is a 
reflexive, symmetric, and transitive relation 
and which is such that any two elements of 
the set are either equivalent or not equiva- 
lent. Ordinary equality and congruence 
relations are examples of equivalence 
relations. Syn. Equals relations. 


E-QUIV’A-LENT, adj. cash equivalent of 
an annuity. Same aS PRESENT VALUE. See 
VALUE. 

equivalent equations. Equations in one 
variable that have exactly the same roots. 

equivalent figures. Equal figures (see 
EQUAL). Some writers always use equiva- 
lent where others use equal, and equal for 
congruent. 

equivalent matrices. Two square mat- 
rices A and B for which there exist non- 
singular square matrices P and Q such that 
A=PBQ. Two square matrices are equi- 
valent if, and only if, one can be derived 
from the other by a finite number of opera- 
tions of the types: (a) interchange of two 
rows, or of two columns; (b) addition to a 
row of a multiple of another row, or addi- 
tion to a column of a multiple of another 
column; (c) multiplication of a row or of a 
column by a nonzero constant. Every 
matrix is equivalent to some diagonal mat- 
rix. This transformation PBQ of the 


Equivalent 


matrix B is called an equivalent transforma- 
tion. If P= Q-!, it is called a collineatory 
(or similarity) transformation; if P is the 
transpose of QO, it is a congruent transforma- 
tion; if P is the Hermitian conjugate of Q, 
it is a conjunctive transformation; if P= Q-! 
and Q is orthogonal, it is an orthogonal 
transformation; if P= Q-! and Q is unitary, 
it is a unitary transformation. Also, see 
under TRANSFORMATION. 

equivalent sets. Sets that can be put 
into one-to-one correspondence. See cor- 
RESPONDENCE. 

topologically equivalent spaces. See Top- 
OLOGICAL—topological transformation. 


ERATOSTHENES. | sieve of Eratosthenes. 
The process of computing all the primes 
not greater than a number AN by writing 
down all the numbers from 2 to JN, re- 
moving those which are multiples of 2, 
those which are multiples of 3, and con- 
tinuing until all multiples of primes not 
greater than VN have been removed. 
Only prime numbers will remain. 


ERG, n. A unit of work; the work done 
by a force of one dyne operating over a 
distance of one centimeter. 


ER-GOD’IC, adj. ergodic theory. The 
study of measure-preserving transforma- 
tions. In particular, the study of theorems 
concerning the limits of probability and 
weighted means. F.g., the following is a 
theorem of this type: If T is a measure- 
preserving one-to-one transformation of a 
bounded open region of n-dimensional 
space onto itself, then there is a set M of 
measure zero such that if x is a point not 
in M and U is a neighborhood of x, then 
the points 7(x), T7(x), T7(x), +--+ are in U 
with a definite positive limiting frequency; 


n 
i.e., lim [>¢,(x)]/n exists and is positive, 
?i--> 2 1 


where ¢,(x) is +1 or 0 according as T*(x) 
belongs to U or does not belong to U 
[T*(x) is the result of applying the trans- 
formation JT to x successively k times]. 
The ergodic theorem of Birkhoff states 
that if T is a measure-preserving point 
transformation of the interval (0, 1) onto 
itself, and if the function f is Lebesgue 
integrable over (0, 1), then there is a func- 


Error 


tion f* which is Lebesgue integrable over 
(O, 1) and is such that we have 


P(e) aim Ott ++ 4 f(T) 

n+ 1 
almost everywhere on (0, 1). The mean 
ergodic theorem (a weaker result than that 
of Birkhoff’s ergodic theorem) states that, 
under the same hypotheses as in Birkhoff’s 
theorem, the same conclusion is true with 
point-wise convergence almost everywhere 
replaced by convergence in the mean of order 
two. 


ER‘ROR, n. (1) The difference between a 
given value and the true value of a quantity, 
taken as positive or negative according to 
whether the former is the larger or the 
smaller. (2) (Svtatistics.) Variation in 
measurements due to uncontrollable fac- 
tors. If the uncontrollable factors are 
large in number, independent, approxi- 
mately equal, and additive in their effect 
on the variation around some constant or 
expected value, the deviations will be nor- 
mally distributed around the constant or 
expected value. Measurements are pre- 
sumably affected by such a set of factors— 
hence the name error curve for the normal 
distribution. (3) (Statistics.) Variations 
in observed values of a variable due to 
sampling the population are often called 
samplingerrors. Inthe analysis of variance, 
error is the random sampling fluctuations 
after controlling a set of factors believed to 
affect the parameters of the distribution. 
(4) (Statistics.) In tests of hypotheses, 
error of the first type (as defined by J. 
Neyman and E. Pearson) is the error of 
rejecting a true hypothesis. Error of the 
second type (as defined by Neyman and 
Pearson) is the erroneous acceptance of a 
false hypothesis. The probability of the 
second type of error is a function of the 
alternative true hypotheses. This function 
is called the power function of the test of 
the hypothesis. 
error function. Any of the functions 


Erf(x)= |" e-® di=4y(4, x9) 


Erfe(x)= in e dt=43I5, x?), 


x 


Erfi(x)= i e? dt=— —i+ Erf(ix) 
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Error 


Euler 


per centerror. The quotient of the error 
by the correct result, multiplied by 100°%. 

relative error. The quotient of the error 
by the correct result. 

standard error of estimate. See CORRE- 
LATION—normai correlation. 


ES-CRIBED’, adj. escribed circle of a tri- 
angle. A circle tangent to one side of the 
triangle and to the extensions of the other 
sides. Syn. Excircle. In the figure, the 
circle is an excircle of the triangle ABC, 
being tangent to BC at L and to AB and 
AC, extended, at N and M, respectively. 
The bisector of angle BAC passes through 
the center of the circle. 


ES-SEN’TIAL, adj. essential constant. 
See CONSTANT—essential constant. 
essential mapping. See INESSENTIAL. 


ES-SEN’TIAL-LY, adv. essentially 
bounded function. See BOUNDED. 


ES’TI-MATE, z., v. As a noun (in Statis- 
tics): (1) Numerical values assigned to 
parameters of a distribution function, on 
the basis of evidence from samples, are 
Statistical estimates. Such an estimate is 
called a statistic. (2) Statement as to the 
values of certain parameters or properties 
of functions on the basis of evidence. 

estimate a desired quantity. To pass 
judgment based upon very general con- 
siderations, as contrasted to finding the 
quantity by exact mathematical procedure. 
One might estimate the square root of any 
number to the nearest integer, but one 
would compute it systematically, by some 
rule for extracting roots, if accuracy to 
three or four decimal places was required. 
' minimum vyariance unbiased estimate. 
The unbiased statistic t,, linearly derived 
from a random sample of n observations, is 
a minimum variance estimate of 7 if 
E(t,—7T)* is smaller than for any other 
unbiased estimate 7¢,,” from the same sized 
sample. 


unbiased estimate. A statistic ¢, is an 
unbiased estimate of the parameter 7 if 
E(t,)=T for all n, where E(¢t,) is the 
expectation of f¢,. 


EU-CLID’E-AN, adj. Euclidean algorithm. 
See ALGORITHM. 

Euclidean geometry. See GEOMETRY— 
Euclidean geometry. 

Euclidean space. (1) Ordinary three- 
dimensional space. (2) A space consisting 
of all sets (points) of m numbers (x;, x2, °- - 
X,), where the distance p(x, y) between 
X=(%1,°++, xX,) and y=(y1,-°++, ¥,) is de- 


n 


Ip 
fined as p(x, »-| >. \x;— vi . This 


i= 1 

is an n-dimensional Euclidean space; it is 
real or complex according as the coordi- 
nates x,,---°, X, of x=(x),---, x,) are real 
or complex numbers. An infinite dimen- 
sional Euclidean space is the (real) Hilbert 
space of all infinite sequences of real 


[eo @) 
numbers (x), X2,°-+-) for which > x;* 1S 
=] 


finite, with p(x, y) defined as S (x;- 


i= | 


"Ie 
vir . Syn. Cartesian space. 


locally Euclidean space. A topological 
space 7 for which there is an integer m such 
that each point of 7 has a neighborhood 
which is homeomorphic to an open set in 
n-dimensional Euclidean space. The space 
T is then said to be of dimension nz. It has 
been proved that any locally Euclidean 
topological group is isomorphic to a Lie 
group (the fifth problem of Hilbert). See 
MANIFOLD. 


EUCLID’S algorithm, axioms, postulates. 
See ALGORITHM, AXIOM, POSTULATE. 


EULER. equation of Euler. (Differential 
Geometry.) When the lines of curvature of 
a surface S are parametric, the equation 
for the normal curvature 1/R for a given 
direction at a point of S becomes 
2 oy 
1 cos 9 sin 6 


a Pi P2 
where @ is the angle between the directions 
whose norma! curvatures are 1/p, and I/p>. 
The above equation is called the equation 


Euler 


of Euler. See CURVATURE—normal curva- 
ture of a surface, and CURVATURE—princl- 
pal curvatures of a surface at a point. 
Euler characteristic. For a curve, the 
Euler characteristic is the difference be- 
tween the number of vertices and the 
number of segments when the curve is 
divided into segments by points (vertices) 
such that each segment (together with its 
end points) is topologically equivalent to a 
closed straight line segment (can be con- 
tinuously deformed into a closed interval). 
The Euler characteristic of a surface is 
equal to the number of vertices minus the 
number of edges plus the number of faces 
if the surface is divided into faces by means 
of vertices and edges in such a way that 
each face is topologically equivalent to a 
plane polygon. For both curves and sur- 
faces, the Euler characteristic is in- 
dependent of the method of subdivision. 
A surface has Euler characteristic 2 if and 
only if it is topologically equivalent to a 
sphere; Euler characteristic 1 if and only 
if it is topologically equivalent to the pro- 
jective plane or to a disc (a circle and its 
interior); Euler characteristic zero if and 
only if it is topologically equivalent to a 
cylinder, torus, Mobius strip, or Klein 
bottle. See GENUS—genus of a surface, 
and SURFACE. For an n-dimensional sim- 
plicial complex K, the Euler characteristic 


is the number y= > (—1)’s(r), where 
r=0 
s(r) is the number of r-simplexes of K; y is 


Hl 

also equal to » (—1)'Bi, 
r=0 

the r-dimensional Betti number modulo m 


HM 
(ma prime), and to > (—1)’B’, where Br 
0 
is the r-dimensional Betti number. Some- 
times called the Fuler-Poincaré charac- 
teristic. 
Euler-Maclaurin sum formula. A _for- 
mula for approximating a definite integral, 


where Bi is 


b 
say | f(x) dx, where f(x) has continuous 


a ; 
derivatives of all orders up to the highest 


order used for all points of [a, b], and b—a 
=mis aninteger. The formula is 


MH 


ie f(x) de=5 f(a) +fO)4 Dfatn 


148 


Euler 
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we 


( a 
— f BNO) 


where 8 is some number satisfying 0 < 6 <1 
and 8B, is a Bernoulli number. See 
BERNOULLI— Bernoulli’s numbers (1). 

Euler’s angles. The three angles usually 
chosen to fix the directions of a new set of 
rectangular space coordinate axes with 
reference to an old set. They are the angle 
between the old and the new z-axis, the 
angle between the new x-axis and the 
intersection of the new xy-plane with the 
old xy-plane, and the angle between this 
intersection and the old x-axis. This 
intersection is called the nodal line of the 
transformation. Euler’s angles are often 
defined in other ways. Another common 
usage is to take the angles between the old 
and new z-axes, between the old y-axis and 
the normal to the plane of the two z-axes, 
and between this normal and the new 
y-axis. 

Euler’s constant (or Mascheroni’s con- 


stant). The constant defined as 
lim (1+44+ 34+ --- +1/n—logn) 
, = 0.5772157 - 


It has been calculated to 260 decimal 
places. It is not known whether Euler’s 
constant is an irrational number. 
Euler’s criterion for residues. 
DUE. 
Euler’s equation. (Calculus of Varia- 
tions.) The differential equation 


See RESI- 


Of (Xx, VV) _ f(A y; ») _0 
oy dx Oy’ 9 
where 
,_ay 
~ dx 


A necessary condition that y(x) minimize 
b 
the integral i f(x, y, y’) dx is that y(x) 


a 
satisfy Euler’s equation. This condition, 
and the more general necessary condition 


Ae yr ares 


Olle 0, 


dx" 


ad’ steed 
where yao for y(x) to minimize the 


Euler 
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b 

integral } f(x, ¥, ¥’, ++ +, Y™) dx, were first 
a 

discovered by Euler in 1744. For the 

double integral { | F(X, Vy Z Zep Zy) ax dy, 


Euler’s equation becomes 


£2) 2-0 
az Ox\z,)  ay\dz,) 


where 
_ 02(x, y) _ 62(x, Y) 
x ex ay 


Also called the Euler-Lagrange equation. 
See CALCULUS—Calculus of variations. 

Euler’s formula. The formula e/*= 
cos x+isin x. It can be verified by ex- 
panding each of the functions e'*, cos x, 
and sin x in a Maclaurin’s series and sub- 
stituting the three series in the formula. 
Interesting special cases are those in which 
x=7 and 27, for which e7/=—1 and 
e27i = 1], respectively. 

Euler’s ¢-function of an integer. The 
number of integers not greater than the 
given integer and relatively prime to it. 
If the number is n=a?Pb%c’---, where 
a, b, c, +--+ are distinct primes, then Euler’s 
d-function of n, written ¢(m), is equal to 


ni —1/a)A—1/b)d—1/c)---. 


The values of d(n), for n= 1, 2, 3 and 4, are 
1, 1, 2, and 2, respectively, while 4(12)= 
120 -4)(i-—3)=4. Syn. Indicator, toti- 
ent, é-function. 

Euler’s theorem on homogeneous func- 
tions. A homogeneous function of degree 
n in the variables x1, Xo, %3,° °°, X,, Multi- 
plied by n, is equal to x, times the partial 
derivative of the function with respect to 
x1, plus x» times the partial derivative of 
the function with respect to x5,etc. E.g., if 
f(x, y, Z)=x2+xy4 22, then 


2(x2+ xyt 22) = x(2x + y) + p(x) + 2(22). 


Euler’s theorem for polyhedrons. For 
any simple polyhedron, V— E+ F= 2, where 
V is the number of vertices, E the number 
of edges, and F the number of faces. See 
above, Euler characteristic. 

Euler’s transformation of series. A 
transformation for oscillating series which 
increases the rate of convergence of con- 
vergent series and sometimes defines sums 
for divergent series. Consider the series 


Ayg—a,+a,—a;+ +--+. Euler’s transforma- 


tion carries this into 

Ag ,ag- a Ay— 2a,;+ a> Aray 
— ft st Ss no 
2 22 23 2 
where A"ay is the nth difference of the 
sequence do, Qj, Qo,° °°: (i.e., A"ayg=ay— 


4 a: (5) ay— +++ + (—1)"a,, where 


ny. ; 

(”) is the rth binomial coefficient of 
order n. E.g., this transformation carries 
the series 1-4+3-— --- into Pere or 


1 
pat --- and the series 1—1+1—14--- 


into 4++0+0+0+ ---. 


E-VAL’U-ATE, v. To find the value of. 
E.g., to evaluate 8+3-—4 means to reduce 
it to 7; to evaluate x2+2x+2 for x=3 
means to replace x by 3 and collect the 
results (giving 17); to evaluate an integral 
means to carry out the integration and, if 
it is a definite integral, substitute the limits 
of integration. See also, DETERMINANT— 
evaluation of a determinant. 


E-VAL’U-A’TION, 1. The act of evalu- 
ating. 


E’VEN, adj. even number. A number 
that is divisible by 2. All even numbers 
can be written in the form 2n, where n is an 
integer. 

even function. 
function. 

even permutation. See PERMUTATION (2). 

even-spaced map. See CYLINDRICAL— 
cylindrical map. 


See FUNCTION—even 


E-VENT’, 7. compound event. See Ccom- 
POUND. 

dependent events. Two events such that 
the occurrence, or nonoccurrence, of one 
of them affects the occurrence, or non- 
occurrence, of the other. E£.g., drawing a 
ball from a bag of different colored balls, 
the ball not being replaced, affects the 
probability of drawing any specified color 
in a second drawing. 

independent events. Two or more events 
such that the occurrence or nonoccurrence 
of any one in a given trial does not affect 
the occurrence or nonoccurrence of any 


Event 


of the other events. £E.g., the probability 
of drawing a certain ball from one bag is 
not affected by the drawing of a certain 
ball from another bag, nor from the same 
bag if the ball first drawn is replaced before 
the second drawing. 

mutually exclusive events. Two or more 
events such that the occurrence of any one 
precludes the occurrence of all the others; 
if a coin is tossed, the coming up of heads 
and the coming up of tails on a given 
throw are mutually exclusive events. 

simple event. An event whose proba- 
bility can be obtained from consideration 
of a single occurrence; an event which is 
not a compound event. The tossing of a 
coin for heads (or tails) is a simple event. 


EV’O-LUTE, n. evolute of a curve. See 
INVOLUTE—involute of a curve. 

evolute of a surface. The two surfaces 
of center relative to the given surface S. 
See SURFACE—Surfaces of center relative to 
a given surface. If we choose the normals 
to S as normals to the lines of curvature of 
S, we obtain the surfaces of center as loci 
of the evolutes of the lines of curvature of 
S. See above, evolute of a space curve. 
The evolute of S is also the evolute of any 
surface parallel to S. See PARALLEL— 
parallel surfaces, and INVOLUTE—involute 
of a surface. 

mean evolute of a surface. The envelope 
of the planes orthogonal to the normals of 
a surface S and cutting the normals midway 
between the centers of principal curvature 
of S. 


EV’O-LU’TION, 1. The extraction of a 
root of a quantity; e.g., finding a square 
root of 25. Evolution is the inverse of 
finding a power of a number, or involution. 


EX-ACT’, adj. exact differential equation. 
see DIFFERENTIAL. 

exact division. Division in which the 
remainder is zero. It is then said that the 
divisor is an exact divisor. The quotient 
is required to be of some specified type. 
E.g., 7 is not exactly divisible by 2 if the 
quotient must be an integer, but 7 Is exactly 
divisible by 2 if the quotient can be a 
rational number (34). 

exact interest. See INTEREST. 


Expansion 


EX-CEN’TER, n. excenter of a triangle. 
The center of an escribed circle; the inter- 
section of the bisectors of two exterior 
angles of the triangle. 


EX-CESS’, n. excess of nines. The re- 
mainder left when any positive integer is 
divided by nine; the remainder when the 
greatest possible number of nines have 
been subtracted from it. It is equal to 
the remainder determined by dividing the 
sum of the digits by 9. It is customary, 
but not necessary, to restrict the process 
to positive integers. The excess of nines 
in 237 is 3, since 237=26x9+3 (or 
2+3+7=9+3). See CasTING—casting 
out nines. 

spherical excess. See SPHERICAL—spher- 
ical excess. 


EX-CHANGE’,n. Payment of obligations 
other than by direct use of money; by use 
of checks, drafts, money orders, exchange 
of accounts, etc. 

foreign exchange. Exchange carried on 
with other countries (between countries). 
The rate of foreign exchange is the value 
of the foreign money in terms of the money 
of one’s own country (or vice versa). 


EX-CIR’CLE, n. excircle of a triangle. 
See ESCRIBED—escribed circle of a triangle. 


EX-CLU’SIVE, adj. 
events. See EVENT. 


mutually exclusive 


EX’ER-CISE, n. A problem which is de- 
signed primarily for drill on the use of 
formulas, theorems, or mathematical con- 
cepts. Syn. Problem. 


EX’IS-TEN’TIAL, adj. existential quanti- 
fier. See QUANTIFIER. 


EX-PAN’SION, n. (1) The form a quan- 
tity takes when written as a sum of terms, 
or as a continued product, or in general in 
any type of expanded (extended) form. 
(2) The act, or process, of obtaining the 
expanded form of a quantity. (3) Increase 
in Size. 

binomial expansion. The expansion 
given by the binomial theorem. See 
BINOMIAL—binomial theorem. 


Expansion 


coefficient of linear expansion, thermal 
expansion, and volume (or cubical) expan- 
sion. See COEFFICIENT. 

expansion of a determinant. See DETER- 
MINANT—expansion of a determinant. 

expansion (of a function) in a series. 
Writing a series which converges to the 
function for certain values of the variables 
(or which “represents” the function in 
some other sense). The series itself is also 
spoken of as the expansion of the function. 


EX-PEC-TA’TION, 7. expectation of life. 
The average number of years that members 
of a given group may be expected to live 
after attaining a certain age, according to 
a mortality table. Also called complete 
expectation of life as distinguished from 
curtate expectation of life, which is the 
average number of entire years that 
members of a given group may be expected 
to live. Joint expectation of life is the 
average number of years that two (or more) 
persons at a given age may both (all) be 
expected to live, according to a mortality 
table. 

mathematical expectation. (1) The 
amount of money that an individual may 
expect to receive if a given sum is offered 
him on the condition that a given event 
(or events) occurs. It is equal to the 
product of the sum offered and the proba- 
bility of the occurrence of the event; if a 
man is to receive one dollar for tails-up 
throw of a coin, his expectation is $1 x4, 
or 50 cents. (2) (Statistics.) Let f(x) be 
the relative frequency function (probability 
density function) of the variable x. Then 


b 
Eixy=x= } xf (x) dx is the expectation of 


“a 
the variable x over the range a to b, or 
more usually, — © to ©. The quantity 


sos i eT ee eee 


is the variance of x, or the expectation of 
the squared deviations of x around its 
mathematical expectation. The mathe- 
matical expectation of the product xy of 
two independent variables x and y is equal 
to the product of their expectations. In 
general, let d(x) be a function of the 
_ variable x whose frequency function is f(x). 


Then E($(x))= ] ° d(x) f(x) dx is the ex- 
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pectation of d(x) over the range a to J, 
usually —© to «©. The arithmetic mean 
of a variable is the expectation of the 
variable. The mathematical expectation 
of a sum of several variables is equal to 
the sum of their expectations. 


EX-PENS’ES, n. overhead expenses. Ad- 
ministrative expenses, such as salaries of 
officers and employees, cost of supplies, 
losses by credit, and rent and plant depre- 
ciation. (It sometimes includes some of 
the selling expenses.) 

selling expenses. Expenses such as in- 
surance, taxes, advertising, and salesmen’s 
wages. 


EX-PLIC'IT, adj. explicit function. 
IMPLICIT—implicit function. 


See 


EX-PO’NENT, 7. A number placed at 
the right of and above asymbol. The value 
assigned to the symbol with this exponent 
is called a power of the symbol, although 
power is sometimes used in the same sense 
as exponent. If the exponent is a positive 
integer, it indicates that the symbol is to be 
taken as a factor as many times as there are 
units in this integer. E.g.,32=3x3=9 (the 
second power of 3 is 9); x3=xxxxx. If 
x iS a nonzero number, the value of x® is 
defined to be 1 (if x40, x® can be thought 
of as the result of subtracting exponents 
when dividing a quantity by itself, x2/x2= 
x9=1). A negative exponent indicates 
that in addition to the operations indicated 
by the numerical value of the exponent, the 
quantity is to be reciprocated. Whether 
the reciprocating is done before or after 
the other exponential operations have been 
carried out is immaterial. E.g., 3°2= 
(32) 1=(9)-!= 5, or 3-2=(3-1)?=(9)*=35. 
The following laws of exponents are valid 
when m and v are any integers (positive, 
negative, or zero): 


(1) argn=aqntm; (2) qam/qn=aqm-n; 
(3) (a™jr=amm; (4) (ab)n=arbr; 
(5) (a/b)"=a"/b". 


If the exponent on a symbol x is a fraction 
pPiq, then x?/4 is defined as (x!/¢)?, where 
x'/7 is the positive gth root of x if x is 
positive, and the (negative) gth root if x is 
negative and q is odd. It follows that 


Exponent 


xP/a—(xpP)1/¢4 and that the above five laws 
are valid if m and n are either fractions or 
integers (i.e. rational numbers), provided a 
and b are positive numbers. If the ex- 
ponent is irrational, the power is defined to 
be the quantity approximated by using 
rational exponents which approximate the 
irrational exponent; e.g., 3 with exponent 
V2 denotes the limit of the sequence 
31.4, 31.41, 31.414... Tech. If the se- 
quence @), a),---,d,,°°-° of rational num- 
bers approaches an irrational limit a, then 
c? denotes the limit of the sequence 
c91, 692, €93, +++, CIn,- ++. The above laws 
of exponents are valid for m and n any real 
numbers (rational or irrational) if a and b 
are positive. If x is a complex number, 
then x” is defined to be e™(los x), where 
this is computed by substituting m(log x) 
for ¢ in the Taylor’s series 


e=1474+77/2!+/3!+4/4!4+ --- 


(see EXPONENTIAL—exponential series, and 
LOGARITHM—logarithm of a complex num- 
ber). With this definition, x’ is multiple 
valued and the laws of exponents are valid 
only in the sense that, if one member of 
one of the equations is computed, then this 
is one of the values of the other member. 


E.g., (2/—3)'/2=(—3)'2=iv 32 is not equal 
to. 23/2/(—3)1/2= V2/(iV3)= —iv3 if 
(— 3)!/2 is taken as iV’3, but these are equal 


if one takes (— 3)!/2 to be —iV3. See DE 
MOIVRE’S THEOREM. 


EX’PO-NEN'TIAL, adj. derivative of an 
exponential. See DIFFERENTIATION FOR- 
MULAS in the appendix. 

«xponential curve. The plane locus of 
y=a* (or, what is the same, x=log, y). 
It can be obtained geometrically by revolv- 
ing the logarithmic curve, y=log, x, about 


(0,1) 


the line y= x, i.e., reflecting it in this line. 
The curve is asymptotic to the negative 
x-axis, when a> 1 as in the figure, and has 
its y intercept unity. 


Exterior 


exponential equation. See EQUATION— 
exponential equation. 

exponential function. See FUNCTION— 
exponential function. 

exponential series. The series 


L+x4+x2/2!4+x3/3!+ +--+ +xnntlt ++, 


This is the Maclaurin expansion of e*. It 
converges to e* for every value of x. 
exponential values of sin x and cos x. 


; ix e-ix 
sin x= 77 
and 
efx e7ix 
COS X= a a 
where i2=—1. These can be proved by 


use Of EULER’S FORMULA. 


EX-PRES’SION, n. A very general term 
used to designate any symbolic mathemati- 
cal form, such, for instance, as a poly- 
nomial. 


EX-SE’CANT, 7. See TRIGONOMETRIC— 
trigonometric functions. 


EX-TEND’ED, adj. extended mean value 
theorem. (1) Same as TAYLOR’S THEOREM. 
(2) Same as the SECOND MEAN VALUE 
THEOREM. See MEAN—mean value theo- 
rems for derivatives. 

extended real-number system. The real- 
number system together with the symbols 
+o (or ©) and —o. The following 
definitions are used: —o <a<+oifaisa 
real number, a+ ©=~O+a=0 ifa#—O, 
a+(—©)=(—~)+a=—0 if a#4+, 
a-O=0-a=o and a(— ©)=(— ©)a= — 
oif0<aS4+0,a-0©=0-a=—o and 
ai— ©)=(—wo)a=+o0 if —wo < a<0O0, 
a/«o =a/(— ©)=0 if a is a real number. 


EX-TE’RI-OR, adj., n. alternate exterior 
angles. See ALTERNATE. 

exterior angle of a polygon. The angle 
between any side produced and the adjacent 
side (not produced). 

exterior angle of a triangle. The angle 
between one side produced and _ the 
adjacent side (not produced). 

exterior content. See CONTENT—content 
of a set of points. 

exterior-interior angles. See ANGLE— 
angles made by a transversal. 


Exterior 


Factor 


exterior measure. See MEASURE—exXterior 
measure. 

exterior of a set. The exterior of a set E 
is the set of all points which have a neigh- 
borhood having no points in common with 
E. Same as the interior of the complement 
of E. Each such point is called an exterior 
point of E. 


EX-TER’NAL, adj. external ratio. See 
POINT—point of division. 


EX-TRACT’, v. extract a root of a num- 
ber. To find a root of the number; usually 
refers to finding the positive real root, or 
the real negative root if it be an odd root 
of a negative number. F.g., one extracts 
the square root of 2 when it is found to 
be 1.4142 - - -, or the cube root of — 8 when 
itis found to be —2. Syn. Find, compute, 
or estimate a root. 


EX-TRA’NE-OUS, adj. extraneous root. 
A number obtained in the process of solving 
an equation, which is not a root of the 
equation given to be solved. It is generally 
introduced either by squaring the original 
equation, or clearing it of fractions. E.g., 
(1) the equation (x2—3x+ 2)/(x—2)=0 has 
only one root, 1; but if one multiplies 
through by x-—2 the resulting equation 
has the root 2 also; (2) the equation 
1—Vx—1=-x has only one root, 1; but if 
one transposes and squares, thus getting 
rid of the radical, the resulting equation is 
x2—3x+2=0, which has the two roots 1 
and 2. The root, 2, is an extraneous root 
of the original equation, since its substitu- 
tion in that equation gives 1—1=2. 


EX’TRA-PO-LA’TION, 7. Estimating 
(approximating) the value of a function 
(quantity) for a value of the argument 
which is either greater than, or less than, 
all the values of the argument which are 
being used in the estimating (approxi- 
mating). Using log 2 and log 3 one might 
find an approximate value of log 3.1 by 
extrapolation, using the formula 


log 3.1=log 34+ 4/5 (log 3 — log 2). 
See INTERPOLATION. 


EX-TREME’, adj. extreme terms, or ex- 
tremes. The first and last terms in a pro- 


portion; the antecedent in the first ratio, 
and the consequent in the second. 

extreme or extremum of a function. A 
maximum or minimum value of the func- 
tion. See MAXIMUM. 


F 


F, 7. F distribution. See DISTRIBUTION. 
F, set. See BOREL—Borel set. 


FACE, n. face amount of an insurance 
policy. The amount that the company is 
contracted to pay when the exigency stated 
in the policy occurs. 
face of a polyhedral angle. One of the 
planes that form the polyhedral angle. 
face of a polyhedron. See POLYHEDRON. 
face value. See PAR. 
lateral face of a pyramid. See PYRAMID. 


FAC’TOR, adj.,n.,v. Asa verb, to resolve 
into factors. One factors 6 when he writes 
it in the form 2 x 3. 

accumulation factor. See ACCUMULA- 
TION. 

converse of the factor theorem. If (x— a) 
is a factor of the polynomial f(x), then a is 
a root of the equation f(x)=0. 

factor of an algebraic polynomial. One 
of two or more polynomials whose product 
is the given polynomial. Usually, in ele- 
mentary algebra, a polynomial with ra- 
tional coefficients is considered factorable if 
it has two or more nonconstant polynomial 
factors whose coefficients are rational 
(sometimes it is required that the coeffi- 
cients be integers). Tech. One of a set of 
polynomials whose product gives the poly- 
nomial to be factored and whose coefficients 
lie in a given field (domain). Unless a field 
is specified, the field of the coefficients of 
the given polynomial is understood. Fac- 
tor 1S Sometimes used of any quantity what- 
ever that divides a given quantity. E.g., 
(x2— y*) has the factors (x — y) and (x+ y) in 
the ordinary (elementary) sense; (x?—2y2) 
has the factors (x— V2y) and (x+ V2y) in 
the field of real numbers; (x?2+ y2) has the 
factors (x—iy) and (x+/y) in the complex 
field. See FACTORING—type forms for 
factoring. 


Factor 


Factorial 


factor analysis. (Statistics.) Let x; be 
joint measurements of m variables ((=1, 
-+-+,m), and let 


Xj= Quy t +++ +QjyUyt ej, 


where n>m, the wu, ---, u,, and e, are all 
uncorrelated random variables, and the 
rank of the matrix of thea;; ism. This con- 
stitutes a transformation of the variables x; 
into m uncorrelated variables u; plus n 
error terms e;, the u; being called factors 
of the variables x;. Problems incident to 
this method involve the estimation of the 
a;; on the basis of observations of the vari- 
ables x;, and the existence of meaningful 
interpretations that may be assigned to the 
u; factors. E.g., nr scores on n different 
psychological tests may be obtained from 
aset ofrpersons. These scores may be re- 
lated to a set of factors, e.g., verbal facility, 
arithmetic ability, and form recognition, 
which are the psychological interpretations 
given to the factors u;. 

factor of an integer. An integer whose 
product with some integer is the given 
integer. E.g., the factors of 12 are +12, 
+2,+43, +4, +6, +1. When speaking of 
the factors of a number, it is not usually 
intended that unity and the number itself 
should be included. 

factor of proportionality. The constant 
value of the ratio of two proportional quan- 
tities. This relation is usually written in 
the form y=kx, where k is the factor of 
proportionality. E.g., the distance passed 
over is proportional to the time, when the 
velocity is constant; i.e., s=At, where k is 
the factor of proportionality. Syn. Con- 
stant of proportionality. 

factor of a term. Any exact divisor of 
the term, it being required that the quotient 
be of a specified type. E.g., x+1 is a 
factor of 3x(x+1), but not of 3x, if the 
quotient must be a polynomial. 

factor modulo p. If r(x)=0O (mod p) 
in the congruence f(x)=g(x)-d(x)+r(x) 
(mod p), then d(x) is said to be a factor 
modulo p of f(x). 

factor space (group, ring, vector space, 
etc.). See QUOTIENT—quotient space. 

factor theorem. An algebraic polyno- 
mial in x is exactly divisible by (x—a) if 
it reduces to zero when a is substituted for 
x. See REMAINDER—remainder theorem, 
and above, converse of the factor theorem. 


integrating factor. (Jn differential equa- 
tions.) A factor which, when multiplied 
into a differential equation, with right- 
hand member zero, makes the left-hand 
member an exact differential, or makes it 
an exact derivative. E.g., if the differential 
equation 
ay “F ce dx=0 
xXx 


is multiplied by x2, there results 
x dy+ydx=0 


which has the solution xy=c. The dif- 
ferential equation 


xy” +(3-—x3)y’—5x2y+4x=0 


has the integrating factor x2; when multi- 
plied by x2 the equation becomes 


(xy'- x*yt+ x4)=0. 


See ADJOINT—adjoint of a_ differential 
equation. 
monomial factor. See MONOMIAL. 


FAC’TOR-A-BLE, adj. Inarithmetic, con- 
taining factors other than unity and itself 
(referring to integers). Jn algebra, contain- 
ing factors other than constants and itself 
(referring to polynomials); x2—y? is fac- 
torable in the domain of real numbers, 
while x?+ y? is not. 


FAC-TO’RI-AL, adj., n. factorial of a 
positive integer. The product of all the 
positive integers less than or equal to the 
integer. Factorial n is denoted by either 
one of the symbols z! or |n. E.g., 1!=1, 
2!=1-2, 3!=1-2-3, and in general, n!= 
1-2-3-+-n. This definition of factorial 
leaves the case when v is zero meaningless. 
In order to make certain formulas valid in 
all cases, factorial zero is arbitrarily defined 
to be unity. Despite the fact that this is 
the value of factorial 1, there is considerable 
to be gained by using this definition; e.g., 
this makes the general binomial coefficient, 
ni/(r'\(n—r)!], valid for the first and last 
terms, which are the terms for which r=0 
and r=n, respectively. 

factorial notation. The notation n! or 
|x used in writing the factorials of a positive 


integer or zero. See above, factorial of a 
positive integer. 

factorial series. See sERIES—factorial 
series. 


Factoring 


Féjer 


FAC’TOR-ING, p. type forms for factor- 
ing: 


(1) x?4+xy=x(x+y); 

(2) x?-y?=(x+ y(x—-y); 

(3) x2+2xy+y2=(x+ y)?; 

(4) x?-2xy+y2=(x—y)*; 

(5) x?+(a+b)x+ab=(x+a\(x+)); 


(6) acx*+(bc+ad)x-+ bd 
=(ax+b)(cx+d); 


(7) x34+3x*y4+3xy2+y3=(xty); 
(8) x8+y3=(xt yx? Fxyt y?). 


(In (7) and (8) either the upper, or the 
lower, signs are to be used throughout.) 


FAC-TO-RI-ZA‘TION, n. The process of 
factoring. 

factorization of a transformation. Find- 
ing two or more transformations which, 
when made successively, have the same 
effect as the given transformation. For an 
example, see AFFINE—affine transformation. 

unique factorization theorem. The the- 
orem states that any integer N can be 
expressed as a product of one and only 
one set of primes. 


FAH’REN-HEIT, adj. Fahrenheit ther- 
mometer. A thermometer so graduated 
that water freezes at 32° and boils at 212°. 
See CONVERSION—conversion from centi- 
grade to Fahrenheit. 


FALSE, adj. method of false position. (1) 
Same aS REGULA FALSI. (2) A method for 
approximating the roots of an algebraic 
equation. Consists of making a fairly close 
estimate, say r, then substituting (r+A/) in 
the equation, dropping the terms in /A of 
higher degree than the first (since they are 
relatively small), and solving the resulting 
linear equation for 4. This process is then 
repeated, using the new approximation 
(r+h) in place of r. E.g., the equation 
x3—2x2—x+1=0 has a root near 2 (be- 
tween 2 and 3). Hence we substitute 
(2+h) for x. This gives (when the terms 
in h? and A3 have been dropped) the equa- 
tion 3h—1=0; whence h=+. The next 
estimate will then be 2+4 or 3. 


FALTUNG, x7. German for CONVOLUTION. 


FAM’I-LY, 7. family of curves. A set of 
curves whose equations can be obtained 
from a given equation by varying n essen- 
tial constants which occur in the given 
equation is an m-parameter family of curves; 
e.g., a set of curves whose equations are 
nonsingular solutions (special cases of the 
general solution) of a differential equation 
of ordern. A set of concentric circles con- 
stitutes a one-parameter family of curves, 
the radius being the arbitrary parameter. 
The set of circles in the plane having a given 
radius is a two-parameter family of curves, 
the two coordinates of the center being the 
parameters. All the circles in a plane con- 
stitute a three-parameter family, and all the 
conics in a plane a five-parameter family. 
The set of all lines tangent to a given circle 
is a one-parameter family of lines, while the 
set of all lines in the plane is a two-parameter 
family. 

family of surfaces. A set of surfaces 
whose equations can be obtained from a 
given equation by varying 7 essential con- 
stants which occur in the given equation ts 
an n-parameter family of surfaces. The 
set of all spheres with a given center is a 
one-parameter family, while the set of all 
spheres is a four-parameter family. 


FAREY. Farey sequence. The Farey se- 
quence of order 7 is the increasing sequence 
of all fractions p/q for which 0<p/q<1l, 
gin, and p and q are nonnegative integers 
with no common divisors other than 1. 
E.g., the Farey sequence of order 5 1s 

Ot) Ao Be ee: BS. At 

ls 59 49 35 55 29 59 39 49 55 1> 
If a/b, c/d, e/f are three consecutive terms 
of a Farey sequence, then bc—ad=1 and 
c/d=(ate)/(b+f). 


FEJER. Féjer’s theorem. Let f(x) be a 
function of the real variable x, defined 
arbitrarily when —7<x <7, and defined 
by f(x+ 27)=f(x) for all other values of x. 
By Fejér’s theorem is meant one of the 


following: (1) If | FCN Rae Bad Ae 


TT 
this is an improper integral, | |f(x)| dx 
—T 


exists, then the Fourier series associated 
with f(x) is summable (C1) at all points x for 
which the limits from the right and left, 
f(x+0) and f(x—0), exist, and its sum 


Féjer 


(Cl) is 4{f(x+0)+f(x—0)}. (2) If, in 
addition, f(x) is continuous everywhere in 
an interval (a, 6), then the first Cesaro sums 
converge uniformly to f(x) in any interval 
(a, 8) with a<a<B<b. Both of these 
theorems were published by Fejér in 1904. 
See CESARO’S SUMMATION FORMULA. 


FERMAT. Fermat numbers. Numbers of 
the type F,,=22%+1,n=1,2,3,---. Fer- 
mat thought that these numbers might all 
be primes. Actually, F; is not a prime: 


Fs; = (641)(6,700,417) = 4,294 967,297. 


Fermat’s last theorem. The equation 
x"+y"=z", where n is an integer greater 
than 2, has no solution in positive integers. 
This theorem has never been proved, al- 
though it has been proved that it cannot 
have a solution, in the so-called first case 
in which neither x, y, nor z has a factor 
in common with xv, unless 7 is greater than 
253,547,889 and the least of x, y, and z is 
greater than 74. (2n2+1)"; and that it 
cannot have a solution in the second case, 
namely when either x, y, or z has a factor 
in common with n, unless nv is greater than 
600. 

Fermat’s principle. The principle that a 
ray of light requires less time along its 
actual path than it would along any other 
path having the same end points. This 
principle was used by John Bernoulli in 
solving the brachistochrone problem. See 
BRACHISTOCHRONE. 

Fermat’s spiral. See PARABOLIC—para- 
bolic spiral. 

Fermat’s theorem. (Number Theory). 
If pis a prime and ais prime to p, then a?—! 
divided by p leaves a remainder of unity. 
Tech. a?-!=1 (mod p); e.g., 24=1 (mod 5), 
where p=5 and a=2. See CONGRUENCE. 


FERRARIS solution of the quartic. The 
solution of the quartic equation 


x4++ pxit+qx2+rx+s=0 
by showing that the roots of this equation 
are also the roots of the two equations 
x2+4px+k= +(ax+t+b), 
where &é is obtained from the following 
cubic equation (the RESOLVENT CUBIC): 


k3—Sqk2+4i(pr—4s)k + 3(4qs— p?s— r*)=0, 
where 
a=(2k+1p2—gq)'/2 and b=(kp—r)/(2a). 


Field 


FIBONACCI SEQUENCE. Thesequence 
of numbers 1, 1, 2, 3, 5, 8, 13, 21, ---, 
each of which is the sum of the two pre- 
vious numbers (these numbers are also 
called Fibonacci numbers). The ratio of 
one Fibonacci number to the preceding one 
is a convergent of the continued fraction 


I+1]4141+ ° 

which satisfies the equation x=1+41/x and 
is equal to 4(V5+1). Thus the sequence 
+, 4,3, 4 % 48, --- has the limit $(V5+ 1). 
See FAREY SEQUENCE. 


FIELD,n. Aset for which two operations, 
called addition and multiplication, are de- 
fined and have the properties: (i) the set 
is a commutative group with addition as 
the group operation; (11) multiplication is 
commutative and the set, with the identity 
(O) of the additive group omitted, is a 
group with multiplication as the group 
operation; (ili) a(b+c) =ab-+ac for all a, 
b, and c in the set. See below, number field, 
for examples of fields. Also see DOMAIN 
—integral domain. 

field of force. See FORCE. 

field of study. A group of subjects that 
deal with closely related material, such as 
the field of analysis, the field of pure math- 
ematics, or the field of applied mathematics. 

field plan. (Stfatistics.) The spatial ar- 
rangement of experimental trials when the 
repetitions of different factors must be lo- 
cated at different points in space, e.g., a 
Latin square, or a randomized block experi- 
ment in agricultural experiments. 

number field. Any set of real or com- 
plex numbers such that the sum, difference, 
product, and quotient (except by 0) of any 
two members of the set is in the set. Syn. 
Number domain. The set of all rational 
numbers, and of all numbers of the form 
a+bv2 with a and b rational, are number 
fields. A number field is necessarily a 
field. A number field F can be enlarged by 
adjoining a number z to it, the new field 
consisting of all numbers which can be de- 
rived from z and the numbers of F by the 
operations of addition, subtraction, multi- 
plication, and division. 

ordered field. A field that contains a 
set of ‘‘positive’’ elements satisfying the 
conditions: (1) the sum and product of two 


Field 


positive elements is positive; (2) for a given 
element x, one and only one of the follow- 
ing possibilities is valid: (a) x is positive, 
(b) x=0, (c) —x is positive. An ordered 
field is called complete if every nonempty 
subset has a least upper bound if it has an 
upper bound. The real numbers form a 
complete ordered field. 
tensor field. See TENSOR. 


FIG’URE, 7. (1) A character or symbol 
denoting a number, as 1, 5, 12; sometimes 
used in the same sense as digit. (2) A 
drawing, diagram or cut used to aid in pre- 
senting subject matter in text books and 
scientific papers. 

geometric figure. See GEOMETRIC. 

plane figure. See PLANE. 


FIL’TER, n. A family F of nonempty 
subsets of a set X, for which the intersection 
of any two members of Fis a member of F 
and for which any subset B of XY which con- 
tains a member of F is itself a member of F. 
An ultrafilter is a filter which is not a proper 
subset of any filter (if F is an ultrafilter and 
A is a subset of YY, then either A or the 
complement of A is a member of F). If X 
is a topological space, a filter F is said to 
converge to a point x if and only if each 
neighborhood of x is a member of F. 
Filters and Moore-Smith convergence lead 
to essentially equivalent theories. 
FINITE, finite character. See 
CHARACTER. 

finite differences. 
finite differences. 

finite discontinuity. See DISCONTINUITY. 

finite quantity. (1) Any quantity which 
is bounded; e.g., a function is finite on 
an interval if it is bounded on the interval. 
(2) A real or complex number may be said 
to be finite to distinguish it from the ideal 
number +0, — 0%, «©. See COMPLEX— 
complex plane, and EXTENDED—extended 
real-number system. 

finite set (group or assemblage). A set 
which contains a finite (limited) number of 
members; a set which has, for some integer 
n, just m members. Tech. A set which can- 
not be put into one-to-one correspondence 
with a part of itself. All the integers 
between O and 100 constitute a finite set. 
See INFINITE—infinite set. 


adj. 


See DIFFERENCE— 
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locally finite family of sets. A family of 
subsets of a topological space T is locally 
finite if each point of 7 has a neighborhood 
which intersects only a finite number of 
these subsets. 


FISHER. Fisher’s z. The correlation-co- 
efficient transformation 


l+r 
z=} log, ae 


where r is the correlation coefficient in a 
random sample from a normal bivariate 
population with a correlation of p. The 
sampling distribution of z is approximately 
normal, if the sample sizes are not small, 
with mean approximately z, and variance 
n—3, where n is the size of the sample. 

Fisher’s z distribution. z=4 log s;2/s>2, 
where s;* are two independent estimates, 
from random samples, of the variance of a 
normal population. See DISTRIBUTION—F 
distribution, and VARIANCE—variance ratio 
transformation. 


FIT’TING, n. curve fitting. See EMPIRI- 
CAL—empirical curve, and METHOD— 
method of least squares. 


FIXED, adj. Brouwer’s fixed-point theo- 
rem, See BROUWER. 

fixed assets. See ASSETS. 

fixed investment. See INVESTMENT. 

fixed point. A point which is not moved 
by a given transformation or mapping. 
E.g., x=3 is a fixed point of the trans- 
formation 7(x)=4x-—9. 

fixed value of a letter or quantity. A 
value that does not change during a given 
discussion or series of discussions; not arbi- 
trary. In an expression containing several 
letters, some may be fixed and others sub- 
jected to being assigned certain values or 
to taking on certain values by virtue of 
their place in the expression; e.g., 1f in y= 
mx+b, b is fixed, m arbitrary and x and y 
variables, the equation represents the pencil 
of lines through the point whose coordi- 
nates are (0, b). When #7 has also been as- 
signed a particular value, x and y are then 
thought of as taking on all pairs of values 
which are coordinates of points on a par- 
ticular line. 

Poincare-Birkhoff fixed-point theorem. 
See POINCARE. 


Flat 


FLAT, adj. flat angle. Same as straight 
angle, that is, an angle of 180°. 
flat price of a bond. See PRICE. 


FLEC’NODE, n. A node which is also a 
point of inflection on one of the branches 
of the curve that touch each other at the 
node. 


FLEX, 7. Same as INFLECTION. 


FLEX’ION, ». A name sometimes used 
for the rate of change of the slope of a 
curve; the second derivative of a function. 


FLOAT’ING, p. floating decimal point. 
A term applied in machine computation 
when the decimal point is not fixed at a 
certain machine position throughout the 
computation but is placed by the machine 
as each operation is performed. 


FLOW, adj. flow chart. See CHART. 


FLUC’TU-A’TION, 1. Same as VARIA- 
TION. 


FLU’ENT, n. Newton’s name for a vary- 
ing, or ‘“‘flowing,”’ function. 


FLUID, adj.,n. fluid pressure. See pREs- 
SURE—fluid pressure. 
mechanics of fluids. See MECHANICS. 


FLUX’ION, mn. Newton’s name for the 
rate of change or derivative of a “‘fluent.”’ 
It is denoted in Newton’s writing by a 
letter with a dot over it. 


FO'CAL, adj. focal chords of a conic. 
Chords passing through a focus of the 
conic. 

focal point. (Calculus of Variations) For 


x2 
an integral /= i I(x, y, y’) dx and a curve 
XI 


C, the focal point of C on the transversal T 
is the point of contact of 7 with the 
envelope of transversals of C. In order 
for an arc [(x,, ¥}), (x2, ¥2)] of T, with 
(x5, ¥2) on C, to minimize J, the focal point 
of C on T must not lie between (x,, y,;) and 
(Xo, ¥2)on T. See TRANSVERSALITY—trans- 
versality condition. 

focal property of conics. See ELLIPSE— 
focal property of ellipse, HyPERBOLA—focal 
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property of hyperbola, and PARABOLA— 
focal property of parabola. 

focal radius of a conic. A line segment 
joining a focus to any point on the conic. 


FO'CUS, n. [pl. foci] focus of a parabola, 
hyperbola, or ellipse. See PARABOLA, HY- 
PERBOLA, and ELLIPSE. 


FO’LI-UM, n. folium of Descartes. A 
plane cubic curve consisting of a single 
loop, a node, and two branches asymptotic 
to the same line. Its rectangular Cartesian 
equation is x3+ y3=3axy, where the curve 
passes through the origin and is asymptotic 
to the line x+ y+ a=0. 


Y 


FOOT, n. (1) A unit of linear measure, 
equal to 12 inches. See DENOMINATE 
NUMBERS in the appendix. (2) The point 
of intersection of a line with another line 
or a plane. In particular, the foot of a 
perpendicular to a line is the point of inter- 
section of the line and the perpendicular; 
the foot of a perpendicular to a plane is the 
point in which the perpendicular cuts the 
plane. 

foot-pound. A unit of work; the work 
done when a body weighing one pound is 
lifted one foot. More precisely, the work 
done when an average force of one pound 
produces a displacement of one foot in the 
direction of the force. See HORSEPOWER. 


FORCE, 7. That which pushes, pulls, 
compresses, distends, or distorts in any 
way; that which changes the state of rest 
or state of motion of a body. Tech. The 
time rate of change of momentum of a 
body. If the mass of the body does not 
change with time, the force F is propor- 
tional to the product of the mass m by 
its vector acceleration a. See NEWTON— 
Newton’s laws of motion (2). 


Force 
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centrifugal force. See CENTRIFUGAL. 

centripetal force. See CENTRIPETAL. 

conservative force. See CONSERVATIVE. 

electromotive force. See ELECTROMOTIVE. 

field of force. A region of space endowed 
with the property that a physical object of 
the proper sort will experience a force act- 
ing on it if placed at any point of the region. 
E.g., if a stationary electric charge would 
experience a force if placed at any point 
of a certain region, we should speak of 
the region as bearing an electrostatic field. 
Similarly, if it is a point-mass or isolated 
magnetic pole that is acted on, then we have 
a gravitational field or a magnetic field, as 
the case may be. 

force function. A function u(x, y, z) 
such that 0u/0x, Gu/dy, @u/éz are equal, 
respectively, to the components X, Y, Z of 
a force vector Xi+ Yj+Zk=F. Such a 
function is also called a POTENTIAL. 

force of interest. See INTEREST. 

force of mortality. See MORTALITY. 

force vector. A vector equal in numeri- 
cal length to a given force and having its 
direction parallel to the line of action of the 
force. See PARALLELOGRAM—parallelogram 
of forces. 

moment of a force. See MOMENT. 

parallelogram of forces. See PARALLELO- 
GRAM—Parallelogram of forces. 

projection of a force. See PROJECTION— 
orthogonal projection. 

tube of force. A tube whose boundary 
surface is made up of lines of force. In 
general, if C is a closed curve, no part of 
which is a line of force, and if through each 
point of C there passes a line of force, then 
the collection of these lines will make up 
the boundary of a tube of force. 

unit of force. The force which will give 
unit acceleration to a unit mass. The force 
which, acting on a mass of one gram for 
one second, increases its velocity by one 
centimeter per second is called a force of 
one dyne. The force which, acting on a 
mass of one pound for one second, will in- 
crease the velocity of the mass one foot per 
second is called a force of one poundal. 


FORCED, p. forced oscillations and vibra- 
tions. See OSCILLATION. 


FOR’EIGN, adj. foreign exchange. See 
EXCHANGE. 


FORM, 7. (1) A mathematical expression 
of a certain type; see STANDARD—standard 
form of an equation. (2) A homogeneous 
polynomial expression in two or more vari- 
ables. In particular, a bilinear form is a 
polynomial of the second degree which is 
homogeneous of the first degree in variables 
X1, Xo, ° ++, xX, and in variables y,, y2,--+, Vn} 
a polynomial of the form 


n 
P(x, y)= > AijXiy;- 


i, j=1 


If Xis°* 5 Xnys Vis * snes °° 5 Zis'? ts Zn 
are m sets of variables, then an expression 
of the form > aij oe kKXi Vj °° * ZK is called 


a multilinear form of order m (the form is 
linear, bilinear, trilinear, etc., according as 
m=1, 2,3, etc.). A quadratic form is a 
homogeneous polynomial of the second 
degree; a polynomial of the form 


If it is positive for all real 
iJ= 
values (not all zero) of the variables {x,} it 
is called a positive definite quadratic form; 
if it is positive or zero it is positive semi- 
definite. See DISCRIMINANT—discriminant 
of a quadratic form, and TRANSFORMATION 
—congruent transformation. 

standard form. See STANDARD—stand- 
ard form of an equation. 


FOR’MU-LA, n. A general answer, rule, 
or principle stated in mathematical lan- 
guage. 

empirical formula. See EMPIRICAL. 

formulas of integration. See INTEGRA- 
TION, and the appendix. 

formulas (identities) of trigonometry. See 
various headings under SPHERICAL, and 
TRIGONOMETRY. 


FOUR, adj., n. four-color problem. The 
determination of whether any plane map 
can be colored with four colors so that no 
two countries having a common boundary 
line will have the same color. It is known 
that 5 colors suffice, and 3 colors have been 
proved insufficient. It is assumed that each 
country is connected, i.e., that it is possible 
to go between any two points of a given 
country without leaving that country. 
four-step rule (or method). A rule for 
finding the derivative of a function: (1) 
add an increment Ax to x in the function, 
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giving f(x+ Ax); (2) subtract the function, 
giving f(x+Ax)—f(x); (3) divide by Ax, 
obtaining 
f(x+ Ax)—f(x) 
Ax 


and simplify (e.g., by expanding the nu- 
merator and canceling out Ax); (4) find the 
limit as Ax approaches 0 (sometimes by 
putting Ax=0). This is the mechaniza- 
tion of the definition of the derivative. It 
is used on simple examples to fix in one’s 
mind the concept of a derivative, and then 
to derive general formulas for taking the 
derivative. If f(x)= x2, the process gives: 
(1) f(x+ Ax)=(x+ Ax); 
(2) f(x+Ax)—f(x)= («4+ Ax)? — x?; 
(3) f(xt+Ax)—f(x)  (x+Ax)?— x? 
Ax 7 Ax 
=2x+ Ax; 
dx* 


(4) Pas (2x+ Ax)=2x= ae 


FOURIER. Fourier series. A _ series of 
the form 


4ag+ (a; cos x+ b; sin x)+ 
(az cos 2x+ by sin 2x)+ +> 


we 
=lay+ > (a, cos nx +b, sin nx), 


n= 1 


where there exists f(x) such that for all ” 


ag== {" f(x) dx, 


an=~ | . F(x) cos nx dx 
and 
bn=- i. f(x) sin nx dx. 


The marked characteristic of a Fourier 
Series is that it can be used to represent 
functions that ordinarily are represented by 
different expressions in different parts of 
the interval, the functions being subject only 
to certain very general restrictions (see be- 
low, Fourier’s theorem). Since the sine and 
cosine each have a period of 277, the Fourier 
Series has a period of 27. E.g., if f(x) is 
defined by the relations f(x)=1 when 
—a7Sx<0, f(x)=2 when 0<xSz, then 


Tay = iis I(x) dx= ik dx+ ik 2 dx = 37, 


Fourier 


from which ajg=3. Similarly, a,=0O for 
all 1, b, =0 for n even and 6b, =2/(n7r) for n 
odd. Whence 


f(x) =3+ (2/7) sin x+ 

[2/(37r)] sin 3x + [2/(S)] sin 5x+ - ++. 
Series on ranges other than (—7, 7), de- 
rived from the above type of Fourier’s 
Series, are also called FOURIER SERIES. See 
ORTHOGONAL— orthogonal functions. 


Fourier transform. <A function /(x) is the 
Fourier transform of g(x) if 


f @=— [- g(te''™* dt 


(the factor 1/27 is sometimes omitted). 
Under suitable conditions on g(x) (e.g., 
those given below for Fourier’s integral 
theorem), it then follows that 


I = —itx 
ware | soe at, 


where the value of the right member is 
Ht s[e(x+h)+e(x—A)] 


if g(x) is of bounded variation in the neigh- 
borhood of x. Such functions f(x) and g(x) 
are sometimes said to be a pair of Fourier 
transforms. A function f(x) is the Fourier 
cosine transform of g(x), or the Fourier sine 
transform of g(x), according as 


f(x)= J ar g(t) cos xt dt, 
1/0 
or 
f(x)= 2 g(t) sin xt dt. 
TO 


These transformations of g(x) are inverses 
of themselves. 

Fourier’s half-range series. A Fourier 
Series of the form 


tayt+a, cos x+a, cos 2x+::: 


Cc 
=tagt+ > a, COS NX, 
n= | 
or 


le 6) 
b,; sinx+62.sin2x+ +--+: = > b,, sin nx. 
n= 1 
These are also called the cosine and sine 
series, respectively. Since the cosine is an 
even function, the cosine series can repre- 
sent a function, f(x), on the whole interval 
—a7<x<7 only if f(x) is an even function, 
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i.e., f(—x)=f(x). Likewise, since the sine 
is an odd function, the sine series can repre- 
sent a function, f(x), on the whole interval 
—a7<x<7 only if f(x) is an odd function, 
Le., f(—x)= —f (x). 

Fourier’s integral theorem. If f(x) has at 
most a finite number of infinite discontinui- 
ties and is of bounded variation on any closed 
finite interval not containing such a point 


[o @) 
of discontinuity, and if | f(x)|dx exists, 
—O 


then f(x) can be represented as 
1 00 *00 
fers] dt | f(s) cos x—5) ds, 
27 J_«w —0 


where the right member of this expression 
has the value 


A tf(xt+h)+f(x—h)] 


if f(x) is bounded in the neighborhood of x. 

Fourier’s theorem. A theorem concern- 
ing the possibility of expanding a function 
in a Fourier Series. The theorem, as 
proved by Dirichlet, is as follows: If f(x) is 
defined and bounded on the range (—7, 7) 
and has only a finite number of maxima 
and minima and a finite number of discon- 
tinuities on this range and if 


TA, = [ f(x) cos nx dx, 
and 
wb,= i F(x) sin nx dx, 


the series 
[e.@) 
Sag+ > (a, cos nx+ b, sin nx) 
n=! 
converges to f(x) for all x in the interval 
(—a7<x<7) for which f(x) is continuous 
and to 4[f(x+0)+/(x—0)] at points for 
which f(x) is discontinuous, f(a+ 0) denot- 
ing the limit of f(x) as x approaches a from 
the right, and f(a—0) the limit of f(x) as 
x approaches a from the left. These con- 
ditions on f(x) are known as Dirichlet’s 
conditions. They are more restrictive than 
is necessary. See FEJER—Fejér’s theorem. 


FRAC’TION, 1. An indicated quotient of 
two quantities. The dividend is called the 
numerator and the divisor the denominator 
(the numerator of ? is 3 and the denomina- 
tor is 4). A simple fraction (or common 


fraction or vulgar fraction) is a fraction 
whose numerator and denominator are 
both integers, as contrasted to a complex 
fraction which has a fraction for the numera- 
torordenominator or both. Ifthe numera- 
tor of a simple fraction is unity, it is called 
a unit fraction. A complex fraction can be 
changed to a simple fraction by inverting 
the denominator and multiplying, or by 
multiplying numerator and denominator 
by the least common multiple of all de- 
nominators in the complex fraction; e.g., 
3/444) =3/2=3* $=, 
3/44+4)= (12x 3)/[12G+D]=5. 

Two simple fractions are said to be similar 
if they have the same denominators. A 
fraction whose numerator and denominator 
are real numbers is called a rational fraction 
if the numerator and denominator are 
rational numbers; it is called a proper frac- 
tion if its numerator is smaller than its de- 
nominator, and an improper fraction if the 
numerator is larger (or equal to) the de- 
nominator (4 is a proper fraction and $ is 
an improper fraction). A fraction whose 
numerator and denominator are both poly- 
nomials is also called a rational fraction (or 
rational function); it is a proper fraction if 
the numerator is of lower degree than the 
denominator, and an improper fraction 
otherwise; x/(x2+1) is a proper fraction 
and x2/(x+ 1) is an improper fraction, while 
(x—y)/xy is a proper fraction in x and y 
together, but not in either x or y alone. 

addition, subtraction, multiplication, and 
division of fractions. See sumM—sum of real 
numbers, SUBTRACTION, PRODUCT—product 
of real numbers, and DIVISION. 

clearing of fractions. Multiplying both 
members of an equation by a common de- 
nominator of the fractions. See EXTRANE- 
oUS—extraneous root. 

continued fraction. A number plus a 
fraction whose denominator is a number 
plus a fraction, etc., such as: 


a,+b, 
an+ b; 
a3,+b, 
agt+bs 
Qs, etc. 


A continued fraction may have either a 
finite or an infinite number of terms. In 
the former case it is said to be a terminating 
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continued fraction; in the latter, nontermi- 
nating. If acertain sequence of the a’s and 
b’s occurs periodically, the continued frac- 
tion is said to be recurring or periodic. The 
terminating continued fractions 
a1, a,+ bo, ay+b, , etc. 
ar a+ b3 
om 

are called convergents of the continued 
fraction. The quotients b>/a2, b3/a3, etc., 
are called partial quotients. 

decimal fraction. See DECIMAL. 

decomposition of a fraction. Writing the 
fraction as a sum of partial fractions. 


partial fraction. See PARTIAL—partial 
fractions. 


FRAC’TION-AL, adj. fractional equation. 
(1) An equation containing fractions of any 
sort, such as $x+2x=1. (2) An equation 
containing fractions in the variable, such 
as x*4+2x+4+1/x?=0. 

fractional exponent. See EXPONENT. 


FRAME, rn. astronomical reference frame. 
A frame of reference in which the sun is 
fixed and does not rotate relative to fixed 
stars. This frame is used in celestial 
mechanics. 

frame of reference. Any set of lines or 
curves in a plane, by means of which the 
position of any point in the plane may be 
uniquely described; any set of planes or 
surfaces by means of which the position of 
a point in space may be uniquely described. 


FREDHOLM.  Fredholm’s determinant. 
Untegral Equations.) FFredholm’s determi- 
nant for the kernel K(x, ft) is the power 
series in A defined as 


b 
DA)=1-2 | K(t, t) dt 
A2 7) 72) K (ty, H)K(h, t2) 
7 J J K (to, t))K(t2, t2) ails 
B i { f K(t,, 1)... KC, 63) 
3118 18 19 | K (ts, ty) ++ + K(t3, £3) 
x dt; dtp dtz3+ ++-. 


Fredholm’s integral equations. Fred- 
holm’s integral equation of the first kind is 


*h 
the equation f(x)= | K(x, t)y(t) dt, and 


Fredholm’s integral equation of the second 
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kind is yW(x)=f(x)+A [ K(x, y(t) dt, in 


which f(x) and K(x, £) are two given func- 
tions and y(x) is the unknown function. 
The function K(x, f) is called the kernel 
or nucleus of the equation. Fredholm’s 
equation of the second kind is said to be 
homogeneous if f(x)=0. Also called the 
integral equations of the first and second 
kind, respectively. The above is some- 
times modified by letting A= 1. 

Fredholm minors. The first Fredholm 
minor D(x, y,; A) for the kernel K(x, y) is 


D(x, y, A) 
: 7 b K(x, y) K(x, t) 
=AK(x, y)—A? i K(t, y)K(t, £) 


d3 b rb K(x, y)K(x, t1)K(x, ty) 
+d J, 


la 


K(t4, y)K(t1, ti)K(t, ty) 
K(t2, y)K(ty, 1) K (to, t2) 


x dt; dtp+ +++. 


The higher Fredholm minors are defined in 
a similar way. This definition is some- 
times modified by letting A= 1. 

Fredholm’s solution of Fredholm’s integral 
equation of the second kind. If f(x) is a 
continuous function of x for aSx<b and 
K(x, ft) is a continuous function of x and 
tforas<x<b,ast<b, and if the Fredholm 
determinant D(A) of the kernel K(x, f) is 
not zero, then the Fredholm integral equa- 
tion 


=f +r [" Kx, D0 at 


has a unique continuous solution y(x) 
given by 


b 
Ha)=fO)+ Boy J De: MLO dt 


where D(x, t; A) is the first Fredholm minor 
for the kernel K(x, f) and D(A) is the Fred- 
holm determinant for K(x, t). See Liou- 
VILLE-NEUMANN SERIES; HILBERT—Hilbert- 
Schmidt theory of integral equations with 
symmetric kernels; and VOLTERRA—VoIl- 
terra’s reciprocal functions. 


FREE, adj. free group. A group is said 
to be free if the group has a set of generators 
such that no product of generators and 
inverses of generators is equal to the identity 
unless it can be written as a product of 
expressions of type a-a—!. E.g., if a free 
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group has generators a and Db, then expres- 
sions of type ab, aba, a~!babbab—, etc., are 
all distinct members of the group. An 
Abelian group is said to be free if no product 
of generators and inverses of generators is 
equal to the identity unless it can be re- 
duced to a product of expressions of type 
a-a\ by use of the commutative law. If 
an Abelian group has a finite number of 
generators, then it is free if and only if no 
element is of finite period (the group is 
then a direct product of infinite cyclic 
groups). An element of a group is said to 
be free if it is not of finite period. 


FREE’DOM, rn. degrees of freedom. 
(Statistics.) The number of free (unre- 
stricted and independent in the sense of 
random sampling) variables entering into a 
statistic. If a sampling distribution of 
variables is independently variable in n—p 
of the variables, there are n—p degrees of 
freedom; p is known-as the number of 
linear restraints in the distribution of the 2 
variables. Tech. Let x,,---,x, be n in- 
dependent randomly distributed normal 
variables each with zero mean and variance 
o*; further, let y; be an orthogonally trans- 
formed variable of the x,, - - -, .x,, where the 
y; are also independent and normally dis- 
tributed with zero mean, and variance o?, 
J=1,-::,;p <n. Also let 


(x)= >, «?2-y?- Si 2 5*) 


i=] 


be a quadratic form. By the orthogonal 
transformation, we get (x)=ypyi7+ --° + 
yn*, Which is independent of yj,---, ¥>. 
The frequency function of (x) will contain a 
parameter m—p which is the degree of free- 
dom of the variable (x); n—p is the rank 
of the quadratic form. E.g., the sum of 
squares around the mean of 7 independent 
items has n—1 degrees of freedom if the 
mean is computed from the a” items, for 
the sum of squares is restricted by the con- 
dition that 


> (x;-— x)=0 


i=] 


FRENCH, adj. French horsepower. See 
HORSEPOWER. 
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FRENET-SERRET FORMULAS. The 
central formulas in the theory of space 
curves. If a, 6, y denote the unit vectors 
along the tangent, principal normal, and 
binormal, respectively, of a space curve C, 
and p and 7 its radii of curvature and tor- 


sion, then the formulas are da _p dp _ 
ds p ds 
ames dy _P, where s denotes the arc- 
p t ds 7 
length. 


FRE’QUEN-CY, adj., n. absolute fre- 
quency. The number of times a value or 
characteristic occurs or is observed. If a 
variable x takes on values x), %9,- °°, Xp, 
the number of times it takes on a given 
value, x;, is the absolute frequency of that 
value. 

binomial frequency distribution. See BI- 
NOMIAL—binomial distribution. 

cumulative frequency. See CUMULATIVE. 

frequency curve. (1) A graphic picture 
of a frequency distribution, or of a set of 
frequencies of the various values of a 
variable. The ordinate of the curve is pro- 
portional to the frequency for the various 
values of the variable which are noted on 
the abscissa. Customarily the area under 
the curve depicts the total frequency, while 
the ratio of the area over an interval to the 
total area is the relative frequency for the 
interval. See HISTOGRAM, and OGIVE. (2) 
The various possible values of a variable 
and the frequencies of each value. 

frequency distribution. (Statistics.) Sub- 
classification of the possible values of a 
variable, classified into broader categories. 
Thus the variables, which may be continu- 
ous, e.g., from 0 to 100, may be grouped 
arbitrarily into intervals ten units wide 
from 0 up to 10, 10 and up to 20, etc. The 
intervals on the x-axis are called class in- 
tervals. If these are marked at equal inter- 
vals in ascending order on the axis of 
abscissas (x-axis), and the number in each 
class is indicated by a horizontal line seg- 
ment drawn above the x-axis at a height 
equal to the number in the class (the num- 
ber making a grade within the particular 
interval), the diagram is called a histogram. 
If the upper ends of the ordinates at the 
middles of the intervals are connected by 
line segments, the resulting figure is called a 
frequency polygon. 


Frequency 


frequency function. (1) For a discon- 
tinuous variable, the function of x which 
gives the absolute frequencies of the values 
x; is the absolute frequency function; 


N= > f(x;) is the total frequency, where 
i=1 


f(x;) is the absolute frequency function of 
the discontinuous variate. (2) For a con- 
tinuous variable, the frequency function is 
defined as the first derivative of the dis- 
tribution function of the continuous varia- 
ble. If the distribution function is defined 
so as to have a total frequency of 1, the 
derived frequency function is also known 
as the probability density function. Thus: 


| : f(x) dx=F(b), where f(x) is the fre- 


quency or probability density function and 
F(x) is the distribution function. 

frequency of a periodic function. See 
PERIODIC—periodic function of a real 
variable. 

frequency polygon. (Statistics.) <A fre- 
quency function graph obtained by joining 
the peaks of the frequency ordinates at the 
midpoints of the several successive inter- 
vals of the variable. See FREQUENCY—fre- 
quency distribution. 

normal frequency curve. The graph of 
y=[N/(oV 27) Je-@> 42)/2o?), where N is 
the total number of observations, A is the 
mean of the observations, ao the standard 
deviation, and e the base of natural loga- 
rithms. Syn. Normal distribution curve; 
probability curve. The normal frequency 
curve is a bell-shaped curve, symmetrical 
about the mean, with points of inflection 
at +o from the mean. Approximately 
68°% of the distribution is included in the 
interval A+o, while 99.7°% is included in 
the interval A+3c. The normal curve is 
very widely used because of the important 
property of being a very good approxima- 
tion of several distribution functions, e.g., 
the distribution of statistics from random 
samples from normal and a wide class of 
nonnormal distributions. It is the limiting 
form of the binomial sampling distribution 
as n increases. A linear function of N in- 
dependent normally distributed variables 
is itself normally distributed. See CORRE- 
LATION—normal correlation. 

relative frequency. The relative fre- 
quency of the occurrence of an event is the 


Friction 


ratio of the number of times that an event 
happens to the number of trials in which 
the event can happen or fail to happen. If 
m; is the absolute frequency of the value x; 
of the variable x, and if the total number 
of occurrences of the variable over all its 
possible values is n, then m;/n is the rela- 
tive frequency of the value x; of the variable 
x 

relative frequency function. See PROB- 
ABILITY—probability density function. 

Statistical frequency. The frequency with 
which a variable assumes the set of values 
included in a given class interval. 


FRESNAL INTEGRALS. (1) The inte- 
grals ik sin ¢* dt and | 7 cos 72 dt, called the 
0 0 


Fresnal sine and the Fresnal cosine integrals. 
These are equal, respectively, to 


x3 7 x11 
3-731 Ts 
and 
x5 x? 
SON onal 


which converge for all values of x. 
integrals 


© cos f *Ssint 5 
1/ dt and l 
eo p12 eG 


which are equal, Baeetaay, to 


(2) The 


(U cos x— V sin x) 


and 
(U sin x+ V cos x), 
where 
eeu 
x\x x3 x 
and 
' ' 
yYi-Bek-) 


FRIC’TION, 7. angle of friction. See 
below, force of friction. 

coefficient of friction. 
of friction. 

force of friction. If two bodies are in 
contact and one body A is at rest, or in 
motion without acceleration, relative to the 
other, then the external forces acting on A 
are balanced by a normal reaction force N 
perpendicular to the plane of contact and 
a force of friction F in the plane of contact. 


See below, force 


Friction 


When A is on the verge of moving, the 
acute angle a is called the angle of friction, 


and tan a= =p is the coefficient of static 


friction. When A is moving without 
acceleration relative to the other body, pu 
is the coefficient of kinetic (sliding) friction. 


FRON-TIER’, n. frontier of a set. See 
INTERIOR— interior of a set. 


FRUS’TUM, 7. frustumofany solid. The 
part of the solid between two parallel 
planes cutting the solid. See pyRAMID, and 
CONE. 


FUBINI. Fubini’s theorem. Let m, and 
my be measures defined on spaces X and Y 
and m, X m> be the product measure defined 
on the Cartesian product Xx Y. Fubini’s 
theorem states that if h(x, y) is integrable 
on Xx Y, then the subset of Y for which 
h(x, y) is not integrable on X is of measure 
zero, the subset of X for which A(x, y) is 
not integrable on Y is of measure zero, and 


[dom x mg)= | fdm,= | g dns, 
where 
f(x)= | A(x, ») dm; 


and 
g(y)= eo y) dm. 


Such results as the following are sometimes 
referred to as parts of Fubini’s theorem: 
“If S is a measurable subset of Xx Y, 
then the set of points y in Y for which S, 
is not measurable is of measure zero (S, 
is the set of all points x of X for which (x, y) 
is in S).’’ See SIERPINSKI—Sierpinski set. 


FUL’CRUM, n. The point at which a 
lever is supported. See LEVER. 


Function 


FUNC’TION, n. An association of a cer- 
tain object (or objects) from one set (the 
range) with each object from another set 
(the domain). EF.g., a function might be 
defined as having as its value a person’s age 
when the person is specified—it would then 
be said that a person’s age is a function of 
the person, and that the domain of this 
function is the set of all human beings and 
the range is the set of all integers which are 
ages of persons presently living. The ex- 
pression y=3x2+7 defines y as a function 
of x when it is specified that the domain is 
(for example) the set of real numbers; y is 
then a function of x, a value of y is asso- 
ciated with each real-number value of x by 
multiplying the square of x by 3 and adding 
7 (the range of this function is the set of all 
real numbers not less than 3), and x is said 
to be the independent variable of the func- 
tion (y is called a dependent variable). If 
this function y=3x2+7 is denoted by 
y=f(x), then the value of y when x=2 is 
f(2)=3-22+7=19. A function is said to 
be single valued if a unique value of the 
function is determined by a choice of the 
independent variable (or variables); it is 
multiple valued if more than one value of 
the function can correspond to a choice for 
the values of the independent variables (the 
function defined by y=/f(x) and y2=3x+1 
assigns two values to y for each x> —4). 
A function of one variable is a function which 
has only one independent variable. Both 
the above examples are functions of one 
variable; also, the area of a circle is a 
function of the radius; the sine of an angle 
is a function of the angle; the logarithm of 
a number is a function of the number. The 
symbols used for such a function are f, F, ¢, 
etc., the function values corresponding to x 
being denoted by f(x), F(x), ¢(x), etc.; 
these are customarily called the f function, 
the F function, the ¢ function, etc., of x. 
Such symbols are used when making state- 
ments that are true for several different 
functions, in other words, statements that 
are not concerned with a specific form of the 
function; e.g., 1) (fo) — FOILS (x) + FO)] 
=[f(x)]?—[F(x)]}? for any specific func- 
tions whatever; (2) if fand F are each con- 
tinuous on (a, b), then f(x)+ F(x)= G(x) 
defines a function G which is continuous on 
(a, b). A symbol like f(x) is entirely 
general unless otherwise specified, as in 


Function 


Function 
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f(x)=0 in algebra where / is understood to 
be a polynomial. The notations f, F, ¢, etc., 
are also used as abbreviations for specific 
functions under consideration. <A function 
F can be regarded as a set of ordered pairs 
(x, y). Each ordered pair is said to be an 
element of the function and the domain of 
the function is the collection of all objects 
which occur as the first member of some 
element and the range is the collection of 
all objects which occur as the second 
member of some element. The function 
is single valued if there do not exist two 
different elements which have the same first 
member. Usually one calls a function in 
the above sense a relation; a single-valued 
function in the above sense is then called a 
function. A function of several variables 
is a function which takes on a value or 
values corresponding to every set of values 
of several variables (called the _ inde- 
pendent variables). The binomial 2x+ xy 
is a function of x and y. Function values 
of functions f, F, etc., of two variables, are 
denoted by f(x), x2), F(x, y), etc. A value 
of a function of n variables is written in the 
form f(x1,.%2,°*°,X,), etc. A function 
such as z=2x+xy, where x and y can be 
any real numbers, may be regarded either 
as a function of two variables x and y, or as 
a function of points (x, y). In the latter 
case, the domain is said to be the entire 
plane. In this way, any function of several 
variables can be regarded as a function of 
one variable; e.g., a function z=/(x1,- °°, 
x,), where x1,:°-, X, can have any real 
number values, can be regarded as a func- 
tion whose domain consists of the objects 
which are sequences (x,,:-°,X,) Of n 
real numbers. See the various headings 
below. 

algebraic function. A function which 
can be generated by algebraic operations 
alone. Tech. A function f(x) such that for 
some polynomial P(x, y) it is true that 
P(x, f(x))=0. Any polynomial is alge- 
braic, but (for example) log x is not. 

analytic function. See various headings 
under ANALYTIC. 

automorphic function. See AUTOMOR- 
PHIC. 

Bessel function. See BESSEL. 

beta function. See BETA. 

characteristic function. See CHARACTER- 
ISTIC. 


complementary function. See DIFFEREN- 
TIAL—linear differential equations. 

composite function. See COMPOSITE. 

continuous function. See CONTINUOUS. 

decreasing function. See DECREASING. 

dependent functions. See DEPENDENT. 

entire function. See ENTIRE. 

Euler’s ¢-function. See EULER. 

even function. A function whose value 
does not change when the sign of the inde- 
pendent variable is changed; i.e., a func- 
tion such that f(—x)=f(x); x? and cos x 
are even functions, for (—x)?=x? and 
cos (— x)=cos x. 

exponential function. (1) The function 
e*, where e is the base of Napierian loga- 
rithms. (2) The function a*, where a isa 
constant. (3) A function in which the vari- 
able or variables appear in exponents and 
possibly also as a base, such as 2*+! or x*. 
For a complex number z, the function e? 
may be defined either by e7=e*(cos y+i 
siny), where z=x+iy, or by e7=1+ 
z+z2z2/2!4+23/3!+ -+-. 

function of class C”. A function which 
is continuous and has continuous deriva- 
tives of all orders up to and including the 
nth. The functions of class C® are the con- 
tinuous functions. 

function of class L,. A function f is 
of class L, on an interval (or measurable 
set) © if it is (Lebesgue) measurable and 
|f(x)|2 is summable over Q. The space 
L,(p=1) of all functions of class L, is a 
complete normed vector space (i.e., a Ba- 
nach space) if addition and multiplication 
by scalars are taken as ordinary addition 
and multiplication and 


ii=[f irlea]” 


is defined as the “length” or norm of / 
Minkowski’s inequality is then equivalent 
to iif+gllSlflit+llgi, and Holder’s in- 
equality is equivalent to 


[ eldosiif-lel 


if f is of class L, and g of class Ly, and 
p+q=pq (p>1,q>1). 

function-element of an analytic function 
of a complex variable. See ANALYTIC— 
analytic continuation of an analytic func- 
tion of a complex variable. 

function theory. See THEORY. 


Function 
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gamma function. See GAMMA—gamma 
function. 

Hamiltonian function. (Physics.) The 
sum of the kinetic energy and the potential 
energy. 

harmonic function. See HARMONIC. 

holomorphic function. See ANALYTIC— 
analytic function of a complex variable. 

hyperbolic functions. See HYPERBOLIC. 
implicit function. See IMPLICIT—implicit 
function. 

increasing function. See INCREASING. 

integral function. Same as ENTIRE FUNC- 
TION. 

inverse function. See INVERSE. 

logarithmic function. A function of the 
form log f(x). 

measurable function. See MEASURABLE. 

meromorphic function. See MEROMOR- 
PHIC. 

monogenic function. See MONOGENIC. 

monotonic functions. Functions which 
are either monotonic increasing or mono- 
tonic decreasing. See MONOTONIC. 

odd function. A function whose sign 
changes, but whose absolute value does not 
change, when the sign of the dependent 
variable is changed; i.e., a function such 
that f(—x)= —f(x); x? and sin x are odd 
functions, for 


(—x)3=—x> and sin(—x)=-—sinx. 


orthogonal functions. See ORTHOGONAL. 

periodic function. See PERIODIC. 

rational integral function of one variable. 
Same aS POLYNOMIAL IN ONE VARIABLE. 
See POLYNOMIAL. 

regular function. See ANALYTIC—ana- 
lytic function of a complex variable. 

step function. See strEp—step function. 

stream function. Let f(x, y) denote the 
flux, in an incompressible fluid, across 
some curve AP where A is a fixed point 
and P is variable. The function f(x, y) is 
dependent only on the position of P, since 
the flux across two curves Joining A and P 
must be the same; otherwise fluid would be 
added or taken away from the space be- 
tween the two curves. When P moves in 
such a way as to keep f(x, y) constant, P 
traces curves across which there is no flux. 
These curves are called stream lines, and 
if the equation of such a stream line is 
F(x, y)=0 then F(x, y) is called a stream 
function. 


subadditive and subharmonic functions. 
See ADDITIVE—additive set function, and 
SUBHARMONIC. 

summable function. See SUMMABLE— 
summable function. 

transcendental function. See TRANSCEN- 
DENTAL. 

trigonometric function. See TRIGONO- 
METRIC—trigonometric functions. 

unbounded function. See UNBOUNDED. 

vector function. A function whose values 
are vectors. The expression 


F=fiit foi t fk, 
where f;, fo, and f; are scalar functions, 
defines a vector (valued) function. 


FUNC’TION-AL, adj.,n. Asan adjective: 
Of, relating to, or affecting a function. As 
a noun: A correspondence between a class 
C, of functions and another class C, of 
functions, not necessarily distinct from C, 
in such a manner that to each y of C, corre- 
sponds one or more fof C,. The “‘degen- 
erate’’ case in which C; is a class of num- 
bers is also included as a possible case. 
Many authors in the modern theories of 
abstract spaces use the term only in the 
case in which C) is a class of numbers, but 
in these generalizations the elements of the 
class C, need not be functions. E.g., 
i a(x)y(x) dx, max |y(x)|, dy(x)/dx, and 
asSxSb 


a(x)y(x) + i : B(x, s)(s) ds are functionals of 


y. Ineach of these examples, the class C, 
is a Suitably restricted class of real functions 
y of a real variable x, while C, is the class 
of real numbers in the first two examples 
and a suitable restricted class of real func- 
tions of a real variable in the last two 
examples. Two simple examples of a func- 
tional in which both C, and C) are classes 
of real functions of two real variables are 
A2 j2 S 

PHS) 4 EHS) and i ys, t)y(t, r) dt. 
A functional f defined on a vector space 
is a linear functional if f(x+ y)=f(x%)+fQ) 
and f(ax)=af(x) for any vectors x and y 
and scalar a. If f has real or complex 
number values, then fis continuous for each 
x if and only if there is a number M such 
that | f(x)|<-M|I|x/| for each x. The least 
such number M is called the norm of f/ See 
CONJUGATE—Conjugate space. 


Functional 


Fundamental 


differential of a function. If f(y) is a 
functional from a class C, of functions to a 
class C, of functions, then a differential of 
f(y) at yo with increment d5y(x) is a con- 
tinuous, additive functional f(y, dy) from 
C, to C, such that f(y9+doy)—f(¥)= 
Of (Yo, dy) + “higher order terms in dy(x)”’ 
for all dy(x) in some neighborhood of the 
“zero function” in C,. In order that this 
definition be applicable, the classes C,; and 
C, must be such that the notions of addi- 
tion, subtraction, zero function, neighbor- 
hood, and continuity are meaningful, and 
the meaning of “higher order terms in 
dy(x)’? must be specified. E.g., if C, and 
C, are both the Banach space of all real 
continuous functions (x) of a real variable 
x in aSx<b with Ifl= a IFO! and 


pf, g)=\|f-gll is the Sarid between f 
and g, then df(y, dy) is a Fréchet differen- 
tial of f(y) at yo if it is a continuous 
additive functional from C, to C, and 


F(¥0 + 8) —f(¥0) = 8f(V0, By) + |l8ylle(¥o, Sy), 


where ||e(yo, dy)/| tends to zero with ||Sy(x)! 
uniformly for all functions éy(x) con- 
tinuous in aSxSb. If a(x) and A(x, s) 
are fixed continuous functions, then the 
Fréchet differential of f(y)=a(x)y(x)+ 


b 

| B(x, s)y2(s) ds exists for each yp in C, 

and is given by df(yo, dy)=a(x)dy(x)+ 
b 

2] Blx, s\vo(s) Sy(s) ds. 


functional determinant. See JACOBIAN. 

functional notation. A notation used to 
denote the general concept function and 
often as an abbreviation of some specific 
function. The notation consists of a letter 
placed before parentheses containing a 
number of letters representing the inde- 
pendent variable or variables of the func- 
tion, followed by the interval or intervals 
over which the variable or variables range; 
for example, one writes f(x) on (a, d), 
or f(x), a<x<b, and f(x,y), as=xsb, 
cfyed. The interval is commonly 
omitted when obtainable from the context 
or the nature of the function. A function 
is frequently denoted by a single symbol, 
such as f, the number (or object) in the 
range of f which is associated with an x in 
the domain being denoted by f(x). See 
FUNCTION. 


FUND, 7. Money (sometimes other assets 
immediately convertible into money) which 
is held ready for immediate demands. 

endowment fund. A fund permanently 
appropriated for some objective, such as 
carrying on a school or church. 

reserve fund. (1) Jn insurance: See 
RESERVE. Used to take care of additional 
cost of policy in later years. (2) In business: 
A sum held ready to meet emergencies or 
take advantage of opportunities to pur- 
chase at low prices. 

sinking fund. A fund accumulated by 
periodic investments for some specific pur- 
pose such as retiring bonds, replacing 
equipment, providing pensions, etc. (The 
amount of the sinking fund is the amount 
of the annuity formed by the payments.) 


FUN’DA-MEN’TAL, adj. four fundamen- 
tal operations of arithmetic. Addition, 
subtraction, multiplication, and division. 

fundamental assumption. See ASSUMP- 
TION. 

fundamental coefficients and quadratic 
forms of a surface. See under SURFACE. 

fundamental group. Let S be a set which 
has the property that any two of its points 
can be connected by a path, a path being 
the image (for a continuous mapping) of a 
(directed) interval. The fundamental group 
of S is the quotient group of the group of all 
paths, with initial and terminal point at a 
designated base point P, and the subgroup 
of all paths which are homotopic to the 
path consisting of the single point P (using 
the quotient group is equivalent to defining 
two paths to be equal whenever they are 
homotopic to each other). The product 
of paths f and g is the path obtained by 
attaching g to the end of /; the inverse of f 
is the path obtained by reversing the direc- 
tion assigned to ff. Two fundamental 
groups with different base points are iso- 
morphic. If the fundamental group con- 
tains only the identity, then S is simply 
connected. The fundamental group of a 
circle is an infinite cyclic group. For a 
torus, it is the commutative group generated 
by two elements a and b. A closed orient- 
able surface of genus p has a fundamental 
group generated by 2p elements a;, b; which 
satisfy the relation 
a,b,a,~'b,~!ayb.a.~'b27! ofthis a,b,ay'b,7} 
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and is not commutative unless p=1 (the 
‘surface is then a torus). A closed non- 
orientable surface has a fundamental group 
generated by qg elements a; with the relation 


@\Q\A7Q_- ++ Agag=1, 


which for g=1 is a group of order two 
generated by a single element (the surface 
is then the projective plane). The com- 
mutators of the fundamental group generate 
a group which is isomorphic with the I- 
dimensional homology group (based on the 
integers). 

fundamental identities of trigonometry. 
See TRIGONOMETRIC—trigonometric func- 
tions. 

fundamental lemma of the calculus of 
variations. If oa(x) is continuous for 


asxsband | : a(x)(x) dx=0 for all d(x) 


which have continuous first derivatives in 
asx<b and have ¢(a)=4(b)=0, then 
o(x)=0 throughout the interval aS xb. 

fundamental numbers and functions in 
integral equations. Same as the EIGEN- 
VALUES and EIGENFUNCTIONS. 

fundamental period of a periodic function 
of a complex variable. Same as PRIMITIVE 
PERIOD. See PERIODIC—periodic function 
of a complex variable, and various head- 
ings under PERIOD. 

fundamental sequence. Same as CAUCHY 
SEQUENCE. See SEQUENCE. 

fundamental theorem of algebra. Every 
polynomial equation of degree n21 with 
complex coefficients has at least one root, 
which is a complex number (real or imagi- 
nary). See GAUss—Gauss’ proof of the 
fundamental theorem of algebra; WINDING 
—winding number. 

fundamental theorem of the integral cal- 
culus. A theorem giving a method of 
summing elements of area, volume, etc. 
(finding the area, volume, etc.) by the use 
of antiderivatives. If 


[ fe dx 


is defined as F(b)— F(a), where F(x) is a 
function such that 


then the fundamental theorem of the inte- 


gral calculus states: If f(x) is continuous 
and single valued, then 


_ (F(x A pxt+f(x)Arxtf(x3)A3x+ ++: 


+foexl= lim Sfddx= [" £0) de, 
nm—> 00 l a 


where Ax, A>x, A3x,: ++ A,x aren nonover- 
lapping subintervals of the interval (a, b), 
whose sum is (b—a), the maximum length 
of the subintervals approaching zero as n 
becomes infinite, and x; is some value of x 
in the interval A;x. If 


[re dx 


is defined as the above limit, then the funda- 
mental theorem of calculus is stated thus: 


b 

If i f(x) dx exists and f(x) is continuous at 

the interior point x of (a, b), then the de- 

rivative of { : F(t) dt is equal to f(x). The 
a 


fundamental theorem of the integral calcu- 
lus 1s sometimes taken as the statement that 
the above summation has a limit under the 
given hypothesis (or if f(x) is bounded and 
continuous almost everywhere). See DAR- 
BOUX’S THEOREM, INTEGRAL, and ELEMENT 
—element of integration. 


FU’TURE, adj. future value of a sum of 
money. See AMOUNT. 


G 


G; set. See BOREL—Borel set. 


GAME, n. A set of rules, for individuals 
or groups of individuals involved in a com- 
petitive situation, giving their permissible 
actions, the amount of information each 
receives as the competition progresses, the 
probabilities associated with the chance 
events that might occur during the com- 
petition, the circumstances under which the 
competition ends, and the amount each 
individual pays or receives as a consequence. 
An n-person game is a game in which there 
are exactly nm players or interests (a two- 
person game is a game in which there are 


Game 


exactly two players or conflicting interests). 
The theory of games is the mathematical 
theory, founded largely by the mathemati- 
cian John von Neumann, of optimal be- 
havior in situations involving conflict of 
interest. See BOX, DUEL, HER, MAZUR, 
MINIMAX—minimax theorem, MORRA, NIM, 
PAYOFF, PLAYER, STRATEGY, and the head- 
ings below. 

coin-matching game. A two-person zero- 
sum game in which each of the two players 
tosses a coin of like value. Ifthe two coins 
show like faces—either both “heads” or 
both ‘“‘tails’—the first player wins, while if 
they show unlike faces the second player 
WINS. 

‘Colonel Blotto’’ game. In the theory 
of games, the problem of dividing attacking 
and defending forces between fortresses 
under the assumption that at each fortress 
each side loses a number of men equal to 
the number of men in the smaller force 
involved at the fortress, and that the 
fortress is then occupied by the side having 
survivors; occupation of a fortress is con- 
sidered as being equivalent to having a 
certain number of survivors, and the payoff 
is then measured in terms of the total 
number of survivors at the fortresses. 

circular symmetric game. A finite two- 
person zero-sum game whose matrix is a 
circulant (i.e., the elements of each row are 
the elements of the previous row slid one 
place to the right, with the last element put 
first). 

completely mixed game. A game having 
a unique solution that is also a simple 
solution; equivalently, a game such that 
every possible strategy has positive proba- 
bility in the solution. See below, solution 
of a game. 

continuous game. An infinite game in 
which each player has a closed and bounded 
continuum of pure strategies, usually taken 
(without loss of generality) to be identified 
with the numbers of the closed interval 
[0, 1]. See below, finite and infinite games. 

concave and convex games. A concave 
game is a two-person zero-sum game for 
which the payoff function M(x, y) is a 
concave function of the strategy x of the 
maximizing player (the dual of the convex 
game with payoff function — M(y, x)). A 
convex game is a two-person zero-sum game 
for which the payoff function M(x, y) is a 
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convex function of the strategy y of the 
minimizing player (the dual of the concave 
game with payoff function —M(y, x)). A 
concave-convex game is a two-person zero- 
sum game for which the payoff function 
M(x, y) is a concave function of the strategy 
x of the maximizing player and is a convex 
function of the strategy y of the minimizing 
player. 

cooperative game. A game in which the 
formation of coalitions is possible and per- 
missible. A game is noncooperative if the 
formation of coalitions is either not possible 
or not permissible. See COALITION. 

extensive form of a game. The general 
description of a game in terms of its moves, 
information patterns, etc. See below, nor- 
mal form of a game. 

finite and infinite games. A game is 
finite if each player has only a finite number 
of possible pure strategies; it is infinite if at 
least one player has an infinite number of 
possible pure strategies (e.g., a pure strategy 
might ideally consist of choosing an instant 
from a given interval of time at which to 
fire a gun). See STRATEGY. 

game of survival. A two-person zero- 
sum game that continues until one player 
loses all. 

game with perfect information. A game 
such that at each move each player knows 
the outcome of all previous moves of the 
game. Such a game of necessity has a 
saddle point, and accordingly each player 
has an optimal pure strategy. A game with 
imperfect information 1s a game in which 
at least one move is made by a player not 
knowing the outcome of all previous moves. 

normal form of a game. A description of 
a game in terms of its strategies and asso- 
ciated payoff matrix or function. See 
above, extensive form of a game. 

polynomial game. A continuous game 
having payoff function of the form M(x, y) 

min 

= > ajx'yi, where the strategies x, y 

i, j=0 
range over the closed interval [0, 1]. 
below, separable game. 

positional game. A game with simul- 
taneous moves by the players, in which 
each player knows at all times the outcome 
of all previous moves. See above, game 
with perfect information. 


saddle point of a game. 


See 


See SADDLE. 
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separable game. A continuous game 
having payoff function of the form M(x, y) 


m,n 

= > aijf(x)g(y), where the strategies 

i, j=0 
x,y range over the closed interval [0, 1], 
the a, are constants, and the f;(x) and 
gj(y) are continuous functions. A poly- 
nomial game is a particular instance of a 
separable game. 

solution of a two-person zero-sum game. 
A pair of optimal mixed (or pure) strategies, 
one for each of the players of the game. A 
simple solution is a solution , Y such that 
each pure strategy for the minimizing 
player, when used against the maximizing 
player’s optimal mixed strategy .X, and 
each pure strategy for the maximizing 
player, when used against the minimizing 
player’s optimal mixed strategy Y, yields an 
expected value of the payoff exactly equal 
to the value of the game. A game might 
have a solution without having a simple 
solution. The coin-matching game is an 
example of a game having a simple solution. 
A set of basic solutions of a game is a finite 
set S of solutions of the game, such that 
every solution can be written as a convex 
linear combination of the members of S, 
but such that there is no proper subset of 
S in terms of which each solution can be 
sO written. See PLAYER, and STRATEGY. 

symmetric game. A finite two-person 
zero-sum game with a (square) skew- 
symmetric payoff matrix, ie., a payoff 
matrix for which a;;= —a;; for all i and j. 
More generally, a two-person zero-sum 
game with payoff function M(x, y) satisfy- 
ing M(x, y)= —M(y, x) for all x and y. 
The value of such a game is zero, and both 
players have the same optimal strategies. 

value of a game. The number v asso- 
ciated with any two-person zero-sum game 
for which the minimax theorem holds. See 
MINIMAX——minimax theorem, and SADDLE 
—saddle point of a game. 

zero-sum game. A game in which the 
sum of the winnings of the various players 
is always zero. Thus games like poker, in 
which we consider only the financial payoff, 
are zero-sum games unless there is a house 
charge for playing. A non-zero-sum game 
is a game in which, for at least one play, 
the sum of the winnings of the various 
players is not zero. 


Gauss 


GAM’MaA, xn. The third letter of the Greek 
alphabet, written, lower case, y; capital, I. 

gamma function. Gamma of x is written 
I(x) and is defined to be 


ie @) 
| ix-le~ dt 
0 


(for x>0, or the real part of x greater 
than zero if x is complex). It can easily be 
shown that [(x+1)=xI(x) and Td1)=1, 
and from these results that I'(m)=(n—-1)!, 
when 7 is any positive integer. Also, 


I'(z)= | zer= it (1 “+ Z)erzin\ | 


where y is Euler’s constant, which is an 
analytic function of the complex number z 
except for z=0, —1, —2,- The incom- 
plete gamma functions, (a, x) and I'(a, x), 
are defined by 


x 
y(a, n= t2-le-t df, 
0 


ie 8) 
T(a, =| ta-le-t df, 
x 


It follows that ['(a)=y(a, x)+ T(a, x) and 
that 

y(at+ 1, x)=ay(a, x)— x%e-*, 

V(at+1, x)=al(a, x)+ x%e-*, 


_ (a) 5G" 
(a, Jers n'i(a+n) 


GATE, n. In a computing machine, a 
switch that allows the passage of a signal 
if and only if one or more other signals are 
present; thus a gate is the machine equiva- 
lent of the logical ‘“‘and’’. See CONJUNC- 
TION, and BUFFER. 

inverse gate. Same as BUFFER. 


GAUSS. Gauss’ differential equation. See 
HYPERGEOMETRIC—hypergeometric _ differ- 
ential equation. 

Gauss’ equation. (Differential Geom- 
etry.) An equation expressing the total 
DD" — D” 

EG— F2 
fundamental coefficients of the first order, 
E, F, G, and their partial derivatives of 
the first and second orders: 


1 (op F 3196 
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curvature K= in terms of the 
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where H=VEG-—F?2, or in terms of 
Christoffel symbols, 


calles) Sel 1) 


=alaEl 2 |) -<(zl 2 |)] 


In tensor notation: 
x! og=dapX'. 
For isothermic parameters, 
E=G=Xu, v), F=0, 
the formula reduces to 
Ke- al” logA  é2 log “| 
2AL eu2 Ov 
and for geodesic parameters, E=1, F=0, 
G=[p(u, v)]*, 120, the formula reduces to 


bd 


See GAUSs—theorem of Gauss, and CODAZZI 
EQUATIONS. 

Gauss’ formulas (or Delambre’s analo- 
gies). Formulas stating the relations be- 
tween the sine (or cosine) of half of the 
sum (or difference) of two angles of a spher- 
ical triangle and the other angle and the 
three sides. If the angles of the triangle 
are A, B, and C and the sides opposite 
these angles are a, b, and c, respectively, 
then Gauss’ formulas are: 

cos 4c sin 4(4+ B)=cos $C cos 4(a— b), 

cos $c cos 4(A + B)=sin $C cos 4(a+ 5b), 

sin $c sin 4(A— B)=cos $C sin 3(a— D), 

sin $c cos $(A— B)=sin $C sin 4(a+ 5B). 

Gauss’ fundamental theorem of electro- 
statics. The surface integral of the exterior 
normal component of the electric intensity 
over any closed surface all of whose points 
are free of charge is equal to 47 times the 
total charge enclosed by the surface. In 
the corresponding theorem for gravita- 
tional matter, the constant is — 47. 

Gauss’ mean value theorem. Let wu be a 
regular harmonic function in a region R. 
Let P be a point in R, S a sphere with 
center at P and lying entirely (boundary 
and interior points) within R, and A the 


area of S: then u(P)=(1/A) | | u ds. 
Ss 
For R a plane region and C a circle with 


perimeter c, u(P)= ; u ds. 
Cc 


Gauss plane. Same aS COMPLEX PLANE. 

Gauss’ proof of the fundamental] theorem 
of algebra. The first known proof of this 
theorem. A geometrical proof consisting 
essentially of substituting a complex num- 
ber, a+ bi, for the unknown of the equa- 
tion, separating the real and imaginary 
parts of the result, and then showing that 
the two resulting functions of a and 6 are 
zero for some pair of values of a and b. 

Gaussian integer. See INTEGER. 

theorem of Gauss. The famous theorem 
that the total curvature of a surface is a 
function of the fundamental coefficients of 
the first order of the surface and their par- 
tial derivatives of the first and second 
orders. See above, Gauss’ equation. 


GELFOND-SCHNEIDER THEOREM. 
If « and f are algebraic numbers with «40 
and «#1, and if f is not a rational number, 
then any value of «8 is transcendental (i.e., 
is a real or complex number which is not a 
root of a polynomial equation whose 
coefficients are integers). This theorem was 
proved independently by Gelfond (1934) 
and Schneider (1935). 


GEN’ER-AL, adj. Not specific or special- 
ized; covering all known special cases. 
Examples are the general polynomial 
equation (see EQUATION—polynomial equa- 
tion) and general term (see TERM—general 
term). 

general solution of a differential equation. 
See DIFFERENTIAL—solution of a differential 
equation. 

general term. See TERM—general term. 


GEN’ER-AL-IZED, adj. generalized mean 
value theorem. (1) Same as TAYLOR’S 
THEOREM. (2) Same as SECOND MEAN 
VALUE THEOREM. See MEAN—mean value 
theorems for derivatives. 

generalized ratio test. See RATIO—ratio 
test. 


GEN’ER-AT'ING, p. generating function. 
A function F that, through its representa- 
tion by means of an infinite series of some 
sort, gives rise to a certain sequence of 
constants or functions as coefficients in the 
series. E.g., the function (1 —2ux+u?)"'/2 
is a generating function of the Legendre 


Generating 
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polynomials P,(x) by means of the expan- 
sion 


[e.6) 
(I —2ux+ u2)02= > P,(x)u". 
0 


GEN’ER-A’TOR, 7. Same as GENERATRIX 
(the feminine form of generator). 

rectilinear generators. See RULED— 
ruled surface. 

generator of a surface of translation. See 
SURFACE—Surface of translation. 

generators of a group. A set of gene- 
rators of a group G is a subset S of G such 
that each member of G can be represented 
(using the group operations) in terms of 
members of S, repetitions of members of S 
being allowed. The set S of generators is 
independent if no member of S is in the 
group generated by the other members of S. 


GEN’ER-A’TRIX, 2. generatrix of a ruled 
surface. A straight line which forms the 
surface by moving according to some law. 
The elements of a cone are different posi- 
tions of its generatrix. See RULED—ruled 
surface. 


GE’NUS, n. genus of a surface. A closed 
orientable surface is topologically equivalent 
to a sphere with an even number 2p of holes 
(made by removing discs) which have been 
connected in pairs by p handles (shaped like 
the surface of half of a doughnut). A 
closed nonorientable surface is topologically 
equivalent to a sphere which has had a 
certain number g of discs replaced by cross- 
caps. The numbers p and gq are said to be 
the genus of the surface. In either of the 
above cases, the surface not being closed 
means that some discs have been removed 
and the hole left open. A torus is a sphere 
with one handle; a Mobius strip is a sphere 
with one cross-cap and one “hole’; a 
Klein bottle is a sphere with two cross-caps; 
a cylinder is a sphere with two “‘holes’’. 
In general, the Euler characteristic of a 
surface is equal to 2—2p—q-—r, where p Is 
the number of handles (which can be zero 
for anonorientable surface), g is the number 
of cross-caps (zero for an_ orientable 
surface), and r is the number of holes (or 
boundary curves). 


GE’O-DES’IC, adj., n. A curve C on a 
surface S such that at each point of C the 


principal normal of C coincides with the 
normal to S; a curve whose geodesic 
curvature vanishes identically. See below, 
geodesic curvature of a curve on a surface. 
It follows that if a straight line lies on a sur- 
face, then the line is a geodesic for the sur- 
face. A geodesic is a curve that yields a 
stationary value of the Jength integral 


fh 4 of dxi dxs dxi 
= Si ae at 4 
In terms of the arc-length parameter s, the 
Euler-Lagrange equations for this calculus 


of variations problem are the system of 
second-order differential equations 


d*x'(s) 
ds? 


Lge (5), 4° 5205) = 


dx” es) dx? dx"(s) 
ds 


where the Ii, are the Christoffel symbols 
of the second kind based on the metric 
tensor g,(x',---, x"). See RIEMANN— 
Riemannian spaces. 

center of geodesic curvature. The center 
of geodesic curvature of a curve C ona 
surface S at a point P of C is the center 
of curvature, relative to P, of the curve C’, 
where C’” is the orthogonal projection of C 
on the plane tangent to S at P. See 
below, geodesic curvature of a curve on a 
surface. 

geodesic circle on a surface. If equal 
lengths are laid off from a point P of a sur- 
face S along the geodesics through P on S, 
the locus of the end points is an orthogonal 
trajectory of the geodesics. The locus of 
end points is called a geodesic circle with 
center at P and radius r. See below, geo- 
desic polar coordinates. 

geodesic coordinates in Riemannian space. 
Coordinates y' such that the Christoffel 
symbols 


= 0, 


ERO 3) 
are all zero when evaluated at the point in 
question which we take to be the origin 
yl=y*=-+--=y"=0. Thus the coordi- 
nate system is locally Cartesian. If the x' 
are general coordinates, then the coordi- 
nate transformation 


oY : 
xtagit ys (Paget, + +s XD xing YY" 


defines implicitly geodesic coordinates y’'. 
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See below, geodesic parameters (coordi- 
nates) for a surface, and geodesic polar co- 
ordinates for a surface. 

geodesic curvature of a curve on a sur- 
face (at a point). For a directed curve C: 
u=u(s), v=v(s), on a surface S: x= 
x(u, v), y=y(u, v), Z=2Z(u, v), let 7 be the 
plane tangent to S at a point P of C, 
and let C’ be the orthogonal projection of 
Con 7. Let the positive direction of the 
normal to the cylinder K projecting C on 
C” be determined so that the positive di- 
rections of the tangent to C, the normal 
to K, and the normal to S, at P, have the 
Same mutual orientation as the positive x, 
y, and z axes; and let & be the angle be- 
tween the positive directions of the prin- 
cipal normal to C and the normal to K at 
P. Then the geodesic curvature 1/p, of 
the curve C on the surface S at the point 


P is defined by neo 


& 

curvature of C at P. Thus the geodesic 
curvature of C is numerically equal to the 
curvature of C’ and is positive or negative 
according as the positive directions of the 
principal normal to C and the normal to 
K at P lie on the same or opposite sides 
of the normalto S. If the positive direction 
on C is reversed, the geodesic curvature 
changes sign. See below, radius of geodesic 
curvature. 

geodesic ellipse on a surface. Let P; and 
P, be distinct points on a surface S (or let 
C, and C, be curves on S such that C, and 
C, are not geodesic parallels of each other 
on S). Let wu and v measure geodesic dis- 
tances on S from P; and P, (or from C; 
and C3), respectively. Then the curves w’ 
=const. and v’=const., where u’=4(u+v), 
v’=4(u—v), are called geodesic ellipses and 
hyperbolas, respectively, on S relative to 
P, and P, (or to C; and C,). These names 
are given because, for instance, the sum 
of the geodesic distances from P, and P, 
(or from C, and C,) to a variable point of a 
fixed geodesic ellipse has a constant value. 


» where p is the 


geodesic hyperbola on a surface. See 
above, geodesic ellipse on a surface. 
geodesic parallels on a surface. Given 


a smooth curve Cy on a surface S, there 
exists a unique family of geodesics on S in- 
tersecting Cy orthogonally; if segments of 
equal length s be measured along the geo- 
desics from Co, then the locus of their end 
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points is an orthogonal trajectory C, of the 
geodesics. The curves C, are called 
geodesic parallels on S. See below, geo- 
desic parameters for a surface. 


geodesic parameters (coordinates) for a 
surface. Parameters u, v for a surface S 
such that the curves u=const. are the 
members of a family of geodesic parallels, 
while the curves v=const.=vp) are mem- 
bers of the corresponding orthogonal family 
of geodesics, of length u.—u, between the 
points (uj, v9) and (uz, v9). See above, 
geodesic parallels on a surface. A neces- 
sary and sufficient condition that u, v be 
geodesic parameters is that the first funda- 
mental form of S reduce to ds2=du2+ 
G dv*, See below, geodesic polar coordi- 
nates for a surface. 

geodesic polar coordinates for a surface. 
These are geodesic parameters u, v for a 
surface S, except that the curves u= 
const.=Uuo, instead of being geodesic par- 
allels, are concentric geodesic circles, of 
radius uo, and center, or pole, P corre- 
sponding to u=0O; the curves v=vo are 
the geodesic radii; and, for each v9, v9 
is the angle at P between the tangents to 
v=0O and v=vy. Necessary and sufficient 
conditions that u, v be geodesic polar 
coordinates are that the first fundamental 
quadratic form of S reduce to ds?=du?+ 
ue? dv?, 420, and that at u=0 we have 
w=0 and ou/eu=1. All points on u=0 
are singular points corresponding to P. 
See above, geodesic parameters for a 
surface. 

geodesic radius. The radius of a geo- 
desic circle on a surface; i.e., the geodesic 
distance on the surface from the center of 
the circle to its boundary. 

geodesic representation of one surface on 
another. A representation such that each 
geodesic on one surface corresponds to a 
geodesic on the other. 

geodesic torsion of a curve on a surface 
at a point. The geodesic torsion of the 
surface at the point in the direction of the 
curve. See below, geodesic torsion of a 
surface at a point in a given direction. 

geodesic torsion of a surface at a point 
in a given direction. The torsion of the 
geodesic on the surface through the point 
and in the given direction. See TORSION— 
torsion of a curve, and above, geodesic tor- 
sion of a curve on a surface at a point. 
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geodesic triangle on a surface. A tri- 
angle formed by three geodesics, intersect- 
ing by pairs on the surface. See CURVA- 
TURE— integral curvature of a geodesic tri- 
angle. 

radius of geodesic curvature. The 
reciprocal of the geodesic curvature. See 
above, geodesic curvature of a curve on a 
surface. 

umbilical geodesic. See UMBILICAL. 


GE’O-GRAPH’'IC, adj. Pertaining to the 
surface of the earth. 

geographic coordinates. Same as SPHERI- 
CAL COORDINATES in the sense of coordi- 
nates on a sphere. Spherical coordinates 
use the longitude and colatitude of a point 
on a sphere of radius r. 

geographic equator. See EQUATOR. 


GE’O-MET’RIC, or GE’O-MET’RI-CAL, 
adj. Pertaining to geometry; according to 
rules or principles of geometry; done by 
geometry. 

geometric average. The geometric aver- 
age of n positive numbers is the positive 
nth root of their product. The geometric 
average of two numbers is the middle term 
in a geometric progression of three terms 
including the two given numbers. There 
are always two such means, but in common 
usage G.M. is understood to denote the 
positive root of the product, unless other- 
wise indicated. The geometric means of 


2 and 8 are +V16 or +4. See AVERAGE. 
Syn. Geometric mean. 

geometric figure. Any combination of 
points, lines, planes, circles, etc. 

geometric locus. Any system of points, 
curves, or surfaces defined by certain gen- 
eral conditions or equations, such as the 
locus of points equidistant from a given 
point, or the /ocus of the equation y=x. 

geometric magnitude. Any magnitude 
having a geometric interpretation; length, 
area, volume, angle, etc. 

geometric mean. See above, geometric 
average. 

geometric progression. See PROGRESSION. 

geometric series. See SERIES. 

geometric solid. Any portion of space 
which is occupied conceptually by a physi- 
cal solid; e.g., a cube or a sphere. 

geometric solution. The solution of a 
problem by strictly geometric methods, as 
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contrasted to algebraic or analytic solu- 
tions. 

geometric surface. Same as SURFACE. 

method of geometric exhaustion. A 
method used by the Greeks to find such 
areas as that of the ellipse, a segment of a 
parabola, etc. Consists of finding an 
increasing (or decreasing) sequence of areas 
(expressed in terms of familiar areas of 
plane geometry), whose terms are always 
less than (greater than) the desired area and 
increasing (decreasing); then (in modern 
terminology) showing that it approaches 
the desired area as a limit. The idea of 
exhaustion enters when it 1s argued that the 
desired area cannot be different from a 
certain value, since, if it were, it would 
either be less than some term of the 
increasing sequence or greater than some 
term of the decreasing sequence. 


GE-OM’E-TRY, 7. The science that 
treats of the shape and size of things. 
Tech. The study of invariant properties of 
given elements under specified groups of 
transformations. 

analytic geometry. The geometry in 
which position is represented analytically 
(by coordinates) and algebraic methods of 
reasoning are used for the most part. 

Euclidean geometry. The study of the 
ordinary 2- and 3-dimensional spaces 
studied by Euclid, or the study of Euclidean 
spaces of any number of dimensions. See 
EUCLIDEAN—Euclidean space. 

metric differential geometry. The study, 
by means of differential calculus, of prop- 
erties of general elements of curves and 
surfaces which are invariant under rigid 
motions. 

plane analytic geometry. Analytic geom- 
etry in the plane (in two dimensions), 
devoted primarily to the graphing of equa- 
tions in two variables and finding the 
equations of loci in the plane. 

plane (elementary) geometry. The branch 
of geometry that treats of the properties and 
relations of plane figures (such as angles, 
triangles, polygons, circles) which can be 
drawn with ruler and compasses. 

projective geometry. See PROJECTIVE. 

solid analytic geometry. Analytic geom- 
etry in three dimensions; devoted primarily 
to the graphing of equations (in three 
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variables) and finding the equations of loci 
in space. 

solid (elementary) geometry. The branch 
of geometry which studies figures in space 
(three dimensions) whose plane sections 
are the figures studied in plane elementary 
geometry, such as angles between planes, 
cubes, spheres, polyhedrons. 

synthetic geometry. See SYNTHETIC— 
synthetic geometry. 


GIBBS. Gibbs’ phenomenon. Quite gener- 
ally, for a sequence of transformations 
T,(x),n=1,2,---, of a function f(x), if the 
interval 

[liminf 7,(x), limsup T,(x)] 


X—>XQ, N—> X—>XQ, NO 
contains points outside the interval 
{lim inf f(x), lim sup f(x)], 


xX—>X9 X—>X9 
then the sequence Is said to exhibit a Gibbs 
phenomenon at x=x 9. Most particularly, 
the phrase is applied to methods of 
summability of the Fourier series for a 
function having a single jump at Xo. 


GIBRAT. Gibrat’s distribution. If the 
logarithm of the variable x is normally dis- 
tributed, x is distributed according to 
Gibrat’s distribution: 


eo /2log x)2_ 
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GIRTH, xz. The length of the perimeter of 
a cross section of a surface when that length 
is the same for all right cross sections in 
planes parallel to the plane of that cross 
section. 


GNO’MIC, adj. gnomic map. See AZIMU- 
THAL—azimuthal map. 


GOLDBACH CONJECTURE. The con- 
jecture (unproved) that any even number 
(except 2) can be represented as the sum of 
two prime numbers. 


GOMPERTZ. Gompertz curve. A curve 
whose equation is of the form log y= 
log k + (log a)b*, or y= ka, where0<a< 1, 
O<b<1. The value of y at x=0 is ka, 
and, as x > ©, y—>k. The increments in 
y as x increases are such that the difference 
of increments of log y are proportional to 
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the corresponding differences in log y. This 
is one of the types of curves known as 
growth curves. 

Gompertz’s law. The force of mortality 
(risk of dying) increases geometrically; is 
equal to a constant multiple of a power of 
a constant, the exponent being the age for 
which the force of mortality is being deter- 
mined. See MAKEHAM’S LAW. 


GRAD, n. One-hundredth part of a right- 
angle in the centesimal system of measuring 
angles, also called a GRADE Or DEGREE. 


GRADE, 7. (1) The slope of a path or 
curve. (2) The inclination of a path or 
curve, the angle it makes with the horizon- 
tal. (3) The sine of the inclination of the 
path, vertical rise divided by the length of 
the path. (4) An inclined path. (5) A 
class of things relatively equal. (6) A divi- 
sion or class in an elementary school. 
(7) A rating, given students on their work in 
a given course. (8) One-hundredth part of 
aright angle. See GRAD. 


GRA’DI-ENT, x. (Physics.) The rate at 
which a variable quantity, such as temper- 
ature or pressure, changes in value; in 
these instances, called thermometric gra- 
dient, and barometric gradient, respectively. 

gradient of a function. (Vector analysis.) 
The vector whose components along the 
axes are the partial derivatives of the func- 
tion with respect to the variables. Written: 
grad f= Vf=if, +if,+kf,, where f,, f, and 
f, are the partial derivatives of f, a function 
of x, y, and z. Grad f(x, y, z) is a vector 
whose component in any direction is the 
derivative of f in that direction. Its 
direction is that in which the derivative of 
f has its maximum, and its absolute value 
is equal to that maximum. Grad f, evalu- 
ated at a point P: (x1, 4, 2), 1s normal to 
the surface f(x, y, z)=c at P, where c is 
the constant f(x), ¥1, 271). See VARIATION— 
variation of a function on a surface. 

method of conjugate gradients. ‘See 
CONJUGATE. 


GRAD’U-AT’ED, adj. Divided into inter- 
vals, by rulings or other marks, such as the 
graduations on a ruler, a thermometer or a 
protractor. 
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GRAEFFE. Graeffe’s method for approxi- 
mating the roots of an algebraic equation 
with numerical coefficients. The method 
consists of replacing the equation by an 
equation whose roots are the 24th power of 
the roots of the original equation. If the 
roots rj, r2,7r3°°: are real and such that 
Ir;|>|r2|>|r3|> ---+, then & can be made 
large enough that the ratio of r,2* to the 
coefficient of the next to the highest degree 
term is numerically as near unity as one 
desires and also the ratio of r,2* r,2* to 
the coefficient of the third highest degree 
term is numerically as near unity as desired, 
etc. From these relations, |r;|, |r2|, ---can 
be determined. If the roots are complex or 
equal, variations of this method can be 
used to obtain them. 


GRAM, n. A unit of weight in the metric 
system; one-thousandth of a standard kilo- 
gram of platinum preserved in Paris. It 
was intended to be the weight of one cubic 
centimeter of water at 4°C. (the tempera- 
ture at which its density is a maximum), 
and this is very nearly true. See DENOMI- 
NATE NUMBERS in the appendix. 


GRAM-CHARLIER SERIES. (1) Type A: 
a series used in a certain system of deriving 
frequency functions based on a Fourier in- 
tegral theorem. In particular, the fre- 
quency function 


f(x)= 
eo 143 uyH, +3 
3100 0e 4! 

where x is in standard deviation units, u; 
is the ith moment, and H; are Hermite 
polynomials, Successive terms in the series 
do not necessarily diminish monotonically. 
Thus a satisfactory approximation may 
not be obtained by the first few terms. 
This is essentially a system of representing 
a given function by means of a series of 
derivatives of the normal distribution 
curve. (2) Type B: A Poisson distribution, 
instead of the normal, is used as a base for 
the series. 
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GRAM’I-AN, 7. (i) For a vectors 
U1, U,***,u, in n dimensions, the de- 
terminant with u;-u; as the element in the 
ith row and jth column, where w;-u; 1s the 
scalar product of u; and u; (the Hermitian 
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scalar product if u; and u; have complex 
components). This determinant being zero 
is a necessary and sufficient condition for 
the linear dependence of u,,+--,u,. (2) For 
nfunctions $), $2, ---,%,, the determinant 


with | 6); dQ as the element in the ith 
Q 


row and jth column. This determinant is 
zero if and only if the functions ¢; are 
linearly dependent in the interval or region 
of integration © if suitable restrictions are 
satisfied by the functions. E.g., (a) that 
each ¢; be continuous; or (b) that each 4; 
be (Lebesgue) measurable and |d¢;| be 
(Lebesgue) integrable (linearly dependent 
here meaning that there exist a),-+-,a,, not 


n 
all zero, such that > a;p;=0 almost every- 
i=] 
where in ©). Under condition (b), the 
Gram determinants (1) and (2) become 
equivalent when the vectors and functions 
are regarded as elements of Hilbert space. 
Syn. Gram determinant. 


GRAPH, 7. (1) A drawing which shows the 
relation between certain sets of numbers 
(see below, bar graph, broken line graph, 
circular graph). (2) A representation of 
some quantity by a geometric object, such 
as the representation of a complex number 
by a point tn the plane (see COMPLEX— 
complex number). (3) A drawing which 
depicts a functional relation. E.g., the 
graph of an equation in two variables is (in 
the plane) the curve which contains those 
points, and only those points, whose 
coordinates satisfy the given equation. Jn 
space, it is the cylinder which contains those 
points, and only those points, whose co- 
ordinates satisfy the given equation (i.e., 
whose right section is the graph in a plane 
of the given equation). The graph of an 
equation in three variables is a surface which 
contains those points and only those points 
whose coordinates satisfy the equation. 
The graph of a first degree linear equation 
in Cartesian coordinates is a straight line 
in the plane or a plane in three dimensions. 
The graph of a set of simultaneous equa- 
tions is either: (1) The graphs of all the 
equations, showing their intersections, or: 
(2) The intersection of the graphs of the 
equations. 

bar graph. A graph consisting of parallel 
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bars (see figure) whose lengths are propor- 
tional to certain quantities given in a set 
of data. Used to convey a better idea of 
the meaning of the data than is derived 
directly from numbers. 


~ Re 


90 1900 
CONTI 


°o 
Cc 

oO 

~ 


mm: 


no 
. 
-_ 
ww 


. 


= 
O 
0 


broken line graph. A graph formed by 
segments of straight lines which join the 
points representing certain data. The 
days during a certain period of time might 
be indicated by successive, equally spaced 
points on the x-axis and ordinates drawn 
at each point proportional in length to the 
highest temperature on those days. If the 
upper ends of these ordinates be connected 
by line segments, a broken line graph re- 
sults. 


circular graph. A compact scheme for 
geometrically comparing parts of a whole 
to the whole. The whole is represented by 
the area of a circle, while the parts are 
represented by the areas of sectors of the 
circle. 


GRAPH, v. To draw the graph of. See 
above, bar graph, broken line graph, etc. 


GRAPH’IC-AL, or GRAPH'IC, adj. Per- 
taining to graphs, or drawings-to-scale; 
working by drawings-to-scale rather than 
with algebraic tools. 

graphical solution of an equation, f(x) = 0. 
Estimating the real roots from the graph 


of the equation y=f(x). The real roots 
are the values of the variable for which the 
function is zero; hence they are the abscissas 
of the points at which the graph crosses the 
x-axis. See RooT—root of an equation. 

graphical solution of inequalities. Find- 
ing the region in the plane or space where 
the inequality, or inequalities, hold true. 
F.g., (1) x>2 has for its solution all points 
in the region to the right of the line whose 
equation in rectangular coordinates is 
x=2; (2) the inequality x?+y2+z2<1] 
has for its solution all points within the 
sphere x*+ y2+2z2= 1. 


GRAPHING, n. Drawing the graph of an 
equation or the graph representing a set of 
data. See CURVE—curve tracing, and 
below, statistical graphing. 

graphing by composition. A method of 
graphing which consists of writing the given 
function as the sum of several functions 
whose graphs are easier to draw, plotting 
each of these functions, then adding the 
corresponding ordinates. The graph of 
y=ex—sinx can be readily drawn by 
drawing the graphs of each of the equations 
y=ex and y=-—sinx, then adding the 
ordinates of these two curves, which corre- 
spond to the same values of x. Syn. 
Graphing by composition of ordinates. 

Statistical graphing. Representing a set 
of statistics diagrammatically. E.g., (1) a 
curve or broken line may be drawn through 
points whose ordinates represent the sta- 
tistical values obtained at time intervals 
which are indicated on the axis of abscissas. 
(2) Adjoining bars may be drawn, from a 
common line, representing (in length) cer- 
tain statistical values. This is called a bar 
graph. Many other schemes for represent- 
ing statistics diagrammatically are em- 
ployed. The fundamental idea in all of 
them is to enable the reader to study the 
statistics better than he could were they 
presented as a mere collection of numbers. 
See GRAPH—bar graph, broken line graph, 
and FREQUENCY—normal frequency curve. 


GRAV'I-TA’TION, 7. law of universal 
gravitation. The law of attraction, formu- 
lated by Newton, in accordance with which 
two particles of masses 77, and mm. interact 
so that the force of attraction is propor- 
tional to the product of the masses and 


Gravitation 


varies inversely as the square of the distance 
between the particles. In symbols, 


mym 
F=k — 
r 


» where r is the distance between 


the particles and k is the universal constant 
of gravitation whose value, determined by 
experiments, in the c.g.s. system of units, is 
6.675 x 10-8 cm.3 per gram sec?. 


GRAV'I-TY, n. acceleration of gravity. 
See ACCELERATION—acceleration of a falling 
body. 

center of gravity. See CENTER—center of 
mass. 


GREAT, adj. great circle. See CIRCLE— 
great circle. 


GREAT’ER, adj. One cardinal number is 
greater than a second when the set of units 
represented by the second is a part of that 
represented by the first, but not conversely; 
one cardinal number is greater than a sec- 
ond if the units of the first can be paired 
one-to-one with a subset of the units of the 
second, but not conversely. E.g., 5 is 
greater than 3, since any set of 5 objects 
contains a set of 3 objects, but no set of 
3 objects contains a set of 5 objects. One 
real number is greater than a second when 
the number must be added to the second to 
make them equal is positive; one real num- 
ber is greater than a second when it is to 
the right of the second in the number 
scale: +--+ —4, —3, —2, —1, 0, 1, 2, 3, 4, 
---, Thus 3 is greater than 2 (written 
3>2); and —2>—3, because | must be 
added to —3 to make —2. For ordinal 
numbers « and 8 which have ordinal types 
corresponding to well-ordered sets, « is 
greater than £ if «4S and any set of 
ordinal type 8 can be put into a one-to-one, 
order-preserving correspondence with an 
initial segment of any set of ordinal type a. 
For any numbers A and B, the statements 
‘*A is less than B”’ and *‘B is greater than A”’ 
are equivalent. 


GREAT’EST, adj. greatest common divisor. 
See DIVISOR. 
greatest common measure. 
GREATEST COMMON DIVISOR. 
greatest lower bound. See BOUND. 


Same as 


GREEK ALPHABET. See the appendix. 


Green 


GREEN. Green’s formulas: 


() | [fuvudv+ | [[vu-veav 


= [ fe Ou/on aS; 


(2) [ [fav avs [[ [vw Yoav 


= | [uevjam dS; 


(3) | {[uv»av—[| fo vwav 
— [Jw dv/on—v Ou/én) dS. 


The second of these may be obtained from 
Green’s theorem: 


[| J¥-¢av= [ [e-vas 


by taking ¢ to be u Vv so that V-d= 
uV2v+Vu-Vu. The first is the special 
case of the second with v=u, and the 
third may be obtained from the second by 
permuting uw and v and subtracting. The 
volume integrals are taken over a volume 
which meets the requirements of Green’s 
theorem, while the surface integrals are 
taken over the entire boundary of the vol- 
ume. The symbol éu/én denotes the direc- 
tional derivative of u in the direction of the 
exterior normal to the surface, i.e., eu/dn 
= Vu-v if v is the unit exterior normal. 

Green’s function. For a region R with 
boundary surface S, and for a point Q 
interior to R, the Green’s function G(P, Q) 
is a function of the form G(P, Q)=1/(47r) 
+ V(P), where r is the distance PO, V(P) is 
harmonic, and G vanishes on S. The 
solution U(Q) of the Dirichlet problem can 
be represented in the form 


u(a)=- [| se) © op. 


Green’s functions, Neumann’s functions, 
and Robin’s functions are sometimes called 
Green’s functions of the first, second, and 
third kinds, respectively. See BOUNDARY— 
first boundary value problem of potential 
theory (the Dirichlet problem). 

Green’s theorem. (1) Jn the plane: Let 
R be a finite region in the plane and C its 
boundary. Then the /ine integral of P dx 
+ Q dy around C in a direction such as to 
keep the interior of R always on the left is 


Green 


oP 


— 7» 


dQ 
x oy 

provided P, Q, and these partial derivatives 
are continuous and single-valued through- 
out Rand C. This is the special case of 
Stokes’ theorem when the surface lies in 
the x-y plane. (2) Jn space: Let V be a re- 
gion of space and S be its boundary. Then 
the integral of P dy dz+ Q dx dz+ R dx dy 
over S is equal to the integral over V of 
(G+E+s) provided P, Q, R, and 
these partial derivatives are single-valued 
and continuous throughout V and S. In 
vector notation, with F= Pi+ Qj+ Rk, this 


© [[ rvase [ff vray 


where v is the unit vector normal to dS 
and pointing out of V and V-F is the 
divergence of F. See above, Green’s formu- 
las. It is necessary to restrict the region 
Rin (1) and Vin (2). A sufficient restric- 
tion on R is that it can be divided into a 
finite number of regions such that the 
boundary of each region can be divided 
into two curves y=f,(x) and y=/,(»), 
and also into two curves x=g,(y) and 
x=g2(y), where f}, f2, g; and gz are con- 
tinuous and single-valued. The analogous 
condition for V is also sufficient. Syn. 
Divergence theorem, Gauss’ theorem, 
Ostrogradski’s theorem. 


equal to the integral over R of 


GREGORY-NEWTON FORMULA. A 
formula for interpolation. If xo, x1, Xo, x3 
- are successive values of the argument, 
and yo, ¥1, ¥2,¥3,°°° the corresponding 
values of the function, the formula is: 


y= Yor kay Ag? 
k(k—1)(k—2 
ieee ee 


Where kK=(x—.X%p)/(X,;—Xp), xX (the value 
of the argument for which py is being com- 
puted) lies between xp and x, 


Aop=y¥1—-Yos 
Ao? =y2—2y1+ Yo, 
Ay? = ¥3—3y2+ 3¥1—- Yo, 
etc., the coefficients in A,” being the bi- 


nomial coefficients of order n. If all the 
terms in the formula except the first two 
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are dropped, the result is the ordinary in- 
terpolation formula used with logarithmic 
and trigonometric tables and in approxi- 
mating roots of an equation, namely 


y=Yot [(x— Xo)/(x1 — Xo) (1 — Yo). 


(This is, incidentally, the two-point form 
of the equation of a straight line.) 


GROSS, adj.,n. Twelve dozen; 12x 12. 

gross capacity, price, profit, etc. The 
totality before certain parts have been de- 
ducted to leave the balance designated by 
the term net. E.g., the gross profit is the 
sale price minus the initial or first cost. 
When the overhead charges have been de- 
ducted the remainder is the net profit. 

gross premium. See PREMIUM. 

gross tonnage. See TONNAGE. 


GROUP, n. A set of elements subject to 
some rule of combination (usually called 
multiplication) such that: (1) the product 
of any two elements (alike or different) is 
unique and is in the set; (2) the set con- 
tains a unique element (called the identity 
or unit element) such that its product with 
any element, in either order, is again that 
same element; (3) for every element in the 
set there is an element (called the inverse) 
such that the product of the two, in either 
order, is the identity element; (4) the asso- 
ciative law holds. The number of elements 
in a group is called its order. The cube 
roots of unity form a group under ordinary 
multiplication. The positive and negative 
integers and zero form a group under ordi- 
nary addition, the identity being zero and 
the inverse of an element its negative. A 
group is Abelian (or commutative) if (in 
addition to the four assumptions listed 
above) it satisfies the commutative law. 
I.e., ab=ba, where a and b are any two 
elements of the group. Any groups for 
which all elements are powers of one 
element is said to be cyclic. A cyclic group 
is necessarily Abelian. The cube roots of 
unity form a cyclic, Abelian group. A 
group containing only a finite number of 
elements is said to be a finite group; other- 
wise it is an infinite group (the set of all 
integers, with ordinary addition, is an 
infinite group). The number of elements 
in a finite group is called the order of the 
group (see PERIOD—period of an element of 
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a group). A group whose elements are 
elements of another group (and subject to 
the same rule of combination in both 
groups) is a subgroup of the latter. The 
group consisting of the cube roots of unity 
is a subgroup of the group consisting of the 
sixth roots of unity, the combination opera- 
tion being ordinary multiplication. The 
product of any two elements within a sub- 
group is in the subgroup, but the product 
of one within the subgroup by one not in 
it is not in the subgroup. 

alternating group. A group consisting of 
all even permutations on 7 objects. See 
PERMUTATION—permutation group. 

composite group. See belcw, simple 
group. 

direct product of groups. See PRODUCT— 
direct product of groups. 

free group. See FREE—free group. 

full linear group. The full linear group 
(of dimension n) is the group of all non- 
singular matrices of order m with complex 
numbers as elements and matrix multipli- 
cation as the group operation. 

fundamental group. See FUNDAMENTAL. 

group character. See CHARACTER. 

group Without small subgroups. A topo- 
logical group for which there is a neighbor- 
hood U of the identity such that the only 
subgroup completely contained in U is the 
subgroup consisting of the identity alone. 

invariant subgroup. See INVARIANT—in- 
variant subgroup. 

Lie group. See LIE. 

modular group. See MODULAR. 

normal divisor or subgroup of a group. 
See INVARIANT—invariant subgroup of a 
group. 

order of a finite group. See above, 
GROUP. 

perfect group. See COMMUTATOR. 

permutation group. See PERMUTATION— 
permutation group. 

quotient (or factor) group. See QUOTIENT 
—dquotient space. 

real linear group. The real linear group 
(of dimension 7) is the group of all nonsin- 
gular matrices of order n with real numbers 
as elements and matrix multiplication as 
the group operation. See above, full linear 
group. 

representation of a group. See REPRE- 
SENTATION. 

semigroup. See SEMI. 
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simple group. A group that has no in- 
variant subgroups other than the identity 
alone and the whole group. A group which 
is not simple is called composite. 

solvable group. A group that contains 
a sequence of invariant subgroups, begin- 
ning with itself and ending with the iden- 
tity, such that: (1) Each invariant subgroup 
is contained in the preceding one; (2) the 
quotient of the order of any one of the 
invariant subgroups by the order of the 
following one is a prime integer. 

symmetric group. A group of all permu- 
tations on nv letters. See PERMUTATION— 
permutation group. 

topological group. See TOPOLOGICAL— 
topological group. 


GROUPING TERMS. A method of fac- 
toring consisting of rearranging terms, 
when necessary, inserting parentheses, and 
taking out a factor; e.g., 


x3+4x2-—8—2x=x3+4x2-—2x~-8 
= x*(x+4)—2(x+4) 
= (x*—2)(x+ 4). 


GROWTH, adj. growthcurve. (Statistics.) 
A curve designed to indicate the general 
pattern of growth of some variable. These 
are of several types. See GOMPERTZ CURVE, 
and LoGistic—logistic curve. 


GU-DER-MANN’I-AN, 7. The function 
u of the variable x defined by the relation 
tanu=sinh x; u and x also satisfy the 
relations cos u=sech x and sin uv=tanh x. 
The Gudermannian of x is written gd x. 


GY-RA’TION, n. radius of gyration. See 
RADIUS. 


H 


HAAR. Haar measure. See MEASURE— 
Haar measure. 


HADAMARD. Hadamard’s conjecture. 
The wave equation for 3,5,---+ space 
dimensions satisfies Huygens’ principle, 
while that for 1 or an even number of space 
dimensions does not. Hadamard’s conjec- 
ture is that no equation essentially different 
from the wave equation satisfies Huygens’ 
principle. See HUYGENS’ PRINCIPLE. 


Hadamard 
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Hadamard’s inequality. For a determi- 
nant of order n and value D, with real or 
complex elements a;;, the inequality 


n n 
IDi2S][C> layl®.- 
i=1 j=l 
Hadamard’s three-circle theorem. The 
theorem that if the complex function f(z) is 
analytic in the ring a<|z|<b, and m(r) 
denotes the maximum of |f(z)| on a con- 
centric circle of radius r in the ring, then 
log m(r) is a convex function of log r. The 
name of the theorem, coined by Landau, 
reflects the fact that three radii are needed 
in order to express the convexity inequality. 
The result has been extended by Hardy to 
mean-value functions mr) of arbitrary 
nonnegative order ¢, of which the maximum- 
value function m(r) is the limiting case as 
f—> +o, 


HAHN-BANACH THEOREM. Let L be 
a linear subset contained in a Banach space 
B. Let fbe a real-valued continuous linear 
functional defined on LZ. Then there is a 
real-valued continuous linear functional F 
defined on all of B such that f(x)= F(x) if 
x is in ZL and the norm of fon L is equal to 
the norm of F on B. If B is a complex 
Banach space, then fand F can be complex- 
valued. See CONJUGATE—Cconjugate space. 


HALF, adj. half-angle formulas of plane 
trigonometry. See TRIGONOMETRY. 

half-angle and half-side formulas of 
spherical trigonometry. See TRIGONO- 
METRY. 

half-line. A line terminated by a point 
in one direction and extending indefinitely 
(without limit) in the opposite direction. 
Syn. Ray. 

half-plane. The part of a plane which 
lies on one side of a line in the plane. The 
line might or might not be included. 


HAMEL. Hamel basis. If Z is a vector 
space whose scalar multipliers are the 
elements of a field F, then it can be shown 
(using Zorn’s Lemma) that there exists a 
set B of elements of Z (called a Hamel basis 
for L) which has the properties that the 
elements of a finite subset of B are Jinearly 
independent and each element of L can be 
written as a finite linear combination (with 


coefficients in F’) of elements of B. E.g., 
there is a Hamel basis B (necessarily non- 
countable) for the real numbers regarded 
as a factor space with rational numbers as 
scalar multipliers; each real number x can 


n 
be written as > aida; in exactly one way, 


with the a;’s rational and the b,, Ss in B. 


HAMILTON. MHamilton-Cayley theorem. 
The theorem that every matrix satisfies its 
characteristic equation. See CHARACTERIS- 
TIc—characteristic equation of a matrix. 
Hamiltonian. (1) In classical particle 
mechanics, a function of n generalized co- 
ordinates gq; and momenta p; commonly 
symbolized by H and defined by 


n 
H=> pigi-L, 
i=1 
where p; is the generalized momentum 
associated with q; (p; = @L/éq;), q; is the first 
time derivative of the ith generalized co- 
ordinate, L is a Lagrangian function. If the 
Lagrangian function does not contain the 
time explicitly, H is equal to the total energy 
of system. A satisfies the canonical equa- 
tions of motion 


ot =g, = -p; i=1,+++,) 

Op; (fe) oq; rf 3 ’ . 

(2) In quantum theory, an operator H which 
gives the equation of motion for the wave 
function % in the form 


Ot 
anh 7 7 HY. 


Hamilton’s principle. The principle that 
over short intervals of time, and in a 
conservative field of force, a particle moves 
in such a way as to minimize the action 


t 
integral | “(T—U)dt, where T=4m%qj-4; 
iN 


denotes kinetic energy and U= U(q, q2, q3) 
is the potential function satisfying mdg;= 
—U,,. Thus (in a conservative field of 
force) trajectories are extremals of the 
action integral. 


HAN’DLE, 7. handle of a surface. See 
GENUS—genus of a surface. 


Hankel 


HANKEL. Hankel function. A function 
of one of the types 


i 


H(2)=—*— fem,(2)— 1-0) 
= Jy(2)+ iNq(2) 
H2Q)=——— [err J,(2)—I_,(2)] 


=J,(z)— iN, (2), 


where J, and N, are Bessel and Neumann 
functions (limits of these expressions are 
used when n7 is a nonzero integer). The 
Hankel functions are solutions of Bessel’s 
differential equation (if n is not an integer). 
Both H{” and H are unbounded near 
zero; they behave exponentially at 00 (like 
e and e7', respectively). Also called 
Bessel functions of the third kind. 


HAR-MON’IC, adj. damped harmonic 
motion. The motion of a body which 
would have simple harmonic motion except 
that it is subjected to a resistance propor- 
tional to its velocity. The equation of mo- 
tion is 

x=ae~' cos (kt+¢). 


The exponential factor continuously re- 
duces the amplitude. The differential 
equation of the motion is 


dx dx 
Bee Ss DAD PO Op, 
Wr (c2+k2)x—2c i 


harmonic analysis. The study of the 
representation of functions by means of 
linear operations (summation or integration) 
on characteristic sets of functions; in par- 
ticular, the representation by means of 
Fourier series. 

harmonic average. See AVERAGE. 

harmonic conjugates of two points. See 
CONJUGATE—harmonic conjugates with 
respect to two points. 

harmonic division of a line. A line seg- 
ment is said to be divided harmonically 
when it is divided externally and internally 
in the same ratio. See RATIO—harmonic 
ratio. 

harmonic function. (1) A _ function 
u(x, y) which satisfies Laplace’s equation in 
two variables: 


024 n Ou 
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Some kind of regularity condition is 
usually assumed, such as that uw has con- 
tinuous partial derivatives of the first and 
second order in some given region. Two 
harmonic functions u and v are said to be 
conjugate harmonic functions if they satisfy 
the Cauchy-Riemann partial differential 
equations; i.e., if and only if u+iv is an 
analytic function (it is assumed here that u 
and v have continuous first-order partial 
derivatives). The conjugate of a harmonic 
function can be found by integration, using 
the Cauchy-Riemann equations. (2) A 
solution u(x, y, z) of Laplace’s equation in 
three variables: 
Cu Cu eu 0 
Gy Oph oe” ; 

Some kind of regularity condition is 
usually assumed, such as that wu has 
continuous partial derivatives of the first 
and second order in some given region. 
(3) Sometimes a _ function of type 
A-cos (kt+¢) or A-sin (kt+¢) is called a 
harmonic function, or a simple harmonic 
function (see below, simple harmonic 
motion). Then a sum such as 3 cos x+ 
cos 2x+7sin2x is called a compound 
harmonic function. 

harmonic mean between two numbers. 
Denoted by H. M. The middle term of 
three successive terms in an harmonic pro- 
gression; the reciprocal of the arithmetic 
mean of their reciprocals; e.g., the harmonic 
mean between 1 and } is the reciprocal of 
the arithmetic mean between ! and 3, 
which is 4. Stated algebraically, the 
H. M. between a and 5 is the reciprocal of 
4(1/a+1/b), which its 2ab/(a+ 6). 

harmonic mean of n numbers. The re- 
ciprocal of the arithmetical mean of their 
reciprocals. The harmonic mean of a, ao, 
Q3,°°*, An is [((a,-!'+ ay 1+a,-1+ OPE 
a, ')/n\"'. 

harmonic progression. A sequence of 
quantities whose reciprocals form an arith- 
metic progression; denoted by H. P. In 
music, Strings of the same material, same 
diameter, and the same tension, whose 
lengths are proportional to the terms in a 
harmonic progression, produce harmonic 
tones. The sequence 1, 4,4,---, I/n,---, 
is an harmonic progression. 

harmonic ratio. See RATIO—harmonic 
ratio. 


Harmonic 


harmonic series. See SERIES. 

simple harmonic motion. Motion like 
that of the projection upon a diameter of a 
circle of a point moving with uniform 
speed around the circumference; the motion 
of a particle moving on a straight line 
under a force proportional to the particle’s 
distance from a fixed point and directed 
toward that point. If the fixed point is 
the origin and the x-axis the line, the ac- 
celeration of the particle is —k2x, where k 
is a constant. J.e., the equation of motion 
of the particle is 


dex _ 
dt2 


The general solution of this equation is 
x=acos(kt+¢). The particle moves 
back and forth (oscillates) between points 
at a distance a on either side of the origin. 
The time for a complete oscillation is 
27/k. The distance a is called the ampli- 
tude and 2z7/k the period. The angle 
@+kt is called the phase and ¢ the initial 
phase. 

spherical harmonic. A _ spherical har- 
monic of degree n is an expression of type 


—k2x, 


n 
r™{a,P,(cos 6) + » [a™ cos md 
m= {| 


+ b™ sin md] P™ (cos 6)}, 


where P,, is a Legendre polynomial and P" 
is an associated Legendre function. Any 
spherical harmonic is a homogeneous poly- 
nomial of degree n in x, y, and z and isa 
particular solution of Laplace’s equation 
(in spherical coordinates); any solution of 
Laplace’s equation which is analytic near 


the origin is the sum of an infinite series 
ie 6) 


> H,, where H,, is a spherical harmonic of 
0 


degree n. 
surface harmonic. A surface harmonic of 
degree n is an expression of type 


a, P,, (cos 0)+ > [a™ cos md 
m= | 


+ b™ sin md]P™ (cos 8), 


where P, is a Legendre polynomial and Py 
is an associated Legendre function. A 
surface harmonic of type (cos md) P™(cos @) 
or (sin md)P™cos @) is called a tesseral 
harmonic if m<n, a sectoral harmonic if 
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Heine-Borel Theorem 


m=n, and is a solution of the differential 
equation 


1 <c/. oy 1 oy 
sno 26 (80 85) + sang oe 
A tesseral harmonic is zero on n-m 
parallels of latitude and 2m meridians (on 
a sphere with center at the origin of spheri- 
cal coordinates); a sectoral harmonic is 
zero along 2m meridians (which divide the 
surface of the sphere into sectors). 

zonal harmonic. <A function P,, (cos 6), 
where P,, is the Legendre polynomial of 
degree n. The function P,(cos @) is zero 
along 7 great circles on a sphere with center 
at the origin of a system of spherical 
coordinates (these circles pass through the 
poles and divide the sphere into n zones). 
See above, spherical harmonic. 


+n(n+ 1l)y=0- 


HARVARD MARK I, IT, HI, IV. Certain 
automatic digital computing machines 
built at Harvard University. 


HA’VER-SINE, 1. See TRIGONOMETRIC— 
trigonometric functions of an acute angle. 


HEAT, adj., n. heat equation. The para- 
bolic second-order partial differential equa- 
tion 

ou_k (eu Gu ru 

et cp (2 ay? a 


where u=u(x, y, z; t) denotes temperature, 
(x, ¥, Z) are space coordinates, and f¢ is 
the time variable; the constant A is the 
thermal conductivity of the body, c its 
specific heat, and p its density. 


HEINE-BOREL THEOREM. If an in- 
finite set M of intervals is such that each 
point of a given closed and bounded in- 
terval / is an interior point of at least one 
of the intervals of M, then there exists a 
finite number of intervals of M such that 
each point of J is an interior point of one 
of the intervals of this finite set. Adbstractly 
(for metric spaces or topological spaces 
satisfying the second axiom of count- 
ability): If Eis closed and compact and M 
an aggregate of open sets such that every 
element of E belongs to at least one of the 
sets of M, then there exists a finite number 
of sets of M such that each point of E 
belongs to at least one of these sets. In 


Heine-Borel Theorem 


this form, the theorem is frequently called 
the Borel-Lebesgue theorem. 


HEL’I-COID, n. A surface generated by 
a plane curve or a twisted curve which is 
rotated about a fixed line as axis and also 
is translated in the direction of the axis in 
such a way that the ratio of the two rates 
is constant. A helicoid can be represented 
parametrically by equations x=wucos v, 
y=usinv, z=f(u)+mv. For m=0, the 
helicoid is a surface of revolution; and 
for f(u)=const., the surface is a special 
right conoid called a right helicoid. See 
below, right helicoid. 

right helicoid. A surface that can be 
represented parametrically by the equa- 
tions x=ucosv, y=usinv, z=muv. It is 
Shaped rather like a propeller screw. If 
u is held fixed, 140, the equations define 
a helix (the intersection of the helicoid 
and the cylinder x*+ y2=u?). The right 
helicoid is the one and only real ruled 
minimal surface. 


HE’LIX, ». A curve which lies on a 
cylinder or cone and cuts the elements 
under constant angle. See below, circular 
helix, conical helix, and cylindrical helix. 

circular helix. A curve which lies on a 
right circular cylinder and cuts the elements 
of the cylinder under constant angle. 
Its equations, in parametric form, are 
x=asin 6, y=acos 0, z=b0, where a and 
b are constants and @ is the parameter. 
The thread of a bolt may be a circular 
helix. See HELIX. 

conical helix. A curve which lies on a 
cone and cuts the elements of the cone 
under constant angle. 

cylindrical helix. A curve which lies on 
a cylinder and cuts the elements of the 
cylinder under constant angle. Acylindrical 
helix is a circular helix if the cylinder is a 
right circular cylinder. 


HELMHOLTZ. Helmholtz’ differential 
equation. The equation 
iL al RI= E. 
dt 


The equation is satisfied by the current / 
in a circuit which has resistance R and 
inductance L, where E is the impressed or 
external electromotive force. 
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Hermite 


HEM’I-SPHERE, n. A half of a sphere 
bounded by a great circle. 


HEP’TA-GON, 7. A polygon having seven 
sides. A heptagon whose sides are all 
equal and whose interior angles are all 
equal is a regular heptagon. 


HER, x. A game in which one player deals 
one card to his opponent and one to 
himself, at random from an ordinary deck 
of cards. Each looks only at his own card. 
The dealer’s opponent may elect to keep 
his own card or to exchange cards with the 
dealer, except that the dealer is not com- 
pelled to relinquish a king. Thereafter, the 
dealer may elect to keep the card he then 
has or to exchange it for a new card dealt 
from the deck, except that if the new card 
is a king he must keep the card he already 
has. High card wins. This is a game with 
both personal moves and chance moves. 
See MOVE. 


HERMITE. Hermite polynomials. The 
n — x2 

polynomials H,,(x)=(—1)"ex* oe - The 

functions e7/2** H,(x) are orthogonal 


functions on the interval (— «<, <) with 
00 . . = 
{ [e237 H (x) ]2 dx = 2a! Wr. 
mmne,0) 


The Hermite polynomial H,, is a solution 
of Hermite’s differential equation with the 
constant aw=n. For all an, A, (x)= 


2nH,,-\(x) and e%?-(-*)? = > H,(x)t"/n!. 
n= | 


Hermite’s differential equation. The 
differential equation y”—2xy’+2ay=0, 
where a 1S a constant. Any solution of 
Hermite’s equation, multiplied by e7'/2x’, 
is a solution of y’+(1— x74 2a) y=0. 

Hermite’s formula of interpolation. An 
interpolation formula for functions of 
period 27. The formula, which is a 
trigonometric analogue of Lagrange’s 
formula, is 


f(x)= 
f(X)) sin (x— x2) +--+ sin (x—X,) 


' free 
sin (x; —X2)-- + sin (x; —x,) 


to mn terms. See LAGRANGE—Lagrange’s 
formula of interpolation. 


Hermitian 


HERMITIAN, adj. Hermitian conjugate 
of a matrix. The transpose of the complex 
conjugate of the matrix. Called the adjoint 
of the matrix by some writers on quantum 
mechanics. Syn. Associate matrix. See 
ADJOINT—adjoint of a transformation. 
Hermitian form. A bilinear form in con- 
jugate complex variables whose matrix is 
Hermitian; an expression of the form 


n 
>, ajxiX;, 


i,j=1 


where aj;;=4;;. See TRANSFORMATION— 
conjunctive transformation. 

Hermitian matrix. A matrix which is its 
own Hermitian conjugate; a square matrix 
such that a;; is the complex conjugate of 
a;; for alli and j, where a;; is the element in 
the ith row and /th column. 

Hermitian transformation. For bounded 
linear transformations (which include any 
linear transformation of a finite-dimen- 
sional space), same aS SELF-ADJOINT TRANS- 
FORMATION, OF SYMMETRIC TRANSFORMATION 
(see SELF, and SYMMETRIC). For unbounded 
linear transformations, Hermitian usually 
means self-adjoint. 

skew Hermitian matrix. A matrix which 
is the negative of its Hermitian conjugate; 
a square matrix such that a,; is the com- 
plex conjugate of —a,; for all and j, where 
a;; is the element in the ‘th row and jth 
column. 


HERON’S FORMULA. Same as HERO’S 
FORMULA. The latter name is usually given 
to it. 


HERO’S FORMULA. A formula express- 
ing the area of a triangle in terms of the 
sides, a, b,c. It is 


A=V5s(s—a\(s— b\(s—c), 


where s=3}(a+b+ c). Named after Heron, 
who was sometimes called Hero. 


HES’SI-AN, ”. For a function f(x, x2, 
+++) x,) Of n variables, the Hessian of f is 


the nth-order determinant whose element 
92 


in the ‘th row and /th column is —: 
OX; OX; 


The Hessian is analogous to the second 
derivative of a function of one variable, as 
a Jacobian is analogous to the first deriva- 
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Hilbert 
tive. E.g., the Hessian of a function f(x, y) 


1S 
O2f a2f ( o2f ) 
0x2 y2 \ax dy)’ 


which is useful in determining maxima, 
minima, and saddle points (see MAXIMUM, 
and SADDLE—saddle point). 


HEX’A-GON, n. A polygon of six sides. 
regular hexagon. A hexagon whose sides 
are all equal and whose interior angles are 
all equal. 
simple hexagon. Six points, no three of 
which are collinear, and the six lines deter- 
mined by joining consecutive vertices. 


HEX-AG’O-NAL, adj. hexagonal prism. 
A prism having hexagons for bases. See 
PRISM. 


HEX’A-HE’DRON, 7. A polyhedron hav- 
ing six faces. 

regular hexahedron. 
regular polyhedron. 


See POLYHEDRON— 


HIGH’ER, adj. higher plane curve. An 
algebraic curve of degree higher than the 
second. Sometimes includes transcendental 
curves. 


HIGH’EST, adj. highest common factor. 


Same aS GREATEST COMMON DIVISOR. See 
DIVISOR. 

HILBERT. Hilbert parallelotope. See 
PARALLELOTOPE. 


Hilbert-Schmidt theory of integral equa- 
tions with symmetric kernels. A_ theory 
built on the orthogonality of eigenfunctions 
corresponding to distinct eigenvalues. 
Some characteristic results are: (1) K(x, f) 
has at least one eigenvalue, all eigenvalues 
are real, and ¢,(x) and ¢.(x) are orthogonal 
if they are eigenfunctions corresponding 
to unequal eigenvalues; (2) there is an 
orthonormal sequence of eigenfunctions 
d(x) corresponding to the eigenvalues A; 
(not necessarily all distinct) such that 


hd . b,(x)pp(1) 
(a) uz ee 
for aSx=b, aXtsb, then it is equal to 


is uniformly convergent 


Hilbert Hodograph 
K(x, ft), (b) if for the function f(x) there is integer m there are n elements x,,---, x, 
a continuous function g(x) such that such that a,x);+@ox.+ +--+ +a,x,=90 is 


b 
fod= | K(x, Dg(O dt, 
then : 


x)= Dd aidilr), 
where ~ 


2 


b 
Mai=| edn dt, 
q 
the series converging absolutely and uni- 
formly; (4) if f(x) is continuous and A is 


not an eigenvalue, then 
b 
A(x) =f (x) +A | K(x, 1)0(t) dt 


has a unique continuous solution 6(x) 
given by 


A(x) =f (x) 
co 1 4 
A A. —A n d n ’ 
r 2 lal F(DPAD il (x) 


the series being absolutely and uniformly 
convergent; (5) if A is an eigenvalue, there 
is a solution if, and only if, f(x) 1s orthogo- 
nal to each eigenfunction corresponding to 
A and the solution is given by the above 
(with the terms for which A,=A omitted) 
plus any linear combination of these eigen- 
functions. 

Hilbert space. The space H of all se- 


quences x=(x%1, X2,°-+-) of complex num- 
io @) 


bers, where > |x;|2 is finite. The sum 
i=] 

x+y is defined as (x;+y1, X2+3¥2,°°°), 

the product ax as (ax;, ax2,--:), and the 

inner product or Hermitian scalar product 


ie @) 
as (x, y)= > X;¥j, Where x=(x1, X2,°**) 


i= 


and y=(y1, ¥2,:°-). Abstractly, Hilbert 
space is a vector space which satisfies the 
postulates: (1) There exists a numerically- 
valued function (x, y) defined for every 
pair of elements and having the properties: 
(ax, y)=a(x, y) for all complex numbers 
a; (x+y, z)=(x, z)+(%, 2); OL Y=, *)5 
(x,x)20 and (x,x)=0 only if x=0. 
(2) The space is separable and complete, 
the norm of an element x being defined as 
(x, x)'/2=||xl| and a neighborhood of x as 
the sphere of all y satisfying ||x—yl|<e for 
some fixed «. (3) The space is ot finite- 
dimensional, meaning that for any positive 


true only when aj, a2,- °°, a, are all zero. 
Any two spaces satisfying these postulates 
are equivalent, i.e., can be put into one-to- 
one correspondence in such a way that the 
correspondence preserves the operations 
of addition and multiplication by complex 
numbers and preserves the inner product 
(x, y). The above space of sequences is 
such a space. Another is the set of all 
complex-valued (Lebesgue) measurable 
functions f defined almost everywhere 
on an interval (a,b) for which |f|2 is 
Lebesgue integrable. Two functions are 
considered identical if they are equal al- 
most everywhere on (a, b); the operations of 
addition and multiplication by complex 
numbers are defined as ordinary addition 
and multiplication; and (f, g) is defined as 


b _ 
| f(x)g(x) dx. If ordinary (Riemann) in- 


tegration is used, all postulates are satisfied 
except that of completeness. A _ space 
satisfying all the postulates except (3) is 
called a unitary space (postulate (2) is then 
necessarily satisfied). It is sometimes not 
assumed that Hilbert space is separable, in 
which case a Hilbert space is equivalent to 
some space of the above type where the 
number of components x, of an element x 
is not necessarily countable. 


HIS’TO-GRAM, n. A graphic representa- 
tion of a frequency function in which the 
several frequencies associated with the 
component intervals comprising the range 
of the variable are indicated by the areas 
of contiguous vertical bars. If the intervals 
are equal the heights serve as an exact 
measure. See FREQUENCY-——frequency dis- 
tribution. 


HITCHCOCK. Hitchcock transportation 
problem. See TRANSPORTATION. 


HOD’O-GRAPH, x. If the velocity vec- 
tors of a moving particle be laid off from a 
fixed point, the extremities of these vectors 
trace out a curve called the hAodograph of 
the moving particle. The hodograph of uni- 
form motion in a straight line is a point. 
The hodograph of uniform motion in a 
circle is another circle whose radius Is equal 
to the speed of the particle. If 5=/(r) is 


Hodograph 


the vector equation of the path of the 
particle, di/dt=/’(t) is the equation of the 
hodograph. 


HOLD’ER, n. (Finance.) The one who 
owns a note, not necessarily the payee 
named in the note. See NEGOTIABLE. 


HOLDER. Hélder’s condition. See Lip- 
SCHITZ—Lipschitz condition. 

Holder’s definition of the sum of a di- 
vergent series. If the series is Xa,, HOlder’s 
definition gives the sum as 


peace Ser eS 
lim s,/= lim —~——_——**, 
nN—> 00 n—»> 00 nN 
where 
n 
5, >= > Qj, 
i=] 
or 
. Sy + -+ 5," 
lim u u > 
H—> 00 n 
where 


1 i 
; 
= Si, 
Sn Fe Z i 

etc. This is the repeated application of the 
process of taking the average of the first 1 
partial sums until a stage is reached where 
the limit of this average exists. This sum 
is regular. 


Holder’s inequality. Either the in- 


equalities 
H n Vpr 2. 1/¢ 
) | aibil<[ > lade] [> lea 
1 ! ] 
or 


@ | elas 
<(J. fea] [fe \g(9 an) 


which are valid if p>1, p+q=pq, and the 
integrals involved exist for the interval or 
region of integration 92. The numbers in 
(1) or the functions in (2) may be real or 
complex. Either of these inequalities is 
easily deduced from the other. If p=q=2, 
they become Schwartz’s inequalities. See 
SCHWARZ, and MINKOWSKI—Minkowski’s 
inequality. 


HOL-O-MOR’PHIC, adj. holomorphic 
function. See ANALYTIC—analytic function 
of a complex variable. 


Homogeneity 


HO’ME-O-MOR’PHISM, 2. 
TOPOLOGICAL TRANSFORMATION. 


Same as 


HO’MO-GE’NE-OUS, adj. homogeneous 
affine transformation. See AFFINE—affine 
transformation. 

homogeneous algebraic polynomial. A 
polynomial whose terms are all of the same 
degree with respect to all the variables taken 
together; x7+ 3xy+4y2 is homogeneous. 

homogeneous coordinates. See COORDI- 
NATE—homogeneous coordinates. 

homogeneous differential equation. See 
DIFFERENTIAL. 

homogeneous equation. An equation 
such that, if it is written with zero as the 
right-hand member, the left-hand member 
is a homogeneous function of the variables 
involved. 

homogeneous function. A function such 
that if each of the variables is replaced by 
t times the variable, ¢ can be completely 
factored out of the function. The power of 
t which can be factored out of the function 
is called the degree of homogeneity of the 
function. The functions § sin x/y+x/y 
and x2 log x/y+y2 are homogeneous. See 
above, homogeneous algebraic polynomial. 

homogeneous integral equation. An in- 
tegral equation which is homogeneous of 
the first degree in the unknown function. 
See FREDHOLM—Fredholm’s integral equa- 
tions, and VOLTERRA—Volterra’s integral 
equations. 

homogeneous solid. (1) A solid whose 
density is the same at all points. (2) A 
solid such that if congruent pieces be taken 
from different parts of it they will be alike 
in all respects. 

homogeneous strains. See STRAIN. 

homogeneous transformation. See TRANS- 
FORMATION—homogeneous transformation. 

solution of homogeneous linear equations. 
See CONSISTENCY—consistency of linear 
equations. 


HO-MO-GE-NE’'I-TY, 7. (Statistics.) (1) 
k populations are homogeneous if the dis- 
tribution functions are identical. (2) Ina 
two-by-two table, the test for homogeneity 
is a test for the equality of the proportions 
in the two classifications. This test is also 
called a test of independence. No interac- 
tion is present if independence exists. 
(3) Equality. 


Homologous 


HO’MOL’O-GOUS, adj. homologous ele- 
ments (such as terms, points, lines, angles). 
Elements that play similar roles in distinct 
figures or functions. The numerators or 
the denominators of two equal fractions are 
homologous terms. The vertices of a poly- 
gon and those of a projection of the 
polygon on a plane are homologous points 
and the sides and their projections are 
homologous lines. Syn. Corresponding. 
Also see HOMOLOGY—homology group. 


HO-MOL’O-GY, adj. homology group. 
Let K be an a-dimensional simplicial 
complex [or a topological simplicial com- 
plex or a complex in a suitable more general 
sense (see COHOMOLOGY—cohomology 
group)] and 7” be the set of all r-dimensional 
cycles of K, defined by use of a group G 
(see CHAIN—chain of simplexes). An 
r-dimensional cycle is homologous to zero 
if it is O or is the boundary of an (r+ 1)- 
dimensional chain of K, while two r-dimen- 
sional cycles are homologous if their 
difference is homologous to zero. The 
commutative quotient group 7’/H", where 
A is the group of all cycles which are 
homologous to zero, is called an r-dimen- 
sional homology group or Betti group. The 
elements of a homology group are therefore 
classes of mutually homologous cycles. 
This definition depends on the particular 
group G whose elements are used as co- 
efficients in forming chains. However, if 
the homology groups over the groups of 
integers are known, the homology groups 
over any group G can be determined. The 
zero-dimensional homology group is iso- 
morphic with the group G. If G is the 
group of integers, the 1-dimensional 
homology group of the torus has two 
generators of infinite order (a small circle 
around the torus and a large circle around 
the “‘hole’’); the 1-dimensional homology 
group of the surface of an ordinary sphere 
contains only the identity (any two 1-cycles 
are homologous, any lI-cycle being a 
boundary of a 2-chain). See FUNDAMENTAL 
—fundamental group. 


HO’MO-MOR’PHISM, 7. A _ corrte- 
spondence of a set D (the domain) with a 
set R (the range) such that each element of 
D determines a unique element of R and 
each element of R is the correspondent of 


Homotopic 


at least one element of D. If R is a subset 
of D, the homorphism is said to be an 
endomorphism. If D and R are topological 
spaces, it is required that the correspon- 
dence be continuous (see CONTINUOUS— 
continuous correspondence of points). If 
operations such as multiplication, addition, 
or multiplication by scalars are defined for 
Dand R, it is required that these correspond 
as described in the following. If Dand R 
are groups (or semigroups) with the 
operation denoted by -, and x corresponds 
to x* and y to y*, then x-y must correspond 
to x*-y*. If Dand R are rings (or integral 
domains or fields) and x corresponds to x* 
and y to y*, then xy must correspond to 
x*y* and x+yto x*+y*. If Dand Rare 
vector spaces, multiplication and addition 
must correspond as for rings and scalar 
multiplication must correspond in the 
sense that if a is a scalar and x corresponds 
to x*, then ax corresponds to ax*. If the 
vector space is normed (e.g., if it is a 
Banach space or Hilbert space), then the 
correspondence must be continuous. This 
is equivalent to requiring that there be a 
number M such that |ix*\||S Mix! if x 
corresponds to x* (a homomorphism of 
normed vector spaces is also a bounded 
linear transformation). See !SOMORPHISM, 
ISOMETRY, and IDEAL. 


HO’MO-SCE-DAS’TIC, adj. (Statistics.) 
Having equal variance. E.g., several dis- 
tributions are homoscedastic if their vari- 
ances are equal. In a bivariate distribution, 
one of the variables is homoscedastic if, for 
given values of the second variable, the 
variance of the first variable is the same 
regardless of the values of the second vari- 
able. In a multivariate distribution, one of 
the variables is homoscedastic if its condi- 
tional distribution function has a constant 
variance regardless of the particular set of 
values of the other variable. 


HO-MO-THET‘IC, adj. homothetic fig- 
ures. Figures so related that lines joining 
corresponding points pass through a point 
and are divided in a constant ratio by this 
point. 

homothetic transformation. See siMILi- 
TUDE—transformation of similitude. 


HOMOTOPIC, adj. See DEFORMATION— 
continuous deformation. 


Hooke 


Hour 


HOOKE. Hooke’s law. The basic law of 
proportionality of stress and strain pub- 
lished by Robert Hooke in 1678. In its 
simple form it states that within elastic 
limits of materials the elongation produced 
by the tensile force is proportional to the 
tensile force. If the elongation is denoted 
by e and the tensile stress by 7, then 
T= Ee, where E is a constant depending 
on the properties of the material. The con- 
stant E is called the modulus in tension. 
This law is found experimentally to be valid 
for many substances when the forces and 
the deformations produced by them are 
not too great. See MODULUS—Young’s 
modulus, and below, generalized Hooke’s 
law. 

generalized Hooke’s law. The law in the 
theory of elasticity asserting that, for suffi- 
ciently small strains, each component of 
the stress tensor is a linear function of the 
other components of this tensor. The co- 
efficients of the linear forms connecting 
the components of these tensors are elastic 
constants. It is known that the general 
elastic medium requires 21 such constants 
for its complete characterization. A homo- 
geneous, isotropic elastic medium is 
characterized by two constants, Young’s 
modulus and Poisson’s ratio. See MODULUS 
—Young’s modulus, and PoIsson—Polis- 
son’s ratio. 


HO-RI'ZON, rn. horizon of an observer on 
the earth. The circle in which the earth, 
looked upon as a plane, appears to meet 
the sky; the great circle on the celestial 
sphere which has its pole at the observer’s 
zenith. See HoUR—hour angle and hour 
circle. 


HOR’I-ZON'TAL, adj. Parallel to the 
earth’s surface looked upon as a plane; 
parallel to the plane of the horizon. Tech. 
In a plane perpendicular to the plumb line. 


HORNER’S METHOD. A method for 
approximating the real roots of an algebraic 
equation. Its essential steps are as follows: 
(1) Isolate a positive root between two 
successive integers (if the equation has 
only negative real roots, transform it to one 
whose roots are the negatives of those of 
the given equation). (2) Transform the 
equation into an equation whose roots are 


decreased by the lesser of the integers be- 
tween which the root lies, by the substitu- 
tion x’=x-—a. The root of the new 
equation will lie between zero and unity. 
(3) Isolate the root of the new equation 
between successive tenths. (4) Transform 
the last equation into an equation whose 
roots are decreased by the smaller of these 
tenths and isolate the root of this equation 
between hundredths. Continue this pro- 
cess to one decimal place more than the 
place to which the answer is to be correct. 
The root sought is then the total amount 
by which the roots of the original equation 
were reduced, namely, the lesser integer, 
plus the lesser tenth, plus the lesser hun- 
dredth, etc., the last decimal being rounded 
off to make the result accurate to the de- 
sired decimal place. Fractions may be 
avoided in locating the roots by transform- 
ing the equation in step (4) to one whose 
roots are ten times as large, and repeating 
the same transformation each time another 
digit in the root is sought. Synthetic divi- 
sion is generally used to expedite the work 
of substituting values for the variable. 
Roots often can be approximated quickly 
after the first step by solving the equation 
obtained by dropping the terms of higher 
degree than the first. See REMAINDER— 
remainder theorem, INTERPOLATION, and 
REGULA FALSI. 


HORSEPOWER. A unit of power; a 
measure of how fast work is being done. 
Several values have been assigned to 
this unit. The one used in England and 
America is the Watts horsepower. It is de- 
fined as 550 foot-pounds per second, at sea 
level and 50° latitude. The Watts horse- 
power is 1.0139 times the French horse- 
power. See rooT—foot-pound. 


HOUR, nn. One twenty-fourth of the 
average time required for the earth to make 
one complete revolution about its axis rela- 
tive to the sun; /.e., one twenty-fourth of a 
mean solar day. See TIME. 

hour angle and hour circle. In _ the 
figure, let O be the place of the observer, 
NESW the circle in which the plane of the 
observer’s horizon cuts the celestial sphere, 
EKW the circle in which the plane of the 
earth’s equator cuts the celestial sphere, 
NS the north-and-south line, and EW the 


Hour 


east-and-west line. The circles NESW and 
EKW are called respectively the astronomi- 
cal horizon and the celestial equator. Z is 
the zenith and P the north celestial pole. 
SZPN is called the celestial meridian or 
meridian of O. Let M be any celestial ob- 
ject, and draw great circles ZR and PL 
which pass through M and are per- 
pendicular to the horizon and the equator, 
respectively. RM is the altitude of M, and 
NR its azimuth. LM is the declination of 


M, and KOL is its hour angle. LP is 
cailed the hour circle of M. If M is north 
of the equator the declination is taken as 
positive; if south, as negative. The hour 
angle is positive if Mis west of the merid- 
lan, negative if it is east of the meridian. 
The hour angle of a celestial object changes 
at the rate of 15° an hour or 360° a day 
(sidereal time), the hour circle passing 
through it appearing to rotate in the oppo- 
site direction to that of the earth, that ts, 
to the west. 
kilowatt-hour. See KILOWATT. 


HULL, n. 
CONVEX. 


convex hull of a set. See 


HUN’DRED, 7. 
PLACE—place value. 


hundred’s place. See 


HUN’DREDTH, adj. hundredth part of a 
number. The quotient of the number and 
100, or zéo times the number. 


HUYGEN’S FORMULA. The length of 
an arc of a circle is approximately equal to 
twice the chord subtending half the arc plus 
one-third of the difference between twice 
this chord and the chord subtending the 
entire arc; or eight-thirds of the chord sub- 
tending half the arc minus one-third of the 
chord subtending the whole arc. 


HUYGENS’ PRINCIPLE. If, for an 
initial-value problem in a space of n 
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dimensions, the domain of dependence of 
each point is a manifold of at most n—1 
dimensions, then the problem is said to 
satisfy Huygens’ principle. See DEPEN- 
DENCE—domain of dependence, HADAMARD 
—Hadamard’s conjecture. 


HY-PER’BO-LA, n. A curve with two 
branches which is a plane section of a cir- 
cular conical surface; the locus of a point 
whose distances from two fixed points, 
called the foci, have a constant difference. 
The standard form of the equation in 
rectangular Cartesian coordinates is 
x2 2 
az bz 

where the hyperbola is symmetric about 
the x- and y-axes and cuts the x-axis in the 
points whose coordinates are (a,0) and 
(—a, 0), as in the figure below. The inter- 
cepts on the y-axis are imaginary. The 
axes of symmetry of the hyperbola are 
called the axes of the hyperbola (regardless 
of whether they coincide with the coordi- 
nate axes). The segment (of length 2a) of 
the axis which cuts the hyperbola is called 
the transverse (real) axis and the conjugate 
axis is the Jine segment of length 2b (as 
illustrated). The line segments a and b 
are called the semitransverse and semi- 
conjugate axes, respectively. (Transverse 
and conjugate axes are also used in speaking 
of the entire axes of symmetry.) If c is the 
distance from the center to a focus, then 
c2=a2+b2 and the eccentricity of the 
hyperbola is c/a. Two hyperbolas are said 
to be similar if they have the same eccen- 
tricity. The extremities of the transverse 
axes are called the vertices of the hyperbola; 
the double ordinate at a focus, ie., the 
chord through a focus and perpendicular to 
the transverse axis, is called a latus rectum. 
See CONIC. 
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asymptote to a hyperbola. See ASyYMpP- 
TOTE. 

auxiliary circle of the hyperbola. See 
below, parametric equations of the hyper- 
bola. 

conjugate hyperbolas. Hyperbolas for 
which the real (transverse) and conjugate 
axes of one are, respectively, the conjugate 
and real axes of the other. Their standard 
equations are x?2/a2— y?/b?=1 and x?/a? 
— y2/b2= —1. They have the same asymp- 
totes. 

diameter of a hyperbola. See DIAMETER 
—diameter of a conic. 

director circle of a hyperbola. See 
DIRECTOR. 

equiangular (or equilateral) hyperbola. 
Same aS RECTANGULAR HYPERBOLA. 

focal (or reflection) property of the hyper- 
bola. The angle formed by the focal 
radii drawn from any point P (see figure) 
on the hyperbola is bisected by the tangent 
line drawn to the hyperbola at P. If the 
hyperbola be constructed from a polished 
strip of metal, a ray of light emanating 
from one focus (F;) is reflected along a line 
whose extension passes through the other 
focus (F}). 


parametric equations of the hyperbola. 
With the origin as center draw two circles 
with radii equal to the semiconjugate and 
semitransverse axes of the required hyper- 
bola (see figure). These are called the 
eccentric circles of the hyperbola. Draw 
OR intersecting the eccentric circle of radius 
OA (the auxiliary circle) in R. Draw a 
tangent line to the auxiliary circle at RK. 
It crosses the x-axis at S. Draw a tangent 
line to the other eccentric circle at L. This 
line intersects ORat QO. Through QandS 
draw lines parallel, respectively, to the x- 
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and y-axes. The intersection of these lines 
gives a point P onthehyperbola. Theangle 
LOQ, designated by 4, is called the eccentric 
angle of the hyperbola. Letting a and b 
represent OA and OB, respectively, we find 
that the rectangular Cartesian coordinates 
of P are x=asec¢, y=btand. These 
equations are called the parametric equa- 
tions of the hyperbola. 


rectangular hyperbola. A hyperbola 
whose major and minor axes are equal. Its 
equation, in standard form, is x*— y?=a?. 
The equations of the asymptotes are y=x 
and y= —x. Syn. Equiangular hyperbola, 
equilateral hyperbola. 


HY’PER-BOL’IC, adj. hyperbolic cylin- 
der. See CYLINDER. 

hyperbolic functions. The functions 
hyperbolic sine of z, hyperbolic cosine of z, 
etc., written sinh z, cosh z, etc. They are 
defined by the relations 


sinh z=4(e7—e~“), cosh z=4(e7+e7%), 


sinh z cosh z 
tanh z=———_ coth z=— ’ 
cosh z sinh z 
1 
sech z=———»_ esch z= ——— 
cosh z sinh z 


The Taylor’s series for sinh z and cosh z 
are 


sinh z= 24+. 23/3!4+2°/S!4+ ++, 
cosh z=14 22/2!4+ 24/414 ---. 


The hyperbolic functions for z real are 
related to the hyperbola in a manner some- 
what similar to the way the trigonometric 
functions are related to the circle. The 
hyperbolic and trigonometric functions are 
connected by the relations: sinh iz=/ sin Zz, 
cosh iz=cosz, tanhiz=itanz, where 
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iz=—1. Some of the properties of the 
hyperbolic functions are: 


sinh (— z)= — sinh z, 
cosh (— z)=cosh z, 
cosh2 z—sinh2 z=1, 
sech2 z+ tanh2 z= 1, 
coth? z—csch? z= 1. 


See EXPONENTIAL—exponential values of 
sin x and cos x. 
hyperbolic logarithms. Another name 
for natural logarithms. See LOGARITHM. 
hyperbolic paraboloid. See PARABOLOID. 
hyperbolic partial differential equation. 
A real second-order partial differential 
equation of the form 


n 
for which the quadratic form > Aig Vi; 1S 
i, j= 

nonsingular and indefinite; i.e., by means of 
a real linear transformation the quadratic 
form can be reduced to a sum of m squares, 
but not all of the same sign. The term is 
often reserved for the case where all but one 
of the squares are of the same sign, although 
this case is also sometimes called normal 
hyperbolic. A typical example is the wave 
equation. See INDEX—index of a quadratic 
form. 

hyperbolic point of a surface. A point 
of the surface at which the total curvature 
is negative; a point at which the Dupin 
indicatrix is a hyperbola. 

hyperbolic (or reciprocal) spiral. A plane 
curve whose radius vector varies inversely 
with the vectorial angle. Its polar equa- 
tion is p?=a, where a is the constant of 
proportionality. It is asymptotic to a 
straight line parallel to the polar axis and 
at a distance a above it. 


Hyperbolic 
Spiral 


inverse hyperbolic functions. The in- 
verses of the hyperbolic functions; written 
sinh-! z, cosh7! z, etc., and read inverse 
hyperbolic sine of z, etc. Also called arc- 
hyperbolic functions. The explicit forms of 
the functions can be derived from the 
definitions of the hyperbolic functions; they 
are 


sinh~! z= log (z+ Vz2+ 1), 
cosh~! z= log (z+ Vz2—1), 


tanh-! z=4 log 4, 


—1 = z+1 
ctnh-! z t log — | 
~ 72 
z 
2 
csch~! z= log i+vite . 


See INVERSE— inverse function. 
Riemann surface of hyperbolic type. See 
TYPE. 


HY-PER’BO-LOID, rn. Certain quadric 
surfaces having a (finite) center and some of 
its plane sections hyperbolas; a term refer- 
ring to the so-called hyperboloids of one 
sheet and of two sheets. 

asymptotic cone of a hyperboloid. See 
ASYMPTOTIC. 

center of a hyperboloid. The point of 
symmetry of the hyperboloid. This is the 
intersection of the three principal planes 
of the hyperboloid. 

confocal hyperboloids. See CONFOCAL— 
confocal quadrics. 

conjugate hyperboloids. See CONJUGATE. 

hyperboloid of one sheet. A hyperbo- 
loid that is cut in an ellipse or hyperbola 
by every plane parallel to a coordinate 
plane. If its equation is written in the 
form 

x2 y2 72 
ath anh 

planes parallel to the xy-plane cut the sur- 
face in ellipses, while planes parallel to the 
xz- or yz-plane cut it in hyperbolas (see 
figure). The surface is a ruled surface. It 
contains two sets of rulings (two families 
of straight lines), and through each point 
of the surface there passes one member of 
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each family. The equation of the two 
families of lines are: 


and 


where p is an arbitrary parameter. The 
product of the two equations in either set 
gives the original equation of the hyper- 
boloid. Therefore the lines represented by 
these sets must lie on the hyperboloid. 


Z 


Wz 


Els 


Either set of rulings is called a set of recti- 
linear generators, since it may be used to 
generate the surface (see RULED—ruled 
surface). A hyperboloid of revolution of 
one sheet is a hyperboloid of one sheet 
whose elliptical sections parallel to the xy- 
plane, when in the position illustrated 
above, are circles. The parameters a and 
b are equal in this case and the surface can 
be generated by revolving the hyperbola, 
x2/q2— z2/c2=1, about the z-axis. 
hyperboloid of two sheets. A _ surface 
whose sections by planes parallel to two of 
the three coordinate planes (see figure) are 


hyperbolas and whose sections by planes 
parallel to the third plane are ellipses, ex- 
cept for a finite interval where there is no 
intersection (the intersection is imaginary). 
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When the surface is in the position illus- 
trated, its equation is of the form x2/a2— 
y?/b2—z2/c*=1. A hyperboloid of revolu- 
tion of two sheets is a hyperboloid of two 
sheets whose elliptical sections are circles. 
The parameters 5 and c (in the equation of 
the hyperboloid of two sheets) are equal in 
this case, and the hyperboloid of revolution 
of two sheets can be generated by revolving 
the hyperbola, x*/a2— y2/c2=1, about the 
X-axis. 
similar hyperboloids. See simMILar. 


HY’PER-GE’O-MET’RIC, adj. hypergeo- 
metric differential equation. The differential 
equation 


d2 | 
x(i — x) at [e—(a+ b+ 1)x] © aby=0. 


When c#1, 2, 3,---, the general solution 
(for |x|<1) is y=c,F(@,b; c; x)+ 
cox!~¢F(a—c+1, b—c+1; 2—c; x), where 
F(a, b; c; x) is the hypergeometric function. 
Syn. Gauss’ differential equation. 

hypergeometric function. For |z|<1, 
the hypergeometric function F(a, b; c; z) is 
the sum of the hypergeometric series (see 
below). This function has an analytic con- 
tinuation which is analytic in the complex 
plane with the line from +1 to +o 
omitted. For |x|>1 and a@—b not an 
integer or zero, the hypergeometric func- 
tion can be expressed in the form: 


F(a, 6b; c; z) 
_1(c)T(a— b) 
~ (6) (a—c) 
F(a, 1\-—c+a;1—b+a; z7') 
I(c)'(6—a) 
Ranero (-P* 

F(b, 1—c+6; l—a+; z7}), 
where z is not real and I(z) is the gamma 
function. See jJAcosi—Jacobi’s polyno- 
mials, and GAuss—Gauss’ differential 
equation. 


hypergeometric series. A series of the 
form 


: ae -++(at+tn—1)b(b+1)-- i 
1+ > (b+n—1)z 
n=] 


(—z)"7x 


- n'ic(c+1)(c+2)---(c+n—1) 


where c is not a negative integer. The 
series converges absolutely for |z|<1. 
A necessary and sufficient condition for it 
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to converge when z=1 is that at+b—c be 
negative (or that its real part be negative 
if it is complex). Also called Gaussian 
Series. See Gauss—Gauss’ differential 
equation. 


HY’PER-PLANE, nr. A subset H of a 
linear space L such that AH contains all x for 
which there are numbers A), A>, - + +, A,, and 
elements h,,/>,---,h, of H, satisfying 
x=XAj;h; and ZA;=1; it is also usually 
required that H be a maximal proper subset 
of this type (see BARYCENTRIC—barycentric 
coordinates). Equivalently, H is a hyper- 
plane if there is a maximal linear subset M/@ 
of ZL such that, for any element / of H, H 
consists precisely of all sums of type x+h 
with x belonging to M. If Z is a normed 
linear space, it is usually required that H be 
closed; this is equivalent to requiring the 
existence of a continuous linear functional 
f and a number c for which 4H is the set of 
all x with f(x)=c. 

hyperplane of support. See SUPPORT— 
plane (and hyperplane) of support. 


HY-PO-CY’CLOID, n. The plane locus of 
a point, P, fixed on a circle which rolls on 
the inside of a given fixed circle. If ais the 
radius of the fixed circle, b the radius of the 
rolling circle, and @ the angle subtended by 
the arc which has contacted the fixed 
circle, the parametric equations of the 
hypocycloid are: 


x=(a—b) cos 6+ bcos [(a— b)0/6], 
y=(a—b) sin 6—b sin [(a— 6)@/5]). 
The criteria for the number of arches is the 


same as for the epicycloid. The hypocy- 
cloid of four cusps (which is the case shown 


in the figure) has the rectangular Cartesian 
equation +734 y/3=a7)3, The hypocy- 
cloid has a cusp of the first kind at every 
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point at which it touches the fixed circle. 
See EPICYCLOID. 


HY-POT’E-NUSE, n. The side opposite 
the right angle in a plane right triangle. 
See TRIANGLE. 


HY-POTH’E-SIS, zn. [p/. hypotheses]. (1) 
An assumed proposition used as a premise 
in proving something else; a condition; 
that from which something follows. See 
IMPLICATION. (2) A proposition held to be 
probably true because its consequences, 
according to known general principles, 
are found to be true. The word has always 
been applied in this sense to the theories of 
the planetary system. (3) (Statistics.) A 
statement specifying a population or dis- 
tribution. It is framed in such a manner 
that it can be denied on the basis of sample 
evidence if the hypothesis is not true. 

admissible hypothesis. (Statistics.) Any 
hypothesis that is regarded as possibly 
true. 

composite hypothesis. (Stfatistics.) <A 
statement which specifies a set of distribu- 
tions by restricting certain or all of the 
parameters to a range. Any nonsimple hy- 
pothesis is composite. 

linear hypothesis. (S‘atistics.) Under 
the assumption that the parameters B; 
satisfy a set of linear relations involving 
xi; i=1,-++ pj j=1,---N) of which the 
x;; are normally and independently dis- 
tributed with equal variances, it is a linear 
hypothesis that there are s equations, 
linearly independent of the preceding set, in 
p(s<p) parameters B;. The first set of 
equations is assumed a priori and the second 
set is subject to testing via the tests of 
a linear hypothesis. £.g., in a linear re- 
gression problem, the linear regression is 
y=f(x), which is a priori true, and the 
hypothesis that the values of the param- 
eters in f(x) are equal to some value (e.g., 
zero) is the hypothesis to be tested. The 
analysis of variance is a special case of the 
general class of tests of linear hypotheses. 

null hypothesis. A particular statistical 
hypothesis usually specifying the popula- 
tion from which a random sample is 
assumed to have been drawn, and which is 
to be nullified if the evidence from the 
random sample is unfavorable to the 
hypothesis, /.e., if the random sample has a 
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low probability under the null hypothesis 
and a higher one under some admissible 
alternative hypothesis. 

simple hypothesis. (S/atistics.) A hy- 
pothesis that specifies the distribution 
exactly. 

test of hypothesis.  (Sratistics.) A 
hypothesis specifying a distribution (in 7 
dimensions) may be tested in the sense that 
randomly obtained observations or evi- 
dence may be evaluated to determine the 
probability of drawing such evidence by 
random sampling methods under the 
assumption that the hypothesis is correct. 
Also called a test of significance. The pos- 
sibility of alternative hypotheses being true 
is implicit in the form of the question. If 
the evidence, or sample, proves to be im- 
probable (to an arbitrary and discretionary 
degree) and if it is probable under other 
alternative admissible hypotheses, one may 
be willing to reject the tested (null) 
hypothesis. The relative frequency with 
which one is willing to erroneously reject 
the tested hypothesis (when in fact it was 
correct) is discretionary, and the relative 
frequency or probability of such rejection 
is called the size of the critical region of 
the test. The critical region constitutes 
that set of samples that leads to rejection 
of the tested hypothesis. The larger this 
size or level, the more probable it is that 
the tested hypothesis will be rejected, when 
it should be so rejected (i/.e., when some 
alternative is the correct hypothesis). The 
probability of rejecting the tested hypo- 
thesis when some alternative is true is 
called the power of the test with respect to 
that alternative. To be discriminatory or 
unbiased a test should have a power with 
respect to alternative hypotheses that is 
greater than the size of the critical region 
(or level of significance). If it is not, 
the test is a biased test. The power of a 
test may be increased by increasing the 
size of the sample, and also by choosing 
that critical region which maximizes the 
power, since not all critical regions have 
the same power with respect to certain 
alternative hypotheses. E£.g., the tested hy- 
pothesis may be that a population of light 
bulbs has an average life length of 2500 
hours in a normal distribution. If some 
alternative is true, say 3000 hours, the ob- 
tained sample may prove to be a possible 
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sample under either hypothesis. A set of 
possible samples must be prescribed in 
advance such that if a sample is observed 
to fall in that set, the tested hypothesis of 
2500 hours will be rejected. Clearly this 
set should be one in which it is as probable 
as possible that a sample will fall if some 
alternative, e.g., 3000 hours, is true. The 
set of samples with means of over 2800 
hours may be selected as that set for which 
there is a probability of .05 of observing a 
sample if the tested hypothesis of 2500 
hours is true. On the other hand, if 3000 
hours is the truth about the mean, the 
probability of getting a randomly drawn 
sample that has a mean of over 2800 hours 
may be .80. Thus the size of the critical 
region, or the level of significance, is .05 
and the power of that region with respect 
to the 3000 alternative hypothesis is .80. 
If it is admitted that the life length may 
be less than 2500 hours, the critical region 
should include samples with means that 
are less than some particular value, 
selected so that the critical region should 
include, e.g., .05 of the possible samples. 
Then the probability of rejecting the 2500- 
hour hypothesis on the basis of this critical 
region will now increase as the truth 
deviates farther in either direction from the 
2500-hour hypothesis. 


HY-PO-TRO’CHOID, n. Same as hypo- 
cycloid, except that the describing point 
may lie within the circle or on the radius 
extended. If A is the distance from the 
center of the rolling circle to the describing 
point, and the other parameters are the 
same as for the Aypocycloid, the parametric 
equations are: 


x=(a-—b) cos 6+hAcos [(a— 6)6/b), 
y=(a—b) sin 8—hA sin [(a—b)6/b]. 
The cases when h is less than 5, or greater 


than 5, are similar to the corresponding 
cases for the trochoid (see TROCHOID). 


I 


I’CO-SA-HE’DRON, 7. 
having twenty faces. 
regular icosahedron. An _ icosahedron 
whose faces are congruent equilateral tri- 
angles and whose polyhedral angles are 


A polyhedron 


Icosahedron 


Iliac 


congruent. See POLYHEDRON—regular poly- 
hedron. 


I-DE’AL, adj.,n. Let R be a set which is 
a ring with respect to operations called 
addition and multiplication (it may also be 
an integral domain, algebra, etc.). A sub- 
set J which is an additive group (or, equiva- 
lently, a subset 7 which is such that x-y 
belongs to 7 whenever x and y belong to /) 
is called a left ideal if cx belongs to J when- 
ever c belongs to R and x belongs to / (it 
is a right ideal if xc belongs to J whenever c 
belongs to R and x belongs to J). Itisa 
two-sided ideal (or simply an ideal) if cx and 
xc belong to J whenever c belongs to R and 
x belongs to/. For any ideal Jin a ring R, 
there is a homomorphism which maps R 
onto the quotient ring R/I. This homo- 
morphism maps each member of / onto 
zero. Also, R/J is isomorphic to the image 
of R under any homomorphism for which / 
is the set of those elements which map onto 
zero. A subset / of a ring is an ideal if 
there is a homomorphism of the ring for 
which / is the set of those elements which 
map onto zero. An ideal is a principal 
ideal if it contains an element such that all 
elements of the ideal are multiples of this 
element. £.g., the set of even integers is a 
principal ideal in the integral domain of all 
integers. The product AB of two ideals A 
and B is the ideal obtained by multiplying 
every member of A by every member of B 
and then forming all possible sums of these 
products. If D is the integral domain of 
all algebraic integers and a prime ideal in 
D is one which is not the ideal / of all 
multiples of 1 and has no factors other than 
itself and 1, then any ideal of D can be 
represented uniquely (except for order of 
the factors) as a product of prime ideals. 
See ALGEBRAIC—algebraic number, MOD- 
ULE, and QUOTIENT—quotient space. 

ideal point. A point at infinity; a term 
used to complete the terminology of certain 
subjects (e.g., projective geometry) so that 
it is not necessary to state exceptions to 
certain theorems. Instead of saying that 
two straight lines in the same plane inter- 
sect except when they are parallel, it is said 
that two straight lines in a plane always 
intersect, intersecting in the ideal point 
being synonymous with being parallel. 
Thus an ideal point is thought of as a direc- 


tion, the direction of a certain set of 
parallel lines. In homogeneous coordinates, 
the ideal points are the points for which 
x3=0; the points (x1, x2, 0), where x, and 
x, are not both zero. The point (x1, x», 0) 
lies on any line whose slope is equal to 
X2/x;. See COORDINATE—homogeneous co- 
ordinates in the plane, and INFINITy—point 
at infinity in the complex plane. 


I-DEM-FAC’TOR, nn. The dyadic ii+ jj+ 
kk, called idemfactor because its scalar pro- 
duct with any vector in either order does not 
change the vector. See DYAD. 


I-DEM’PO-TENT, adj. An idempotent 
quantity is one unchanged under multipli- 
cation by itself. Unity and the matrix 


1 0 0 
0 1 0 
1 0 0 


are idempotent. 


I-DEN’TI-CAL, adj. identical _ figures. 
Figures that are exactly alike in form and 
size; two triangles with three sides of one 
equal to three sides of the other are identi- 
cal. Syn. Congruent. 

identical quantities. Quantities which 
are alike in form as well as value. Quanti- 
ties which form the left and right members 
of an identity are not necessarily identical, 
usually being different in form although 
always having the same values for all 
values of the variables. 


I-DEN’TI-TY, adj., n. A statement of 
equality, usually denoted by =, which is 
true for all values of the variables (with the 
exception of values of the variables for 
which each member of the statement of 
equality does not have meaning) if there be 
any involved (see EQUATION). The two 
quantities which are equated are the same 
except possibly in form. 2+3=5,2x3= 
6, and (x+ y)?=x72+2xy+ y2 are identities. 
The equality sign, =, is quite commonly 
used in place of the identity sign, =. 

identity matrix. See MATRIX. 

Pythagorean identities and other trigono- 
metric identities. See TRIGONOMETRY— 
identities of plane trigonometry. 


ILLIAC. An automatic digital computing 
machine built at the University of Illinois. 


Image 


Implicit 


IM’AGE, 7. 
MAPPING. 
spherical image. See SPHERICAL. 


image of a point. See 


IM-AG’I-NA/RY, adj. imaginary axis. 
See COMPLEX—complex numbers, and 
ARGAND DIAGRAM. 

imaginary curve (surface). A term used 
to provide continuity in speaking of loci of 
equations, the imaginary part of the curve 
(surface) corresponding to imaginary values 
of the variables which satisfy the equation. 
The equation x2+y2+z2=1 has for its 
real locus the sphere with radius one and 
center at the origin, but is also satisfied by 
(1, 1, () and many other points whose co- 
ordinates are not all real. See CIRCLE— 
imaginary circle, ELLIPSE, ELLIPSOID, and 
INTERSECTION. 

imaginary number. See COMPLEX—com- 
plex number. 

imaginary part of a complex number. If 
the complex number z is written in the 
form z=x+iy, where x and y are real, 
then the imaginary part of z is y, written 
I(z)= y, Im(z)= y, or 3(z)=y. 

imaginary roots. Roots of an equation 
or number which are complex numbers 
whose imaginary part is not zero. E.g., 
the roots of x2+x+1=0 are —44+4V3-i. 
See FUNDAMENTAL—fundamental theorem 
of algebra, RooT—root of a number, and 
COMPLEX—complex number. 


IM-BED’, v. See spACE—enveloping space. 


IM GROSSEN. German for IN THE LARGE. 
See SMALL—in the small. 


IM KLEINEN. German for IN THE SMALL. 
See SMALL— in the small. 


IM-ME’DI-ATE, adj. immediate annuity. 
See ANNUITY. 


IM’PLI-CA’TION, 7. A_ proposition 
formed from two given propositions by 
connecting them in the form ‘“J/f--., 
then---.’ The first statement is the 
antecedent (or hypothesis) and the second 
the consequent (or conclusion). An impli- 
cation is true in all cases except when the 
antecedent is true and the consequent is 
false. E.g., the following implications are 
true: “If 2-3=7, then 2-3=8"; “If 2-3=7, 


then 2-3=6”; “If 2-3=6, then 3-4=12.” 
Such a proposition as “If a quadrilateral is 
a square, then it is a parallelogram’”’ can be 
written as ““For any quadrilateral x, if x is 
a square, then x is a parallelogram,” which 
is true, since when x is a specific quadri- 
lateral the expression “‘If x is a square, then 
x is a parallelogram” is a true proposition. 
For propositions p and q, the implication 
“if p, then q’’ is usually written as p — q, or 
p gq, and read “‘p implies gq.” The implica- 
tion p-—»>q has the same meaning as the 
propositions “‘p is a sufficient condition for 
q,” or “‘q is a necessary condition for p.” 
Syn. Conditional statement (or proposi- 
tion). See CONVERSE—converse of an 
implication, and EQUIVALENCE—equivalence 
of propositions. 


IM-PLIC’IT, adj. implicit differentiation. 
See DIFFERENTIATION—implicit differentia- 
tion. 

implicit function. A function defined by 
an equation of the form f(x, y)=0 (in 
general f(x), X5,:+-,X,)=90). Ifyis thought 
of as the dependent variable, f(x, y)=0 is 
said to define y as an implicit function of x. 
Sometimes such equations can be solved 
for y, i.e., written in the form y= F(x). 
When this has been done, y is called an ex- 
plicit function of x. In x+y34+2x2y+ 
xy=0, y is an implicit function of x, while 
in y=x2+1, y is an explicit function of x. 

implicit function theorem. A theorem 
stating conditions under which an equa- 
tion, or a system of equations, can be 
solved for certain dependent variables. 
For a function of two variables, the implicit 
function theorem states conditions under 
which an equation in two variables 
possesses a unique solution for one of the 
variables in a neighborhood of a point 
whose coordinates satisfy the given equa- 
tion. Tech. If F(x, y) and D,F(x, y), the 
partial derivative of F with respect to y, are 
continuous in the neighborhood of the 
point (x9, ¥o) and if F(xo, ¥o)=0 and 
D,F(xo, ¥o) #90, then there is a number 
e > O such that there exists one and only one 
function, y=f(x), which is such that 
Yo=f(xo) and which is continuous and 
satisfies F[x, f(x)]=Ofor |x—xo|<e. Evg., 
the function x2+xy2+y—1 and its partial 
derivative with respect to y, namely, 
2xy+1, are both continuous in the neigh- 


Implicit 


borhood of (1,0), and x2+xy?2+ y—1=0 
while 2xy+ 140 when x=1, y=0. Hence 
there exists a unique solution for y, in the 
neighborhood of (1,0), which gives y=0 
for x=1. That solution is 


_ -14 V1—4x(x?2—1) 
=??? 

The general implicit function theorem states 
conditions under which a system of n+p 
equations in n dependent variables and p 
independent variables possesses solutions 
for the dependent variables in a neighbor- 
hood of a point whose coordinates satisfy 
the given equations. Consider a system of 
n equations between the n+p variables 


U1, U2,°° *, Uny and X15 X2,°° 5 Xp 
namely 
f(x, X2,°° "5 Xp, U4, U2, ’ Un)=9, 
f(x1, X2,°° > Xps Uy, Ud, ’ u,)=90, 
A415 X2,° "> Xp, Uy, U2,° °°; u,) = 0. 


Suppose that these equations are satisfied 
for the values xj=x)°,---,x,=x,°, u1= 
u,°,-++,u,=u,°, that the functions f; are 
continuous in the neighborhood of this set 
of values and possess first partial deriva- 
tives which are continuous for this set of 
values of the variables and, finally, that the 
Jacobian of these functions does not 
vanish for x;=x;°, u,=u,° G=1, 2,---+, Dp; 
k=1,2,---,n). Under these conditions 
there exists one and only one system of 
continuous functions 


u,=$4(x), X25 °° "5 Xp) 
Un= PAX, X2,° °°, Xp) 
defined in some neighborhood of 
(x19, x29, ++ +, Xp") 
which satisfy the above equations and 
which reduce to 
u,°, u,°, me fs u,, for x, =x,°, X2= X29, m8 fy 
—y; 0 
Xp —_— Xp e 
IM-PROP’ER, 


See FRACTION. 
improper integral. 


adj. improper fraction. 
See INTEGRAL. 


IN’CEN’TER, 7. incenter of a triangle. 
The center of the inscribed circle; the inter- 
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Incommensurable 


section of the bisectors of the interior 
angles of the triangle. 


INCH, ». A unit of measure of length, or 
distance; one twelfth of one foot, approxi- 
mately 2.54 centimeters. See DENOMINATE 
NUMBERS in the appendix. 


IN-CIR’CLE, 7. 
CIRCLE. 


Same aS_ INSCRIBED 


IN’CLI-NA’TION, 7. inclination of a line 
in the plane. An angle from the positive 
direction of the x-axis to the line, the angle 
usually being taken to be greater than or 
equal to 0° and less than 180° (see ANGLE 
—angle of intersection. 

inclination of a line in space with respect 
to a plane. The smaller angle the line 
makes with its orthogonal projection in the 
plane. 

inclination of a plane with respect to a 
given plane. The smaller of the dihedral 
angles which it makes with the given plane. 
IN’'COME, 7. income rate. 
Same as YIELD. 

income tax. A tax on incomes (salaries 
or profits), levied by the federal or other 
governments. The tax is determined by 
taking a certain per cent of the remainder 
of the income after certain deductions 
(exemptions) have been made. 


( Finance.) 


IN’COM-MEN’SU-RA-BLE, adj. incom- 
mensurable line segments. Two line seg- 
ments that have no common measure, such 
as the hypotenuse and a leg of an isosceles 
right triangle; two lines whose lengths are 
represented by incommensurable numbers. 

incommensurable numbers. Numbers 
that are not both integral multiples of the 
same number. The numbers V2 and 3 
are incommensurable, for no number ts 
contained in both an integral number of 
times. 


Incompatible 


IN’COM-PAT’I-BLE, adj. incompatible 
equations. Same as INCONSISTENT EQUA- 
TIONS. 


IN’COM-PLETE’, adj. incomplete beta 
and gamma _ functions. See BETA—beta 
function, GAMMA—gamma function. 

incomplete induction. See INDUCTION— 
mathematical induction. 


IN-CON-SIS’TENT, adj. _ inconsistent 
equations. Two (or more) equations that 
are not satisfied by any one set of values of 
the variables; equations that are not con- 
sistent. E.g., x+y=2 and x+y=3 are 
inconsistent. See CONSISTENCY. Syn. In- 
compatible. 


IN-CREAS’ING, adj. increasing function 
of a single variable. A function whose 
value increases as the independent variable 
increases; a function whose graph, in 
Cartesian coordinates, rises as the abscissa 
increases. Ifa function possesses a deriva- 
tive, then the function is increasing in an 
interval if the derivative is non-negative 
throughout the interval, provided the 
derivative is not identically zero in any 
interval. An increasing function is often 
said to be strictly increasing, to distinguish 
it from a monotonic increasing function. 
Tech. A function / is strictly increasing on 
an interval (a, 5) if 


f(y) > fC) 


for any two numbers x and y (of this 
interval) for which x< y. 

increasing premium policy. An insurance 
policy on which the early premiums are 
smaller than the later ones. 

monotonic increasing. See MONOTONIC. 


IN’CRE-MENT, vn. A change in a vari- 
able; an amount added to a given value of 
a variable, usually thought of as a small 
amount (positive or negative). 

increment of a function. The change in 
the function due to changes in the values of 
the independent variables (these changes in 
the independent variables are called in- 
crements of the independent variables and 
may be either positive or negative). If the 
function is f(x) and the change in the in- 
dependent variable, x, is Ax, then the 


Independent 


increment in f(x) is Af=f(x+ Ax)—f(x). 
If f(x) has a derivative, then 


f(x+Ax)—-f(M=f"(~)Ax+ €- Ax, 


where ¢ is an infinitesimal which approaches 
zero as Ax approaches zero; f’(x)Ax is the 
principal part of Af, or the differential of /. 
If u=u(x, y) is a function of x and y, the 
increment of u, written Au, is equal to 
u(x + Ax, y+ Ay)—u(x, y). By the use of 
the mean value theorem for a function of 
two variables this expression can be 
written as the sum (D,uwAx+ D,uAy)+ 
(e,Ax+ e,Ay), where D,u and D,u denote 
the partial derivatives of u with respect to 
x and y respectively, and e«, and e, are 
infinitesimals which approach zero as Ax 
and Ay approach zero, provided there is a 
neighborhood of the point (x, y) in which 
D,u and D,u both exist and one (at least) 
is continuous. The sum of the two terms 
in the first parenthesis is called the principal 
part of Au, or total differential of uv, written 
du= D,udx+ Dyudy. The increments of x 
and y, Ax and Ay, have been written dx 
and dy, in order to avoid confusion of 
notation in the cases v=x and u=y. The 
increments dx and dy are also the differen- 
tials of the independent variables x and y. 
See DIFFERENTIAL. 


IN-DEF'I-NITE, adj. indefinite integral. 
See INTEGRAL— indefinite integral. 


IN’DE-PEND’ENCE, 1. statistical inde- 
pendence. The probability function of x 
and y jointly, f(x, y), is equal to f(x) times 
f(y) if, and only if, x and y are statistically 
independent. For any number of variables, 
X1,°°°; X,, 1f the joint probability is the 
product of the several probability functions, 
then the variables are all statistically in- 
dependent. Independent variables are 
noncorrelated, but not necessarily con- 
versely. 

stochastic independence. Same as STA- 
TISTICAL INDEPENDENCE. 


IN’DE-PEND’ENT, adj. independent 
equations. A system of equations such 
that no one of them is necessarily satisfied 
by a set of values of the independent vari- 
ables which satisfy all the others. See 
CONSISTENCY. 

independent events. See EVENT. 


Independent 


independent functions. A set of func- 


tiONS U4, Uo, °° + Uy, Where x1, X2,°-* xX, are 
the independent variables, such that there 
does not exist a relation F(u, uo, +++, up) 


=0, where not all oF/du; are identically 
zero. The functions are independent if and 
only if the Jacobian 


Duy, Ux,°° ", Un) 
D(x, XQ, °° % Xn) 


does not vanish identically provided not 
all of 0F/éu; vanish at any point under 
consideration and u; have continuous first 
partial derivatives. The functions 2x+3y 
and 4x+6y+8 are dependent, since 4x+ 
6y+ 8=2(2x+3y)+8. The functions 


Wy=2x+3y4+72Z w=xX+y-zZ 


and u3=x+y, are independent. Their 
Jacobian does not vanish; it is 
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1 1 -!I 
1 1 0 


which equals — 1. 
independent variable. See FUNCTION. 
linearly independent quantities. Quanti- 
ties which are not linearly dependent. See 
DEPENDENT—linearly dependent. 


IN'DE-TER’MI-NATE, adj.  indetermi- 
nate equation. See EQUATION—indetermi- 
nate equation. 

indeterminate forms. Expressions of the 
type O— 0, 0/0, 00/00, Q- 0, 00°, 0°, Ll, 
which are undefined. These may arise 
from replacing different members of com- 
posite functions by their limits before 
combining the members properly. The 
correct procedure is to find the limits of the 
difference, quotient, etc., not the difference, 
quotient, etc., of the limits. See L’HosPI- 
TAL’S RULE. 


IN’DEX, x. [p/. indices]. A number used 
to point out a specific characteristic or 
operation. 

contravariant and covariant indices. See 
TENSOR. 

dummy (or umbral) index. See SUMMA- 
TION—summation convention. 

free index. See SUMMATION—sSummation 
convention. 

index of a matrix. See below, index of a 
quadratic form. 


Indicatrix 


index of a point relative to a curve. See 
WINDING—winding number. 

index of precision. The constant / in 
the normal frequency (probability) curve, 
y= Ke-W\x-A)*, See FREQUENCY— normal 
frequency curve. 

index of a quadratic form. The number 
of positive terms when the quadratic form 
is reduced to a sum of squares by means of 
a linear transformation. Likewise, the in- 
dex of a Hermitian form is the number of 
terms with positive coefficients when the 


n 
form is reduced to the type > a;z;z; by 

i=1 
means of a linear transformation. See 
TRANSFORMATION—Ccongruent transforma- 
tion, conjunctive transformation. Analo- 
gously, the index of a symmetric or of a 
Hermitian matrix is the number of positive 
elements when it is transformed to diagonal 
form. For forms or matrices, the number 
of positive terms diminished by the number 
of negative terms is called the signature. 

index of a radical. An integer placed 

above and to the left of a radical to indicate 


what root is sought; e.g., V/64=4. The 
index is omitted when it would be 2; Vx 


rather than Vx indicates the square root 
of x. 
index of refraction. See REFRACTION. 
index of a subgroup. The quotient of 
the order of the group by the order of the 
subgroup. See GROUP. 


IN’DI-CA’TOR, n. indicator diagram. A 
diagram in which the ordinates of a curve 
represent a varying force, the abscissas the 
distance passed over, and the area beneath 
the curve the work done. 

indicator of an integer. See EULER— 
Euler’s ¢-function. 


IN’DI-CA’TRIX, 7. binormal indicatrix of 
a space curve. The locus of the extremities 
of the radii of the unit sphere parallel to 
the positive directions of the binormals of 
the given space curve. See INDICATRIx— 
spherical indicatrix of a space curve. Syn. 
Spherical indicatrix of the binormal to a 
space curve. 

principal normal indicatrix of a space 
curve. The locus of the extremities of the 
radii of the unit sphere parallel to the posi- 
tive directions of the principal normals of 


Indicatrix 


Inequality 


the given space curve. Syn. Spherical in- 
dicatrix of the principal normal to a space 
curve. 

spherical indicatrix of the principal nor- 
mal to a space curve. See above, principal 
normal indicatrix of a space curve. 

spherical indicatrix of a ruled surface. 
The intersection of the director cone of the 
ruled surface with the unit sphere, when 
the vertex of the cone is at the origin. See 
DIRECTOR—director cone of a ruled surface. 

spherical indicatrix of a space curve. 
The curve traced out on a unit sphere by 
the end of a radius which ts always parallel 
to a tangent that moves along the curve. 
If the curve is a plane curve, its spherical in- 
dicatrix lies on a great circle of the sphere. 
Hence, the amount of deviation of the 
spherical indicatrix from a great circle gives 
some idea of the amount of deviation of 
the curve from being a plane curve, i.e., 
of the amount of torsion of the curve. 
Syn. Spherical representation of a space 
curve. See above, principal normal indica- 
trix of a space curve, and binomial indica- 
trix of a space curve. 

tangent indicatrix of a space curve. Same 
as the SPHERICAL INDICATRIX. See above, 
principal normal indicatrix of a space curve, 
and binormal indicatrix of a space curve. 


IN’DI-CES, 7. Plural of index. See INDEX. 


IN’DI-RECT’, adj. indirect differentiation. 
The differentiation of a function of a func- 
tion by use of the formula df(u)/dx= 
(df (u)/du)(du/dx). See CHAIN—chain rule. 
indirect proof. (1) Same as REDUCTIO AD 
ABSURDUM PROOF. (2) Proving a proposi- 
tion by first proving another theorem from 
which the given proposition follows. 


IN-DORSE’, v. to indorse a note or other 
financial arrangement. To accept the re- 
sponsibility for carrying out the obligation 
of the maker of the paper provided the 
maker does not meet his own obligation; to 
assign a paper to a new payee by signing it 
on the back (this makes the indorser liable 
for the maker’s obligation unless the signa- 
ture is accompanied by the statement 
without recourse). 


IN-DORSE’MENT, 7. The act of indors- 
ing; that which is written when indorsing. 
See INDORSE. 


IN-DUC’TION, 7. mathematical induc- 
tion. A method of proving a law or 
theorem by showing that it holds in the first 
case and showing that, if it holds for all the 
cases preceding a given one, then it also 
holds for this case. Before the method can 
be applied it is necessary that the different 
cases of the law depend upon a parameter 
which takes on the values 1, 2, 3,---. 
The essential steps of the proof are as 
follows: (1) Prove the theorem for the first 
case. (2) Prove that if the theorem is true 
for the nth case (or for the first through 
the nth cases), then it is true for the 
(n+1)th case. (3) Conclude that it must 
then be true for all cases. For, if there 
were a case for which it is not true, there 
must be a first case for which it is not true. 
Because of (1), this is not the first case. 
But because of (2), it cannot be any other 
case [since the previous case could not be 
true without the next case (known to be 
false) being true; it could not be false be- 
cause the next case is the first false case]. 
E.g., (1) since the sun rose today, if it can 
be shown that if it rises any one day, it will 
rise the next day, then it follows by mathe- 
matical induction that it will always rise. 
(2) To prove 1+2+3+ --- +n=4n(n+1). 
If n=1, the right member becomes 1, 
which completes step (1). Adding (n+ 1) 
to both members gives 


1+2+3+ +++ +na+(n+1) 
=4n(n+ l)+n4t+1l=4m4 1)(n42), 


which completes step (2). Therefore the 
statement is true for all values of na. 
Mathematical induction is called complete 
induction, in contrast to incomplete induc- 
tion which draws a “‘conclusion” from the 
examination of a finite number of cases. 
transfinite induction. See TRANSFINITE. 


IN-DUC’TIVE, adj. inductive methods. 
Drawing conclusions from several known 
cases; reasoning from the particular to the 
general. See MATHEMATICAL—mathemati- 
cal induction. 


IN’E-QUAL’I-TY, ». <A statement that 
one quantity is less than (or greater than) 
another. If the quantity a is less than the 
quantity 5, their relation is denoted sym- 
bolically by a<b, and the relation a 
greater than bis writtena>b. Inequalities 


Inequality 


have many of the properties of equations. 
They are still true after any quantities have 
been added or subtracted from both 
members and after both members have 
been multiplied or divided by any positive 
number. However, multiplication or divi- 
sion by negative numbers changes the sense 
of the inequality. Since 3>2, 


3+1>24+1, 3-—1>2-1 and 
2x3>2x2; but -—3<—-2. 


An inequality which is not true for all 
values of the variables involved is a condi- 
tional inequality ; an inequality which is true 
for all values of the variables (or contains 
no variables) is an unconditional inequality 
(or absolute inequality). £.g., (x+2)>3 is 
a conditional inequality, because it is true 
only for x greater than 1; while (x+1)> x, 
3>2, and (x—1)?+3> 2 are unconditional 
inequalities. The direction (greater than 
or /ess than) in which the inequality sign 
points is the sense of the inequality. This 
is used in such phrases as same sense and 
opposite sense. The inequalities a< b and 
c<d,orb>aandd>-c, are said to have the 
same sense; the inequalities a< 6 and d>c 
are said to have opposite senses. 

graphical solution of inequalities. See 
GRAPHICAL. 

inequalities of Abel, Bessel, Cauchy, 
Hadamard, Ho6lder, Jensen, Minkowski, 
Newton, Schwartz, Tchebycheff, and Young. 
See the respective names. 

simultaneous inequalities. See SIMUL- 
TANEOUS. 


IN-ER’TI-A, 7. moment of inertia, princi- 
pal axes of inertia, products of inertia. 
See MOMENT—moment of inertia. 

inertia of abody. Its resistance to change 
of its state of motion, or rest; the property 
of a body which necessitates exertion of 
force upon the body to give it acceleration. 
Syn. Mass. 

law of inertia. A law of mechanics stat- 
ing that material bodies not subjected to 
action by forces either remain at rest or 
move in a Straight line with constant speed. 
This law was deduced by Galileo in 1638 
and incorporated by Isaac Newton in the 
Principia (1867) as one of the postulates 
of mechanics. This law is also known as 
Newton’s First Law of Motion. 


Infinite 


IN-ER’TIAL, adj. inertial coordinate sys- 
tem. See COORDINATE. 


IN’ES-SEN’TIAL, adj. A mapping of a 
topological space X into a topological space 
Y is said to be inessential if it 1s homotopic 
to a mapping whose range is a single point 
(see DEFORMATION—Ccontinuous deforma- 
tion). A mapping is essential if it is not 
inessential. A mapping into a circle (or an 
n-sphere) whose range is not the entire 
circle (or sphere) is inessential. A map- 
ping of an interval (or an z-cell) into a 
circle (or an n-sphere) is inessential. A 
mapping of a circle into a circle is essential 
if and only if the winding number of the 
image of the circle (relative to its center) is 
not zero. 


IN’FER-ENCE, nn. statistical inference. 
The making of statements, or the process 
of drawing judgments, about a population 
on the basis of random samples in such a 
manner that the probability of making cor- 
rect inferences is determinable under 
various alternative hypotheses about the 
population being sampled. 


IN-FE’RI-OR, adj. limit inferior. (1) See 
SEQUENCE—accumulation point of a se- 
quence. (2) The limit inferior of a function 
f(x) at a point xo is the smallest number L 
such that for any «>0 and neighborhood 
U of xo there is a point x#x, of U for 
which f(x)<L+e. This limit is denoted 
by lim inf f(x) or lim f(x). The limit 
XX xX—> XO 
inferior of f(x) as x —> Xo Is equal to the 
limit as ¢—0O of the g.l.b. of f(x) for 
|x—x9|<¢ and x#xo, and may be posi- 
tively or negatively infinite. (3) The limit 
inferior of a sequence of point sets U,, 
U>,,+++ is the set consisting of all points 
belonging to all the sets from a certain 
place on. It is equal to the sum over p of 
the intersection of U,, Upjit,++*, OF 


io @) ie 6) 
> Il U,, and written liminf U, or 


p=1 n=p H—> 


lim U,. In this sense (3), also called the 


n—> 


restricted limit. See SUPERIOR—limit su- 
perior. Syn. Lower limit. 


IN’FI-NITE, adj. Becoming large beyond 
any fixed bound. Tech. A function is said 


Infinite 


Infinity 


to become infinite as x approaches a if, for 
any number C, there is a neighborhood of a 
at all points of which the absolute value of 
the function is larger than C. It is said to 
become positively infinite (or to approach 
plus infinity) as x approaches a if, for any 
number C, there is a neighborhood of a at 
all points of which the value of the function 
is larger than C. It is said to become 
negatively infinite (or to approach minus 
infinity) as x approaches a if, for any 
number C, there is a neighborhood of a at 
all points of which the value of the function 
is less than C. For a function f, the above 
are written, respectively, as 
lim f(x) = o, lim f(x)= + «, lim f(x) = — «© 
Nd xd X->a 
The above definitions also apply when a is 
one of the symbols +o or —o, if a 
“neighborhood of +o” is the set of x 
satisfying x > M for a specified number M, 
and “neighborhood of — ©” is similarly 
defined. See UNBOUNDED—unbounded 
function. 

infinite branch of a curve. A part of the 
curve which cannot be enclosed in any 
(finite) circle. 

infinite integral. An integral at least one 
of whose limits of integration is infinite. 
The value of the integral is the limit it 
approaches as its limit (or limits) of integra- 
tion becomes infinite. The integral exists 
only if this limit exists. An infinite integral 
is a type of improper integral. £.g., 
[°S- lim ees lim [—1/h+1]=1. 

1 DP ho vj DP h—->co 

infinite limit. A variable is said to have 
an infinite limit when it becomes infinite. 
See INFINITE. 

infinite point. Same as IDEAL POINT. 

infinite product. See PRODUCT. 

infinite root. See RooT—infinite root of 
an equation. 

infinite sequence. See SEQUENCE. 

infinite series. See SERIES. 

infinite set. A set which is not finite; a 
set which has an unlimited number of 
members; a set which can be put into one- 
to-one correspondence with a part of itself. 
E.g., All positive integers constitute an 
infinite set. It can be put into one-to-one 
correspondence, for instance, with the set 
of positive even integers. The rational 


fractions between O and 1 constitute an 
infinite set. It can be put into one-to-one 
correspondence with all rational fractions 
whose numerators are unity. 


IN’ FIN-I-TES’I-MAL, adj.,n. A variable 
whose numerical value may become smaller 
than any assigned value; a variable which 
approaches zero as a limit. 

infinitesimal analysis. The study of dif- 
ferentials, and of integration as a process 
of summing a set of  infinitesimals with 
n—» oo (see INTEGRAL—definite integral). 
Sometimes used for the calculus and all 
subjects making use of the calculus. 

infinitesimal calculus. Ordinary calcu- 
lus; so-called because it is based on the 
study of infinitesimal quantities. 

order of an infinitesimal. A_ relative 
term used to compare infinitesimals. If 
the two infinitesimals uw and v are functions 
of x and there are positive numbers A, B, 
and ¢ such that 4A <|u/v| < B, if 0<|x|<e, 
then wand v are said to be of the same order; 
if the limit of w/v is zero, the first infini- 
tesimal, the numer at or,is said to be of 
higher order than the second, and the 
second of /ower order than the first; if the 
limit is infinite, the first (the numerator) is 
said to be of lower order than the second 
and the second of higher order than the 
first. If the mth power of one infinitesimal 
is of the same order as a second infini- 
tesimal, the second is said to be of the nth 
order relative to the first; (1—cos x) is of 
the second order relative to x, since 
x2/(1—cos x) approaches 2 as x approaches 
zero. 


IN-FIN’I-TY, 7. approach infinity. See 
INFINITE. 

line at infinity. See LINE—-line at in- 
finity. 

order of infinities. Let u(t) and v(t) be 
functions of ¢ and both become infinite as 
t approaches f). Then uw and v are of the 
same order if there exist positive numbers 
M, A, and B such that A < |u/v| < B when- 
ever t#fy and |t—‘to| <M; uw is said to be 
of lower order than v, or higher order than 


v, according as lim u/v is zero, or infinite. 
[—1lo 


If lim w/v’ exists and is not zero, wu is said 
t—>lo 


to be of the rth order with respect to v. 


Infinity 


Information 


Also, one says that u is of the order of v, 
written u=O(v), if there are positive num- 
bers M and K such that |u/v|<K if 


lt—tol< M. If lim u/v=0, one writes 
t—>fo 


u=o(v). These concepts are also used 
when u and v become infinite as t becomes 
infinite, the only changes being that 
|t—to|< M is replaced by t>M and lim 


t—>Io9 
is replaced by lim. In particular, if u,, 


t—c 
and v,, are two sequences such that a num- 
ber N exists for which |u,,/v,,| <.K whenever 
n> N, then u, is said to be of the order of 
v,, and written u,=O(v,). If also lim 


f-—> cO 

u,,/V,=O9, it is written u,=o(v,). 

point at infinity. (1) See IDEAL—ideal 
point. (2) See below, point at infinity in 
the complex plane. 

point at infinity in the complex plane. 
By hypothesis, there is a single “‘point at 
infinity’? in the complex plane. Thus the 
complex plane is compact, whereas the 
Euclidean plane is not. The complex plane 
may be thought of as a sphere—for in- 
stance, a sphere which is mapped con- 
formally on the complex plane by stereo- 
graphic projection. The pole of the projec- 
tion corresponds to the point at infinity. 


IN-FLEC’TION, 7. point ofinflection. A 
point at which a plane curve changes from 
concavity toward any fixed line to con- 
vexity toward it; a point at which a curve 
has a stationary tangent and at which the 
tangent is changing from rotating in one 
direction to rotating in the opposite direc- 
tion. The vanishing of the 2nd derivative, 
if it is continuous, is a necessary but not a 
sufficient condition for a point of inflection, 
because the second derivative may be zero 
without changing signs at the point. E.g., 
the curve y= x? has its second derivative 
zero at the origin, and has a point of 
inflection there; the curve y=x* also has 
its second derivative zero at the origin, 
but has a minimum there; the curve 
y=x4+x has its 2nd derivative zero at the 
origin, but has neither a point of inflection 
nor a maximum or minimum there. A 
necessary and sufficient condition that a 
point be a point of inflection is that the 
second derivative change sign at this point, 
i.e., have different signs for values of the 


independent variable slightly less and 
slightly greater than at the point. 


IN-FLEC’TION-AL, adj. inflectional tan- 
gent to a curve. A tangent at a point of 
inflection. Such a tangent has contact of 
order 3, since dy/dx and d2y/dx? each have 
the same value (at the point of inflection) 
for the curve as for the tangent. See con- 
TACT— order of contact. 


IN’FLU-ENCE, 7. 
See RADIATION. 


range of influence. 


IN’FOR-MA‘TION, adj., 1. information 
theory. The branch of probability theory, 
founded in 1948 by C. E..Shannon, that is 
concerned with the likelihood of the trans- 
mission of messages, accurate to within 
specified limits, when the bits of informa- 
tion comprising the messages are subject to 
certain probabilities of transmission failure, 
distortion, and accidental additions called 
noise. If there are k pieces of information, 
one of which is to be chosen for transmis- 
sion, then these pieces of information are 
called messages. The individual receiving 
the message is the receiver and the in- 
dividual transmitting the message is the 
sender. A channel is a means of com- 
munication. Mathematically, it is described 
by the input set (the totality of possible 
elements from which the sender selects one 
for the purpose of transmitting a message 
to the receiver in accordance with a pre- 
arranged code), the output set (the totality 
of elements of which the receiver can 
observe just one), and the probability law 
that gives, for each element a of the input 
set and each element 5 of the output set, 
the probability that if a is sent then b is 
received, If there is a total of A messages 
that might be sent, a code is a sequence of 


k elements a, ---, a, of the input set and a 
division of the entire output set into k 
disjoint sets E),---, E,. Observing mes- 


sage b, the receiver determines the set E; of 
which 5 is a member and concludes that the 
jth message was sent. A probability law 
is a rule specifying, for a given channel, for 
each element a of the input set, and for 
each element 6 of the output set, the 
probability that if element a is sent then 
element 5 is received. For a given code, 


Information 


if the sender transmits element a; repre- 
senting the ith message, and the probability 
of the receiver’s observing message b when 
a; is transmitted is p(b|a;), then the proba- 
bility of error when the ith message is sent 
is 


P= > plolay). 


6 not in E; 


The maximum error probability for the 
given code is 


max P,(/). 


The entropy of a set of messages, each with 
a known probability of being sent, is 
roughly the number of binary digits needed 
to encode all long sequences of messages, 
except for the messages comprising a set 
of sufficiently small total probability of 
being sent. Tech. If the random variable 
X has k different possible values, with 
respective probabilities p,;,---, p,, then the 
entropy of X is 


k 
H(X)=— > p; log, pi- 


i=] 


For random variables XY and Y with 
entropies H(X) and H(Y), respectively, the 
conditional entropy of X when Y is given is 
A(X|Y)=ACX ,Y)—ACY). It represents 
the additional number of bits of information 
(binary digits) required to identify an ele- 
ment of X when Y is given. For two sets 
of random numbers X and Y with entropies 
H(X) and ACY), respectively, the mutual 
information is the number RCX, Y)= 
A(X)+ ACY)—ACX, Y). It represents 
the number of bits of information, that 1s, 
the number of binary digits, of information 
that can be obtained concerning X by ob- 
serving Y. For a channel with input set A 
and output set B, if X ts the input variable 
and Y the output variable, with associated 
entropies H(X), H(Y), and HCX, Y), and 
mutual information RCX, Y)=ACY)+ 
H(Y)—HACX, Y), the capacity C of the 
channel is defined to be the maximum of 
RCX, Y) over all input distributions on A. 
The fundamental theorem of information 
theory states, roughly, that if a channel 
has capacity C, then in using the channel a 
sufficiently large number N of times, any 
one of about 2°" messages can be trans- 
mitted with small error probability. 


Inscribed 


IN-I’TIAL, adj. initial side of an angle. 
See ANGLE. 


INNER, adj. inner product of tensors. 
The inner product of two tensors A{}:::{n 


and Bji...j¢ is the contracted tensor obtained 


from the product 
vee b yp) ms oe b ey |) 

Ci tml pes AT in Byte yp 
by putting a contravariant index of one 
equal to a covariant index of the other and 
summing with respect to that index. This 
inner multiplication of two tensors is also 
called composition, and the inner product 
is spoken of as the tensor compounded from 
the two given tensors. 


inner product of two functions. For real- 
valued functions fand g, the inner product 


is (f,g)= fe dx, where the integral is 


taken over the common domain of defini- 
tion. If fand g are complex-valued, then 


(f,z)= | fe dx. See HILBERT—Hilbert 


space, and ORTHOGONAL— orthogonal func- 
tions. 

inner product of two vectors. See MULTI- 
PLICATION—multiplication of vectors, VEC- 
TOR—Vvector space, and HILBERT—Hilbert 
space. 


IN’PUT, adj., n. input component. In a 
computing machine, any component that 
is used in introducing problems into the 
machine; for example, a numerical key- 
board, typewriter, punched-card machine, 
or tape might be used for this purpose. 


IN-SCRIBED’, adj. A polygon (or poly- 
hedron) is said to be inscribed in a closed 


configuration composed of lines, curves, or 
surfaces, when it is contained in the 
configuration and every vertex of the poly- 
gon (or polyhedron) is incident upon the 
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a) 


configuration; a closed configuration is 
said to be inscribed in a polygon (or 
polyhedron) when every side (in the poly- 
gon) or every face (in the polyhedron) is 
tangent to it and the configuration is 
contained in the polygon (or polyhedron). 
If one configuration is inscribed in another, 
the latter is said to be circumscribed about 
the former (see CIRCUMSCRIBED). The 
figure shows a polygon inscribed in a circle, 
the circle inscribed in another polygon. 

inscribed angle of a closed curve. An 
angle (in the interior of the curve) formed 
by two chords which intersect on the curve. 

inscribed circle of a triangle. The circle 
tangent to the sides of the triangles. Its 
center is the intersection of the bisectors of 
the angles of the triangle. Also called 
incircle. Its center is called the incenter of 
the triangle. Its radius is 


Fi (s—a)(s— b)(s—c) 
s 
where a, b, c are the sides of the triangle 
and 
s=}(at+b+e). 


inscribed cone, cylinder, polygon, prism, 
pyramid. See CIRCUMSCRIBED. 


IN-STALL’MENT (or IN-STAL’MENT), 
n. installment payments. Payments on 
notes, accounts, or mortgages at regular 
periods. Each payment may include a 
fixed payment on principal and interest on 
the balance over the preceding period, or 
the interest on the entire amount may have 
been added to the principal at the outset 
and the payments made equal. The latter 
practice makes the actual interest practi- 
cally double the quoted rate. The former 
method is sometimes called the long-end 
interest plan. Sometimes fixed payments 
plus the interest on the amount of the pay- 
ment from the beginning of the contract 
are made periodically (monthly). This is 
sometimes called the short-end interest 
plan. See AMORTIZE. 

installment plan of buying. Any plan 
under which a debt is paid in installments. 

installment policies. Insurance policies 
whose benefits are payable in installments 
beginning at the death (or end of the death 
year) of the insured, instead of in a single 
payment. 

installment premium. See PREMIUM. 


IN’STAN-TA’NE-OUS, adj. instantane- 
ous acceleration, speed, and velocity. See 
ACCELERATION, SPEED, and VELOCITY. 


IN’SUR’ANCE, adj., n. extended insu- 
rance. Insurance extended (because of 
default in payment or some other exigency) 
over a period of such length that the ner 
single premium is equal to the surrender 
value of the policy. 

insurance policy. A contract under 
which an insurance company agrees to pay 
the beneficiary a certain sum of money in 
case of death, fire, sickness, accident, or 
whatever contingency the policy provides 
against. 

life insurance. A contract to pay a 
specified benefit under specified conditions 
when certain lives end (or periodically 
thereafter), or when the lives end if that 
is within a certain period. The former is 
called whole life insurance; the latter, 
temporary (or term) insurance. The money 
paid by the insured for his protection is 
called the premium and the formal contract 
between him and the company is called the 
policy. Deferred life insurance can refer 
to any type of life insurance which has the 
provision that benefits are not payable if the 
insured lives end before a specified future 
date. Ordinary life insurance is whole life 
insurance with premiums payable annually 
throughout life (a limited payment policy is 
one for which the annual payment is to be 
paid only for a stated number o. years—it 
is called insurance with return of premiums 
if the company returns all premiums after 
payments are completed). Term insurance 
which permits the insured to reinsure 
(usually at the end of the period) without 
another medical examination is_ called 
option term insurance. Insurance payable 
upon the end of the life of the insured (the 
policy life) provided some other life (the 
counter life) continues is called contingent 
life insurance. This is a simple case of 
compound survivorship insurance which is 
payable at the end of a certain life provided 
a group of lives, including this one, end in 
a certain order. Insurance payable when 
the last of two or more lives end is called 
last survivor insurance; insurance payable 
when the first of two (or more) lives end is 
called joint life insurance. An endowment 
insurance policy provides that the benefits 
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be payable (usually to the insured) after a 
definite period or (to the beneficiary) at 
the death of the insured if that occurs 
before the end of the period; double 
endowment insurance provides twice the 
benefits at the close of the period as would 
be paid if the insured life ends during the 
period; pure endowment insurance provides 
payment of a benefit at the end of a given 
period if, and only if, the insured survives 
that period. Any type of life insurance 
policy is called an installment policy if the 
benefits are payable in installments instead 
of in a single payment. An endowment 
policy is a continuous installment policy if it 
provides that if the insured survives the 
period of the contract an annuity will be 
paid for a certain period and so long 
thereafter as the insured lives. Also see 
TONTINE—tontine insurance, DEBENTURE, 
and various headings above and below. 
loan value of an insurance policy. See 
LOAN—loan value. 
mutual insurance company. See MUTUAL. 
participating insurance policy. A policy 
which entitles the holder to participate in 
the profits of the insurance company. 
The profits are usually paid in the form of 
a dividend or bonus at the time of payment 
of the policy, or at periods when the com- 
pany invoices its insurance contracts. A 
bonus paid when the policy is paid is called 
a reversionary bonus. A_ reversionary 
bonus is a uniform reversionary bonus if it is 
determined as a percentage of the original 
amount of the insurance; it is a compound 
reversionary bonus if it is a sum of a 
percentage of the original amount of the 
insurance and any bonuses already credited 
to the policy. A discounted bonus policy 1s 
a policy in which the premiums are reduced 
by the estimated (anticipated) future 
bonuses. A guaranteed bonus policy is a 
policy which carries a guarantee of a 
certain rate of profit-sharing (bonus) 
(really non-participating since the bonuses 
assured are determined at the policy date). 
See MUTUAL—mutual insurance company. 
reserve of an insurance policy. See 
RESERVE. 


IN’TE-GER, n. Any of the numbers 1, 2, 
3, etc. These are often spoken of as posi- 
tive integers in contradistinction to the 
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negative integers, —1, —2, —3, etc. The 
entire class of integers consists of 0, +1, 
+2,---+. Peano defined the positive in- 
tegers as a set of elements which satisfies the 
following postulates: (1) There is a positive 
integer 1; (2) every positive integer a has a 
consequent at (a is called the antecedent of 
at); (3) the integer 1 has no antecedent; 
(4) if at=b*, then a=b; (5) every set of 
positive integers which contains 1 and the 
consequent of every number of the set 
contains all the positive integers. A 
positive integer (or zero) can also be 
thought of as describing the “‘manyness’”’ of 
a set of objects in the sense of being a 
symbol denoting that property of a set of 
individuals which is independent of the 
natures of the individuals. That is, it is a 
symbol associated with a set and with all 
other sets which can be put into one-to-one 
correspondence with this set. The set is 
called a number class. A set consisting of 
part of the members of a number class is 
called a subclass. See sum—sum of real 
numbers, PRODUCT—product of real num- 
bers, and CARDINAL—cardinal number. 

algebraic integer. See ALGEBRAIC—alge- 
braic integer. 

Gaussian integer. Any complex number 
of the form a+bi, where a and 5b are 
ordinary (real) integers. Syn. Complex 
integer. 

indicator, totient, or @-function of an 
integer. See EULER—Euler’s ¢-function. 


IN’TE-GRA-BLE, adj. integrable function. 
See INTEGRAL—definite integral, and DAR- 
BOUX’S THEOREM. 

integrable differential equation. See 
DIFFERENTIAL— integrable differential equa- 
tions. 


IN’TE-GRAL, adj., n. definite (Riemann) 
integral. If the integrand is continuous, 
the definite integral is the difference be- 
tween the values of the indefinite integral for 
two specified values of the independent 
variable. Geometrically, the definite in- 
tegral is the limit, as Ax approaches zero, 
of the sum of the areas of the rectangles, 
Ax in width. formed with successive 
ordinates taken Ax apart throughout the 
interval between the two values of x (a 
and 4 in the figure). The definite integral 
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from a to b of f(x) with respect to x is 
written: 


[ F(x) dx 


and spoken of as the integral of f(x) with 
respect to x between the limits a and b. It 


is the area between the curve y=/(x), the 
x-axis, and the lines x=a and x=); f(x) 
is called the integrand and a and b the 
lower and upper limits of integration. 
Tech. The Riemann definite integral of a 
function on a given interval is the limit 
obtained by dividing the given interval 
into nonoverlapping subintervals, multi- 
plying the width of each subinterval by 
the value of the ordinate corresponding to 
some abscissa within that interval, adding 
all such products, and finding the limit of 
such sums as the number of subintervals 
becomes infinite in such a way that they all 
become arbitrarily small. The integral is 
said to exist if and only if this limit exists 
and is unique for all methods of summing 
which satisfy the stated restrictions. The 
definite integral always exists for a function 
which is continuous in the closed interval 
defined by the limits of integration; con- 
tinuity is here a sufficient but not a neces- 
sary condition. A necessary and sufficient 
condition that a bounded function have a 
(Riemann) integral on a given interval is 
that the function be continuous a/most 
everywhere. See DARBOUX’S THEOREM. The 
definite integral does not always represent 
area, but may be so interpreted when 
evaluating it. Some elementary properties 
of a definite integral are: (1) The value of 
a definite integral depends entirely upon 
the limits of integration and the form of 
the function; i.e., the value of a definite 
integral is independent of the variable with 
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respect to which the integration is per- 
formed; 


b 
[£00 ax 
a 
is the same as 


[feel ato, 


where a=z(a) and b=2z(f). This property 
is very useful in reshaping the form of an 
integrand so that the value of the integral 
can be found; e.g., 


/2 


a/[2 ; 7 ; , 
| sin x cos x dx= | sinxdsinx 


0 


0 
1 

= udu. 
0 


(2) Interchanging the limits of integration 
simply changes the sign of the result. (3) 


*b c b 
| I(x) dx= | F(x) dx+ ij F(x) dx, 
[e+ 00) ax= 


[ f(x) dx+ [ &(x) dx, 


and 
*b *b 
| cf(x) dx=c | F(x) dx, 


if these exist. These facts are inherent in 
the definition of an integral as the limit of a 
sum. (4) The definite integral of a func- 
tion over an interval of non-negative width 
is equal to or greater than the width of the 
interval times the least value of the func- 
tion in that interval, and is equal to or less 
than the width of the interval times the 
greatest value of the function in that inter- 
val. (5) The definite integral of a con- 
tinuous function over a given interval is 
equal to the product of the width of the 
interval by some value of the function 
within the interval. (Property (5) is called 
the first law of the mean for integrals.) See 
ELEMENT—element of integration. Such 


symbols as | indicate that the integral is 


Ss 
a definite integral whose number of integra- 
tion signs and limits are to be selected to fit 
the case at hand. See MEAN—mean value 
of a function, and various headings below. 
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derivative of an integral. See DERIVA- 
TIVE. 

elliptic integral. See ELLIPTIC. 

energy integral. See ENERGY. 

Fredholm’s integral equations and their 
solutions. See various headings under 
FREDHOLM. 

Fresnel’s integrals. See FRESNEL. 

Hilbert-Schmidt theory of integral equa- 
tions. See HILBERT. 

homogeneous integral equation. See 
HOMOGENEOUS. 

improper integral. An integral whose 
limits are not both finite or one whose 
integrand becomes infinite in the interval 
between the limits of integration; an inte- 
gral in which the interval of integration and 
the integrand are not both bounded. 

indefinite integral of a function of a single 
variable. Any function whose derivative 
is the given function. If g(x) is an indefi- 
nite integral of f(x), then g(x)+c, where c 
is an arbitrary constant, is also an integral of 
F(x); c is called the constant of integration. 
The indefinite integral of f(x) with respect 


to x 1S written [feo dx; f(x) is called the 


integrand. Many basic formulas for find- 
ing integrals are listed in the appendix. 
More extensive tables have been published, 
but the list of integrals is inexhaustible. 
Syn. Antiderivative. 

infinite integral. See INFINITE—infinite 
integral. 

integral calculus. See CALCULUS. 

integral curves. The family of curves 
whose equations are solutions of a particu- 
lar differential equation; the integral curves 
of the differential equation y’= —x/y are 
the family of circles x*+ y*=c, where c is 
an arbitrary parameter. See DIFFERENTIAL 
—solution of a differential equation. 

integral domain. See DOMAIN. 

integral equation. An equation in which 
the unknown function occurs under an 
integral sign. The (Fourier) equation 

e.@) 
Kx)= | cos (xAA(t) dt, 

where f(x) is an even function, is the first 
integral equation that was solved. Under 
certain conditions, a solution is 


ASE ie cos (ux) f(u) du. 
T J 
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An integral equation of the third kind is an 
integral equation of type 


eo) a)=fO)+A]” K(x, Dy a 


where f(x), g(x), and K(x, f) are given func- 
tions and )(x) is the unknown function. 
The function K(x, f) is called the kernel or 
nucleus of the equation. The (Fredholm) 
integral equations of the first and second 
kind are special cases of this equation. 
See FREDHOLM—Fredholm’s integral equa- 
tions. 

integral expression. An algebraic ex- 
pression in which no variables appear in 
any denominator when the expression is 
written in a form having only positive 
exponents. 

integral function. Same as ENTIRE FUNC- 
TION. 

integral of a function of a complex vari- 
able. If a rectifiable curve C in the z plane 
is given in parametric representation, 
Z=Z2(t)=x()+iv(), a S t S b, and if f(z) 
is continuous on C, then by definition 


if f(z) dz= lim > f(z) — 2-01. 
ti—> CE j=l 


where €; = z(7;) and 


a=ty<<-re+ <4,=6,5.,57,85 4 


J 


and lim [max (t;—¢;_,)]=0. See CONTOUR 


N—> © 


—contour integral. 


integral number. An INTEGER (positive, 
negative, or zero). 

integral tables. Tables giving the primi- 
tives (indefinite integrals) of the more 
common functions and sometimes some of 
the more important definite integrals. See 
INTEGRATION TABLES in the appendix. 

integral test for convergence. See 
CAUCHY—Cauchy’s integral test. 

iterated integral. An indicated succes- 
sion of integrals in which integration is to 
be performed first with respect to one vari- 
able, the others being held constant, then 
with respect to a second, the remaining 
ones being held constant, etc.; the inverse 
of successive partial differentiation, if the 
integration is indefinite integration. When 
the integration is definite integration, the 
limits may be either constants or variables, 
the latter usually being functions of varia- 
bles with respect to which integration is 
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yet to be performed. (Some writers use 
the term multiple for iterated integrals.) 
E.g., (1) The iterated integral, 


fav dy dx, 
may be written 


fi [ dy hax. 


Integrating the inner integral gives 
(4xy?+ Cy) 


where C, is any function of x, only. 
Integrating again gives 


Ax2y24 |e, dx+Cy 


where C) is any function of y. The result 
may be written in the form 3x2y2+¢,(x)+ 
dy), where ¢,(x) and ¢,(y) are any 
differentiable functions of x and y, respec- 
tively. The order of integration is usually 
from the inner differential out, as taken 
here. The orders are not always inter- 
changeable. (2) The definite iterated in- 


tegral, 
b rxt+l 
i [ x dy dx, 
a 


“Zz 


is equivalent to 


ft i x dyhdx 


which is equal to 
b 
| (x(x + 1)— x23dx = 4(b2— a2). 
Qa 


See below, multiple integral. 

Lebesgue integral. See LEBESGUE. 

Lebesgue-Stieltjes integral. See SsTIEL- 
TJES. j 

line integral. Let f(x,y) be a given 
function of x and y and let A and B be 
points on a given curve. Form sums of 


type 
> f (xj, yiAis, 
i=] 


where A= P;, P>,-- +, P, = B are successive 
points selected around (along) the curve 
from A to B, A;s is the length of the 
straight line from P;_,; to P;, for i=1, 
2,°++,m, and (x;, y;) is a point on the piece 
of the curve from P;_; to P;. Let A be 
the largest of the numbers A;s. If the 
above sum has a limit as A approaches 


zero, this is defined to be the line integral 
of f(x, y) from A to B along the curve: 


B nt 
F(x, y)ds= lim » FS (x;, yA;s. 
A 4->0 j-+1 


Let F(x, y) be a vector whose component 
tangent to the curve at (x, y) is equal to 
F(x, y) and let M(x, y) and N(x, y) be the 
horizontal and vertical components of 
F(x, y) at (x, y). Then 


B 
[| fee vds= | MCx, ydx+ [VC Yay, 
which is also written as i (Mdx + Ndy), where 


x and y are related by the condition that 
(x, y) be a point on the curve and the 
limits of integration are to be determined 
so that the path of integration on the x 
(or y) axis corresponds to the projection of 
the curve onto the x (or y) axis. If 
Mdx+Ndy is an exact differential, i.e. 
OM ON 
oy ax 

then the line integral is a line integral of 
the first kind (otherwise, it is of the second 
kind), there is a function u(x, y) such that 
du= Mdx+Ndy, and the line integral is 
equal to the change of u(x, y) along the 
curve from A to B. Also, if @éM/ay= 
ON/ex in a simply connected region, the 
value of the line integral between two 
points of the region does not depend on 
the path of integration (see CONSERVATIVE 
—conservative field of force). In three 
dimensions, a line integral is defined in 
the same way and is equivalent to an 
integral of type 


| Pdx + Qdy+ Raz. 


bd] 


multiple integral. A generalization of 
the integral of a function of a single vari- 
able as the limit of a sum. The double 
integral of a function f(x, y) is defined 
over a given region, A, as follows: Divide 
the region into n nonoverlapping sub- 
regions whose areas (or measures) are 
A,A, i=1, 2,3,---,nm. Let A be the area 
of the smallest square in which each of 
these subregions can be embedded. Let 
(x;, y;) be a point in the ith subdivision. 
Form the sum 


> fi, y)A;A. 
i 


Integral 


Integration 


The double integral of f over A is defined 
as the limit of this sum as A approaches 
zero, if this limit exists, and is written: 


fy f(x, y) dA 


If f(x, y) is continuous throughout A, the 
double integral exists and is equal to the 
iterated integral of f(x,y) over A. See 
above, iterated integral. The triple inte- 
gral of a function f(x, y, z) over a region 
R of space is defined in essentially the same 
way (A is then the volume of the smallest 
cube in which each subregion can be 
embedded) and is also equal to a friple 
iterated integral if f(x, y, z) is continuous. 
Multiple integrals of higher order can be 
similarly defined. See FUBINI—Fubini’s 
theorem. 

rationalization of integrals. See RATION- 
ALIZE. 

Riemann-Stieltjes integral. See STIEL- 
TJES. 

surface integral. See SURFACE—surface 
integral. 

triple integral. See above, iterated inte- 
gral, multiple integral. 

Volterra’s integral equations and_ their 
solutions. See various headings under 
VOLTERRA. 


IN’TE-GRAND, nn. See INTEGRAL—defi- 
nite integral. 

exact integrand. An integrand which is 
an exact differential. See DIFFERENTIAL— 
exact differential. 

rationalization of integrands. Same as 
RATIONALIZATION OF INTEGRALS. See RA- 
TIONALIZATION. 


IN’TE-GRAPH, n. A mechanical device 
for finding areas under curves; a mechani- 
cal device for performing definite integra- 
tion. 


IN’TE-GRAT’ING, adj. integrating fac- 
tor. See FACTOR. 

integrating machines. Mechanical instru- 
ments for use in evaluating definite inte- 
grals; such instruments as the infegraph 
and polar planimeter. 


IN’TE-GRA’TION, adj., n. The process 
of finding an indefinite or definite integral. 
See INTEGRAL, and the INTEGRAL TABLES in 
the appendix. 


change of variables in integration. For 
an integral with a single variable of integra- 
tion, this is also called integration by 
substitution, since it is usually used to 
transform the integral into a form that is 
more easily evaluated. Typical substitu- 
tions are those which replace the variable 
by the square of a variable in order to 
rationalize indicated square roots of the 
variable, and the trigonometric substitutions 
by which the square roots of quadratic 
binomials are reduced tomonomials. E.g., 
if one substitutes sin u for x in V1— x? the 
result is cosu; similarly V1+x2 and 
Vx2—1 lend themselves to the substitu- 
tions tanu=x, and secu=.x, respectively. 
In all cases when a substitution is made in 
the integrand, it must also be made in the 
differential and the proper changes must be 
made in the limits if the integrals are 
definite integrals (an equivalent and quite 
common practice is to integrate the new 
integrand as an indefinite integral, then 
make the inverse substitution and use the 
original limits). E.g., 


os 
| V1—x2 dx, 
0 


transformed by the substitution x=sin u, 
becomes 


n/2 
| cos? u du=[4u+ 4 sin 2u]p/2=42, 
0 
or one may write 


[ cos? udu=tu+4sin 2u 
=4sin-! xt+-4xv 1— x2, 


whence 


I. is 


The rule for change of variables is of the 
same form for multiple integrals of all 
orders when expressed in terms of a 
Jacobian and will therefore be given only 
for triple integrals (the conditions given are 
sufficient, but not necessary). Let 7 bea 
transformation which maps an open set W 
in xyz-space onto an open set W* in uvw- 
space and let D be a subset of W which is 
the image in xyz-space of a closed bounded 
set D* in uvw-space. If f(x, y, z) is con- 
tinuous on D; x, y, and z have continuous 


Integration 


Interaction 


first order partial derivatives with respect 
to u, v and w; and the Jacobian 


_ Ax, y, Z) 
~ Ou, v, w) 


is not zero on D*, then 


JJ Pe y, z)dx dy dz= 


Mle (x, ¥, 2)|J |du dv dw, 


where x, y and z in the second integral are 
functions of u, v and w as determined by 
the transformation 7. For spherical co- 
ordinates, this becomes: 


{I F(x, y, z)dx dy dz= 
jl F(x, Y, z)p* sin pdpdpdd. 


For a single integral and the substitution 
x=x(u), the Jacobian is dx/du and the 
analogous formula is 


[reodx= [rent du, 


which was used in the above illustrations 
of integration by substitution. 

definite integration. The process of find- 
ing definite integrals. See INTEGRAL— 
definite integral. 

element of integration. See ELEMENT— 
element of integration. 

formulas of integration. Formulas giving 
the indefinite integrals or certain definite 
integrals of a few of the most commonly 
met functions. 

integration of an infinite series. Sec 
SERIES—integration of an infinite series. 

integration by partial fractions. A speci- 
fic method of integration used when the 
integrand is a rational function with de- 
nominator of higher degree than the first. 
Consists of breaking the integrand up into 
partial fractions with simpler denominators. 
E.g., 

dx lf dx 1 f dx 
1—-x2 2J1—x 2J1+x 

see PARTIAL—Dartial fractions. 

integration by parts. A process of inte- 
grating by use of the formula for the 
differential of a product. The formula 
d(uv)=u dv+v du is written u dv=d(uv)— 
v du; integrating both sides of this equation 


gives u dv = uv — } vdu. This last formula 


enables one to modify the form of an inte- 
grand and simplify the process of integra- 
tion, or actually integrate functions whose 
exact integral could not otherwise be found 
directly. It is especially useful in integrat- 
ing such functions as xe*, log x, x sin x, 
etc.; @.g., 


[xe dx = xex — | ex dx, 


where x=u, e* dx=dv, and v=e*. 

integration by substitution. See above, 
change of variables in integration. 

integration by use of series. The ex- 
panding of the integrand in a series and 
integrating term by term. An_ upper 
bound to the numerical value of the 
remainder of the series, after any given 
number of terms, can be integrated to find 
limits to the error. See INTEGRAL— 
definite integral (4). 

mechanical integration. Determining the 
area bounded by a curve without the use of 
its equation, by the use of some specific 
mechanical device such as the integraph or 
polar planimeter. 

reduction formulas in integration. For- 
mulas expressing an integral as the sum of 
certain functions and a simpler integral. 
Such formulas are most commonly derived 
by integration by parts. See INTEGRAL 
TABLES in the appendix, formulas 54, 66, 
74, etc. 


IN’TE-GRA’TOR, 7. An _ instrument 
which approximates definite integrals mech- 
anically, such as a planimeter for measuring 
areas. In a computing machine, an 
integrator is any arithmetic component that 
performs the operation of integration. 


IN-TEN’SI-TY, 7. electrostatic intensity. 
See ELECTROSTATIC. 


IN’TER-AC’TION, n. (Statistics.) Let x 
be a function of y. If the variation in x 
associated with given changes in y Is 
affected by the values assumed by a third 
variable z, there is interaction between y 
and z. Thus in the analysis of variance, if 
rows and columns represent different values 
of y and z, and the x values are the values 
in the cells, no interaction exists if the varia- 
tion among the values from column to 


Interaction 


Interest 


column is the same for each row. Inter- 
action exists if the pattern of variation is 
different among the rows. Mathemati- 
cally, this means that interaction exists 
between the variables y and z if 0x/éy is a 
function of z, where x=f(y,z). For 
example, in the following 2 by 2 table 
(assuming the values are true, nonsampling 
values) there is interaction, since the pattern 
of variation in values in row 1 is different 
from the pattern in row 2. 


If no interaction exists in the population 
from which the sample of data is drawn in 
a two-way analysis of variance, the sampling 
fluctuations may be used as an estimate of 
the sampling variance, where the marginal 
totals are used as the expected values with 
which observed values are compared for 
the variance. 


IN’TER-CEPT’, v., adj., n. To cut off 
or bound some part of a line, plane, surface, 
or solid. Two radii intercept arcs of the 
circumference of a circle. 

intercept form of the equation of a plane. 
See PLANE—equation of a plane. 

intercept form of the equation of a straight 
line. See LINE—equation of a straight line. 

intercept of a straight line, curve, or sur- 
face on an axis of coordinates. The distance 
from the origin to the point where the line, 
curve, or surface cuts the axis. The inter- 
cept on the axis of abscissas, or x-axis, 1s 
called the x-intercept, and that on the axis 
of ordinates, or y-axis, the y-intercept. (In 
space, the intercept on the z-axis is likewise 
called the z-intercept.) The intercepts of 
the line 2x+ 3y=6 on the x-axis and y-axis, 
respectively, are 3 and 2. 


IN’TER-DE’PEND’ENT, adj. interde- 
pendent functions. Same as DEPENDENT 
FUNCTIONS. 


IN’TER-EST, 7. Money paid for the use 
of money. The interest due at the end of 
a certain period is called simple interest if 


the interest is computed on the original 
principal during the entire period. In this 
case, the interest is equal to the product 
of the time, rate of interest, and original 
principal; e.g., the interest upon $100 at 
6% for 5 years is 5-(6/100)- $100= $30. If 
the interest when due is added to the 
principal and thereafter earns interest, the 
interest (calculated in this way) is called 
compound interest; the interest is computed 
upon the principal for the first period, upon 
the principal and the first period’s interest 
for the second period, upon the new princi- 
pal and the second period’s interest for 
the third period, etc. Thus at 6%, the 
interest plus principal at the end of the 
first, second, and nth years is respectively 
P(1.06), P(1.06)2, and P(1.06)", where P 
denotes the principal (see CONVERSION— 
continuous conversion of compound in- 
terest). The interval of time between 
successive conversions of interest into 
principal is called the interest or conversion 
period; the total amount due at any time is 
called the compound amount. If 6°% is the 
rate, the compound amount of $1.00 at 
the end of 1 year is $1.06, at the end of 2 
years $(1.06)*, at the end of nv years 
$(1.06)”. The nominal rate of interest is 
the stated yearly rate when interest is com- 
pounded over periods of less than a year. 
When interest is computed at the rate of 
3°%% semi-annually, the nominal rate would 
be 6%. The annual rate which gives the 
same yield as the nominal computed over 
fractions of the year is called the effective 
rate. The effective rate for 6°% nominal 
compounded semiannually is 6.099%. 

exact interest. Interest computed upon 
the basis of the exact number of days in a 
year (365 days except for leap year, which 
has 366 days). Interest for 90 days at 6% 
would be 90/365 of 6% of the principal. 
In counting days between dates the last, 
but not the first, date is usually included. 
The number of days from Dec. 25th to Feb. 
2nd would be counted as 39 under the 
customary practice. See below, ordinary 
interest. 

force of interest. The nominal rate 
which converted continuously is equivalent 
to a certain effective rate. 

interest rate. The ratio of interest to 
principal, times 100%. Syn. Rate of 
interest, rate, rate per cent. 


Interest 


Interpolation 


long-end and short-end interest plan. See 
INSTALLMENT— installment payments. 

ordinary interest. Interest computed on 
the basis of the commercial year of 360 
days and 30 days to the month. Interest 
for 2 months at 69% would be 60/360 of 6% 
times the principal; when the time of a 
note is expressed in days, the exact number 
of days is counted. E.g., a note dated 
July 26th and due in 30 days would be due 
Aug. 25th, whereas if due in one month it 
would be due Aug. 26th. See above, exact 
interest. 

prevailing interest rate (for any given 
investment). The rate which is common, 
or generally accepted, for that particular 
type of investment at the time under con- 
sideration. Syn. Current rate. 

sixty-day method for computing interest. 
A method for computing simple interest at 
6%. The rate for 60 days is (35) 785 or 
1°%, so the interest for 60 days is zé5 of 
the principal and for 6 days zoo of the 
principal. The time over which interest is 
to be computed is expressed in terms of 6 
days and 60 days and fractional parts 
thereof. Also used when the rate is other 
than 6°%%. See srx—six per cent method. 

six per cent method. A method of com- 
puting simple interest by computing it first 
for 6%, then for the given rate, if it is 
different. At 6°%, the interest on $1 for 
one year is $.06, for one month $.005, and 
for one day $34(.005). When the rate is 
other than 6°4, one computes the interest 
for 6°% as above and then takes the proper 
part of the result; for instance, if the rate 
is 5°%%, the interest is 2 of the result obtained 
for 69%. 


IN-TE’RI-OR, adj., n. alternate interior 
angles. See ALTERNATE—alternate interior 
angles. 

interior and exterior-interior angles of 
two lines cut by a transversal. See ANGLE 
—angles made by a transversal. 

interior angle of a polygon. An angle 
between any two sides of the polygon (not 
produced) and lying within the polygon. 
When the interior of the polygon is not 
defined, as when sides intersect at points 
other than vertices, this definition of in- 
terior angle does not apply. 

interior angle of a triangle. An angle 
lying within the triangle. 


interior content. See CONTENT—content 
of a set of points. 

interior mapping (or transformation). 
Same as OPEN MAPPING. See OPEN. 

interior measure. See MEASURE—exterior 
measure. 

interior of a set. The interior of a set 
E is the set of all points of E that have a 
neighborhood contained in FE. Each such 
point is called an interior point. The set 
of all points which belong to the closure of 
E and to the closure of the complement 
C(E) of E is called the frontier (or bound- 
ary) of E and of C(E). It contains all 
points which are not interior points of E 
or of C(E). See EXTERIOR—exterior of a 
set. 


IN-TER-ME’DI-ATE, adj. intermediate 
differential. See DIFFERENTIAL. 
intermediate-value theorem. The theo- 
rem which states that if a function f(x) is 
continuous for a = x S b, f(a)# f(b), and 
k is between f(a) and f(b), then there is a 
number € between a and b for which 


f()=k. 


IN-TER’NAL, adj. internal ratio. See 
POINT—point of division. 


IN-TER’PO-LA‘TION, adj., n. The pro- 
cess of finding a value of a function between 
two known values by a procedure other 
than the law which is given by the function 
itself. E.g., in linear interpolation the pro- 
cedure is based on the assumption that the 
three points having these values of the 
function for ordinates lie on a straight line. 
This is approximately true when the values 
of the arguments are close together and 
the function is continuous; i.e., its graph 
between the points, whose abscissas are the 
three values of the arguments, is a single 
curve with no breaks in it. If the function 
is f(x) and its value is known for x= x, and 
for x=x,, the formula for linear inter- 
polation is 


fx)=f(x1)+ [F)-fOD] 


XTX 
XX 
correction by interpolation in a logarithmic 
(or trigonometric) table. The number 
added to a tabular logarithm (trigono- 
metric function) to give the logarithm 
(trigonometric function) of a number 


Interpolation 


Invariant 


(angle) which is not in the tables; equally 
applicable when interpolating in any table. 
(When working with tables of trigono- 
metric functions the correction is negative 
in the case of the decreasing functions, 
namely the cosine, cotangent, and cose- 
cant.) 

interpolation formulas of Gregory-Newton, 
Hermite, and Lagrange. See the respective 
names. 


IN’ TER-QUAR'TILE, adj. interquartile 
range. The distance between the first and 
third quartiles of a distribution. This 
covers the middle half of the values in the 
frequency distribution. 


IN’TER-SEC’TION, 7. The point, or 
locus of points, common to two (or more) 
geometric configurations. The intersection 
of two curves usually consists of a finite 
number of points, but may even contain a 
part of one of the curves if this also is part 
of the other curve; two distinct straight 
lines either have an empty intersection or 
their intersection is a single point. If two 
surfaces do not have an empty intersection, 
their intersection usually consists of curves, 
but may contain isolated points or pieces of 
the surfaces; the intersection of two distinct 
planes is either empty or a straight line. 
The term imaginary intersection is used to 
complete the analogy between discussions 
of equations and their graphs; it consists 
of the sets of imaginary values of the 
variables which are common solutions of 
the equations. The intersection of two sets 
consists of all the points which belong to 
each of the sets. The intersection of sets 
U and V is usually denoted by UV, U-YV, 
or UC V and is also called the product, or 
meet, of U and V. 

angle of intersection. See ANGLE—angle 
of intersection. 


IN‘TER-VAL, x. (1) A closed interval is 
a set of numbers which consists precisely 
of all the numbers simultaneously greater 
than or equal to one fixed number and less 
than or equal to another. If the two num- 
bers are a and b, the interval is indicated 
by (a, 5), or better, [a,b], and the length 
of the interval is b—a; a and 6b are called 
the end points of the interval. Such an 
interval is called a closed interval in distinc- 


tion from the sort of interval in which one 
or both of the end points are excluded. 
Intervals with no end points are called 
open intervals. In general, an interval is 
the set containing all numbers between two 
given numbers and one, both, or neither 
end point. (2) In n-dimensional space, a 
closed interval is a set of points containing 
those and only those points x whose co- 
ordinates satisfy inequalities a; S x; S b; 
(for each 7), for some fixed numbers a, @, 
--+ a, and by, bo, -+- b, witha; < 6; for all i. 
The set of points x satisfying the inequalities 
a;<x;< 6b; (for each /) is an open interval. 
An interval may be an open interval, a 
closed interval, or one that is partly open 
and partly closed (/.e., some of the signs = 
may be replaced by <). 

confidence interval. See CONFIDENCE. 

interval of convergence. See CONVER- 
GENCE. 

open interval. See above, closed interval. 


IN’TO, prep. See ONTO. 


IN-TRAN’SI-TIVE, adj. intransitive rela- 
tion. See TRANSITIVE. 


IN-TRIN’SIC, adj. intrinsic equations of 
a space curve. Since a space curve is deter- 
mined to within its position in space by 
its radii of curvature and torsion as func- 
tions of the arc length, p=f(s), t=g(s), 
these equations are called the intrinsic 
equations of the curve. Syn. Natural 
equations of a space curve. 

intrinsic properties of acurve. Properties 
which are not altered by any change of co- 
ordinate systems. Some of the intrinsic 
properties of the conics are their eccentri- 
city, distances from foci to directrices, 
length of latus rectum, length of the axes 
(of an ellipse or hyperbola), and their 
reflection properties. 

intrinsic property of a surface. A prop- 
erty which pertains merely to the surface, 
not to the surrounding space; a property 
which is preserved under isometric trans- 
formations; a property expressible in terms 
of the coefficients of the first fundamental 
quadratic form alone. Syn. Absolute 
property of a surface. 


IN-VA‘RI-ANT, adj., n. invariant factor 
of a matrix. One of the diagonal elements 


Invariant 


when the matrix is reduced to Smith’s 
canonical form, the elements of the matrix 
being polynomials. See CANONICAL— 
canonical form of a matrix. The invariant 
factors are unchanged by multiplication on 
either side by a matrix whose determinant 
does not involve the variable (A). Each 
invariant factor is a product of the type 
E(A)=(A—Aj)?1i(A—A2)P27- ++, Where A, 
A>,* ++ are distinct. Each factor (A—A,)?ii 
is called an elementary divisor of the matrix. 
invariant property. A property of a 
function, configuration, or equation that is 
not altered by a particular transformation. 
The invariant property is used with refer- 
ence to a particular transformation or type 
of transformation. E.g., the value of a 
cross ratio is not changed by a projection, 
and hence is said to be invariant under 
projective transformations See TENSOR. 
invariants of an algebraic equation. Alge- 
braic expressions involving the coefficients 
which remain unaltered in value when any 
translation or rotation of the axes is made. 
For the general quadratic, ax*+bxy+ 
cy?+dx+ey+f=0, a+c, b*—4ac, and the 
discriminant are invariants. See DISCRIMI- 
NANT—discriminant of a quadratic equa- 
tion in two variables. 
invariant subgroup of a group. A _ sub- 
group H which is such that the transform 
of any element of H by any element of the 
group isin H. Syn. Normal divisor, nor- 
mal subgroup. See FACTOR—factor group. 
semi-invariants. (Statistics.) Ifa linear 
transformation y=a+bx of a stochastic 
variable x affects the parameters of the 
distribution function of x by multiplying 
them by 5’, the parameters of the distribu- 
tion are semi-invariants. £.g., the moments 
and cumulants about the mean are semi- 
invariants. 


IN-VERSE’, adj., n. inverse of an element 
of a group. See GROUP. 

inverse function. The function obtained 
by expressing the independent variable 
explicitly in terms of the dependent and 
considering the dependent variable as an 
independent variable. If y=/f(x) results 
in x=g(y), the latter is the inverse of the 
former (and vice versa). It is customary 
to interchange the variables in the latter, 
writing y= g(x) as the inverse. If y=sin x, 
y=sin7! x is used to denote the inverse 


Inversion 


trigonometric sine. If function means 
single-valued function (a mutltiple-valued 
function being a relation), then a function 
has an inverse if and only if it is one-to-one; 
e.g., the inverse of y=sin x is y=sin7! x 
if the domains of these functions are 
—47, +47] and [—1, +1] respectively 

and their ranges are [—1, +1] and [—47, 
+47], respectively. | 

inverse hyperbolic functions. See HYPER- 
BOLIC—inverse hyperbolic functions. 

inverse logarithm of a given number. 
The number whose logarithm is the given 
number. Log 100 is 2; hence 100 is inverse 
log 2. Syn. Antilogarithm. 

inverse of an implication. The implica- 
tion which results from replacing both the 
antecedent and the consequent by their 
negations. E.g., the inverse of “If x is 
divisible by 4, then x is divisible by 2” is 
the (false) statement “If x is not divisible by 
4, then x is not divisible by 2.’ The con- 
verse and the inverse of an implication are 
equivalent—they are either both true or 
both false. 

inverse of a number. One divided by the 
number. Syn. Reciprocal of a number. 

inverse of an operation. That operation 
which, when performed after a given opera- 
tion, annuls the given operation. Subtrac- 
tion of a quantity is the inverse of addition 
of that quantity. Addition is likewise the 
inverse of subtraction. See TRANSFORMA- 
TION— inverse transformation. 

inverse of a point or curve. See INVERSION. 

inverse or reciprocal proportion. A pro- 
portion containing one reciprocal ratio. 
See INVERSELY—inversely proportional 
quantities. 

inverse or reciprocal ratio of two num- 
bers. The ratio of the reciprocals of the 
numbers. 

inverse trigonometric function. See TRIG- 
ONOMETRIC. 

inverse variation. See VARIATION—in- 
verse variation. 


IN-VER’SION, adj.,n. inversion formulas. 
Such formulas as Fourier transforms, La- 
place transforms, and the Mellin inversion 
formulas which give a pair of linear trans- 
formations 7,, 7, such that 7, applied to 
T,(f) produces f for any function of a 
certain class. See FOURIER, LAPLACE, and 
MELLIN. 


Inversion 


inversion of a point with respect to a 
circle. The finding of the point on the 
radius through the given point such that 
the product of the distances of the two 
points from the center of the circle is equal 
to the square of the radius. Either of the 
points is called the inverse of the other and 
the center of the circle is called the center 
of inversion. Any curve whose points are 
the inverses of the points of a given curve is 
called the inverse of the givencurve. E.g., 
the inverse of a circle which passes through 
the center of inversion is a straight line; the 
inverse of any other circle is a circle. If 
the equation of a curve is f(x, y)=0, the 
equation of its inverse relative to a circle 
with center at the origin is 


2 2 
(epye eep) = 
X“+ ye x+y 

where k is the radius of the circle. 

inversion of a point with reference to a 
sphere. The finding of a point on the 
radius through the given point such that the 
product of the distances of the two points 
from the center of the sphere is equal to 
the square of the radius of the sphere. 
E.g., the inverse of every sphere with respect 
to a fixed sphere is another sphere, except 
that the inverse of a sphere passing through 
the center of the fixed sphere is a plane. 

inversion in a sequence of objects. The 
interchange of two adjacent objects. The 
number of inversions in a sequence is the 
minimum number of inversions which can 
be performed in order to put the objects in 
a certain normal order. The permutation 
1, 3, 2, 4, 5 has one inversion, if the normal 
order is 1, 2, 3, 4, 5; whereas the permuta- 
tion 1, 4, 3, 2, 5 has three. A permutation 
is said to be odd or even according as it 
contains an odd or an even number of inver- 
sions. 

proportion by inversion. See PROPORTION. 


IN-VERSE’LY, adv. inversely proportional 
quantities. Two variable quantities having 
their product constant; i.e., either of them 
is equal to a constant times the inverse 
(reciprocal) of the other. The term has 
no significance unless the quantities are 
variables. 


IN-VER’SOR, 7. A mechanical device 
which simultaneously traces out a curve 


Involute 


and its inverse. A rhombus, with its sides 
pivoted at the vertices and a pair of oppo- 
site vertices each linked to a fixed point 
(the center of inversion) by equal links, is 
such a mechanism, called a Peaucellier’s 
cell. When one of the unlinked vertices 
traces out a curve, the other traces out the 
inverse of the curve. See INVERSION. 


IN-VEST’MENT, 7. Money used to buy 
notes, bonds, etc., or put into any enterprise 
for the purpose of making profit. 

fixed investment. An investment which 
yields a fixed income; the amount which 
must be put into a sinking fund at the end 
of each year to accumulate to a given sum 
at the end of a given term. 

investment, or investor’s, rate. See YIELD. 

mathematics of investment. Same as 
MATHEMATICS OF FINANCE. 


IN’VO-LUTE, 27. involute of a curve. 
For a plane curve, the locus of a fixed point 
on a nonflexible string as it is unwound, 
under tension, from the curve; the locus of 
any fixed point on a tangent line as this 
line rolls, but does not slide, around the 
curve; a curve orthogonal to the family of 
tangents to a’ given curve. Any two 
involutes of the same curve are parallel, 
i.e., the segments cut off by the two in- 
volutes on a common normal are always 
of the same length. Also, an involute of a 
given curve is any curve whose evolute is 


An 
ey 


the given curve. The evolute of a curve is 
the locus of the centers of curvature of the 
given curve. The family of straight lines 
normal to a given curve are tangent to 
the evolute of this curve, and the change 
in length of the radius of curvature is equal 
to the change in length of arc of the evolute 
as the point on the curve moves con- 
tinuously in one direction along the curve. 
The equation of the evolute is obtained by 


Involute 


eliminating the coordinates of the point on 
the curve between the equation of the curve 
and equations expressing the coordinates 
of the center of curvature in terms of the 
coordinates of the point on the curve. The 
involute of a circle is the curve described by 
the end of a thread as it is unwound from 
a stationary spool. The parametric equa- 
tions of the involute of a circle in the 
position illustrated, where @ is the angle 
from the x-axis to the radius marked a, are: 


x=a(cos 0+ sin 6) 
y=a(sin 0—8@ cos 8). 


An involute of a space curve is a curve 
orthogonal to the tangents of the given 
curve. The involutes of a space curve lie 
on its tangent surface. A given space 
curve has an infinitude of involutes; they 
constitute a family of geodesic parallels on 
the tangent surface (see GEODESIC—geodesic 
parallels on a surface). An evolute of a 
space curve is a curve of which the given 
curve is an involute. A given space curve 
C admits an infinitude of evolutes; when 
all the normals to C which are tangent to 
one of the evolutes are turned through the 
same angle in their planes normal to C, the 
resulting normals are tangent to another 
evolute of C. 

involute of a surface. A surface of which 
the given surface is one of the two branches 
of the evolute. See EVOLUTE—evolute of 
a surface. 


IN’VO-LU’TION, 7. (1) Raising to a 
power; multiplying a quantity by itself a 
given number of times; the inverse of 
evolution. The process of squaring 2 is 
involution, of finding a square root of 4 is 
evolution. (2) A transformation which is its 
own inverse, é.g., x=1/x’ is an involution. 
See TRANSFORMATION—inverse transforma- 
tion. 

involution on a line. A projective corre- 
spondence between the points of a line, 
which is its own inverse. Algebraically, 
the transformation 


a ax+b 
= 5 
cx—a 


where a*+6c40. If c#40, this can be 
written x’=k/x, by a proper choice of the 
origin. 


Irreducible 


involution of lines of a pencil. A corre- 
spondence between the lines, which is such 
that corresponding lines pass through corre- 
sponding points of an involution of points 
on a line which does not pass through the 
vertex of the pencil. 


IR-RA’TION-AL, adj. irrational algebraic 
surface. The graph of an algebraic func- 
tion in which the variable (or variables) 
appear irreducibly under a radical sign. 
The loci of z=Vy+x?2 and z=x!'/24+xy 
are irrational algebraic surfaces. 

irrational ‘equation. See EQUATION— 
irrational equation. 

irrational exponent. See EXPONENT. 

irrational number. A real number not 
expressible as an integer or quotient of 
integers; a nonrational number. The irra- 
tional numbers are those numbers defined 
by sets (A, B) of a Dedekind cut such that 
A has no greatest member and B has no 
least member. Also, the irrational numbers 
are precisely those infinite decimals which 
are not repeating. The irrational numbers 
are of two types, algebraic irrational num- 
bers (irrational numbers which are roots of 
polynomial equations with rational coeffi- 
cients; see ALGEBRAIC—algebraic number) 
and transcendental numbers. The numbers 
e and 7 are transcendental, as well as 
trigonometric and hyperbolic functions of 
any non-zero algebraic number and any 
power «a, where « and f are algebraic 
numbers, « is not 0 or J, and f is not a real 
rational number (see GELFOND—Gelfond- 
Schneider theorem). The set of all alge- 
braic numbers (including the rational 
numbers) is less numerous than the trans- 
cendental numbers (a part of the irrational 
numbers) in two senses, of which the second 
is a consequence of the first: (1) the 
algebraic numbers are countable, while the 
transcendental numbers are not; (2) the set 
of algebraic numbers is of measure zero, 
while the measure of the transcendental 
numbers on an interval is the length of the 
interval. Also see LIOUVILLE—Liouville 
number, and NORMAL—normal number. 


IR/RE-DUC’I-BLE, adj. irreducible case 
in Cardan’s formula for the roots of a 
cubic. See CARDAN—Cardan’s solution of 
the cubic. 


Irreducible 


irreducible equation. A rational integral 
equation of the form f(x)=0, where f(x) is 
a polynomial irreducible in a certain field, 
usually the field of all rational numbers. 
See below, polynomials irreducible in a 
given field (domain). 

irreducible matrices and transformations. 
See under REDUCIBLE. 

irreducible radical. A radical which can- 
not be written in an equivalent rational 


form. The radicals V6 and Vx are 


irreducible, whereas V4 and +/x3 are 
reducible since they are equal, respectively, 
to 2 and x. : 

polynomials irreducible in a given field 
(domain). Polynomials which cannot be 
factored into factors whose coefficients are 
in the given domain. Unless otherwise 
stated, irreducible means irreducible in the 
domain of the coefficients of the polynomial 
under consideration. The binomial x2+ 1 
is irreducible in the domain of real numbers, 
although in the domain of complex num- 
bers it can be factored into (x+/)(x—2), 
where i*= —1. In elementary algebra an 
irreducible polynomial is a polynomial 
which cannot be factored into factors 
having rational coefficients. 


IR-RO-TA’TION-AL, 7. irrotational vec- 
tor in a region. A vector whose integral 
around every reducible closed curve in the 
region is zero. The curl of a vector is zero 
at each point of a region if, and only if, 
the vector is irrotational, or if, and only if, 
it is the gradient of a scalar function (called 
a scalar potential); j.c., V x F=0 if and only 
if F= —V® for some scalar potential ®. 
See CURL and GRADIENT. 


I-SOG’O-NAL, adj. Having equal angles. 

isogonal affine transformation. See AF- 
FINE—affine transformation. 

isogonal conjugate lines. See below, 
isogonal lines. 

isogonal lines. Lines through the vertex 
of an angle and symmetric with respect to 
(making equal angles with) the bisector of 
the angle. The lines are called isogonal 
conjugates. 

isogonal transformation. A transforma- 
tion which leaves all the angles in any con- 
figuration unchanged. E.g., the general 
similarity transformation is an isogonal 


Isometry 


transformation. Syn. Equiangular (or 
conformal) transformation. 


V'SO-LATE, v. isolate a root. To find 
two numbers between which the root (and 
usually no other root) lies. See rootr— 
root of an equation. 


I’'SO-LA-TED, adj. isolated point. See 
POINT— isolated point. 

isolated set. A set which contains none 
of its limit points; a set consisting entirely 
of isolated points, a point of a set E being 
an isolated point of F if it has a neighbor- 
hood which contains no other point of E. 
If E has no limit points, it is said to be a 
discrete set. A discrete set is an isolated 
set, but the set (1, 4, 4, 4,---) is isolated 
and not discrete. 

isolated singular point of an analytic 
function. See SINGULAR—singular point of 
an analytic function. 


I'SO-MET’RIC, adj. isometric family of 
curves on a surface. A one-parameter 
family of curves on the surface such that 
the family together with its orthogonal 
trajectories forms an isometric system of 
curves on the surface. 

isometric map. See ISOMETRY. 

isometric parameters. See ISOMETRY. 

isometric surfaces. Surfaces on which 
corresponding distances are equal and 
angles between corresponding lines are 
equal. 

isometric system of curves on a surface. 
A system of two one-parameter families of 
curves (on the surface) which might be 
taken as parametric curves in an isometric 
map. 


I-SOM’E-TRY, x. (1) Anisothermic map. 
(2) A length preserving map. In the map 
given by x=x(u, v), y= y(u.v), Z=2(u, Vv), 
lengths are preserved if, and only if, the 
fundamental coefficients of the first order 
satisfy E=G=1, F=0. The coordinates 
u, v are called isometric parameters. The 
above functions and the functions .= 
X(u,v), v=VWu,v), z=i(u,v) give length 
preserving maps between corresponding 
surfaces S and S if, and only if, the corre- 
sponding fundamental coefficients of the 
first order satisfy E=E, F=F, G=G. 
Then the surfaces S and S are said to be 


Isometry 


Isosceles 


applicable. Syn. Isometric map. (3) A 
One-to-one correspondence of a metric 
space A with a metric space B such that if 
x corresponds to x* and y to y*, then the 
“distances” d(x, y) and d(x*, y*) are equal. 
It is then said that A and B are isometric. 
If A and B are vector spaces with a norm, 
it is also required that the correspondence 
be an isomorphism. The preservation of 
distance is then equivalent to |I|x||= ||x*!| 
whenever x and x* correspond. If A and 
B are Hilbert spaces, this is equivalent to 
the equality of the inner products (x, y) 
and (x*, y*) whenever x and x* corre- 
spond and y and y* correspond (see 
TRANSFORMATION — unitary  transforma- 
tion). 


T-SO-MOR’PHISM, 7. A_ one-to-one 
correspondence of a set A with a set B 
(the sets A and B are then said to be 
isomorphic). If operations such as multi- 
plication, addition, or multiplication by 
scalars are defined for A and B, it is re- 
quired that these correspond between 4 
and B in the ways described in the follow- 
ing. If Aand Bare groups (or semigroups) 
with the operation denoted by -, and x 
corresponds to x* and y to y*, then x-y 
must correspond to x*-y*. An iso- 
morphism of a set with itself is an auto- 
morphism. An automorphism of a group 
is an inner automorphism if there is an 
element ¢ such that x corresponds to x* if 
and only if x*=fr-!x?r; it is an outer auto- 
morphism if it is not an inner automorphism. 
The correspondence w,—->W., w2—>y, 
1-1, is an outer automorphism of the 
group consisting of the cube roots of 
unity (1, w,, w2). Ifa set S* corresponds 
to a subgroup S by an automorphism 
(meaning that the elements of S* and S 
correspond in pairs), then S* is also a 
subgroup Gif the automorphism is an inner 
automorphism, then S and S* are said to 
be conjugate subgroups). If A and B are 
rings (or integral domains or fields) and x 
corresponds to x* and y to y*, then xy 
must correspond to x*y* and x+y to 
x*+y*. If A and B are vector spaces, 
multiplication and addition must corre- 
spond as for rings and scalar multiplication 
must also correspond in the sense that if a 
is a scalar and x corresponds to x*, then 
ax corresponds to ax*. If the vector 


space is normed (e.g., if it is a Banach or 
Hilbert space), then the correspondence 
must be continuous in both directions. 
This is equivalent to requiring that there be 
positive numbers c and d such that c|/x|! < 
lix*|| < di|x!| if x and x* correspond. See 
HOMOMORPHISM and ISOMETRY. 


I'SO-PER’I-MET’RIC or I’'SO-PER’I- 

MET’RI-CAL, adj. isoperimetric figures. 

Figures having equal perimeters. 
isoperimetric inequality. The inequality 


As a [2 between the area A of a plane 


region and the length LZ of its boundary 
curve. The equality sign holds if and only 
if the region is a circle. The inequality 
holds also for regions on surfaces of non- 
positive total curvature, and actually 
characterizes these surfaces. See below, 
isoperimetric problem in the calculus of 
variations. 

isoperimetric problem in the calculus of 
variations. A problem in which it is 
required to make one integral a maximum 
or minimum while keeping constant the 
integral of a second given function (both 
integrals being of the general type indicated 
above under calculus of variations). An 
example is the problem of finding the 
closed plane curve of given perimeter and 
maximum area. In polar coordinates, the 
problem is that of finding the curve r=/(d) 


* 2a 
for which A= | $r2 db is Maximum and 
0 


21 
| (r2+r’2)'2dh is constant. The 
0 


solution can be found by maximizing the 
integral 


22a 
A+dP= | r++ 7°2)12] dd 
“0 


and determining the constant A by the 
condition that P is a given constant. 
Most isoperimetric problems can be simi- 
larly reduced to the usual type of calculus 
of variations problem, a solution of the 
given problem necessarily being a solution 
of the reduced problem. 


1-SOS’CE-LES, adj. isosceles _ triangle. 
See SPHERICAL—spherical triangle, and 
TRIANGLE. 

isosceles trapezoid. See TRAPEZOID. 


Isotherm 


I'SO-THERM, n. (Meteorology.) A line 
drawn on a map through places having 
equal temperatures. 


I’'SO-THER’MAL, adj. Relating to equal 
temperatures. 

isothermal change. (Physics.) A change 
in the volume and pressure of a substance 
which takes place at constant tempera- 
ture. 

isothermal-conjugate parameters. Para- 
meters such that the parametric curves 
form an isothermal-conjugate system on 
the surface. See below, isothermal-con- 
jugate system of curves on a surface. 

isothermal-conjugate representation of one 
surface on another. See CONFORMAL— 
conformal-conjugate representation of one 
surface on another. 

isothermal-conjugate system of curves on 
a surface. A system of two one-parameter 
families of curves on the surface S such 
that, when the curves are taken as para- 
metric curves, the second fundamental 
quadratic form of S reduces to p(w, v) 
(du2+dv*). In particular, then, an iso- 
thermal-conjugate system is a conjugate 
system. See CONJUGATE—conjugate sys- 
tem of curves on a surface. An isothermal- 
conjugate system has a relation to the 
second fundamental quadratic form of S 
similar to that which an isothermic system 
has to the first fundamental quadratic 
form. See ISOTHERMIC—isothermic family 
of curves on a surface. 

isothermal lines. Lines on a map con- 
necting points which have the same mean 
(annual) temperatures. In physics, curves 
obtained by plotting pressure against 
volume for a gas kept at constant tempera- 
ture. 


I’SO-THER'’MIC, adj. isothermic family 
of curves on a surface. A one-parameter 
family of curves on the surface such that 
the family together with its orthogonal 
trajectories forms an isothermic system of 
curves on the surface. 

isothermic map. A map of a (u, v)- 
domain on a surface S in which the 
fundamental quantities of the first order 
satisfy E=G=A(u, v), F=0. The map is 
conformal except at the singular points 
where A=0. The coordinates wu, v are 
called isothermic parameters. See CON- 


Jacobi 


FORMAL—-conformal map; and _ above, 
isothermic family of curves on a surface. 

isothermic parameters. See above, iso- 
thermic map. 

isothermic surface. A surface whose 
lines of curvature form an_ isothermal 
system. All surfaces of revolution are 
isothermic surfaces. 

isothermic system of curves on a surface. 
A system of two one-parameter families of 
curves on a surface S such that there exist 
parameters u, v for which the curves of the 
system are the parametric curves of the sur- 
face, and for which the first fundamental 
quadratic form reduces to A(u, v)(du2+ 
dv*). See above, isothermic map, and 
ISOTHERMAL—isothermal-conjugate system 
of curves on a surface. 


I'SO-TROP'IC, adj. isotropic curve. Same 
aS MINIMAL CURVE. 

isotropic developable. An imaginary sur- 
face for which EG — F? vanishes identically. 
Such a surface is the tangent surface of a 
minimal curve. See sURFACE—fundamen- 
tal coefficients of a surface. 

isotropic elastic substances. Substances 
whose elastic properties are independent of 
the direction in the substances are said to 
be isotropic. This means that the elastic 
properties are the same in all directions. 

isotropic matter. Matter which, at any 
point, has the same properties in any 
direction (such properties, for instance, as 
elasticity, density, and conductivity of heat 
or electricity). 

isotropic plane. An imaginary plane 
with equation ax+by+cz+d=0, where 
a*+b2+c*=0. E.g., the osculating planes 
of minimal curves are isotropic. 


IS’SUE, n. issue of bonds, bank notes, 
money, or stock. A set of bonds, bank 
notes, etc., which is (or has been) issued at 
a certain time. 


IT’ER-ATE, v. Repeat; do or say over 
again. 

iterated integral. See INTEGRAL— iterated 
integral. 


J 


JACOBI. Jacobi’s elliptic functions. See 
ELLIPTIC, 


Jacobi 


Jordan 


Jacobi’s polynomials. The polynomials 
JAP, G3 X)=F(-n, p+n; q; x), where 
F(a, b; c; x) is the hypergeometric function 
and n is a positive integer. It follows that 
Jl, 1 40 — x)]=P,(x) and 


2)"J,[0, 4, 401 — x)= T,), 


where P,(x) and 7,(x) are Legendre’s and 

Tchebycheff’s polynomials, respectively. 
Jacobi’s theorem. See PERIODIC—doubly 

periodic function of a complex variable. 


JA-CO’BI-AN, 7. Jacobian of two or more 
functions in as many variables. For the 7 
functions f;(x1, x2, °°: X,), i=1, 2,3,-+- 7, 
the Jacobian is the determinant 


Ox, OX, 0x3. OXn 

which is often designated by: 
Dh, fa fa, ne stn) : 
D(x, X29 X30 °° %5 Xn) 


or 


AS, fo, Sr» ee Sn) : 


AX, X25 X35 °° "5 Xn) 


For two functions, f(x, y) and g(x, y), the 
Jacobian is the determinant 


of Of 

ox oy DF, g) 
» designated by ———~- 

go Qe Pe Dy) 

Ox oy 


See INDEPENDENT—independent functions, 
and IMPLICIT—implicit function theorem. 
Syn. Functional determinant. 


JENSEN. Jensen’s inequality. For convex 
functions f, the inequality 


r( S i) S S Af (xi); 
i 


where the x; are arbitrary values in the 
region on which f is convex and the A; are 


n 
nonnegative numbers satisfying > A=1. 


The term ‘‘Jensen’s inequality’ is also 


applied to the inequality expressing the fact 
that for t>0 the sum of order t is a non- 
increasing function of ¢; i.e., for positive 
numbers a; and positive numbers s and tf 
with s> tf, 


n 1/s n 
(Sn) "<Se 
1 1 


JOHNIAC. An automatic digital comput- 
ing machine at the RAND Corporation. 
Named for the mathematician John von 
Neumann, the machine is similar to the one 
at the Institute for Advanced Study. 


JOIN, 7. See LATTICE, and suM—sum of 
sets. 


JOINT, adj. joint expectation of life. See 
EXPECTATION—expectation of life. 

joint life annuity. See ANNUITY. 

joint life insurance. See INSURANCE—life 
insurance. 

joint variation. 
variation. 


See VARIATION—joint 


JORDAN. Jordan content. See CONTENT 
—content of a set of points. 

Jordan curve. Same as SIMPLE CLOSED 
CURVE. See SIMPLE. 

Jordan curve theorem. A simple closed 
curve in a plane determines two regions, of 
which it is the common frontier (this theo- 
rem was incorrectly proved by Jordan; the 
first correct proof was given by Veblen in 
1905). 

Jordan matrix. A matrix having the 
elements of its principal diagonal equal and 
not zero, the elements immediately above 
those in the diagonal unity, and all other 
elements zero. Syn. Simple classical 
matrix. Such a matrix is also said to be in 
Jordan form. 

Joukowski transformation. In complex 
variable theory, the transformation 

w=z+1/z. 
It maps the points z and 1/z into the same 
point, so that the image of the exterior of 
the unit circle {z|=1 is the same as the 
image of the interior of this circle. There 
are simple zeros of dw/dz at z= +1, and 
otherwise dw/dz#0; accordingly, the map 
is conformal except at these two points. 
The upper half of the z-plane, with its half 
of the unit circle deleted, is mapped on the 


Jordan 


upper half of the w-plane. Under the 
Joukowski transformation, the exterior of a 
circle through the point z= —1 and having 
z=+1 in its interior is mapped on the 
exterior of a contour that, for some posi- 
tions of the circle, bears a striking resem- 
blance to the profile of an airplane wing. 
Such a contour is called a Joukowski airfoil 
profile. 


JOULE, n. A unit of energy or work; the 
work done when a force of one newton pro- 
duces a displacement of one meter in the 
direction of the force. 


1 J=107 erg=.2390 calorie. 


JUMP, nv. See DISCONTINUITY. 


K 


KAP’PA, n. The Greek letter x, K. 
kappa curve. The graph of the rectangu- 
lar equation x*+x*y2=a@?y2, The curve 
has the lines x= +a as asymptotes, is 
symmetrical about the coordinate axes and 
the origin, and has a double cusp at the 
origin. Itis called the kappa curve because 
of its resemblance to the Greek letter K. 
See BER—ber 


KEI, adj. kei function. 


function. 


KEPLER’S LAWS of planetary motion. 
The three laws: (1) The orbits of the planets 
are ellipses having the sun at one focus. 
(2) The areas described by the radius vec- 
tors of a planet in equal times are equal. 
(3) The square of the period of revolution 
of a planet is proportional to the cube of 
its mean distance from the sun. These 
laws can be directly derived from the law 
of gravitation and Newton’s laws of motion 
as applied to the sun and one planet. 


KER, adj. ker function. See BER—ber 
function. 


KER’NEL, n. iterated kernels. (/ntegral 
Equations.) The functions K,(x, y) de- 
fined by K,(x, y)=K(x, y) and Ky+1(x, y) 


b 
| K(x, t)K,(1, y) dt (n= 1, 2, - + -), where 


K(x, y) is a given kernel. It follows that 


Kinematics 


the resolvent kernel k(x, t;X) is equal to 


08) 
(-— 1). > MK yx, t). 
n=0 

kernel of a homomorphism. If a homo- 
morphism maps a group G onto a group G*, 
then the kernel of the homomorphism is the 
set N of all elements which map onto the 
identity element of G*. Then N is a normal 
subgroup of G and G* is isomorphic with 
the quotient group G/N. If a homomor- 
phism maps a ring R onto a ring R*, then 
the kernel of the homomorphism is the set 
I of elements which map onto the zero 
element of R*. The kernel J is an ideal and 
R* is isomorphic with the quotient ring 
R[J (see IDEAL). 

kernel of an integral equation. See voL- 
TERRA—Volterra’s integral equations, and 
INTEGRAL—integral equation of the third 
kind. Syn. Nucleus. 

resolvent kernel. See VOLTERRA—Vol- 
terra’s reciprocal functions, and above, 
iterated kernels. 


KHINTCHINE’S THEOREM. Let x, 
X2,:°: be independent random variables 
having equivalent distribution functions 
F(x), with mean u. Then the variable 
x= > x;/n 
i=1 


converges in probability to u as n— ©, 


KIL’O-GRAM, n. One thousand grams; 
the weight of a platinum rod preserved in 
Paris as the standard unit of the metric 
system of weights; approximately 2.2 Ibs. 
avoirdupois. See DENOMINATE NUMBERS in 
the appendix. 


KIL’O-ME’TER, 7. One thousand meters; 
approximately 3280 feet. See DENOMINATE 
NUMBERS in the appendix. 


KIL’O-WATT, n. A unit of measure of 
electrical power; 1000 watts. See WATT. 
kilowatt-hour. A unit of energy; 1000 
watt-hours; a kilowatt of power used for 
one hour; approximately $ horsepower 


acting for one hour. 


KIN’E-MAT‘ICS, 7. A branch of me- 
chanics dealing with the motion of rigid 
bodies without reference to their masses or 
forces producing the motion. The ingre- 


Kinematics 


Lagrange 


dients of kinematics are the concepts of 
space and time. 


KI-NET’IC, adj. 
ENERGY. 


kinetic energy. See 


KI-NET‘ICS, n. That part of mechanics 
which treats of the effect of forces in 
changing the motion of bodies. 


KLEIN. Kleinbottle. A one-sided surface 
with no edges and no “inside” or “‘out- 
side,” which is formed by pulling the small 
end of a tapering tube through one side of 
the tube and spreading it so as to join 
with the other end. 


KNOT, 1. (Naut.) Nautical miles per 
hour. “A ship sails 20 knots” means it 
sails 20 nautical miles per hour. 

knot in topology. A curve in space 
formed by looping and interlacing a piece 
of string in any way and then joining the 
ends together. Any two knots are topo- 
logically equivalent, but it may not be 
possible to continuously deform one into 
the other (7.e., deform without breaking 
the string). Tech. A knot is a set of points 
In space which is topologically equivalent 
to acircle. The theory of knots consists of 
the mathematical analysis of possible types 
of knots and of methods for determining 
whether two knots can be continuously 
deformed into each other. 


KRONECKER DELTA. The function 3,! 
of two variables i and j defined by 6,/=1 
if i=j, and 6,'=0 if i#j. The generalized 
Kronecker delta (0}1}2.jk) has k super- 
scripts and & subscripts. If no two super- 
scripts are equal and the subscripts are the 
same set of numbers as the superscripts, 
the value is said to be +1 or — 1 according 
as an even or odd permutation is needed 
to arrange the subscripts in the same order 
as the superscripts. In all other cases its 


value is zero. See EPSILON. All of the 
Kronecker deltas are numerical tensors. 


KUR-TO’SIS, n.  (Statistics.) A descrip- 
tive property of distributions designed to 
indicate the general form of concentration 
around the mean. It is sometimes defined 
by the ratio By=wu4/u>2, where u, and wu, 
are the 2nd and 4th moments with the 
arithmetic mean as the origin. In anormal 
distribution, B,=3. It is called meso- 
kurtic, platykurtic or leptokurtic according 
as B,=3, B,<3 or B,>3. A platykurtic 
distribution often appears to be less heavily 
concentrated about the mean, a leptokurtic 
distribution to be more heavily concen- 
trated, than the normal distribution. 


L 


LAC’U-NAR’Y, adj. lacunary space rela- 
tive to a monogenic analytic function. A 
domain in the z-plane no point of which is 
covered by the domain of existence of the 
given function. See MONOGENIC—mono- 
genic analytic function. 


LAGRANGE. Lagrange’s form of the re- 
mainder for Taylor’s theorem. See TAYLOR’S 
THEOREM. 

Lagrange’s formula of interpolation. A 
formula for finding an approximation of an 
additional value of a function within a 
given interval of the independent variable, 
when certain values of the function within 
that interval are known. It is based upon 
the assumption that a polynomial of degree 
one less than the number of given values of 
the independent variable can be determined 
which will approximate the given function 
to the accuracy desired for the value 
sought. Ifx,, x2,---,x, are the values of x 
for which the values of the function f(x) 
are known, the formula is 
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(X1 — X2)(Xy— X3) + + 1 — Xp) 
Ff (X2)(x = %1)(x — X3) + + + (X= Xn) 
(X2—X)(X2— 3) ++ + (2 — Xp) 
+--+, to n terms. 


Lagrange’s method of multipliers. A 
method for finding the maximum and mini- 
mum values of a function of several vari- 
ables when relations between the variables 


Lagrange 


are given. If it is desired to find the maxi- 
mum area of a rectangle whose perimeter 
is a constant, k, it is necessary to find the 
maximum value of xy for 2x+2y—k=0. 
Lagrange’s method of multipliers is to 
solve the three equations 2x+2y—k=0, 
du/ox=0, and 0u/0y=O0 for x and y, where 
u=xy+t2x+2y—k) and ¢ is to be 
treated as an unknown to be eliminated. In 
general, given a function f(x, x2,°:+°, x,) of 
n variables connected by A distinct rela- 
tions, $;=0, ¢,=0, - - -, ¢d,=0, in order to 
find the values of x), x2,-+-, x,, for which 
this function may have a maximum or 
minimum, equate to zero the partial de- 
rivatives of the auxiliary function f+ 1\¢1 
+ --- +4,;,, with respect to x1, X2,°°°, Xn, 
regarding 1), fo,°--, ft, aS constants, and 
solve these m equations simultaneously 
with the given Aé relations, treating the r’s 
as unknowns to be eliminated. 


LAGRANGIAN FUNCTION. See PoTEN- 
TIAL—kinetic potential. 


LAGUERRE. associated Laguerre func- 
tions. The functions y=e—'/2* x'/2(k—-) 
L,K(x), where L,*(x) is an associated 
Laguerre polynomial. This function is a 
solution of the differential equation 
xy’ +2y' + [n—4(k—-1)—4x 
— 4(k2— 1)/x] y=0. 

associated Laguerre polynomials. The 

polynomials 


dk 
LyK(x) = dxk L(x), 


where L,(x) is a Laguerre polynomial, The 

differential equation xy’+(k+1—x)y’+ 

(n—k)y=0 is satisfied by y=L,*(x). 
Laguerre polynomials. The polynomials 


dn - 
L(x) =e Fyn e-*), 


For all 7, 
(1 + 2n— cay Oe = n-L,-4 = Liy = 0, 
and 


(l—n-le-x/-0= > L,(x)t/nl. 


n=! 


The Laguerre polynomial L,(x) is a solution 
of Laguerre’s differential equation with the 
constant w=n. The functions 


e-* L, (x) 


Laplace 


are orthogonal functions on the interval 
(0, 0). 

Laguerre’s differential equation. The 
differential equation xy’ + (1—x)y’+ay=0, 
where «a is a constant. 


LAMBDA-MATRIX. A matrix whose ele- 
ments are polynomials in a variable X. 


LAME’S CONSTANTS. Two positive 
constants A and yp, introduced by Lamé, 
which completely characterize the elastic 
properties of an isotropic body. They are 
related to Young’s modulus E and Poisson’s 
ratio o by the formulas 


ne Eo tate n.: 
~ (+o1—20) ” 2040) 


The constant p is called the modulus of 
rigidity (or shearing modulus), and it is 
equal to the ratio of the shearing stress to 
the change in angle produced by the shear- 
ing stress. 


LAM’I-NA, n. A thin plate or sheet of 
uniform thickness and of constant density. 


LAPLACE. Laplace’s differential equa- 

tion. The partial differential equation 
VEY OW ue 
@x2" dy2" Oz2 


Under certain conditions, gravitational, 
electrostatic, magnetic, electric, and ve- 
locity potentials satisfy Laplace’s equation. 
In general coordinates with the fundamental 
metric tensor g;;, Laplace’s equation takes 
the form 


- ,.¢ 

guVv,, ,=0 or es he =0 

oa Vg oxi ; 
where g is the determinant |g;;|, g// is I/g 
times the cofactor of g;; in g, V,;,; is the 
second covariant derivative of the scalar V, 
and the summation convention applies. In 
cylindrical and spherical coordinates, La- 
place’s equation takes the respective forms: 


eV 1aV e@V 1e8V_ 
Or2 'r ér 622 r2 082”? 


1 ce OV | of, ,@aV 
r2 slr | + sin 0 satsin : a) 
l 02V 


—— —.=0. 
r2 sin? 6 d¢2 


Laplace 


See DIRICHLET—Dirichlet characteristic 
properties of the potential function. 
Laplace’s expansion of a determinant. 
See DETERMINANT—Laplace’s expansion of 
a determinant. 
Laplace transform. The function f(x) is 
the Laplace transform of g(x) if 


f(x)= fe g(t) dt, 


where the path of integration is some curve 
in the complex plane. It has become cus- 
tomary to restrict the path of integration 
to the real axis from 0 to +0. Suppose 
that g(x) is defined for x>0O, has only a 
finite number of infinite discontinuities, 


fico dt exists for any finite interval, and 


[e @) 
f (x)= | e~xt 9(t) dt, where this integral 
0 


converges absolutely for x>a. Then this 
Laplace transformation has an _ inverse 
given by 


eas [ex Ff de, 


a—ico 


where the value of the integral is 
— s[g(x+h)+e(x—-h)] 


if g(x) is of bounded variation in the neigh- 
borhood of x and if a>a. See FOURIER— 
Fourier transform. 


LARGE, adj., n. in the large. See SMALL 
—in the small. 

law of large numbers. (Sfatistics.) Same 
as TCHEBYCHEFF’S THEOREM Or BERNOULLI’S 
THEOREM. 


LA’TENT, adj. latent root of a matrix. 
See EIGENVALUE—€igenvalue of a matrix. 


LAT’ER-AL, adj. lateral area of a cone, 
cylinder, prism, etc. See CONE, CYLINDER, 
PRISM, etc. 

lateral face. See PYRAMID and PRISM. 


LA’TIN, adj. Latin square. A method of 
ordering the observations in an experiment 
so as to control three sources of variability. 
The number of replications under each 
value of each of the sources of variability 
is the same as the number of different 
values under each source of variability. 
E.g., a product produced by five different 


Laurent 


machines, operated by five different opera- 
tors, with five different types of materials 
can be analyzed for variability. 


LAT’I-TUDE, n. latitude of a point on 
the earth’s surface. The number of degrees 
in the arc of a meridian from the equator 
to the point; the angle which the plane of 
the horizon makes with the earth’s axis; 
the elevation of the pole of the heavens; 
the angle which a plumb line at the point 
makes with a plumb line on the same 
meridian at the equator. 

middle latitude of two places. The 
arithmetic mean between the latitudes of 
the two places; one-half the sum of their 
latitudes if they are on the same side of the 
equator, one-half the difference (taken 
north or south according to which latitude 
was the larger) if the places are on different 
sides of the equator. 

middle latitude sailing. See SAILING. 


LAT’TICE, n. A partially ordered set in 
which any two elements have a greatest 
lower bound (g.l.b.) and a least upper 
bound (l.u.b.), the g.l.b. of a and b being 
an element c such that ca, cb, and 
there is no d for which c<dsSa and 
d<=b, and the |.u.b. being defined analo- 
gously. The g.l.b. and the l.u.b. of a and 
b are denoted by aN b and aU Jd, respec- 
tively, and called the meet and join, 
respectively, of a@and b. The set of all sub- 
sets U, V,--- of a given set is a lattice if 
U<V means that each element of U is 
contained in V. Then UO Vis the inter- 
section of the sets U and V, and UU Vis 
the sum of U and V. 


LA’TUS, adj. latus rectum. [p/. latera 
recta.] See PARABOLA, ELLIPSE, HYPERBOLA. 


LAURENT. Laurent expansion of an 
analytic function of a complex variable. If 
f(z) is analytic in the circular annulus 
a<|z—zo|<b, then f(z) can be repre- 
sented by a two-way power series in the 
annulus. Jl.e., 


f@)= D> an(z—zZ0)". 


The series is called the Laurent expansion 


Laurent 


Left 
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or the Laurent series of f(z) about z). The 
coefficients a, are given by 


an= 55 | C- 20" YO a, 


where C is a simple closed rectifiable curve 
lying in the annulus and inclosing the inner 
circle |z—zo|=a. 

Laurent series. See above, Laurent ex- 
pansion of an analytic function of a com- 
plex variable. 


LAW, n. A general principle or rule to 
which all cases to which it can apply must 
conform. For examples, see under 
ASSOCIATIVE, BOYLE’S LAW, COMMUTATIVE, 
EXPONENT, GOMPERTZ, BACTERIAL, COSINE, 
INERTIA, KEPLER, LOGARITHM, MAKEHAM, 
NEWTON, QUADRANT, SPECIES, and TANGENT. 


LEAD'ING, p. leading coefficient of a 
polynomial in one variable. The coeffi- 
cient of the term of highest degree. 


LEAST, adj. least common multiple. See 
MULTIPLE—least common multiple. 

least upper bound. See BOUND. 

least value of a function. The smallest 
value the function takes on, if it takes on 
a smallest value. 

method of least squares. 
method of least squares. 


See METHOD— 


LEBESGUE. Lebesgue integral. First 
suppose that f(x) is a bounded measurable 
function defined over a (Lebesgue) measur- 
able set E of finite measure. If L and U 
are lower and upper bounds of f(x), then 


the Lebesgue integral { f(x) dx of f(x) over 
Q 


Q is defined as the unique limit of 


ai 
> a,— ym(e,), 
i=l 
or of 


hn 
> a;m(e;), 
i=] 


as the greatest of the numbers a;—a;,-, 
approaches zero, where the interval (L, U) 
is divided into ” parts by the increasing 
sequence of numbers ay= L, a1, Ax, * ++, Ay 
=U, and where m(e,;) is the measure of 
the set e;, e; consisting of all peints x for 
which a,;_,; 3 f(x)<a,i=1, 2,-++-n—1) and 


e, of all x satisfying a,-;Sf(x)<a,. If 
f(x) is unbounded and f,*(x) is defined 
by fat(x)=0 if f@&)S0, ftQO=f() if 
O<f(x)Sn, and f,t(o=n if f(x~)>n, 
and /, (x) is defined by f,,-(x)=0 if f(x) 20, 
fn (*) =f (x) if nS f(x) <0, and f,-(x)=n if 
f(x) <n, then f(x) has the Lebesgue integral 


i fe) d= tim | fyX(e) ae 
Q n—» oO 
+ ay. Tn (Xx) dx, 


provided these limits both a If the set 
(2 does not have finite measure and 


I. f(x) dx 


approaches a unique limit as the bounda- 
ries of an interval / all increase indefinitely, 
in any manner, then that limit is defined as 


| fC) dx (0-1 being the intersection of 2 
Q 


and J). A function d(x) defined on a set E 
contained in an interval J has a Lebesgue 
integral over FE if, and only if, there exists 
a sequence of step functions (or of contin- 
uous functions) f(x) such that 


MI) (x) 


for almost all x of J (where (x) is taken as 
zero for points x not in £) and 


tim | fl) S| x= 0. 


In this case, lim 


n-—»> CO 

the Lebesgue iteeral of f(x) over E. A 
function which has a Lebesgue integra] 
over a set Eis said to be summable over E. 
See MEASURABLE—measurable function. A 
function which has a Riemann integral 
necessarily has a Lebesgue integral, but 
not conversely. 

Lebesgue measure. 
measurable set. 


Jal) dx exists and is 


See MEASURABLE— 


LEFT, adj. left-handed coordinate system. 
See COORDINATE—left-handed coordinate 
system, and TRIHEDRAL. 

left-handed curve. If the torsion of a 
directed curve C at a point P is positive, 
then a variable point P moving through 
the position P in the positive direction 
along C goes from the positive to the nega- 
tive side of the osculating plane at P. See 
CANONICAL—canonical representation of a 


Left 


space curve in the neighborhood of a point. 
Accordingly, C is said to be left-handed at 
P. See RIGHT-HANDED. Syn. Sinistrorsum 
[Latin], or sinistrorse curve. 

left-handed trihedral. See TRIHEDRAL. 


LEG, n. leg of a right triangle. Either 
one of the sides adjacent to the right angle. 


LEGENDRE. associated Legendre func- 
tions. The functions 


Pymx)=(1— x29"? £™ P(x, 


where P,(x) is a Legendre polynomial; 
y=P,,"(x) is a solution of the differential 
equation 


(1—x2)y"’— 2xy’ 
+ [n(n+1)—m2/(1—x2)]y =0. 


See HARMONIC—spherical harmonic, zonal 
harmonic. 

Legendre’s differential equation. The 
differential equation (1—.x2)y”’—2xy’+ 
n(n+1)y=0. See below, Legendre’s poly- 
nomials. 

Legendre’s necessary condition (Calculus 
of Variations). A condition, namely 
fy'y 20, that must be satisfied if the 


x 
‘ F ae 2 ’ 
function y is to minimize | f(x, y, ¥’) dx. 
x 


See cCALCULUS—calculus of variations, 
EULER—Euler’s equation, WEIERSTRASS— 
Weierstrass’ necessary condition. 

Legendre’s polynomials. The coefficients 
P(x) in the expansion. 


(1—2xht+h2)72= > P,(x)h". 
n=0 
In particular, Po(x)=1, Pi())=x, PAx)= 
4(3x?— 1), P3(x) = 4(5x3 — 3x), +++; y= Pr(x) 
is a solution of Legendre’s differential 
equation. For all nv, 


Pn+1(X) = xP’ (x) = (n ar ] )P (x), 
(n+ 1)Prai(x)— (n+ 1I)xP,(x) 
+ NP n-\(X) = 0, 
and 


es 1)" nt+1 = (=) 

P,(cos 0)= Al r azn \p ? 

where cos 0=2/r and r2=x?2+y2+2z2. The 
Legendre polynomials are a complete set of 
orthogonal functions on the interval (— 1, 1). 
Also called LEGENDRE’S COEFFICIENTS. See 


Lemniscate 


RODRIQUES’ FORMULA, and SCHLAFLI’S INTE- 
GRAL. 

Legendre’s symbol (c|p). The symbol 
(c|p) is equal to 1 if the integer c is a 
quadratic residue of the odd prime p, and is 
equal to —1 if c is a quadratic nonresidue 
of p. E.g., (6|19)=1 since the congruence 
x?=6 (mod 19) has a solution, and (39/47) 
=-—1 since the congruence x?=39 (mod 
47) has no solutions. 


LEIBNIZ’? THEOREM or FORMULA. A 
theorem for finding the nth derivative of 
the product of two functions; the theorem 
is as follows: 


D,"(uv)=0D,0ut nD uD,v 
+4n(n—1)D,"-2uD,,2v 
ope ef EDU, 


the numerical coefficients being the coeffi- 
cients in the expansion of (u+v)" and the 
indicated derivatives being of the same 
order as the corresponding powers in this 
expansion. Analogously, the nth derivative 
of the product of & functions can be written 
out from the multinomial expansion of the 
nth power of the sum of kA quantities. 


LEM’MA, nz. A theorem proved for use 
in the proof of another theorem. 


LEM-NIS’CATE, n. The plane locus of 
the foot of the perpendicular from the 
origin to a variable tangent to the equilateral 
hyperbola; the locus of the vertex of a 
triangle when the product of the two 
adjacent sides is kept equal to one-fourth 
the square of the third side (which is fixed in 
length). Employing polar coordinates, if 
the node (see figure) is taken as the pole, 


(o™ aoe 
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the axis of symmetry as the initial line, and 
the greatest distance from the pole to the 
curve as a, the equation of the lemniscate 
is p?=a?cos 26. Its corresponding rec- 
tangular Cartesian equation is 


(x? + y?)?= a(x? — y?). 


Lemniscate 


This curve was first studied by Jacques 
Bernoulli, hence is frequently called Ber- 
noulli’s lemniscate, or the lemniscate of 
Bernoulli. See CASSINI. 


LENGTH, x. length of a curve. Let A and 
B be points on a curve and choose points 
A=P,, P2, P3,---, P,= B, starting at A and 
moving along the curve to B. If the sum of 
the lengths of the chords joining successive 
points, 


P,P,+P2P3+P3P4+ ania’ See, pee ps 


approaches a limit as the number of chords 
increases in such a way that the length of the 
longest chord approaches zero, this is said 
to be the length of the curve between A and 
B (otherwise the length is not defined, i.e., 
does not exist). The length of some curves 
can be computed by integration (see ELE- 
MENT—element of integration). E.g., fora 
plane curve f(x, y)=0O in rectangular 
coordinates, the length between points 
(x1, #1) and (x2, y2) is given by 


“x 
| + (asides ax 
or 


|? 1 + dx/dyy2}"2 dy. 


length of a rectangle. The length of its 
longer side. 

length of a straight line segment. If a 
straight line containing the line segment has 
real numbers associated with its points (in 
the usual way by which coordinates are 
defined), the length of the line segment is 
the absolute value of the difference of its 
end-points (whether or not the end-points 
belong to the segment). An equivalent 
definition is that the length is the number 
of times a unit interval will fit in the line 
segment, this being defined as the sum 
of the number of complete unit intervals 
that can be embedded in the line, $ the 
number of integrals of length 4 that can be 
embedded in the remainder, | the number 
of intervals of length 4} that can be em- 
bedded in the remainder, etc. (an interval 
of length 4 is one of two intervals which 
results from bisecting the unit interval, etc.). 
See MEASURABLE—measurable set. 


LEPTOKURTIC, adj. leptokurtic distribu- 
tion. See KURTOSIS. 


L’Huilier’s Theorem 


LESS, adj. See GREATER. 


LEV’EL, adj. level lines. See CONTOUR— 
contour lines. 
net level premiums. See PREMIUM. 


LE’VER, adj., n. A rigid bar used to lift 
weights by placing the bar against a support 
called the fulcrum, and applying a force or 
weight. A lever is said to be of the first, 
second, or third type, respectively, when 
the fulcrum is under the bar and between 
the weights, under the bar at one end, or 
above the bar at one end. 

law of the lever. If there is equilibrium 
for two weights (forces), the weights 
(forces) are to each other inversely as their 
lever arms, or, what is equivalent, the 
products of the weights by their lever arms 
are equal, or the algebraic sum of the 
moments of all the forces about the 
fulcrum is equal to zero. 

lever arm. The distance of a weight (or 
line of action of a force) from the fulcrum 
of the lever. 


L’HOSPITAL’S RULE. A rule of evalu- 
ating indeterminate forms: lf f(x)/F(x) ap- 
proaches one of the forms 0/0 or c/co when 
x approaches a, and f’(x)/F'’(x), where f(x) 
and F’(x) are the derivatives of f(x) and 
F(x), approaches a limit as x approaches a, 
then f(x)/F(x) approaches the same limit. 
E.g., if f(x)=x?2-1, F(x)=x-—1, and a=1, 
f(a)/F(a) takes the form 0/0 and 
- Sf’ O/F’d=lim 2x=2, 
x x] 
which is the limit approached by 
(x2— 1)/(x—-1) 

as x approaches 1. L’Hospital’s rule can 
be proved under the assumptions: (1) there 
is a neighborhood of x=a in which 
F(x)40 if x4#a; (2) f(x) and F(x) are 
continuous in some neighborhood of x=a 
except perhaps at a; (3) f(x) and F(x) exist 
in some neighborhood of x=a (except 
perhaps at x=a) and do not vanish simul- 
taneously for xa. See MEAN—mean 
value theorems for derivatives. 


L’HUILIER’S THEOREM. A theorem 

relating the spherical excess of a spherical 

triangle to the sides: 

ne Ae $s tan 4(s—a) tan 4s b)) 
x tan 4(s—c)] 


L’Huilier’s Theorem 


where a, b, and c are the sides of the tri- 
angle, E is the spherical excess, and 


=}(at+b+c). 
LI’A-BIL’I-TY, n. See AsseETs. 


LIE. Lie group. A _ topological group 
which can be given an analytic structure for 
which the coordinates of a product xy are 
analytic functions of the coordinates of the 
elements x and y, and the coordinates of 
the inverse x~! of an element x are analytic 
functions of x. See EUCLIDEAN—locally 
Euclidean space. 


LIFE, adj., n. (1) (Life Insurance.) The 
difference between a policy date and the 
death of the insured. (2) The period during 
which something under consideration is 
effective, useful, or efficient, such as the 
life of a lease or contract, the life of an 
enterprise, or the life of a machine. 

expectation of life. See EXPECTATION. 

life annuity. See ANNUITY. 

life insurance. See INSURANCE—life 
insurance. 


LIFT, 7. In aerodynamics, if the total force 
F that is applied to a body B gives Ba 
motion with velocity vector v, then the 
component of F perpendicular to v is called 
lift. See DRAG. 


LIGHT, nv. reflection and refraction of 
light. See REFLECTION and REFRACTION. 


LIKE’LI-HOOD, adj. likelihood ratio. 
The ratio of the probability of a random 
sample under a given hypothesis about the 
parameters of the population to the 
probability of the sample under the 
hypothesis that the sample was drawn from 
that population whose parameters are such 
that this probability is maximized. 


LIM’A-CON, x. The locus of a point on 
a line, at a fixed distance from the inter- 
section of this line with a fixed circle, as 
the line revolves about a point on the circle. 
If the diameter of the circle is taken as a 
(see figure), the fixed distance as b, the 
fixed point as the pole, the moving line 
as the radius vector, and the diameter 
through the fixed circle as the polar axis, 
the equation of the limacon is r=acos 0 


Limit 


+b. This curve was first studied and 
named by Pascal, hence is usually called 
Pascal’s limagon. When 5 is less than the 
diameter of the fixed circle, the curve 
consists of two loops, one within the other; 
the outside loop is heart-shaped and the 
inside ioop is pear-shaped, the curve having 


a node at the origin. When 3 is equal to 
a, there is one heart-shaped loop, called 
the cardioid. When 5b is greater than a, 
there is one loop, whose shape tends to- 
ward that of a circle as 6 increases. 


LIMIT, n. central limit theorem. (Statis- 
tics.) See CENTRAL. 

fundamental theorems on limits. (1) If 
a variable u approaches a limit / and cis a 
constant, then cu approaches the limit cl. 
(2) If u and v approach the limits / and m, 
respectively, then w+v approaches the 
limit /+m. (3) If wu and v approach the 
limits / and m, respectively, then uv 
approaches the limit /m. (4) If u and v 
approach the limits / and m, respectively, 
and if m is not zero, then u/v approaches 
the limit //m. (5) If u steadily increases but 
never becomes greater than a given con- 
stant, A, then uw approaches a limit, U, 
which is not greater than A. (6) If u 
steadily decreases but never becomes less 
than a given constant, B, then vu approaches 
a limit, U, which is not less than B. 

inferior and superior limits. See IN- 
FERIOR, SUPERIOR, and SEQUENCE—accumu- 
lation point of a sequence. 

limit of a function. See below, limit of a 
variable. 

limit on the left or right. The limit on the 
right of a function f(x) at a point xg isa 
number M such that for any e>O there 
exists a d>0 such that |M—/(x)|<e if 


Xy<xX< Xt, 


and the limit on the left is a number N 
such that for any e>0 there exists a 6>0 


Limit 


Line 


such that |N—f(x)|<e if xp-6<x<Xp. 
A function is continuous on the right (or 
left) at xo if, and only if, the limit on the 
right (or left) exists and is equal to f(x%o). 
These limits are denoted by lim f(x) or 


xX—>xgt 


f(xo+0) and lim f(x) or f(xp—0). Syn. 


0 

Right-hand limit, left-hand limit. 

limit point. Same as ACCUMULATION 
POINT. 

limit of a product, quotient, sum. See 
above, fundamental theorems on limits. 

limit of the ratio of an arc to its chord. 
Refers to the limit of this ratio when the 
chord (or arc) approaches zero. If the 
curve is a circle, this limit is 1, and it 1s also 
1 for rectifiable curves. 

limit of a sequence. Sce various headings 
under SEQUENCE, especially limit of a 
sequence. 

limit of a variable. A quantity such that 
the difference between it and the variable 
can be made to become and remain as 
near zero as one pleases; e.g., the limit of 
1/x is 0, if x increases beyond all bounds; 
the same is true if x takes on numerically 
large negative values, and also if x takes 
on, alternately, large positive and numeri- 
cally large negative values, such as 10, — 10, 
100, —100, 1000, —1000,---. A variable 
is said to approach its limit or to approach 
a certain quantity as a limit. The fact 
that a variable function, f(x), approaches a 
certain limit kA as x approaches a given 
number a is written 


lim f(d=k 


2a 


and stated “‘limit of f(x), as x approaches a, 
is k.”’ Tech. A function f(x) is said to 
approach k as a limit as x approaches a if, 
for every positive number e, there is a 
number 6 such that |f(x)—kl|<e if 
0<|x—a| <6; f(x) is said to approach the 
limit k as x becomes infinite if, for every 
positive number e¢, there is a number 6 
such that | f(x)—k|<e if x>6. 

limits of a class interval. (S‘atistics.) 
The upper and lower limits of the values 
of a class interval. Syn. Class bounds. 

limits of integration. See INTEGRAL— 
definite integral. 

problems of limit analysis and design. 
The problem of determining the carrying 
capacity, for a given type of loading, of a 


structure of which the geometry and the 
fully plastic moments of the members are 
known, is said to be a problem of limit 
analysis. A problem of limit design is the 
problem of determining the fully plastic 
moments of the members of a structure, of 
which the geometry and the loads it has to 
carry are known, in such a way as to mini- 
mize its weight. 


LIM'IT-ING, adj. limiting age in a mor- 
tality table. The age which the last 
survivor of the group upon which the table 
is based would have attained had he lived to 
the end of the year during which he died. 

limiting value. Same as LIMIT OF A 
VARIABLE. 


LINDELOF. Lindeléf space. A topo- 
logical space T such that, for any class C of 
open sets whose union contains 7, there is 
a countable class C* of sets whose union 
contains 7 and such that each member of 
C* is a member of C. A topological space 
which satisfies the second axiom of count- 
ability is a Lindelof space (Lindeldf’s 
theorem). 


LINE, 7. (1) Same as CURVE. (2) Same as 
STRAIGHT LINE. See below. 

addition of line segments. See suM—sum 
of directed line segments. 

angle between two lines, or between a line 
and a plane. See ANGLE—angle of intersec- 
tion. 

bisection point of a line segment. Same 
aS MID-POINT of the line segment. 

broken line. A figure composed entirely 
of segments of straight lines, laid end to 
end. 

concurrent lines. See CONCURRENT. 

contour lines. See CONTOUR. 

curved line. A line which is neither a 
broken nor a straight line; a line that con- 
tinually turns (changes direction). 

directed line. See DIRECTED. 

direction of a line. See DIRECTION— 
direction of a line. 

equation of a straight line. A relation 
between the coordinates of a point which 
holds when, and only when, the point is on 
the straight line. The following are forms 
of the equation of a straight line in the plane: 
(1) Slope-intercept form. The equation (in 
rectangular Cartesian coordinates) y=mx 
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+b, where m is the slope of the line and bits 
intercept on the y-axis. (2) Intercept form. 
The equation x/a+y/b=1, where a and b 
are the x and y intercepts, respectively. 
(3) Point-slope form. The equation y— y,= 
m(x— x,), where m is the slope and (x,, y;) 
is a point on the line. (4) Two-point form. 
The equation 


(y—Y1)/V2- Y= (X— 1) [(X2—- XD) 


where (x, ¥;) and (x2, y2) are two points 
through which the line passes. This form 
can be written more elegantly by equating 
to zero the third-order determinant whose 
first, second, and third rows contain, in 
order, the sets of elements x, y, 1; x), ¥y, 1; 
X>, ¥2, 1. (5) Normal form. The equation 
xcosw+ysinw—p=0, where w is the 
angle from the x-axis to the perpendicular 
from the origin to the line and p is the 
length of the perpendicular from the origin 
to the line; any equation ax + by+c=Owith 
a?+b*=1 (some authors require that the 
sign of a be chosen so that a=cosw). If 
a2+bh2=1, then ax+by+c is equal to the 
distance from the point (x, y) to the line 
ax +by+c=0 (positive on one side of the 
line and negative on the other). An 
equation ax+ by+c=0 can be changed to 
normal form by dividing all coefficients by 
+ (a2 + b2)'/2, the sign being the opposite of 
the constant term c (it is sometimes required 
that the angle in the normal form be less 
than 180°, in which case the sign of the 
coefficient of y is taken as positive, or the 
coefficient of x positive if y doesn’t appear.) 


To reduce 3x—4y+5=0 to the normal 
form, multiply the equation by — 4, getting 
—3x+4y—1=0. The distance from (—1, 
5) to the line is then (—2)(—1)+(@G6)-1 
= 33; the distance from (0, 0) to the line is 
—1. (6) General form in_ rectangular 
Cartesian coordinates. The form which 
includes all other forms in this system of 
coordinates as special cases. It is written 


Ax+ By+C=0, where A and B are not 
both zero. (7) Polar form. The equation 
r=psec(@—w), where p is the per- 
pendicular distance from the pole to the 
line, w is the inclination of this perpen- 
dicular to the polar axis, and r and @ are 
the polar coordinates of a variable point 
on the line; see figure, above. The 
equation of a straight line in space may be of 
the following types: (1) The equations of 
any two planes which intersect in the given 
line. (2) Equation of planes parallel to the 
coordinate axes are used as the symmetric 
(standard) form of the equation of a straight 
line, the equation being written 


(x— x) /l=(y— yi)/m=(z—2Z)/n, 


where /, m, and 7 are direction numbers of 
the line and x,, y;, and z, are the coordi- 
nates of a point on it. (3) The two-point 
form of the equations of a line is 


XTX, VTV 


X2—-X, Y2—Y¥1 


zZ—Z| 
—_——5 
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where (x1, ¥1, 21) and (Xo, ¥2, Z2) are two 
points on the line. (4) The parametric 
form is derived by equating each fraction 
in the symmetric form to a parameter, say f¢, 
and solving for x, y, and z. This gives 
x=x,+lt, y=y,;tmt, z=z,+nt. The 
points determined by giving ¢ any values 
desired lie on the line. If /, m, n are the 
direction cosines of the line, ¢ is the distance 
between the points (x, y, z) and (x1, 1, 2}). 

ideal line, or line at infinity. Alge- 
braically, the locus of the equation x,;=0 
in the system of homogeneous coordinates 
related to the Cartesian relations x;/x;=~x, 
X2/x3=y. See COORDINATE—homogeneous 
coordinates. Geometrically, the aggregate 
of all ideal points in the plane. Syn. Ideal 
line. 

level lines. See CONTOUR—contour lines. 

line of best fit for a set of statistical 
values. (1) Usually the line determined by 
the method of least squares. (2) The trend 
line. 

line integral. 
gral. 

line segment. The part of a straight line 
between two points on the line (the points 
may, or may not, belong to the line seg- 
ment). 

material line. See MATERIAL. 

midpoint of a line. See MIDPOINT. 


See INTEGRAL—line inte- 
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nodal line. See NODAL. 

oblique and parallel line (relative to 
another line or to a plane). See OBLIQUE, 
and PARALLEL. 

perpendicular line (relative to another 
line or to a plane). See PERPENDICULAR. 

plumb line. (1) The Jine in which a 
string hangs, when supporting a weight. 
(2) The string itself. 

polar line (and pole of a line). See PoLE— 
pole and polar of a conic. 

projection of a line. See PROJECTION. 

Straight line. A curve such that if any 
part of it is placed so as to have two points 
in common with any other part, it will lie 
along the other part; a straight line is 
usually called simply a line. Tech. (1) The 
set of all “points” (x, y) which satisfy a 
given linear equation, ax + by+c=0, where 
a and 6 are not both zero. (2) An object 
called ‘line’? in an axiomatic structure 
called ““geometry”’. This may be an un- 
defined element, which taken with some 
other element (or elements), such as point, 
satisfies certain assumptions; e.g., two lines 
determine a point (including the ideal 
point), and two points determine a line. 

trace of a line. See TRACE. 

trend line. The line that represents the 
general drift of a set of data. See above, 
line of best fit. 


LIN’E-AL, adj. lineal element. (Differen- 
tial Equations.) A directed line segment 
through a point, whose slope taken with the 
coordinates of the point satisfy a given 
differential equation. 


LIN’E-AR, adj. (1) In a straight line. 
(2) Along or pertaining to acurve. (3) Hav- 
ing only one dimension. 

coefficient of linear expansion. See co- 
EFFICIENT—coefficient of linear expansion. 

consistency of a system of linear equa- 
tions. See CONSISTENCY. 

equation of linear regression. (S/atistics.) 
(y— ¥)/(x—x)=r(o,/o,), Where o, and o, 
are the standard deviations of two sets of 
data (numbers) denoted by x’s and y’s, 
respectively, r is the correlation coefficient, 
and x and jy are the means of the x’s and 
y's. See DEVIATION—standard deviation, 
and COEFFICIENT—correlation coefficient. 

linear combination. A linear combina- 
tion of two or more quantities is a sum of 


the quantities, each multiplied by a constant 
(not all the constants being zero). See 
DEPENDENT—linearly dependent. For 
equations f(x,y)=0 and F(x, y)=0, a 
linear combination is kf(x, y)+hF(x, y) 
=0, where k and fare not both zero. The 
graph of the linear combination of any two 
equations passes through the points of 
intersection on their graphs and cuts neither 
in any other point. A convex linear 
combination of quantities x; (i=1, 2, +++, 7) 


n 
is an expression of the form >» A;X;, where 
I 


n 
A;=1 and each A; is a non-negative real 


number. See BARYCENTRIC—barycentric 
coordinates. 

linear congruence. A congruence in 
which all variable terms are of the first de- 
gree. E.g., 12x+10y—6=0 (mod 42) is a 
linear congruence. 

linear differential equations. See DIF- 
FERENTIAL—linear differential equations. 

linear element. See ELEMENT—element of 
integration. For a surface S: x=x(u, v), 
y=ylu, v), z= 2(u, v), and a curve f(u, v)=0 
on §S, the linear element ds is given by 
ds? = dx*+ dy2+dz2=E du2+2F du dv+G 
dv~, where 


Ox\2  (dy\2 /(dz\2 
= (=) +(2) +(=) 


__ Ox Lead oY 5.02 Oz 
~ Ou bv du Ov Ou dv 


Ox oy OZ 
o= (5) +(2) +3) 
of 
ou 
Also written ds*=g,, du* du®, in oor 
notation. The linear element of a surface 
is the element of length ds, given by ds?= 
E du? +2F du dv+G dv2, without necessary 
reference to any particular curve on the 
surface. In an n-dimensional Euclidean 
space there exist rectangular Cartesian 
coordinates y! (not so in other Riemannian 
spaces) so that the linear element has the 
form 


ds2 = (dy!)2 + (dy*)2 of eee + (dy")2, 
In other words, the fundamental Euclidean 
metric tensor 8 je -, x") has the com- 


ponents *g;(y!,- ++, w= Oi in rectangular 
coordinates y!, where 6,;; is Kronecker’s 


L a _0. 


and du and adv satisfy du+=7 
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delta. If pi=fi(x!,---, x") is the trans- 
formation of coordinates from any general 
coordinates x! to rectangular coordinates 
y', then the components g;,(x!,- ++, x”) in 
general coordinates can be computed by 


a 
gij(x}, 7 8 x") = =— =: 


Also called the line element and element 
of length. 


linear equation or expression. An alge- 
braic equation or expression which is of 
the first degree in its variable (or variables); 
i.e., its highest degree term in the variable 
(or variables) is of the first degree. The 
equations, x+2=0 and x+y+3=0, are 
linear. An equation or expression is said to 
be linear in a certain variable if it is of the 
first degree in that variable. The equation 
x+y2=0 is linear in x, but not in y. 

linear expansion. Expansion in a straight 
line; expansion in one direction. The 
longitudinal expansion of a rod that is 
being heated is a linear expansion. 

linear group. See GrRoup—full linear 
group, real linear group. 

linear hypothesis. See HYPOTHESIS— 
linear hypothesis. 

linear interpolation. See INTERPOLATION. 

linear programming. See PROGRAMMING. 

linear space. Same as VECTOR SPACE. 

linear theory of elasticity. See ELASTICITY. 

linear transformation. (1) A_ transfor- 
mation effected by an equality which is a 
linear algebraic equation in the old 
variables and in the new variables. The 
general linear transformation in one dimen- 
sion is of the form 


x’=(ax+ b)/(cx+d), 
Or px{/=ax,+bx2, px2’=cx,+dx2, where 
p is an arbitrary constant and x,, x2 are 
homogeneous coordinates defined by x,/x2 
=x. In two dimensions the general linear 
transformation is 
'=(ayxtbyy+ey)[(dix+ey+hi), 
y’ =(anx t+ boyt C)/(dix+e,yt+hi), 
or in homogeneous coordinates 
px! = A,X, + byx2+ 1x3, 
px’ =A,X;+ box + 5X3, 
px3 = A34X1,+ b3xXo+ C3X3. 
General linear transformations in more 


than two dimensions are defined similarly. 
Called singular or nonsingular according as 


the determinant of the coefficients on the 
right side is or is not zero. (2) A trans- 
formation which takes ax+by into ax’+ 
by’ for all a and 6b if it takes vectors x and 
y into x’ and y’. It is sometimes also re- 
quired that the transformation be continu- 
ous. Here x and y may be vectors in 
n-dimensional Euclidean space or in a vec- 
tor space. The numbers a and b may be 
real, complex, or of any field for which 
multiplication with elements of the vector 
space is defined. In Euclidean space, such 
a transformation is of the form 


n 
yi= > aj;jx;(i=1, 2,--+, n), 
j=l 


or y= Ax, where x and y are one-column 
matrices (vectors) with elements (x1, x2,°°- 
Xn) and (¥1, ¥2,°°°; Yn), A is the matrix 
(a;;), and multiplication is matrix multi- 
plication (see MATRIX—matrix of a linear 
transformation). A linear transformation 
T between normed vector spaces is said to 
be bounded if there exists a constant M such 
that ||7(x)|| <M |\x|| for each x. The smallest 
such number M is called the norm of the 
linear transformation and is denoted by 
(7||. If such a number M does not exist, 
the linear transformation is said to be un- 
bounded. A_ linear transformation is 
continuous if and only if it is bounded. 

linear velocity. See VELOCITY. 

solution of a system of linear equations. 
See ELIMINATION, CRAMER’S RULE, and CON- 
SISTENCY—consistency of linear equations. 


LIN’E-AR-LY, adv. linearly dependent 
and linearly independent. See DEPENDENT— 
linearly dependent. 

linearly ordered set. See ORDERED— 
simply ordered set. 


LIOUVILLE. Liouville function. The 
function A() of the positive integers defined 
by A(QI)=1 and A(M)=(—Nait te if 
n=p)21:+++p,4r, where p;, °° +, p, are prime 
numbers. 

Liouville-Neumann series. (/ntegral Equa- 
tions.) The series 


Yx=Fa)+ 2 MPnl2), 
where - 


b 
bixd=| K(x, of at 


Liouville 


and 


b 
bxD= | Kx, Df y-1(0) dt (n=2, 3, - +). 


This function y(x) is a solution of the 
equation 


b 
WO=LO+A |” Kx, Ny(0 dt 


if (1) K(x, y) is real, continuous, and not 
identically zero in the square aSx3b, 
asy Sb; (2) |A|<1/[M(6—a)], where M is 
the lu.b. of A(x, y) in this square; (3) 
f(x)#0 and is real and continuous for 
asxx<b. See KERNEL—iterated kernels. 
Liouville number. An irrational number 
X such that, for any integer n, there is a 
rational number p/q such that g> 1 and 


|X —p/q| < 1/9". 
All Liouville numbers are transcendental 
(see IRRATIONAL—1!Tational number). For 


any irrational number TI, there exist infinitely 
many rational numbers p/qg such that 


I—piq| <1(V'5 q?), 
but 5 is the largest number that can be 
used for every J; for an algebraic number of 
degree n, there is a positive number c for 
which there are infinitely many rational 
numbers p/q with 
|A—p/q| <e/q", 

but the degree 7 is the largest exponent that 
can be used on gq. There is a Liouville 
number between any two real numbers. In 
fact, the set of Liouville numbers is a set of 
second category (although it is of measure 
zero). 

Liouville’s theorem. If f(z) is an entire 
analytic function of the complex variable z 
and is bounded, then f(z) is identically 
constant. 


LIPSCHITZ. Lipschitz condition. <A 
function f(x) is said to satisfy a Lipschitz 
condition (with constant K) at a point xo if 
\f(x) —f(x9)| S$ K|x—-xo| for all x in some 
neighborhood of xo. It is said to satisfy 
a HOlder condition of order p at xo if 
f(x) —f(x9)|SK|x—xol/? for all x in 
some neighborhood of x, (this is sometimes 
called a Lipschitz condition of order p). A 
function f(x) is said to satisfy a Lipschitz 
condition on the interval [a, b] if 


|f (x2) -f(x))| S$ K|x2- x1 | 
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for all x, and x, on [a, b]. A function hav- 
ing a continuous derivative at each point 
of a closed interval satisfies a Lipschitz 
condition. 


LI’TER (LI’TRE), 7. One cubic decimeter. 
Approximately equal to 61.026 cubic 
inches or 1.056 quarts. See DENOMINATE 
NUMBERS in the appendix. 


LIT’ER-AL, adj. literal constant. A letter 
which denotes any one of certain constants 
(say any real number, or any rational 
number), as contrasted to a specific 
constant like 1, 2, or 3. Letters from the 
first part of the alphabet are usually used 
(however, see SUBSCRIPT). 

literal expression, or equation. An 
expression or equation in which the con- 
stants are represented by letters; ax*+ 
bx+c=0 and ax+by+cz=0 are literal 
equations, whereas 3x+5=7 is a numerical 
equation. 

literal notation. The use of letters to 
denote numbers, either unknown numbers 
or any of a set of numbers under discussion. 
E.g., algebra uses letters in discussing the 
fundamental operations of arithmetic in 
order to make statements regarding all 
numbers, such as a+ a= 2a. 


LIT’U-US, n. [p/. litui]. A plane curve 
shaped like a trumpet, from which it gets 
its name; the locus of a point such that the 
square of the radius vector varies inversely 
as the vectorial angle. Its equation in 
polar coordinates is r2=a/@. The curve is 
asymptotic to the polar axis and winds 
around infinitely close to the pole but 
never touches it. Only positive values of 
r are used in the figure. Negative values 


(Qo 


would give an identical branch of the curve 
in such a position that the two branches 
would be symmetrical about the pole. 


LOAD’ING, v. CUnsurance.) The amount 
added to the net insurance premiums to 
cover agents’ fees, company expenses, etc. 


Loan 


LOAN, adj., n. building and loan associa- 
tion. See BUILDING. 

loan value. A term used in connection 
with an insurance policy. It is an amount, 
usually somewhat less than the cash 
surrender value, which the insurance 
company agrees to loan the policy holder 
at a stipulated rate as long as the policy is 
in force. 


LO’CAL, adj. local value. Same as PLACE 
VALUE. 


LO’CAL-LY, adv. locally compact, locally 
connected, locally convex, locally Euclidean, 
and locally finite. See CompAcT—compact 
set, CONNECTED, CONVEX—convex set, 
EUCLIDEAN and FINITE—locally finite family 
of sets. 


LO-CA’TION, adj., n. location theorem 
(or principle) for the roots of an equation. 
See RoOT—root of an equation. 


LO’CUS, n. [pl. loci]. Any system of 
points, lines, or curves which satisfies one 
or more given conditions. Ifa set of points 
consists of those points (and only those 
points) whose coordinates satisfy a given 
equation, then the set of points is said to be 
the locus of the equation and the equation is 
said to be the equation of the locus. E.z., 
the locus of the equation 2x+3y=6 is a 
straight line, the line which contains the 
points (0,2) and (3,0). The locus of 
points which satisfy a given condition is the 
set which contains all the points which 
satisfy the condition and none which do 
not; e.g., the locus of points equidistant 
from two parallel lines is a line parallel to 
the two lines and midway between them; 
the locus of points at a given distance r from 
a given point P is the circle of radius r with 
center at P. The locus of an inequality 
consists of those points whose coordinates 
satisfy the given inequality. Thus in a one- 
dimensional space the locus of the in- 
equality x > 2 is the x-axis to the right of 2. 
In a two-dimensional space, the locus of 
the inequality 2x*+3y—6<0 is that portion 
of the (x, y)-plane which is below the line 
2x+3y-—6=0. 


LOG’A-RITHM, 7. The logarithm of a 
number is the exponent indicating the 


Logarithm 


power to which it is necessary to raise a 
given number, called the base, to produce 
the number; the logarithm, with base a, of 
M is equal to x if a*=M. Since 107=100, 
2 is the logarithm of 100 to the base 10, 
written logiy 100=2; likewise, logi) .01= 
—2 and logy 27=3. Logarithms which use 
10 as a base are called common (or Briggs’) 
logarithms. Logarithms which use the base 
e=2,.71828--- are called natural (or 
Napierian) logarithms, and sometimes hyper- 
bolic logarithms (see e); log.x is often 
written as In x. Common logarithms are 
particularly useful for performing multi- 
plication, division, evolution, and involu- 
tion, because of the following fundamental 
laws of logarithms (valid for logarithms to 
any base) together with the fact that shifting 
the decimal point » places to the right (or 
left) changes the logarithm of the number 
by the addition (or subtraction) of the 
integer n (see below, characteristic and 
mantissa of a logarithm). (1) The loga- 
rithm of the product of two numbers is the 
sum of the logarithms of the numbers [log 
(4 x 7) = log 4+ log 7 = .60206 + .84510 = 
1.44716 (see TABLE I in the appendix)]. 
(2) The logarithm of the quotient of two 
numbers is equal to the logarithm of the 
dividend minus the logarithm of the divisor 
[log #=log 4—log 7=10.60206—10— 
.84510=9.75696—10]. (3) The logarithm 
of a power of a number is equal to the 
product of the exponent and the logarithm 
of the number [log 77=2-log 7= 1.69020]. 
(4) The logarithm of a root of a number is 
equal to the quotient of the logarithm of 
the number and the index of the root [log 
V49 = log (49)'/2=4 log 49 = 4(1.69020) = 
.84510]. Natural logarithms are particu- 
larly adapted to analytical work. This 
originates from the fact that the derivative 
of log. x is equal to 1/x, while the derivative 
of log, x is (1/x) log, e. Change of base of 
logarithms can be accomplished by use of 
the formula: 


log, N=log, N- log, a. 


In particular, logig N=log, N: logy) e and 
log, N=logi 9 N-log, 10. The number by 
which logarithms in one system are 
multiplied to give logarithms in a second 
system is called the modulus of the second 
system with respect to the first. Thus the 
modulus of common logarithms (with respect 


Logarithm 


to natural logarithms) is log; 9 e=.434294 

- and the modulus of natural logarithms 
(with respect to common logarithms) is 
log, 10=2.302585---. The calculation of 
logarithmic tables is usually based on 
infinite series, such as: 


] 
log, (N+ 1)=log, N+ aa] 
re |i ii — + oe J 
3(2N+1)3 ° 5 (2N+1)° 
which is convergent for al] values of N. 
characteristic and mantissa of logarithms. 
Due to the fundamental laws of logarithms 
(see above, LOGARITHMS) and the fact that 
logig 1O=1, common logarithms have the 
property that 


logio (10"- K)=logio 10” + logio K 
=n+logig K. 


I.e., the common logarithm of a number is 
changed by adding (or subtracting) n if the 
decimal point is moved n places to the right 
(or left), Thus when the logarithm is 
written as the sum of an integer (the 
characteristic) and a positive decimal (the 
mantissa), the characteristic serves to locate 
the decimal point and the mantissa 
determines the digits in the number. The 
characteristic of the logarithm of a number 
can be determined by either of the following 
rules: (1) The characteristic is the number 
of places the decimal point is to the right 
of standard position, or the negative of the 
number of places the decimal point is to 
the left of standard position (standard 
position of the decimal point is the position 
to the right of the first nonzero digit of the 
number). (2) When the number is greater 
than or equal to 1, the characteristic is 
always one less than the number of digits 
to the left of the decimal point. When the 
number is less than 1, the characteristic is 
negative and numerically one greater than 
the number of zeros immediately following 
the decimal point; e.g., .1 has the character- 
istic —1, .01 has the characteristic —2. If 
a logarithm has the mantissa .7519 and the 
characteristic 2, it is written either as 
2.7519, or 12.7519—10, or 12.7519 10; if it 
has the characteristic —1, it is written as 
1.7519, or 9.7519—10, or 9.7519 10. The 
mantissa of a common logarithm is the 
same regardless of where the decimal point 
is located in the number. Only mantissas 
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are put in tables of logarithms, since the 
characteristics can be found by the above 
rules. The mantissa can be found in 
TABLE I of the appendix as follows: When 
the number whose logarithm is sought has 
not more than four digits, find the first three 
in the column headed N and the fourth in 
the row at the top of the table and take 
the mantissa which is common to the row 
and the column headed, respectively, by 
the first three digits and the fourth. The 
mantissas for numbers with more digits 
than those listed in the tables can be found 
(i.e., closely approximated) by interpolation 
(see INTERPOLATION). E£.g., to find the 
mantissa of log; ) 10134, we find the 
mantissa of log 1013 to be .00561. In the 
next column, we find the mantissa of 
log 1014 to be .00604. The difference, 
.00604— .00561, is .00043; .4 of this 
difference is .00017, which we add to 
.00561, getting, for the mantissa of 
log 10134,.00578. See below, proportional 
parts in a table of logarithms. 

logarithm of a complex number. The 
number w is said to be the logarithm of z to 
base e if z=e”. Writing z in the form 


z=x+iy=r(cos 6+ isin 0)= re’? 


it is seen that log (x+ iy)=i8+log r, where 
@ is an argument of z and r is the absolute 
value of z; i.e., log z=log |z|+iargz. See 
COMPLEX—polar form of a complex num- 
ber, and EULER—Euler’s formula. The 
logarithm of a complex number is a many- 
valued function since the argument of a 
complex number is many-valued. Since 
ei™=cos7+isina=—1,log(—1)=iz. For 
any number, —n, log (—”)=i7+ log n, thus 
providing a definition for the logarithm of a 
negative number. More generally, log 
(—n)=(2k + 1)vi+logn, where k is any 
integer. When log, z is known, the loga- 
rithm of z to any base can be found. See 
LOGARITHMIC—logarithmic function of a 
complex variable, and above, LOGARITHM. 
proportional parts in a table of logarithms. 
The numbers to be added to the next 
smaller mantissa to produce a desired 
mantissa (see TABLE I in the appendix). 
The proportional parts are the products of 
the differences between successive mantissas 
(written above them) and the numbers 
1, .2,---+,.9 (written in the table without 
decimal points). These proportional parts 


Logarithm 


Logarithmic 


tables are multiplication (and division) 
tables to aid in interpolating for logarithms 
of numbers not in the tables (and for 
numbers whose logarithms are not in the 
tables). 


LOG’A-RITH'MIC, adj. logarithmic con- 
vexity. See CONVEX—logarithmically con- 
vex function. 

logarithmic coordinates. See COORDINATE 
—logarithmic coordinates. 

logarithmic coordinate paper. Coordi- 
nate paper on which the rulings correspond- 
ing (for instance) to the numbers 1, 2, 3, 
etc., are at distances from the coordinate 
axes proportional to the logarithms of 
these numbers; i.e., the markings on the 
graph are not the distances from the axes, 
but the antilogarithms of the actual dis- 
tances. This scale is called a logarithmic 
scale, where the ordinary scale, which 
marks the actual distances, is called a 
uniform scale. 

logarithmic curve. The plane locus of 
the rectangular Cartesian equation y= 
log, x, a>1. This curve passes through 
the point whose coordinates are (1, 0) and is 
asymptotic to the negative y-axis. The or- 
dinates of the curve increase arithmetically 
while the abscissas increase geometrically; 
i.e., if the ordinates of three points are 1, 
2, 3, respectively, the corresponding abscis- 
sas are a, a*, a*. When the base a of the 
logarithmic system is given different values, 
the general characteristics of the curve are 
not altered. The figure shows the graph of 
y=log, x. 


logarithmic derivative of a function. 
The ratio f’(z)/f(z). Le., d log f(z)/dz. 

logarithmic differentiation. See DIFFER- 
ENTIATION—logarithmic differentiation. 

logarithmic equation. See EQUATION— 
logarithmic equation. 

logarithmic function of a complex vari- 
able. The function log z can be defined as 
the inverse of the exponential function; 
i.e., if z=e”, then by definition w= log z. 


It can also be defined by log z= | “¢ 
1 


with the path of integration restricted 
away from the branch-point z=0, or by 
the function-element 


f(z)=(@—-1)-4(z—-1) 
fo... ,f- I" Int (z-— 1)'+ oe 
n 

and its analytic continuations. The loga- 
rithmic function is infinitely multiple- 
valued; if its principal branch is denoted 
by Log z, then all of its values are given by 
Log z= Log z+ 2k7i, A=0, +1, +2,---. 
The principal branch of the function log z is 
the single-valued analytic function of the 
complex variable z=x+iy defined in the 
z-plane cut along the negative real axis, 
and coinciding with the real function log x 
along the positive real axis. 

logarithmic plotting (or graphing). A 
system of graphing such that curves whose 
equations are of the form y=kx" are 
graphed as straight lines. The logarithms 
of both sides of the equation are taken, 
giving an equation of the form log y= 
logk+nlog x; logy and log x are then 
treated as the variables, and a straight line 
plotted whose abscissas are log x and ordi- 
nates log y. Points can be found on this 
straight line whose coordinates are (log x, 
log y), just as the coordinates of points on 
any line are found. It is then a matter of 
taking antilogarithms of the coordinates to 
find x and y, and even this is not necessary 
if logarithmic coordinate paper is used. 

logarithmic potential. Potential based 
on a force which varies inversely as the 
first power of the distance instead of in- 
versely as the square, as is the case in the 
Newtonian law of gravitation, Coulomb’s 
law for point charges, and the law of force 
for isolated magnetic poles. An example 
of such a force field is furnished by a uni- 
formly charged straight wire of infinite 
length. If we take the z-axis along this 
wire, then the force experienced by a unit 
charge at a point r units from the wire is 
given by (k/r)e,, where A 1s a constant and 
e, is a unit vector having the direction of 
the perpendicular from the wire to the 
point. In this case the field depends on 
two variables only (say r and @). Hence we 
are dealing with a two-dimensional situa- 
tion. Consequently, we may replace the 
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uniformly charged wire with a particle 
that supposedly exerts an attractive or 
repulsive force which is inversely propor- 
tional to the first power of the distance r. 
The potential corresponding to such a par- 
ticle (the logarithmic potential) is given by 
(a log r+ b), where a and Bb are constants. 

logarithmic spiral. The plane curve 
whose vectorial angle is proportional to the 
logarithm of the radius vector. Its polar 
equation is log r=ad. The angle between 
the radius vector to a point on the spiral 
and the tangent at this point is always 
equal to the modulus of the system of loga- 
rithms being used. Also called logistic 
spiral and equiangular spiral. 


x 


logarithmic sine, cosine, tangent, co- 
tangent, secant, or cosecant. The loga- 
rithms of the corresponding sine, cosine, 
etc. 

logarithmic solution of triangles. Solu- 
tions using logarithms and formulas 
adapted to the use of logarithms, formulas 
which essentially involve only multiplica- 
tion and division. 

logarithmic transformation. (Stfatistics.) 
The logarithm of a variable x is often 
normally distributed (where x is not). 
Hence the transformation of a variable into 
its jog may be used to permit application of 
normal distribution theory. See GIBRAT’S 
DISTRIBUTION. 

semilogarithmic coordinate paper. Co- 
ordinate paper on which the logarithmic 
scale is used on one axis and the uniform 
scale on the other. It is adapted to graph- 
ing equations of the type y=ck*. When 
the logarithms of both sides are taken, the 
equation takes the form 


log y=log c+ x log k. 


Log vis now treated as one variable, say u, 
and the linear equation u=logc+logk 
graphed. Useful in s/atistics for showing a 
series in which fluctuations in the rate of 


change are of interest and for comparing 
two or more greatly divergent series, or 
one series which fluctuates widely. Syn. 
Ratio paper. See above, logarithmic co- 
ordinate paper. 


LO-GIS'TIC, adj., n. (1) Logical. (2) 
Skilled in or pertaining to computation and 
calculation. (3) Proportional; pertaining 
to proportions. (4) The art of calculation. 
(5) Sexagesimal arithmetic. 

logistic curve. A curve whose equation 
is of the form y=k/(1+ e@+°*), where b<0. 
The value of y at x=0 is 


k/(1 + e9), 


and as x-—> «©, y->k. The increments in 
y as x increases are such that the difference 
of increments of 1/y is proportional to the 
corresponding difference in 1/y. Also 
known as the Pearl-Reed curve. This is 
one of the types of curves known as growth 
curves. 

logistic spiral. Same as LOGARITHMIC 
SPIRAL. 


LON’GI-TUDE, n. The number of de- 
grees in the arc of the equator cut off by 
the meridian through the place under con- 
sideration and the meridian through some 
established point (Greenwich, England, 
unless otherwise stated). See MERIDIAN— 
principal meridian. 


LOOP, n. loop of a curve. A section of 
the curve which completely encloses an 
area. See CLOSED-—closed curve. 


LOW’ER, adj. lower bound. See BOUND. 
lower limit of an integral. See INTEGRAL 
—definite integral. 


LOW’EST, adj. fraction in lowest terms. 
A fraction in which all common factors 
have been divided out of numerator and 
denominator; 4, 4 and 1/(x+ 1) are in their 
lowest terms, but 4, ¢ and 
(x— 1)/(x?—-1) 

are not. 

lowest common multiple. Syn. Least 
common multiple. See MULTIPLE—least 
common multiple. 


LOX’O-DROME, n. Same as LOXODROMIC 
SPIRAL. 
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LOX-O-DROM IC, adj. loxodromic spiral. 
The path of a ship which cuts the meridians 
at a constant angle not equal to a right 
angle; more generally, any curve on a 
surface of revolution which cuts the meri- 
dians at a constant angle. See SURFACE— 
surface of revolution. Syn. Rhumb-line, 
loxodromic line, or loxodromic curve. 


LUNE, n. A portion of a sphere bounded 
by two great semicircles. The angle at 
which the great circles intersect is the 
angle of the lune. The area of a lune is 
equal to the area of the sphere multiplied 
by the ratio of its angle to 360°; i.e., 


area= [(angle of lune)/360°]47r2. 


LUSIN. Lusin’s theorem. Let f(x) be 
defined on the real line (or an n-dimen- 
sional space), finite almost everywhere, and 
measurable. Then, for any positive number 
€, there is a function g(x) which is con- 
tinuous on the line (or space) and is such 
that f(x) = g(x) except for points of a set of 
measure less than e. 


M 


MACH, adj. mach number. The ratio v/a 
of v, the speed at which a body is traveling, 
to a, the local velocity of sound in air. 


MACLAURIN. Maclaurin’s series (theo- 
rem). See TAYLOR—Taylor’s theorem. 
trisectrix of Maclaurin. See TRISECTRIX. 


MAG’IC, adj. magic square. A square 
array of integers such that the sum of the 
numbers in each row, each column, and 
each diagonal are all the same, such as: 


MAG’NI-FI-CA’TION, adj. 


magnifica- 
tion ratio. Same aS DEFORMATION RATIO. 


MAG’NI-TUDE, 7. (1) Greatness, vast- 
ness. (2) Size, or the property of having 
size; length, area, or volume. 


geometrical magnitude. See GEOMETRIC 
—geometric magnitude. 

magnitude of a star. Two stars differ by 
one magnitude if one is (100)’/s, or 2.512+, 
times as bright as the other. The faintest 
stars seen with the naked eye on a clear 
moonless night are said to be of the 6th 
magnitude. The pole star (Polaris) is 
nearly of the 2nd magnitude. 


MAG’NUS, adj. magnus effects. In aero- 
dynamics, those forces and moments on a 
rotating shell that acount for such pheno- 
mena as right-hand drift, etc. 


MA’JOR, adj. major arc. The longer of 
two arcs in a circle, subtended by a secant. 
See SECTOR—sector of a circle. 
major axis. See ELLIPSE and ELLIPSOID. 
major and minor segments of a circle. 
See SEGMENT—segment of a circle. 


MAKEHAM. Makeham’s formula for 
bonds. The price to be paid for a bond 
periods before redemption equals Cv”+ 
G/i)FU—v"), where C is the redemption 
price, F the par value, j the dividend rate, 
i the investment rate, and v=(1+/)7}. 

Makeham’s law. The force of mortality 
(risk of dying) is equal to the sum of a 
constant and a multiple of a constant 
raised to a power equal to the age, x, of 
the life: M=A+Be*. Makeham’s law is 
a closer approximation to statistical find- 
ings than Gompertz’s law. From the age 
of 20 to the end of life it very nearly repre- 
sents the data of most tables. 


MANIAC, An automatic digital com- 
puting machine at the Los Alamos Scien- 
tific Laboratory. MANIAC is an acronym 
for Mathematical Analyzer, Numerical 
Integrator, and Computer. 


MAN’I-FOLD, n. In general, manifold 
may mean any collection or set of objects. 
E.g., a Riemannian space is also called a 
Riemannian manifold; a subset of a vector 
space is said to be a /inear set or a linear 
manifold if it contains all linear combina- 
tions of its members. However, manifold 
frequently has technical meaning beyond 
being a mere set, as illustrated by the fol- 
lowing definitions. A topological manifold 
of dimension n (frequently called simply an 
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n-manifold) is a topological space such that 
each point has a neighborhood which is 
homeomorphic to the interior of a sphere 
in Euclidean space of dimension n. Such 
a manifold M is said to be differentiable of 
order r (or to have a differentiable structure 
of class C’) if there is a family of neighbor- 
hoods which cover M and which are such 
that each neighborhood is homeomorphic 
to the interior of a sphere in Euclidean 
space of dimension n; no point of M be- 
longs to more than a finite number of the 
neighborhoods; and when x belongs to two 
neighborhoods U and V the 2n functions 
Up =U; (Vy, V2, °° *, Va) and vg=0; (Uy, U2, ° °°; 


u,), K=1,--++, n, have continuous partial 
derivatives of order r, where (u;,° ++, Uy) 
and (v,, - + -, v,) are coordinates given to the 


same point in the intersection of U and V. 
A manifold which is compact and dif- 
ferentiable of order 1 is a polyhedron (i.e., 
homeomorphic to the point-set union of 
the simplexes of a simplicial complex). A 
manifold is sometimes defined to be a 
topological manifold which is also a poly- 
hedron. A connected manifold of this type 
is also a manifold (sometimes called a 
pseudomanifold) in the sense that it is an 
n-dimensional simplicial complex (#2 1) 
such that (i) each k-simplex (k <n) is a face 
of at least one n-simplex; (ii) each (n—1)- 
simplex is a face of exactly two n-simplexes; 
and (iii) any two n-simplexes can be con- 
nected by a sequence whose members are 
alternatively n-simplexes and (n—1)-sim- 
plexes, each (n— 1)-simplex being a face of 
the two adjacent n-simplexes. Such a 
manifold is said to be orientable if its 7n- 
simplexes can be coherently oriented; i.e., 
oriented so that no (n—1)-simplex can be 
oriented so as to be coherently oriented 
with each of the n-simplexes of which it is a 
face (see SIMPLEX). Otherwise it is non- 
orientable. Any topological space which 
is homeomorphic to a manifold is also 
called a manifold and is orientable or non- 
orientable according as the manifold is 
orientable or nonorientable. A one-dimen- 
sional manifold is a simple closed curve. A 
two-dimensional manifold is also called a 
closed surrace. The closed surfaces can be 
classified by use of certain topological in- 
variants (see SURFACE). No such classifi- 
cation is known for three-dimensional 
manifolds. 
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MAN-TIS’SA, n. See LOGARITHM—char- 
acteristic and mantissa of a logarithm. 


MAN’Y, adj. many-valued function. See 
MULTIPLE—multiple-valued function. 


MAP, n. If to each element x of a set (or 
space) A there corresponds a unique ele- 
ment f(x) of a space B, then there is said 
to be a mapping or map f of the set A in 
the set B and the point f(x) is said to be the 
image of the point x. If every point of B 
is the image of a point of A, then / is said 
to be a map of A onto B. If S is a subset 
of B, then the inverse image of S is the set 
of all those points of A whose images are 
in S. See CONTINUOUS—continuous cor- 
respondence of points, HOMOMORPHISM, 
ISOMETRY, and ISOMORPHISM. Syn. Trans- 
formation, correspondence, function. 

area-preserving map. A map which pre- 
serves areas. The map x=x(u,v), y= 
yu, v), Z=2Z(u, v) of the (u, v)-domain of 
definition D on a surface S is area-preserv- 
ing if, and only if, the fundamental quan- 
tities of the first order satisfy E-G— F7=1. 
The induced map between the above sur- 
face S and the surface S:x=X(u, v), y=y 
(u,v), Zz=Z(u, v) iS area-preserving if, and 
only if, EG— F2=EG—F2, Syn. Equiva- 
lent map, equiareal map. 

cylindrical map. See CYLINDRICAL. 


MAP’PING, 1. Same as MAP. 


MAR’GIN, n. (Finance.) (1) The difference 
between the selling price and the cost of 
goods. (2) A sum of money deposited 
with a broker by a client to cover any 
losses that may occur in the broker’s deal- 
ings for him. 


MARIOTT’S LAW. 
LAW. 


Same as BOYLE’S 


MARK, vn. (Statistics.) ihe value or 
name given to a particular class interval. 
Often the mid-value, or the integral value 
nearest the midpoint. 


MAR’KET, 7. market value. The amount 
a commodity sells for on the open market. 
Syn. Market price. 


MARKOFF. Markoff process. Any pro- 
balistic process in which the future develop- 
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ment is completely determined by the 
present state and not at all by the way in 
which the present state arose. 


MAR’TIN-GALE, 7. A _ stochastic se- 
quence x,, X2,°--, or its continuous ana- 
logue, such that, given x), %5,---°,x,, the 
conditional expected value of x,,; is equal 
to x,. In particular, a system of betting 
planned so that in a sequence of bets losses 
are recovered by progressively increasing 
the stakes (e.g,, by doubling the stakes after 
each loss, but reducing to the original 
amount after a win). This is not an effec- 
tive system, since it is to be expected that a 
sequence of successive losses will soon carry 
the stake beyond the player’s resources or 
above the limit of the game. 


MASCHERONITS CONSTANT. See Ev- 
LER—Euler’s constant. 


MASS, 7. The measure of the tendency 
of a body to oppose changes in its velocity. 
Mass can be defined, with the aid of New- 
ton’s Second Law of Motion, as the ratio 
of the magnitudes of the force and acceler- 
ation which the force produces. This 
amounts to defining the mass in terms of 
force. At speeds small compared with the 
speed of light, the masses m, and m, of two 
bodies may be compared by allowing the 
two bodies to interact. Then 


m,/mz= |a2|/|a,|, 
where |a,| and |a2| are the magnitudes of 
the respective accelerations of the two 
bodies as a result of the interaction. This 
permits the measurement of the mass of any 
particle with respect to a standard particle 
(for example, the standard kilogram). At 
higher speeds, the mass of a body depends 
on its speed relative to the observer accord- 
ing to the relation 
M= MoV 1 — v2/c2, 

where 7, is the mass of the body as found 
by an observer at rest with respect to the 
body, v is the speed of the body relative to 
the observer who finds its mass to be m, and 
c is the speed of light in empty space 
(theory of relativity). Equal masses at the 
Same location in a gravitational field have 
equal weights. Because of this, masses 
may be compared by weighing. Mass is 
particularly important because it is a con- 


served quantity, which can neither be 
created nor be destroyed. Thus, the mass 
of any isolated system is a constant. When 
relativistic mechanics is appropriate, e.g., 
when speeds comparable to the speed of 
light are involved, mass may be converted 
into energy and vice versa, hence the energy 
of the system must be converted into mass 
through the Einstein equation 
E=mc?, 

where c is the speed of light in empty space, 
before the conservation law may be applied. 

center of mass. See CENTER—center of 
mass, and CENTROID. 

differential (or element) of mass. See ELE- 
MENT— element of integration. 

moment of mass. See MOMENT—mo- 
ment of mass. 

point-mass. Same as PARTICLE. 

unit mass. The standard unit of mass, 
or some multiple of this unit chosen for 
convenience. There are several such stan- 
dard units. In the c.g.s. system, one gram- 
mass is defined as za/sa part of the mass of 
a certain block of platinum-iridium alloy 
preserved in the Bureau of Weights and 
Measures at Sevres, France. The corres- 
ponding unit in the British system is the 
standard pound of mass which is a block 
of platinum alloy preserved in the Stan- 
dards Office, London. 


MATCHED, adj. matched groups. (Sta- 
tistics.) Several groups are matched if the 
mean values (or some other characteristic) 
of some outside associated variable are the 
same for all the groups. Essentially a 
method of controlling the variation due to 
some outside factor. 

matched pairs. (Statistics.) Pairs are 
matched if the paired individuals are 
equated with respect to some variable 
other than the one under immediate study; 
e.g., in a study of heights of two groups of 
ten persons each, the individuals may be 
paired one from each group so that the 
two persons in a pair have the same age. 


MA-TE’RI-AL, adj. material point, line, 
or surface. A point, line, or surface thought 
of as having mass. (If one thinks of a 
lamina with a fixed mass whose thickness 
approaches zero and density increases pro- 
portionally, the limiting situation can be 
thought of as an area with the fixed mass.) 
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MATH’E-MAT’I-CAL, adj. mathematical 
expectation. See EXPECTATION. 
mathematical induction. See INDUCTION. 


MATH’E-MAT’ICS, x. The logical study 
of shape, arrangement, and quantity. 

applied mathematics. A branch of mathe- 
matics concerned with the study of the 
physical, biological, and sociological worlds. 
It includes mechanics of rigid and deform- 
able bodies (elasticity, plasticity, mech- 
anics of fluids), theory of electricity and 
magnetism, relativity, theory of potential, 
thermodynamics, biomathematics, and sta- 
tistics. Broadly speaking, a mathematical 
structure utilizing, in addition to the purely 
mathematical concepts of space and num- 
ber, the notions of time and matter belongs 
to the domain of applied mathematics. In 
a restricted sense, the term refers to the use 
of mathematical principles as tools in the 
fields of physics, chemistry, engineering, 
biology, and social studies. 

mathematics of finance. The study of 
the mathematical practices in brokerage, 
banking, and insurance. Syn. Mathe- 
matics of investment. 

pure mathematics. The study and de- 
velopment of the principles of mathematics 
as such (for their own sake and possible 
future usefulness) rather than for their im- 
mediate usefulness. Syn. Abstract mathe- 
matics. See above, applied mathematics. 


MATHIEU. Mathieu’s differential equa- 
tion. A differential equation of the form 


y’+(a+b cos 2x)y=0. 


The general solution can be written in the 
form y= Ae’*d(x)+ Be-'™*¢ (— x), for some 
constant r and function ¢(x) which is 
periodic with period 2 7, There are periodic 
solutions for some characteristic values of a, 
but no Mathieu equation (with 540) can 
have two independent periodic solutions. 
Mathieu function. Any solution of 
Mathieu’s differential equation which is 
periodic and is either an even or an odd 
function, the solution being multiplied by 
an appropriate constant. The solution 
which reduces to cos nx when b-+0 and 
a=n*, and for which the coefficient of 
cos nx in its Fourier expansion is unity, is 
denoted by ce,(x); the solution which re- 
duces to sin wx when b->0, and in which 
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the coefficient of sin nx in its Fourier ex- 
pansion is unity, is denoted by se,(x). 


MATRIX, adj.,n. [pl. matrices]. <A rect- 
angular array of terms called elements (writ- 
ten between parentheses or double lines on 
either side of the array), as 


(2 by cy 
az bz ) 
Used to facilitate the study of problems in 
which the relation between these elements 
is fundamental, as in the study of the ex- 
istence of solutions of simultaneous linear 
equations. Unlike determinants, a matrix 
does not have quantitative value. It is not 
the symbolic representation of some poly- 
nomial, as is a determinant (see below, 
rank of a matrix). If the elements of a 
matrix are all real, the matrix is a real 
matrix. A square matrix is a matrix for 
which the number of rows is equal to the 
number of columns. The number of rows 
(or columns) is called the order of the 
matrix. The diagonal from the upper left 
corner to the lower right corner is called 
the principal (or main) diagonal. The dia- 
gonal from the lower left corner to the 
upper right corner is called the secondary 


ar by cy 
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‘diagonal. The determinant of a square 


matrix is the determinant gotten by con- 
sidering the array of elements in the matrix 
as a determinant. A square matrix is 
singular or nonsingular according as the 
determinant of the matrix is zero or non- 
zero. A diagonal matrix is a square matrix 
all of whose nonzero elements are in the 
principal diagonal. If, in addition, all the 
diagonal elements are equal, the matrix is a 
scalar matrix. An identity (or unit) matrix 
is a diagonal matrix whose elements in the 
principal diagonal are all unity. For any 
square matrix A of the same order as J, 
IA=AI=A. 

adjoint of a matrix. See ADJOINT. 

associate matrix. See HERMITIAN—Her- 
mitian conjugate of a matrix. 

augmented matrix of a set of simultaneous 
linear equations. The matrix of the coeffi- 
cients, with an added column consisting of 
the constant terms of the equations. The 
augmented matrix of 


ax+b,y+cz+d,=0 P 


ie a, by cy a 
a2X+ by y+C2z+d,=0 


a> b> C2 d, 
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canonical (or normal) form of a matrix. 
See CANONICAL—canonical form of a ma- 
trix. 

characteristic equation and function of a 
matrix. See CHARACTERISTIC. 

complex conjugate of a matrix. The ma- 
trix whose elements are the complex con- 
jugates of the corresponding elements of 
the given matrix. 

derogatory matrix. See CHARACTERISTIC 
—characteristic equation of a matrix. 

determinant of a matrix. See DETERMIN- 
ANT—determinant of a matrix. 

eigenvalue and eigenvector of a matrix. 
See EIGENVALUE—eigenvalue of a matrix. 

elementary divisor of a matrix. See IN- 
VARIANT— invariant factor of a matrix. 

equivalent matrices. See EQUIVALENT— 
equivalent matrices. 

Hermitian matrix. 
Hermitian matrix. 

inverse of a matrix. The quotient of the 
adjoint of the matrix and the determinant 
of the matrix; the transpose of the matrix 
obtained by replacing each element by its 
cofactor divided by the determinant of the 
matrix. If A-! is the inverse of A, then 
AA-!=A~-1A=I, where J is the identity 
matrix. The inverse is defined only for 
square matrices. 

Jordan matrix. See JORDAN. 

matrix of the coefficients of a set of 
simultaneous linear equations. The rect- 
angular array left by dropping the variables 
from the equations when they are written 
so that the variables are in the same order 
in all equations and are in such a position 
that the coefficients of like variables are in 
the same columns, zero being used as the 
coefficient if a term is missing. When 
the number of variables is the same as the 
number of equations, the matrix of the co- 
efficients is a square array. The matrix of 
the coefficients of 


See HERMITIAN— 


a,xt+b;y+e,z+d,=0 
Qox+boy+coz+d,=0 


a; b, Ci 
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is 


See below, rank of a matrix. 
matrix of a linear transformation. The 
matrix of a linear transformation defined 


by y;= > a,x; (i=1,2,+++,m) is the 
j=l 

matrix A=(a;;), where a,;; is the element 

in the 7th row and jth column. Two linear 


Matrix 


transformations, 7, and 7>, applied in this 
order are equivalent to the linear trans- 
formation with matrix BA, where A is the 
matrix of 7, and B is the matrix of T>. 

norm of a matrix. See NORM. 

normal matrix. A square matrix A such 
that A*A = AA*, where A* is the Hermitian 
conjugate of A (the transpose if A is real). 
A matrix is normal if, and only if, it is the 
transform of a diagonal matrix by a unitary 
matrix (i.e., it can be changed to diagonal 
form by a unitary transformation), whereas 
any nonsingular matrix can be written as 
the product of two normal matrices. 

orthogonal matrix. A matrix that is 
equal to the inverse of its transpose; a 


n n 
matrix such that > Qj Ajs= > As,Asj = 
s=] s=| 


5;; for all i and j, where 6;, is Kronecker’s 
delta and a;; is the element in the ith row 
and jth column. Thus any two distinct 
rows or any two distinct columns are 
orthogonal vectors (if the components are 
real). For matrices whose elements are 
real numbers, this is equivalent to being a 
unitary matrix. See ORTHOGONAL—ortho- 
gonal transformation. 

payoff matrix. See PAYOFF. 

permutation matrix. See PERMUTATION 
—permutation matrix. 

product of matrices. See PRODUCT— 
product of matrices, direct product of 
matrices. 

product of a scalar and a matrix. See 
PRODUCT—product of a scalar and a 
matrix. 

rank of a matrix. The order of the non- 
zero determinant of greatest order that can 
be selected from the matrix by taking out 
rows and columns. The concept rank 
facilitates, for instance, the statement of the 
condition for consistency of simultaneous 
linear equations: m linear equations in n 
unknowns are consistent when, and only 
when, the rank of the matrix of the coeffi- 
cients is equal to the rank of the augmented 
matrix. In the system of linear equations 


x+y+z+3=0 
2x+y+z+4=0, 
the matrix of the coefficients is 


1 1 1 
21 1 


Matrix 


Maximum 


and the augmented matrix is 
1 1 1 3 
2141 4 


The rank of both is two, because the de- 
terminant 


1 1 
2 1 


is not zero. Hence these equations are 
satisfied by some set of values of x and y 
and z. See CONSISTENCY—consistency of 
linear equations. 

reducible matrix representation of a 
group. See REPRESENTATION—reducible 
matrix representation of a group. 

skew symmetric matrix. See SYMMETRIC 
—skew symmetric matrix. 

sum of matrices. See suM—sum of 
matrices. 

symmetric matrix. 
symmetric matrix. 

trace of a matrix. See TRACE—trace of a 
matrix. 

transpose of a matrix. See TRANSPOSE 
—transpose of a matrix. 

unitary matrix. A matrix which is equal 
to the inverse of its Hermitian conjugate; 
a matrix such that 


n n 
> Qj sAjs= > AsjAj=9jj 
s=] 


s= 1 


See SYMMETRIC— 


for all i and j, where 4;; is Kronecker’s delta 
and a;; is the element in the ith row and 
jth column. Thus any two distinct rows 
or any two distinct columns are orthogonal 
vectors in Hermitian vector space. For real 
matrices this is equivalent to being an or- 
thogonal matrix. See TRANSFORMATION— 
unitary transformation. 


MAX’I-MAL, adj. maximal member of a 
set. In a set which is partially ordered, a 
maximal element is any element x for which 
there is no y which follows x in the ordering. 
For a family of sets, partial ordering can be 
defined by means of set inclusion and a 
maximal member is a set which is not 
properly contained in any other set. E.g., 
a maximal connected subset of a set S is a 
subset which is connected and is not con- 
tained in any other connected subset of S. 


MAX’I-MUM, nv. [p/. maxima]. The 
maximum (minimum) of a function of one 


real variable is the greatest (least) value 
which the function takes on in a given 
interval, if it takes on such an extreme 
value. Several situations arise: A function 
may have just one, or several (equal) such 
values, or several (not necessarily equal) 
such values each of which is a maximum 
(minimum) relative to the values of the 
function in a corresponding interval. These 
three cases are illustrated, respectively, by a 
path over a mountain (through a valley), 
a path over several mountains of equal 
heights (through the valleys), and a path 
over several mountains of different heights 
(through valleys of different depths). In 
the first case the function is said to have an 
absolute maximum (minimum). In _ the 
second and third cases each hilltop (valley) 
is said to be a relative maximum (minimum) 
and in the third case the highest hill top is 
said to be an absolute maximum (minimum). 
At points where a function takes on such 
maximum (minimum) values it is said to 
have a maximum (minimum) point, an 
absolute maximum (minimum) point, etc. 


A test for maxima (minima) under this 
definition can be made by examining values 
of the function very near the point (value) 
under investigation. In cases such as we 
have illustrated by paths the slope of the 
graph of a function changes from positive 
to negative (negative to positive) at a 
maximum (minimum) point as one passes 
from left to right, being zero at the point 
if the derivative is continuous. The ele- 
mentary condition for testing for maximum 
(minimum) is that the first derivative be 
zero at the point and the second derivative 
be negative (positive) at the point. This 
rule fails when the second derivative is 
zero or when the curve has a cusp at the 
point. For instance, the functions y=x3 
and y= x‘ both have their first and second 
derivatives zero at the origin, but the first 
has a point of inflection there and the 
second a minimum. For the exceptional 


Maximum 


Mean 


cases in which this rule fails, an elementary 
test can be made by examining the sign of 
the derivative on either side of the point, or 
finding the values of the function on either 
side. A general test for a maximum (mini- 
mum) of an analytic function is that the 
first derivative be zero at the point and the 
lowest order derivative not zero at the 
point be of even order and negative (posi- 
tive). A maximum (minimum) of a func- 
tion of two variables (i.e., of a surface) is 
a point such that the function does not 
have a larger (smaller) value near the point. 
Tech. f(x, y) has a maximum (minimum) 
at the point (a, b) if f(at+h, b+k)—/f(a, b) 
is not greater than (not less than) zero 
for all sufficiently small values of A and 
k different from zero. A necessary condi- 
tion for a maximum (or minimum) at a 
point (a, 6) in a region in which f(x, y) and 
its partial derivatives are continuous is that 
the latter be zero at the point. If these 
partial derivatives are zero and the expres- 


sion 
af a2f af 
(say) 8 5 

is greater than zero at the point, there is 
no maximum (or minimum); if this expres- 
sion is less than zero at the point, there is 
a maximum if the derivatives 02f/0x2, 
e2f/dy2 are both negative (a minimum if 
both are positive). If the above expression 
is zero, the test fails. Relative and abso- 
lute maximum of functions of two variables 
are used in the same sense as in the case of 
a function of one variable. The function 
F(x, X2,° °°, X,) of the m independent vari- 
ables x1, X2,° °°, X, is said to have a maxi- 
mum (minimum) at the point P(x, x2,-°°, 
x,) if the difference F(x)’, x2" +++, Xn/)— 
F(x1, X2, ‘°°, X,) IS not positive (not nega- 
tive) for all points in a sufficiently small 
neighborhood of P. If F and its first par- 
tial derivatives exist in the neighborhood 
of a point, a necessary condition for F to 
have a maximum (minimum) at the point 
is that all of its first partial derivatives be 
zero at the point. For the case when the 
arguments of F are not independent, see 
LAGRANGE—Lagrange’s method of multi- 
pliers. 

principle of the maximum. See PRINCIPLE. 


MAZUR. Mazur-Banach game. Let / be 
a given closed interval and A and B be any 


two disjoint subsets whose union is J. Two 
players (A) and (8B) alternately choose 
closed intervals J,, J, - - - with each interval 
contained in the previous one. Player (A) 
chooses the intervals with odd subscripts, 
(B) those with even subscripts. Player (A) 
wins if there is a point which belongs to A 
and all of the chosen intervals; otherwise 
(B) wins (and there is a point which belongs 
to B and all of the chosen intervals). There 
is a strategy by which (B) can win for any 
strategy chosen by (A) if and only if A is of 
first category in I; there is a strategy by 
which (A) can win for any strategy chosen 
by (B) if and only if Bis of first category at 
some point of I. The first of these state- 
ments can be extended to an arbitrary 
topological space and the second to a com- 
plete metric space, provided the players 
choose sets from a specified collection G 
of subsets which have non-empty interiors 
and which have the property that each non- 
empty open set contains a member of G. 
See NESTED—nested intervals. 


MEAN, adj.,n. arithmetic (and geometric) 
mean. See AVERAGE. 

arithmetic-geometric mean. For two 
positive numbers p,,q,, the arithmetic- 
geometric mean is the common limit of the 
two sequences {p,,}, {g,}, where 


Pa> M(Dn-1 te Gn—-1) and qn (Pn—19n-1)' 2. 


This mean is used in particular in Gauss’ 
determination of the potential due to a 
homogeneous circular wire. 

mean axis of an ellipsoid. See ELLIPSOID. 

mean curvature of a surface. See CURVA- 
TURE. 

mean density. See DENSITY. 

mean deviation. See DEVIATION. 

mean ordinate. See below, mean value 
of a function. 

mean proportional. See PROPORTIONAL. 

mean terms of a proportion. The second 
and third terms; the consequent in the first 
ratio and the antecedent in the second. 
Usually called simply the means of the 
proportion. In the proportion a/b=c/d, 
b and c are the mean terms. 

mean value of a function. For a function 
of one variable, the mean value (or mean 
ordinate) on the interval (a,b) is the 
quotient of the area bounded by the curve, 
the ordinates corresponding to a and 5, 


Mean 


and the axis of the variable, divided by the 
length of the interval (a, b); this is the side 
of the rectangle whose other side is of 
length b—a and whose area is equal to the 
above area. Tech. The mean value of f(x) 
for 


: 1 b 
<y< aes 
asxZb is eral f(x) dx. 


In geometric language, this means that the 
mean value of the ordinates of a curve is 
the quotient of the area under the curve 
and the length of the interval, (6—a), where 
the area under the curve is bounded by 
the curve, the x-axis, and the lines x=a 
and x=); this is the other side of the rect- 
angle whose area is equal to the given area 
and one of whose sides is equal to (b—a). 
The mean value of a function over a region 
(of one or more dimensions) is the integral 
of the function over the region, divided by 
the magnitude of the region. Tech. 


ra 


where ds is an element of the region and s 
denotes both the region and the magnitude 
of the region. E.g., the mean of xy over 
the rectangle whose vertices are (0,0), 
(2, 0), (2, 3), (0, 3) is 


ae ds=> | fx dx d ae 
Ss y 6 0 “0 4 oe 
The mean square ordinate of a curve y=/(x) 


in the interval (a, b) is the mean value of 
y? in the interval, i.e., 


1 b 
al y? dx. 


mean value theorems (or laws of the mean) 
for derivatives. For a single function of one 
variable, the mean value theorem states 
that an arc of a smooth, single-valued curve 
has at least one tangent parallel to its 
secant. When the secant is on the x-axis 
this is the same as ROLLE’S THEOREM. Tech. 
If f(x) is single-valued and continuous for 
asxxxband if f(x) is defined for a<x<b, 
then 

f(b)-fla=(6-a fo), 

for some c between a and b. The second 
mean value theorem [also called the double 
law of the mean, Cauchy’s mean value for- 
mula, and generalized (or extended) mean 
value theorem, although the generalized (or 
extended) mean value theorem sometimes 


Mean 


means Taylor’s theorem] states that if the 
functions f(x) and g(x) are continuous on 
the closed interval [a, b] and have first deri- 
vatives on the open interval (a, 6), and if 
g(b)—g(a)40 and f(x) and g(x) are not 
simultaneously zero at any point of the 
open interval (a,b), then there exists at 
least one value of x, say x,, such that 


f)-Sa)_ f'n) 

g(b)—g(a) 2'(x1) 
where a<x,;<b. The mean value theorem 
for a function of two variables states that if 
f(x, y) is continuous and has continuous 
first partial derivatives for x,;SxSX%, 
yi SYSy2, there exist numbers € and 7 
such that 


F (X25 ¥2) -F (1, Y1) 
= (x2 — xD AE, 1) + (¥2-YDFAE, 0), 


where f,, and f, denote the partial deriva- 
tives of f(x, y) with respect to x and y, 
respectively, and x,<&<x2,y1<7<y3 
[actually, it is possible for (€, 7) to be an 
interior point of the line segment joining 
(x1, ¥;) and (x2, y2)]. This theorem can be 
extended to any number of variables. See 
DIFFERENTIAL. 

mean value theorems (or laws of the mean) 
for integrals. The first law of the mean for 
integrals states that the definite integral of 
a continuous function over a given interval 
is equal to the product of the width of the 
interval by some value of the function 
within the interval (see INTEGRAL—definite 
integral). The second law of the mean for 
integrals means one of the following: (1) If 
f(x) and g(x) are both integrable on the 
interval (a, b) and f(x) is always of the same 
sign, then 


b b 
[ fede dx=K |S) dx, 


where K is between the greatest and the 
least values of g(x), or possibly equal to 
one of them. If g(x) is continuous in the 
interval (a, b), then K may be replaced by 
g(k), where k is a value of x in the interval 
(a,b). (2) If in addition to the above con- 
ditions g(x) is a positive monotonically de- 
creasing function, the theorem can be writ- 
ten in Bonnet’s form 


b Pp 
[ "Fee dx= g@ [°F dx, 
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where a Sp =), or, if g(x) is only monotonic, 
in the form 


b Pp 
[ fede ax= sta |” Fe) ax 


b 
+(b) ( f(x) dx. 
Pp 


weighted mean. See AVERAGE. 


MEAS’UR-A-BLE, adj. measurable func- 
tion. A real-valued function f is (Lebes- 
gue) measurable if for any real number a 
the set of all x for which f(x) >a is measur- 
able. Equivalent definitions result if the 
set of all x satisfying f(x)2 a, or the set of 
all x satisfying aSf(x)<b for arbitrary a 
and 5, are required to be measurable (and 
either of the signs <= could be replaced by 
<). A bounded function defined on a set 
of finite measure is summable if it is measur- 
able; any summable function defined on a 
measurable set is measurable; and if g(x) 
is summable and | f(x)| S$ g(x) for all x, then 
f(x) is summable if it is measurable. See 
below, measurable set, BAIRE—Baire func- 
tion, and SUMMABLE—summable function. 
measurable set. (1) See MEASURE— 
measure of a set. (2) A bounded point set 
of Euclidean space is (Lebesgue) measur- 
able if its exterior and interior measures are 
equal, the common value being called the 
(Lebesgue) measure of the set. For an un- 
bounded point set S, let W 7 be the set of all 
points belonging to both S and a bounded 
interval J. Then S is (Lebesgue) measur- 
able if, and only if, W;, is measurable for 
each J, and the (Lebesgue) measure of S 
is the least upper bound of the measures of 
the sets W, if these are bounded, S being of 
infinite measure otherwise. See MEASURE— 
exterior measure, measure zero, INTERVAL 
—closed interval (2), and above, measur- 
able function. The class of all measurable 
sets is completely additive, and all closed 
sets and all open sets are measurable. 
Other equivalent definitions of measurable 
sets are (1) a set whose characteristic func- 
tion f(x) is such that there exists a sequence 
of step functions (or continuous functions) 
f, for which lim f;,(x)=f(x) almost every- 


where; (2) a set E such that the equation 
m. [E]=m.[E-S}]+m,[E-C(S)] is satisfied 
for all sets S, where m, denotes exterior 
measure and C(S) is the complement of S. 


Measure 


The class of all Lebesgue measurable sets 
is the o-algebra generated by the open sets 
(or the closed sets) together with the sets of 
measure zero. A set is measurable if and 
only if itcan be represented as an F, set plus 
a set of measure zero, or as a G; set minus 
a set of measure zero (see BOREL—Borel 
set). See SIERPINSKI—Sierpinski set, VITALI 
— Vitali set. 


MEAS’URE, 2. Comparison to some unit 
recognized as a standard. 

angular measure. A system of measur- 
ing angles. See DEGREE, MIL, RADIAN, and 
SEXAGESIMAL. 

board measure. A system of measure 
in which boards one inch or less in thick- 
ness are measured in terms of square feet 
on the side, the thickness being neglected; 
those thicker than one inch are measured 
in terms of the number of square feet one 
inch thick to which they are equivalent. 

Caratheodory measure. A function which 
assigns a nonnegative number p*(M) to 
each subset of a set M is a Caratheodory 
outer measure if (i) «.*(R)Spu*(S) if R is a 
subset of S; (ii) u*(U R;) S Up*(R;) for any 
sequence of sets {R;}; Gu) p*(RYU S)= 
u*(R)+u*(S) if the distance between R 
and Sis positive. A set Ris then said to be 
measurable if w*(E)=p*(RO E)+ 
u*(R’ O E) for any set E, where R’ is the 
complement of R. A bounded set R of 
real numbers (or a set in n-dimensional 
Euclidean space) is Lebesgue measurable if 
and only if 


m*(E)=m*(R O E)+m*(R' OO E) 


for any bounded set EF, where m* is the 
exterior Lebesgue measure. This is called 
the Caratheodory test for measurability. 
See below, exterior measure. 

circular measure. (1) Same as angular 
measure. (2) The measure of angles by 
means of radians. See RADIAN. 

common measure. Same aS COMMON 
DIVISOR. 

convergence in measure. See CONVERG- 
ENCE. 

cubic measure. The measurement of 
volumes in terms of a cube whose edge Is a 
standard linear unit, a unit cube. Syn. 
Volume measure. 

decimal measure. See DECIMAL—decimal 
measure. 


Measure 
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dry measure. The system of units used 
in measuring dry commodities, such as 
grain, fruit, etc. In the United States, the 
system is based on the bushel. See DE- 
NOMINATE NUMBERS in the appendix. 

exterior and interior measure. Let E be 
aset of points and S be a finite or countably 
infinite set of intervals (open or closed) such 
that each point of E belongs to at least one 
of the intervals (interval is used in a 
generalized sense described below). The 
exterior measure of E is the greatest lower 
bound of the sum of the measures of the 
intervals of S, for all such sets S. Let E be 
contained in an interval J and let E’ be the 
complement of EF in J. Then the interior 
measure of £ is the difference beteween the 
measure of J and the exterior measure of E’. 
If a set E is either open or closed, its ex- 
terior and interior measures are equal and 
the common value is its measure (see 
MEASURABLE—imeasurable set). Also, the 
exterior measure of a set E is the greatest 
lower bound of the measures of open sets 
which contain E and the interior measure of 
E is the least upper bound of the measures 
of closed sets which are contained in E. 
The measure of an interval of a straight 
line is its length. An interval J in n-dimen- 
sional space is a “generalized rectangular 
parallelepiped”? consisting of all points 
X=(X1, X2,°°°, Xn) for which a;Sx;<b; 
for each i, where (a,, b;), i=1,-+-+,n, are 
fixed constants. The measure of J is the 
product 


(5, — a1)(b2— 2) > +» (6n—4n), 


the same definition being used if the interval 
is Open, or partly open and partly closed. 
Syn. Lebesgue exterior (interior) measure. 
See INTERVAL—Closed interval, INTERVAL, 
CONTENT, MEASURABLE—measurable set, 
and above, Caratheodory measure. 

Haar measure. Let G be a locally com- 
pact topological group. A Haar measure 
is a measure which assigns a nonnegative 
real number m(E) to each set E of the o-ring 
S generated by the compact (i.e., bicompact) 
subsets of G and which has the properties: 
(i) there is a member of S for which m is 
not zero; (ii) mis either left-invariant or m 
is right-invariant—i.e., m(aE)=m(E) for 
each element a@ and member E of S, or 
m(Ea)=m(E) for each a and FE, where aE 
and Ea are, respectively, the set of all ax 


for x in E and the set of all xa for x in E. 
Any locally compact topological group has 
a left-invariant Haar measure and a right- 
invariant Haar measure and each is unique 
to within a multiplicative constant. 

land measure. See ACRE, and DENOMINATE 
NUMBERS in the appendix. 

Lebesgue measure. See MEASURABLE— 
measurable set. 

linear measure. Measurement along a 
line, the line being either straight or curved. 

liquid measure. The system of units or- 
dinarily used in measuring liquids. See 
DENOMINATE NUMBERS in the appendix. 

measure of central tendency. (Statistics.) 
The mean, the mode, the median, and the 
geometric mean are commonly used. 

measure of dispersion. (Statistics.) Same 
aS DEVIATION. 

measure of a set. Let R be a class of sets 
which constitute a ring (or a semiring) of 
sets. A measure is a set function m which 
associates a nonnegative real number (or 
the symbol ©) with each set of R, for which 
m(@)=0, where @ is the empty set, and for 


26) oO 
which m(_) S,)= >. m(S,) if S,, is a member 
l 1 


of R for n any positive integer, the sets S,, 
and S,, have no common points if mn, 


and the union _) S,, of all the sets {S;,,} is a 
1 


member of R. It is understood that 


oO k 

> m(S,)= 0 if > m(S,) is not bounded as 
I i 

a function of k, and that any sum is 
equal to oo if one of the summands is ©. 
The measure of a set S of R is said to be 
o-finite if there is a sequence {S,,} of sets in 


R such that Sc (_) S, and m(S;,,) 4 0 (for 
1 


each n). If the measure of each set of R is 
o-finite, the measure 7 is said to be o-finite. 
See MEASURABLE—measurable set, and 
MEASURE—Caratheodory measure, product 
measure. 

measure of a spherical angle. The plane 
angle formed by the tangents to the sides 
of the spherical angle at their points of 
intersection. 

measure ring and measure algebra. If a 
measure is defined on a o-ring of subsets 
of a space X, then these measurable subsets 
of X are a measure ring if equality is defined 


Measure 


by the definition that A= B if the measure 
of the symmetric difference of A and B is 
zero (see RING—ring of sets). That is, the 
measure ring is the quotient ring of the o- 
ring modulo the ideal of sets of measure 
zero. A measure ring is a measure algebra 
if there is a measurable set which contains 
all the measurable sets (it is then a Boolean 
algebra). The set of elements of finite 
measure in a measure ring is a metric space 
if the distance between sets A and B is de- 
fined to be the measure of the symmetric 
difference of 4 and B. 

measure zero. A point set is said to be 
of measure zero if for any positive number 
e there exists a finite or countably infinite 
set of intervals (open or closed) such that 
each point of the set is contained in at 
least one of the intervals, and the sum of 
the measures of the intervals is less than e. 
The point set may be points of a line or of 
n-dimensional Euclidean space (see IN- 
TERVAL (2)). A property of points x is 
said to hold almost everywhere, a.e., or for 
almost all points, if it holds for all points 
except those of a set of measure zero. 
E.g., a function is continuous almost every- 
where if the set of points at which it is 
discontinuous is of measure zero. A set of 
points of measure zero is necessarily meas- 
urable. See MEASURABLE—measurable set. 

product measure. Let m, and mp, be 
measures defined on o-rings of subsets of 
spaces XY and Y, respectively, and let X¥ x Y 
be the Cartesian product whose points con- 
sist of all pairs (x, y) with x in XY and yin Y. 
The product measure of m, and mp is the 
measure defined on the o-ring generated 
by the “rectangles” Ax B of Xx Y for 
which A and B are measurable and the 
measure of AxB is the product of the 
measures of A and B. 

square measure. The measure of areas 
of surfaces in terms of a square whose side 
is a standard linear unit, a unit square. 
Syn. Surface measure. 

surveyor’s measure. 
NUMBERS in the appendix. 

wood measure. See DENOMINATE NUM- 
BERS in the appendix. 


See DENOMINATE 


MEAS’URE-MENT, x. The act of meas- 
uring. 

median of a group of measurements. 
See MEDIAN. 


Median 


ME-CHAN’IC, 7. mechanic’s rule. A 
rule for extracting square roots. The rule 
is as follows: Make an estimate of the 
root, divide the number by this estimate, 
and take for the approximate square root 
the arithmetic mean (average) of the esti- 
mate and the quotient thus obtained. If 
a more accurate result is desired, repeat 
the process. Algebraically, if a is the esti- 
mate, e the error, and (a+e) the required 
number, divide (a+ e)2, that is a+ 2ae+ e2, 
by a and take the average between a and 
the quotient. This gives a+e+e?/(2a). 
The error is e2/(2a), which is very small if 
eis small. E.g., if one estimates 2 to be 
1.5, the mechanic’s rule gives the root as 
1.4167. The error in this is less than .003. 
The error in a second application of the 
rule is less than (.003)2/2 or .0000045. 


ME-CHAN’I-CAL, adj. mechanical inte- 
gration. See INTEGRATION—mechanical 
integration. 


ME-CHAN’ICS, n. The mathematical 
theory of the motions and tendencies to 
motion of particles and systems under the 
influence of forces and constraints; the 
study of motions of masses and of the effect 
of forces in causing or modifying these mo- 
tions. Usually divided into kinematics and 
dynamics. 

analytical mechanics. A mathematical 
structure of mechanics whose present-day 
formulation is largely due to J. L. Lagrange 
(1736-1813) and W. R. Hamilton (1805- 
1865). This structure is also known as 
theoretical mechanics. It uses differential 
and integral calculus as tools. 

mechanics of fluids. A body of know- 
ledge including the theory of gases, hydro- 
dynamics, and aerodynamics. 

theoretical mechanics. See above, ana- 
lytical mechanics. 


ME’DI-AN, adj., n. median deviation. See 
DEVIATION. 

median of a group of measurements. 
The middle measurement when the items 
are arranged in order of size; or, if there is 
no middle one, then the average of the two 
middle ones. If five students make the 
grades 15°, 75%, 80%, 95%, and 100%, 
the median is 80%. 

median point of a triangle. The point 


Median 


Mersenne Numbers 


of intersection of the medians of a triangle; 
the centroid of a triangle. 

median of a trapezoid. The line joining 
the midpoints of the nonparallel sides. 
Syn. Midline. 

median of a triangle. A line joining a 
vertex to the middle point of the opposite 
side. 


MEET, 7. See LATTICE and INTERSECTION. 


MELLIN. Mellin inversion formulas. The 
associated formulas 


s@=55 |" FO as, 
f()= | x 1g) de, 


each of which gives the inverse of the other 
under suitable conditions of regularity. 
See FOURIER—Fourier transform, LAPLACE 
—Laplace transform. 


MEM’BER, 7. member of an equation. 
The expression on one (or the other) side 
of the equality sign. The two members of 
an equation are distinguished as the /eft or 
first and the right or second member. 


MEM’O-RY, adj. memory component. 
See STORAGE—Sstorage component. 


MENELAUS’ THEOREM. If, in the tri- 
angle ABC, points P;, P,,P3; are on the 
sides AB, BC, CA, respectively, then P,, 
P,, P; are collinear if, and only if, 

AP, BP> CP, 


P,BP,C PA * 


MEN’SU-RA’TION, 1. The measuring of 
geometric magnitudes, such as the lengths 
of lines, areas of surfaces, and volumes of 
solids. 


MER’CAN-TILE, adj. mercantile rule. 
Same aS MERCHANT’S RULE. See MERCHANT. 


MERCATOR. Mercator chart. A map 
made by use of Mercator’s projection. A 
straight line on the plane corresponds to a 
curve on the sphere cutting meridians at 
constant angle. Magnification of area on 
the sphere increases with increasing dis- 


tance from the equator. See below, mer- 
cator’s projection. 

Mercator’s projection. A correspond- 
ence between points of the (x, y)-plane and 
points on the surface of the sphere, given 
by x=k0, 

y=k sech—! (sin ¢)=k log tan t, 
where @ is the angle of longitude and ¢ is 
the angle of colatitude. The correspond- 
ence is a conformal one, except for singular 
points at the poles. 


MER’CHANT, 7. merchant’s rule. A 
rule for computing the balance due on a 
note after partial payments have been 
made. The method is to find the amount 
of each partial payment at the settlement 
date and subtract the sum of these from 
the value of the face of the note at the 
same date. Syn. Mercantile rule. 


ME-RID’I-AN, 2. On the celestial sphere, 
a meridian is a great circle passing through 
the zenith and the north and south line in 
the plane of the horizon (see HOUR—hour 
angle and hour circle). On the earth, a 
meridian is a great circle on the surface of 
the earth passing through the geographic 
poles. The local meridian of a point on the 
earth is the meridian which passes through 
that point. The principal meridian is the 
meridian from which longitude is reckoned 
(usually the meridian through the transit- 
circle of the Royal Observatory of Green- 
wich, England, although observers fre- 
quently use the meridian through the capital 
of their country). The principal meridian 
is also called the first, prime, zone, and zero 
meridian. 

meridian curve on a surface. A curve C 
on a surface such that the spherical repre- 
sentation of C lies on a great circle on the 
unit sphere. 

meridian sections, or meridians. See 
SURFACE—Surface of revolution. 


MER-O-MOR’PHIC, adj. meromorphic 
function. A function of the complex 
variable z is said to be meromorphic in a 
domain D if it is analytic in D except for a 
finite number of poles. 


MERSENNE NUMBERS. Numbers of 
the type M,=2?—1, where p is a prime. 


Mersenne Numbers 


Mersenne asserted that the only primes for 
which M, is a prime are 2, 3, 5, 7, 13, 17, 
19, 31, 67, 127, 257. Actually, M67 and 
M257 are not primes. It is now known that 
M61, Mg, and Mjo7 are primes. 


MESOKURTIC, adj. mesokurtic distribu- 
tion. See KURTOSIS. 


ME’TER (ME’TRE), 7. The basic unit 
of linear measure of the metric system; 
the distance between two marks on a plati- 
num bar preserved in Paris. It is equal 
to 39.37+ inches. 


METH’OD, 7. method of geometric 
exhaustion. See GEOMETRIC. 

method of least squares. A method 
based upon the principle that the best value 
of a quantity that can be deduced from a 
set of measurements or observations is that 
for which the sum of the squares of the 
deviations of the observed values (from it) 
isa minimum. Jn the case of a single set of 
measurements this principle gives the arith- 
metic mean of the several measurements as 
the best value. The method of least squares 
consists in using this principle to determine 
the arbitrary constants in the equation of 
a curve which has been assumed to be the 
type that best fits a given set of data. 
Suppose y= mx is such a type and that for 
x=1,2,3,4 the observed values of y are 
2, 4, 7, 6. Then the method of least 
squares would take for m that value which 
makes 
(m— 2)2+ (2m— 4)2+ (3m—7)2 + (4m— 6)2 
a minimum. This value is 1.8+ and the 
Straight line through the origin whose 
graph best fits the points (1,2), (2, 4), 
(3, 7), (4, 6) is y=1.8x. Tech. Let y be a 
function of x such that, for fixed values 
of x, the mean value of y is given by a 
linear function of x, and the variances of 
y around the mean values are constant. 
Then the minimum variance unbiased esti- 
mates of the parameters of the linear func- 
tion of x are obtained by determining those 
values of the parameters which minimize 
the sum of squares of the observed y 
around the estimated y (based on the 
estimated parameters). Specifically, the 


quantity 
ne P 
PS (yi- > ajXx;,;)? 


i=] jJ=1 


Metric 


is minimized with respect to the parameters 
a;. This does not exclude the use of poly- 
nomial functions of x of degree greater 
than one, since the polynomials in x may 
be considered the new variables which are 
linearly related in the function. In addi- 
tion to justifying the use of least squares 
via the criterion of minimum variance un- 
biased estimates, as the preceding does, it 
is possible to use another criterion, viz., 
that of obtaining those parameter esti- 
mates which maximize the probability of 
obtaining the observed values y;, under 
the assumption that the observed values 
differ from the true values in that the de- 
viations from the true values are normally 
and independently distributed. This leads 
to the use of the minimized least squares. 
The criterion is known as the maximum 
likelihood criterion. 


MET’RIC, adj., n. metric density. Let E 
be a measurable subset of the line (or of 
n-dimensional Euclidean space). The 
metric density of E at a point x is the limit 
(if it exists) of m(E O I)/m(Z) as the length 
(or measure) m(/) of J approaches zero, 
where / is an interval which contains x. 
The metric density of E is 1 at all points 
of E except a set of measure zero; it is 0 
at all points of the complement of E except 
a set of measure zero. 

metric space. A set 7 such that to each 
pair x, y of its points there is associated a 
nonnegative real number p(x, y), called 
their distance, which satisfies the condi- 
tions: (1) p(x, y)=0 if, and only if, x=y; 
(2) p(x, y)=ply, x); (3) px, »)+ p(y, z) = 
p(x, z). The function p(x, y) is said to be a 
metric for 7. The plane and three-dimen- 
sional space are metric spaces with the usual 
distance. Hilbert space is also a metric 
space. A topological space is said to be 
metrizable if a distance between points can 
be defined so the space is a metric space 
such that open sets in the original space are 
open sets in the metric space, and con- 
versely; ie., there exists a topological 
transformation between the given space and 
a metric space. A compact (or bicompact) 
Hausdorff space is metrizable if and only if 
it satisfies the second axiom of countability; 
a regular 7, topological space is metrizable 
if it satisfies the second axiom of counta- 
bility (Urysohn’s theorem). A topological 


Metric 


space is metrizable if and only if it is a 
regular 7; topological space whose topology 
has a base B which is the union of a count- 
able number of classes {B,} of open sets 
which have the property that, for each 
point x and class B,, there is a neighbor- 
hood of x which intersects only a finite 
number of the members of B,,. 

metric system. The system of measure- 
ment in which the meter is the fundamental 
unit. It was first adopted in France and is 
in general use in most other civilized 
countries, except the English-speaking 
countries, and is now almost universally 
used for scientific measurements. The 
unit of surface is the are (100 square meters) 
and the theoretical unit of volume is the 
stere (one cubic meter), although the Jiter 
(one cubic decimeter) is most commonly 
used. See DENOMINATE NUMBERS in the 
appendix. The prefixes deca-, hecto-, kilo-, 
and myria- are used on the above units to 
designate 10 times, 100 times, 1000 times 
and 10,000 times the unit. The prefixes 
deci-, centi-, and milli- are used to designate 
-d. ais, vga parts of the respective unit. 
MET-RIZ’A-BLE, adj. metrizable space. 
See METRIC—metric space. 


MEUSNIER’S THEOREM. This theo- 
rem states that the center of curvature of 
a curve on a surface S is the projection, on 
its osculating plane, of the center of curva- 
ture of the normal section tangent to the 
curve at the point. More graphically, if 
a segment equal to twice the radius of nor- 
mal curvature for a given direction at a 
point of S is laid off from the point on the 
normal to S, and a sphere is drawn with 
the segment as diameter, then the circle of 
intersection of the sphere by the osculating 
plane of a curve on S in the given direction 
at the point is the circle of curvature of the 
curve. 


MIDAC. An automatic digital computing 
machine at the Willow Run Research 
Center. MIDAC is an acronym for 
Michigan Digital Automatic Computer. 


MIDLINE, 7. midline of a_ trapezoid. 
See MEDIAN—median of a trapezoid. 


MIDPERPENDICULAR, n. The perpen- 
dicular bisector of a line segment. 


Minimal 


MIDPOINT, 7. midpoint ofa line segment. 
The point that divides the line segment into 
two equal parts; the point that bisects the 
line. See BISECT. 


MIL, x. A unit of angle measure, equal to 
$zo0 Of a complete revolution, .05625°, 
and nearly zoo Of a radian. Used by 
U. S. artillery. 


MILE, n. A unit of linear measure equal 
to 5280 feet or 320 rods. 

geographical mile. Same as NAUTICAL 
MILE. See NAUTICAL. 

nautical mile. See KNOT. 


MIL’LI-ME’TER, 2. 
part of a meter. 


One thousandth 


MIL’/LION, 7. One thousand thousands 
(1,000,000). 


MINAC. An automatic digital computing 
machine at the California Institute of 
Technology. MINAC is an acronym for 
Minimal Automatic Computer. 


MIN’I-MAL, adj. adjoint minimal sur- 
faces. Two associate minimal surfaces 
with parameters a, and «, differing by 7/2. 
See below, associate minimal surfaces. 

associate minimal surfaces. When the 
minimal curves of a minimal surface are 
parametric, the coordinate functions are of 
the form x=x;(u)+ x2(v), y= y1(Y)+ y2(v), 
Z=2Z,(u)+z(v). The related equations 
x=eltx,(u)+e/¢x,(v), y=el*y,(u)+ ei 
y(v), z=e!4z,(u) + e-'*z2(v) define a family 
of minimal surfaces, called associate 
minimal surfaces, with parameter a. 

double minimal surface. A one-sided 
minimal surface; a minimal surface S such 
that, through each of its points P, there 
exists a closed path C on S having the 
property that, when a _ variable point 
traverses C returning to P, the positive 
direction of the normal is reversed. See 
SURFACE—surface of Henneberg. Syn. 
One-sided minimal surface. 

minimal curve. A curve for which the 
linear element ds vanishes identically. 
With a Euclidean metric, ds*=dx,2+ 
dx,?+ ---+dx,*, this can occur only if 
the curve reduces to a point or if at least 
one of the coordinate functions is imagi- 


Minimal 


nary. See below, minimal straight line. 
Syn. Isotropic curve, curve of zero length. 

minimal (or minimum) equation. See 
ALGEBRAIC—algebraic number, CHARAC- 
TERISTIC—characteristic equation of a 
matrix. 

minimal straight line. A minimal curve 
which is an imaginary straight line. There 
is an infinitude of them through each point 
of space; their direction components are 
(1 —a’)/2, i(1 + a2)/2, a, where a is arbitrary. 
See above, minimal curve. 

minimal surface. A surface whose mean 
curvature vanishes identically; a surface 
for which the first variation of the area 
integral vanishes. A minimal surface does 
not necessarily minimize the area spanned 
by a given contour; but if a smooth surface 
S minimizes the area, then S is a minimal 
surface. 

one-sided minimal surface. 
DOUBLE MINIMAL SURFACE. 


Same as 


MIN’I-MAX, n. Same as SADDLE POINT. 
See SADDLE. 

minimax theorem. For a finite two- 
person zero-sum game, with payoff matrix 
(a;;), where i= 1, 2,---, mand j=1,2,-->, 
n; if the maximizing player uses mixed 
strategy X=(X, X2,°°+-°, Xm) and the mini- 
mizing player uses mixed strategy Y= 
(¥1, ¥2,°°°*s ¥y), then the expected value of 
the payoff is given by the expression 


n m 

> > ayxiyj=vx, y= E(X, Y). 

j=l i=1 
It is easy to see that max, (miny vy y)S 
miny (maxy vy,y). The mimimax theorem, 
fundamental in the theory of games, states 
that the sign of equality must hold for every 
finite two-person zero-sum game: 


maxy (min yvy y)=mMiny (maxy vy y)=v. 


This result can be extended to the class of 
continuous two-person zero-sum games 
with continuous payoff functions and to 
certain other classes of infinite games. In 
particular, if a two-person zero-sum game 
has a saddle point at (xo, yo), then v is the 
value of the payoff function at (Xo, yo). 
See GAME—value of a game, SADDLE— 
saddle point of a game. 


MIN’I-MUM, adj., n. [p/i. minima]. See 
various headings under MAXIMUM. 


Minor 


MINKOWSKI, Minkowski distance func: 
tion. Relative to a convex body B of which 
the origin O is an interior point, the Min- 
kowski distance function F(P) is defined to 
be the ratio of distances OP/OQ, where P 
is any point of the space (other than O) and 
Q is the point of B on the ray OP that is 
farthest from O. We then define F(O) to 
be O and have F(P)< 1 if P is interior to B, 
F(P)=1 if P is on the boundary of B, and 
F(P)> 1 if P is exterior to B. The function 
F(P) is a convex function of P. Two 
polar reciprocal convex bodies are any two 
convex bodies, each containing the origin 
in its interior, such that the support function 
of each is the distance function of the other. 
See SUPPORT—support function. 

Minkowski’s inequality. Either of the 
inequalities 


(1) [> lati] 


or 


(2) i iftelP dx] 
e([,vra+[[, ra” 


which are valid if p=1 and the integrals 
involved exist for the interval or region of 
integration Q. The numbers in (1) or the 
functions in (2) may be real or complex. 
Either of these inequalities is easily deduced 
from the other or from Holder’s inequalities. 
The inequalities are reversed for p<1, if 
a;, b;, f, and g are nonnegative for each i 
and x. 


MI’NOR, adj., n. minor arc of a circle. 
See sEcTOR—sector of a circle. 

minor axis of an ellipse. The smaller 
axis of the ellipse. 

minor of an element in a determinant. 
The determinant, of next lower order, ob- 
tained by striking out the row and column 
in which the element lies. This is some- 
times called the complementary minor. 
The minor, taken with a positive or nega- 
tive sign according as the sum of the posi- 
tion numbers of the row and column 
stricken out of the original determinant is 
even or odd, is called the signed minor, or 


Minor 


Modular 


cofactor, of the element. £.g., the minor 
of b, in the determinant 


a; Az a3 
b, b bz 
C1 2 C3 


is the determinant 
an a3 
C2 C3 


and the cofactor of 5, is 


an a3 
C2 C3 


MIN’U-END, n. The quantity from which 
another quantity is to be subtracted. 


MIN’US, adj. A word used between two 
quantities to state that the second is to be 
subtracted from the first. The statement 
3 minus 2, written 3—2, means 2 is to be 
subtracted from 3. Minus is also used as a 
synonym for negative. 


MIN’UTE, n. (1) The sixtieth part of an 
hour. (2) The sixtieth part of a degree (in 
the sexagesimal system of measuring 
angles). See SEXAGESIMAL. 


MIXED, adj. mixed decimal. See DECI- 
MAL. 

mixed number, quantity. In arithmetic, 
the sum of an integer and a fraction, as 23. 
In algebra, the sum of a polynomial and a 
rational algebraic fraction, as 


1 
aa era 


MNE-MON’IC, adj. Assisting the mem- 
ory; relating to the memory. 

mnemonics or mnemonic devices. Any 
scheme or device to aid in remembering 
certain facts. E.g., (1) sin(x+,y) is equal 
to the sum of two mixed terms in sine and 
cosine, whereas cos (x+y) is equal to the 
difference of unmixed terms; (2) the deriva- 
atives of all cofunctions (trigonometric) take 
a negative sign. 


MOBIUS. Mbbius function. The function 
of the positive integers defined by p(1)=1; 
p(n) =(— 1) ifm=p,p2--+ p,, where pj, +++, 
p, are distinct positive prime numbers, and 
u(n)=0 for all other positive integers. It 


follows that p(n) is also the sum of the 
primitive mth roots of unity. See RIEMANN 
—Riemann’s hypothesis about the zeta 
function. 

Mobius strip. The one-sided surface 
formed by taking a long rectangular strip 
of paper and pasting its two ends together 
after giving it half a twist. See sURFACE— 
one-sided surface. 

Mobius’ transformation. A transforma- 
tion (in the complex plane) of the form 
w=(az+ b)/(cz+d), with ad— bc #0. 


MODE, n. (Statistics.) The most frequent 
value. If more students (of a given group) 
make 75°% than any other one grade, then 
75° is the mode. 


MOD'U-LAR, adj. (elliptic) modular 
function. A function which is automorphic 
with respect to the modular group (or a 
subgroup of the modular group) and which 
is single-valued and analytic in the upper 
half of the complex plane, except for poles. 
Usually suitable additional restrictions are 
made, so that such a function is a rational 
function of the modular function J(7t) 
defined by 
ae 4 (3,8— 44 344) 
a 27 (Ba 54)8 
where i; denotes the function of the 
parameter 7 obtained by setting z=0 in the 
theta function #(z). Also: 


g2° 
4O)= 73 Tge 

where g>=602'(mw+nw’)-*4, g3=1402’ 
(mw+nw')& and t=w’/w (the primes 
indicate that the summations are for all 
integral values of mand n except m=n=0). 
The modular functions A(r) = 324/334 [also 
denoted by f(7)], g(7), and A(r)= —f(7)/g(7) 
are also of considerable interest; J and A 
are related by 


27Jd2(1 —A)2 = 41 —A+-A2)3. 
modular group. The _ transformation 
group which consists of all transformations 
pa ttt b 
~ ezt+d 
with ad—bc=1, where a, b, c and d are real 
integers. Such transformations map the 
upper half (and the lower half) of the 


complex plane onto itself, and map real 
points into real points. 


Modified 


MOD’I-FIED, p. modified Bessel functions. 
See BESSEL. 


MOD’ULE, n. Let S be a set such as a 
ring, integral domain, or algebra, which is a 
group with respect to an operation called 
addition (it may have other operations 
defined, such as multiplication and scalar 
multiplication). A module M of S is a 
subset of S which is a group with respect to 
addition (this is equivalent to stating that 
x—y belongs to M whenever x and y 
belong to M). See IDEAL. 


MOD’U-LUS, nn. bulk modulus. (Elas- 
ticity.) The ratio of the compressive stress 
to the cubical compression. It is connected 
with Young’s modulus £ and Poisson’s 
E 
(Ro a 
bulk modulus k is positive for all physical 
substances. Syn. Compression modulus. 
modulus of logarithms. See LOGARITHM. 
modulus of a complex number. The 
numerical length of the vector representing 
the complex number (see COMPLEX—com- 
plex number). The modulus of a complex 
number a+ bi is V a2+ b2, or, if the number 
is in the form r(cos 8+isin §) with r=0, 
the modulus is r. The modulus of 4+ 3/ is 
5: the modulus of 1+i=V2(cos 47+ 
isin 47) is V2. Syn. Absolute value. 
modulus of a congruence. See CONGRU- 
ENT—congruent numbers. 
modulus of an elliptic integral and of an 
elliptic function. See ELLIPTIC—elliptic 
integral, and Jacobian elliptic functions. 
modulus of rigidity. See RIGIDITY. 
Young’s modulus. The constant in- 
troduced in the theory of elasticity by 
Thomas Young in 1807. It characterizes 
the behavior of elastic substances. If the 
stress acting in the cross section of a thin 
rod is 7 and the small elongation produced 
by it is e, then T= Ee, where E is Young’s 
modulus in tension. For many substances 
the modulus in tension differs from the 
corresponding compression modulus. 
Young’s modulus and Poisson’s ratio (q.v.) 
are found to be sufficient to completely 
characterize the elastic state of an isotropic 
substance. 


ratio o by the formula k= 


MOEBIUS. See MOBIUS. 


Moment 


MO’MENT, rn. method of moments. 
(Statistics.) A method of estimating the 
parameters of a frequency distribution by 
means of a function which relates the para- 
meters to moments. The moments may be 
estimated from samples. As many mo- 
ments as there are parameters to be 
estimated are computed and the parameters 
are estimated by solving the inverse of the 
moment-generating function. This method 
does not in general yield the minimum- 
variance unbiased estimates. Nevertheless, 
it is of practical importance because of its 
expedience. See below, moment of a 
frequency distribution. 

moment of a force. The moment of a 
force about a line is the product of the 
projection of the force on a plane per- 
pendicular to the line and the perpen- 
dicular distance from the line to the line of 
action of the force. The moment of a 
force F about a point O is the vector product 
of the position vector r (from O to the 
point of application of the force) by the 
force. In symbols of vector analysis, the 
moment L is given by L=rxF. The 
magnitude of the moment of force is 
L=rFsin 0, where @ is the angle between 
the vectors r and F. Numerically it is 
equal to the area of the parallelogram 
constructed on the vectors r and F as sides. 
Syn. Torque. 


(Wi 
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moment of a frequency distribution. 
(Statistics.) A set of parameters of a 
distribution which measures its properties 
and frequently specifies it exactly; 


[o @) 
Lp = | (x— a)" f(x) dx 
—0 
is the rth moment of x around the point a, 
where x is a random variable with fre- 
quency function f(x) and a is any given 
point of distribution. See DISTRIBUTION— 
F distribution, and VARIANCE—analysis of 
variance. 


Moment 


Moment 


moment generating function. (S‘atistics.) 
The function 


w= |" ef() de, 


where f(x) is the frequency function. By 
taking the jth derivative of é(f) and evalu- 
ating for f=0, the jth moment is obtained. 
Differs from a characteristic function only 
in that ¢(if) is the characteristic function, 
where i27=—1. E.g., for the binomial 
distribution, 


n 
$(1)= > etkC,kpkqn-k = (qt pe!y". 
k=0 


The first derivative of $(¢) is 


npe'(q+ pe)", 

which evaluated at t=O yields np, the first 
moment. The second derivative evaluated 
at t=0 yields the second moment about 
zero, np+n(n— 1)p2. 

moment of inertia of a particle about a 
point, line, or plane. The product of the 
mass and the square of the distance from 
the particle to the point, line, or plane. 
The moment of inertia of a system of dis- 
crete particles about an axis is the sum of 
the products of the masses of the particles 
by the squares of their distances from the 


axis. Thus [= > m;r;2, where r; is the dis- 


t 
tance of the particle of mass m, from the 
axis. For acontinuous body, referred to a 
system of rectangular Cartesian axes x, y, 
z, one can define the moments of inertia 
about the axes x, y, and z, respectively, by 
the formulas 


I,= | (v2+22) dm, 
L=| (z2+ x2) dm, 
s 


I= | (x2+y%) dm, 


where the integrations are extended over 
the entire body. The quantities 


call xy dm, i= yz dm, 
5 AY 
and 


i= | xz dm 
AY 
are called the products of inertia. If the 
coordinate axes x, y, z are so chosen that 


the products of inertia vanish, the axes are 
called the principal axes of inertia. 

moment of mass about a point, line, or 
plane. The sum of the products of each of 
the particles of the mass and its distance 
from the point, line, or plane. Tech. The 
integral, over the given mass, of the 
element of mass times its perpendicular 
distance from the point, line, or plane (this 
product is called the element of moment of 
mass ; see ELEMENT—€lement of integration). 
Algebraic (signed) distances are to be used 
in computing moments. A moment is 
essentially the sum of the moments of 
individual particles (elements of integra- 
tion). For a mass on a line (the x-axis), 
the moment about a point on the line is 


| @-a p(x dx, 


where p(x) is the density (mass per unit 
length) at the point x [this is the same as 
the first moment of a frequency distribution 
for which p(x) is the frequency function 
(see above)]. For mass in the plane, 
moment about the y-axis is 


| xp(x, y) dA, 


where p(x, y) is the density (mass per unit 
area) at the point (x, y) (if p is a function 
of x alone, then dA may be a strip parallel 
to the y-axis) [similar formulas can be 
given for other lines in the plane (e.g., by 
using signed distances from the line, as 
given by the xormal form of the equation of 
the line). For a mass in space, the moment 
with respect to the (x, y)-plane is given by 


| zo,» 2) dV, 


where p(x, y, z) is the density (mass per 
unit volume) at the point (x, y, z) in the 
element of volume dV. Moment of a curve 
means the moment obtained by regarding 
the curve as having unit mass per unit 
length. Moment of area means the moment 
obtained by regarding the area as having 
unit mass per unit area. 

moment of momentum. See MOMENTUM. 

product moment. (S/atistics.) The func- 
tion 


> DUD 


n 


Moment 


is the product moment of two variables 
x and y, with 2 values each which may be 
paired on the basis of some given criterion, 
where x and ¥ are their arithmetic means. 
If the product moment is divided by both 
the standard deviations of the variables 
x and y, the product moment correlation 
coefficient is obtained. The product 
moments about the origin are defined by 


by by 
Ung’ = | | xPyif(x, y) dx dy, 
a2 “ay 
and about the mean by 
by pb 
toa= | xy) (x,y) dd 
az “ay 


u,, is the integral counterpart of the above 
(summation) special definition. 

second moment. See above, moment of 
inertia. 


MO-MEN’TUM, n. The “quantity of mo- 
tion’? measured by the product of the mass 
and the velocity of the body. Sometimes 
called the /Jinear momentum to distinguish 
it from the angular momentum or moment 
of momentum (q.v.). The linear momen- 
tum of a particle of mass m moving with 
the velocity v is the vector my. The linear 
momentum of a system of particles of 


masses 711, 71,--+,™m,, Moving with the 
velocities V}, V2, °° -°, Vy, is the vector 
M= >. MiNi, 
i 


representing the vector sum of the linear 
momenta of individual particles. The 
momentum of a continuous distribution of 
mass is defined by the integral 


M= [ vdm 
AY 


evaluated over the body occupied by the 
mass. 

angular momentum. See below, moment 
of momentum, 

moment of momentum. The moment of 
momentum relative to a point O of a par- 
ticle of mass m moving with velocity v is 
the vector product of the position vector r 
of the particle relative to O and the 
momentum mv. In symbols of vector 
analysis, where a cross denotes the vector 
product, the moment of momentum is H= 
rx my. The moment of momentum rela- 
tive to O of a system of particles is defined 


Monogenic 


as the sum of the moments of momentum 
of the individual particles. For a continu- 
ous distribution of mass, 


H= | (rx v) dm, 


where the integration is extended over the 
entire body. Syn. Angular momentum. 

principle of linear momentum. A theo- 
rem in mechanics stating that the time 
rate of change of linear momentum of a 
system of particles is equal to the vector 
sum of external forces. 


MON’IC, adj. monic equation. A poly- 
nomial equation whose coefficients are 
integers, the coefficient of the term of 
highest degree being +1. 


MO-NOD’RO-MY, 7. monodromy theo- 
rem. The theorem states that, if the func- 
tion f(z) of the complex variable z is ana- 
lytic at the point z) and can be continued 
analytically along every curve issuing from 
Zo in a finite simply connected domain D, 
then f(z) is a function-element of an analytic 
function which is single valued in D; in 
other words, analytic continuation around 
any closed curve in D leads to the original 
function element. See DARBOUXx—Dar- 
boux’s monodromy theorem. 


MON’O-GEN’IC, adj. monogenic analytic 
function. The totality of all pairs zo, f(z), 
where 


f(2)= > a,(z- 20)", 


which can theoretically be obtained directly 
or indirectly by analytic continuation from 
a given function element /fp(z). The 
function fo(z) is called the primitive element 
of the monogenic function. The Riemann 
surface of the values Zp is called the domain 
of existence of the monogenic function and 
the boundary of the domain of existence is 
called the natural boundary of the mono- 
genic analytic function. For example, the 
unit circle |z|=1 is a natural boundary for 
the function 


f(z)= > zn, 


See ANALYTIC—analytic continuation of an 
analytic function of a complex variable. 


Monomial 


Mortality 


MO-NO’MI-AL, n. A single term. 
monomial factor of an expression. A 
single term that may be divided out of 
every member of the expression; x is a 
monomial factor of 2x+ 3xy+ x2. 


MON’O-TONE, MON’O-TON’IC, adj. 
A monotonic (or monotone) increasing 
quantity is a quantity which never decreases 
(the quantity may be a function, sequence, 
etc., which either increases or remains the 
same, but never decreases). A sequence of 
sets £,, E>,---is monotonic increasing if 
E, is contained in E,,,; foreach n. A mono- 
tonic (or monotone) decreasing quantity is 
a quantity which never increases (the 
quantity may be a function, sequence, etc., 
which either decreases or remains the same, 
but never increases). A sequence of sets 
E,, E,--- 1s monotonic decreasing if E, 
contains F,,, for each x. A monotonic (or 
monotone) system of sets is a system of sets 
such that, for any two sets of the system, 
one of the sets is contained in the other. A 
mapping of a topological space A onto a 
topological space B is said to be monotone 
if the inverse image of each point of Bisa 
continuum. A mapping of an ordered set 
A onto an ordered set B is monotone 
provided x* precedes (or equals) y* when- 
ever x* and y* are the images in B of 
points x and y of A for which x precedes y. 


MONTE CARLO METHOD. Any pro- 
cedure that involves statistical sampling 
techniques in obtaining a_ probabilistic 
approximation to the solution of a mathe- 
matical or physical problem. 


MOORE-SMITH CONVERGENCE... A 
directed set (also called a directed system or 
a Moore-Smith set) is a set D which is 
ordered in the sense that there is a relation 
which holds for some of the pairs (a, b) of 
D (one then writes a2=b) and for which 
(i) ifa@Zb and b=c, then a=c; (ii) aZa for 
all a of D; (iii) if a and 6 are members of D, 
there is ac of D such that c2a and cb. 
A net (also called a Moore-Smith sequence) 
of a set S is a mapping of a directed set 
into S (onto a subset of S), E.g., the set of 
positive integers is a directed set and a 
sequence Xj, Xo, X3,° °° 1S a net; the set of 
all open subsets of a space 7 is a directed 
set if U2V means UC V. Let D be a 


directed set and ¢ a net, which is a mapping 
of D into a topological space T. Then ¢ is 
eventually in a subset U of T if there is an 
a of D such that if 6 belongs to D and 
b2a, then ¢(b) is in U; ¢ is frequently in U 
if for each a in D there is a bin D such that 
b2a and ¢(b) is in U. The set E of all 
elements a of D for which (a) is in U is 
then a cofinal subset of D, meaning that, if 
b is in D, there is an a in E for which a= 4b, 
The net ¢ converges to a point x of D if and 
only if it is eventually in each neighborhood 
of x. It follows that a point x is an accumu- 
lation point of a set V if and only if there 
is a net of V which converges to x. Also, 
a topological space is a Hausdorff space 
if and only if no net in the space converges 
to more than one point. See FILTER. 


MORERA. Morera’s theorem. The theo- 
rem states that if the function f(z) of the 
complex variable z is continuous in a finite 
simply connected domain D, and satisfies 


| f(z) dz=0 for all closed  rectifiable 
Cc 


curves in D, then f(z) is an analytic 
function of z in D. This theorem is the 
converse of the Cauchy integral theorem. 


MOR’RA, n. A game in which each of 
two players shows one, two, or three fingers 
and at the same time states his guess as to 
the number of fingers simultaneously being 
shown by his opponent. A player guessing 
correctly wins an amount proportional to 
the sum of the numbers of fingers shown 
by the two players, and the opponent 
loses this amount. Morra is an example 
of a two-person zero-sum game with chance 
moves. See MOVE. 


MOR-TAL'I-TY, adj.,n. American experi- 
ence table of mortality. (1) A table of 
mortality (mortality table) based upon the 
lives of Americans constructed from insur- 
rance records about 1860. (2) A mortality 
table constructed from data obtained from 
American insurance companies and census 
records. See the APPENDIX. 

force of mortality. The annual rate of 
mortality under the assumption that the 
intensity of mortality is constant through- 
out the age-year which is under considera- 
tion and has the value it had at the moment 
after the beginning of the age-year. 


Mortality 


mortality table. A table showing the 
number of deaths that are likely to occur 
during a given year among a group of 
persons of the same age (the table being 
based upon past statistics). The number 
of lives at the age with which the table starts 
is called the radix of the mortality table. 
If a mortality table is based on lives of 
people who have had medical examinations, 
or are chosen from special groups, or other- 
wise selected so as to constitute a better 
risk than the general run of persons, it is 
called a select mortality table; the period 
during which the selection has effect upon 
the table is called the select period of the 
table (the effect of selection often wears off 
with the passing of years). An ultimate 
life table is a mortality table either based on 
the years after the select period (the latter 
not entering into consideration in the 
table), or using as a basis all the lives of a 
given age that are available. 

rate of mortality. The probability that 
a person will die within one year after 
attaining a certain age; d,/l,, where d, 
is the number dying during the year x and 
1. is the number attaining the age x in the 
group on which the mortality table is based. 


MORT'GAGE nz. A conditional convey- 
ance of, or lien upon, property as a security 
for money lent. 


MO'TION, 7. constant (or uniform) 
motion. See CONSTANT—constant speed 
and velocity. 

curvilinear motion. Motion along a 
curve; motion which is not in a straight 
line. 

curvilinear motion about a_ center of 
force. Motion such as that of celestial 
bodies about the sun; the motion of a 
particle whose initial velocity was not 
directed toward the center of force and 
which is attracted by a force at the given 
center. If this force is gravitational the 
path is a conic whose focus (or one of 
whose foci) is at the center of force. 

Newtonian laws of motion. See NEWTON 
—Newton’s laws of motion. 

rigid motion. See RIGID. 

simple harmonic motion. See HARMONIC. 


MOVE, n. A component element of a 
game; a particular performance made at 


Multiple 


the choice of one of the players, or deter. 
mined by a random device. A personal 
move is a move elected by one of the 
players, as contrasted with a chance move 
determined by a random device. See GAME, 
HER, and MORRA. 


MUL’TI-AD-DRESS’, adj. multiaddress 
system. A method of coding problems for 
machine solution, whereby a single instruc- 
tion might involve more than one address, 
memory position, or command. See 
SINGLE—Ssingle-address system. 


MUL’TI-FOIL. A plane figure made of 
congruent arcs of a circle arranged on a 
regular polygon so that the figure is sym- 
metrical about the center of the polygon 
and the ends of the arcs are on the polygon. 
The name is sometimes restricted to the 
cases in which the polygon has six or more 
sides. When the polygon is a square, the 
figure is called a guatrefoil (as illustrated); 
when it is a regular hexagon, a hexafoil; 
when a triangle, a trefoil. 


MUL’TI-LIN’E-AR, adj. multilinear form. 
See FORM. 


MUL-TI-NO’MI-AL, adj.,n. An algebraic 
expression containing more than one term. 
Compare POLYNOMIAL. 

multinomial theorem. A theorem for 
the expansion of powers of multinomials. 
It includes the binomial theorem as a special 
case. The formula for the expansion is: 


(x; +xXo+ +++ +X)" 


n! 
—s 112 - - + X,,4%m 
Dear es ai ” 
where d1, @>,**°, @y, are any selection of m 
numbers from 0,1,2,---,” such that 
ajtaot+ +--+ +a,,=n, and O!=1. 


MUL’TI-PLE, adj., n. In arithmetic, a 
number which is the product of a given 


Multiple 


Multiplication 


number and another factor; 12 is a multiple 
of 2, 3, 4, 6, and trivially of 1 and 12. In 
general, a product, no matter whether it be 
arithmetic or algebraic, is said to be a 
multiple of any of its factors. 

common multiple. A quantity which is a 
multiple of each of two or more given 
quantities. The number 6 is a common 
multiple of 2 and 3; x2—1 is a common 
multiple of x—1 and x+1. 

least common multiple of two or more 
quantities. Denoted by I.c.m. or L.C.M. 
The least quantity that is exactly divisible 
by each of the given quantities; 12 is the 
l.c.m. of 2, 3, 4, and 6. The l.c.m. of a set 
of algebraic quantities is the product of all 
their distinct prime factors, each taken the 
greatest number of times it occurs in any 
one of the quantities; the I.c.m. of 


x?-—1 and x2—2x+1 
1s 
(x—1)2(x+1). 

Tech. The l.c.m. of a set of quantities is a 
common multiple of the quantities which 
divides every common multiple of them. 
Also called lowest common multiple. 

multiple correlation. See CORRELATION. 

multiple integral. See INTEGRAL. 

multiple point or tangent. See POINT— 
multiple (or k-tuple) point. 

multiple root of an equation. In an alge- 
braic equation, f(x)=0, a root a such that 
(x—a) is contained in f(x) two or more 
times. A root which is not a multiple root 
is said to be a simple root. If (x—a)" Is 
the highest power of (x—a) which is a 
factor of f(x), ais called a double or triple 
root when a is 2 or 3, respectively, and an 
n-tuple root in general. A multiple root is 
a root of f(x)=0 and f’(x)=0, where f’(x) 
is the derivative of f(x). In general, a root 
is of order 7, or an n-tuple root, if and only 
if it is a common root of f(x)=0, f’(x)=0, 
f’"()=0, +--+, to fl"-1) (x)=0, but not of 
f™) (x)=0. Analogously, when f(x) is not 
a polynomial, a root is said to be of order 
n if the mth derivative is the lowest order 
derivative of which it is not a root; the 
order of multiplicity of the root is then said 
to ben. Syn. Repeated root. 

multiple-valued function. A_ function 
having more than one value for some values 
of the argument (independent variable); 
y*=x defines a double-valued function of x, 


since for each x, x40, there correspond 
two values of y, namely + Vx; y=sin-! x 
has infinitely many values of y for each 
value of x, for if y;)=sin-1 x then 


na+(—1)"y,;=sin7! x, 


where vn is any integer. Syn. Many-valued 
function. 

multiple-valued function of a complex 
variable. If the Riemann surface of a 
monogenic analytic function f(z) of the 
complex variable z covers any part of the 
z-plane more than once, the function is 
called multiple-valued; i.e., the function is 
multiple-valued if to any value z there cor- 
responds more than one value of f(z). A 
multiple-valued function may be considered 
as a single-valued function for z in a 
sub-domain lying on a single sheet of its 
Riemann surface of existence. 


MUL’'TI-PLI-CAND’, n. The number to 
be multiplied by another number, called 
the multiplier. 


MUL’TI-PLI-CA’TION, n. See various 
headings below and under PRODUCT. 

abridged multiplication. The process of 
multiplying and dropping, after each 
multiplication by a digit of the multiplier, 
those digits which do not affect the degree 
of accuracy desired. If, in the product 
235 x 7.1624, two-decimal place accuracy is 
desired (which requires the retention of 
only the third place throughout the multi- 
plication), the abridged multiplication 
would be performed as follows: 


235 x 7.1624 
=35 %7.1624+ 30 x 7.1624+ 200 x 7.1624 
= 35.8120 + 214.872 + 1432.480 
= 1683.164= 1683.16. 


multiplication of determinants. The 
product of determinants (or of a determi- 
nant and a scalar) is equal to the product 
of the values of the determinants (or of the 
value of the determinant and the scalar). 
The multiplication of a determinant by a 
scalar can be accomplished by multiplying 
each element of any one row (or any one 
column) by the scalar. The product of two 
determinants of the same order is another 
determinant of the same order, in which an 
element in the ith row and jth column is 


Multiplication 


the sum of the products of the elements in 
the ith row of the first determinant by the 
corresponding elements of the jth column 
of the second determinant (or vice versa). 
For 2nd order determinants, 


a b A B aA+bC aB+bD 
c d||C D cA+dC cB+dD 


See PRODUCT—product of matrices. 

multiplication of polynomials. See DIs- 
TRIBUTIVE—distributive law of arithmetic 
and algebra. 

multiplication of the roots of an equation. 
The process of deriving an equation 
whose roots are each the same multiple of 
a corresponding root of the given equation. 
This is effected by the substitution (trans- 
formation) x=x’/k. The roots of the 
equation in x’ are each k times one of the 
roots of the equation in x. 

multiplication of vectors. (1) Multipli- 
cation by a scalar. The product of a scalar 
a and a vector v is the vector having the 
same direction as v and of length equal to 
the product of a and the length of v; i.e., 
the vector obtained by multiplying each 
component of v by a. (2) Scalar multi- 
plication of two vectors. The scalar product 
of two vectors is the scalar which is the 
product of the lengths of the vectors 
and the cosine of the angle between them. 
This is frequently called the dot product, 
denoted by A-B, or the inner product. It 
is equal to the sum of the products of 
corresponding components of the vectors. 
See VECTOR—vector space. (3) Vector 
multiplication of two vectors. The vector 
product of two vectors A and B is the 
vector C whose length is the product of the 
lengths of A and B and the sine of the angle 
between them (the angle from the first to the 
second), and which is perpendicular to the 
plane of the given vectors and directed so 
that the three vectors in order A, B, C 
form a right-handed trihedral (see TRIHEDRAL 
—directed trihedral). The product is also 
called the cross product. If the product of 
A by B is C, one writes dx B=C. (lf 
the right forearm is placed along A with the 
fingers of the half closed right hand point- 
ing in the direction A would be rotated to 
coincide with B, the erect thumb will point 
in the direction of C.) Scalar multiplica- 
tion is commutative, but vector multiplica- 
tion is not, for Bx A= —AxB. Thescalar 
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product of 2i+3j+5k and 3i—4j+ 6k is 
2-3—3-44+5-6 or 24, whereas the vector 
product is 38/+3j—17k if the vectors are 
multiplied in the given order, and the 
negative of this if they are multiplied in the 
reverse order. 


MUL’TI-PLIC’I-TY, n. multiplicity of a 
root of an equation. See MULTIPLE—mul- 
tiple root of an equation. 


MUL’TI-PLI'ER, nn. (1) The number 
which is to multiply another number, 
called the multiplicand. (2) Ina computing 
machine, any arithmetic component that 
performs the operation of multiplication. 

Lagrange’s method of multipliers. See 
LAGRANGE. 


MUL'TI-PLY, adv. multiply connected 
region. See CONNECTED. 


MUL’TI-PLY, v. To perform the process 
of multiplication. 


MUTATIS MUTANDIS. Necessary 
changes being made. 


MU’TU-AL, adj. mutual fund method. 
(Insurance.) A method of computing the 
present value (single premium) for a whole 
life annuity immediate. See COMMUTATION 
—commutation tables. 

mutual insurance company. A coopera- 
tive association of policyholders who divide 
the profits of the company among them- 
selves. The policies, which usually provide 
for such division, are called participating 
policies. 

mutual savings bank. A bank whose 
capital is that of the depositors who own 
the bank. 


MU’TU-AL-LY, adv. mutually equiangu- 
lar polygons. Polygons whose correspond- 
ing angles are equal. 
mutually equilateral polygons. Polygons 
whose corresponding sides are equal. 
mutually exclusive events. See EVENT. 


N 


NA’DIR, 7. The point in the celestial 
sphere diametrically opposite to the zenith; 
the point where a plumb line at the 
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observer’s position on the earth, extended 
downward, would pierce the celestial 
sphere. 


NAPIER. Napier’s analogies. Formulas 
for use in solving a spherical triangle. 
They are as follows (a, b, c representing the 
sides of a spherical triangle and A, B, C the 
angles opposite a, b, c, respectively): 
sin 3(A4—B)_ tan 4(a—b) 
sin3(A+B) tan4e 


cos 4(A—B)_ tan 4(a+b) 
cos4(A+B) tan 4c 


sin 4(a—b)_ tan 4(A—B) 


sin#(a+b) = cot $C 
cos $(a—b)_ tan $(A+ B) 
cos 4#(a+b)  ~=cot $C 


Napier’s rules of circular parts. Two 
ingenious rules by which one can write out 
the ten formulas needed in the solution of 
right spherical triangles. Omitting the 
right angle, one can think of the comple- 
ments of the other two angles, the comple- 
ment of the hypotenuse, and the other two 
sides as arranged on a circle in the same 
order as on the triangle. Any one of these 
is a middle point in the sense that there are 
two on either side of it. The two points 
nearest to a given point are called adjacent 
parts, and the two farthest are called 
opposite parts. Napier’s rules are then 
stated as follows: I. The sine of any part is 
equal to the product of the tangents of the 
adjacent parts. II. The sine of any part is 
equal to the product of the cosines of the 
opposite parts. 


NA-PIER’I-AN, or NA-PE’RI-AN, adj. 
Napierian logarithms. A name commonly 
used for natural logarithms, but Napier did 
not originate them. See LOGARITHM. 


NAPPE, 7. nappe of a cone. One of the 
two parts of a conical surface into which 
the surface is divided by the vertex. 
Better called nappe of a conical surface. 


NAT’U-RAL, adj. natural equations of a 
space curve. See INTRINSIC—intrinsic equa- 
tions of a space curve. 


natural logarithms. Logarithms using 


Negative 


the base e (2.718281834+). See e, and 
LOGARITHM. 

natural numbers. The numbers 1, 2, 3, 
4, etc. The same as positive integers. 


NAUGHT, n. Same as ZERO. 


NAU’TI-CAL, adj. nautical mile. 6080 
feet as used by the British admiralty; 
6080.27 feet as used by the U. S. Hydro- 
graphic office. 


NEC’ES-SARY, adj. necessary condition. 
See CONDITION. 

necessary condition for convergence of 
an infinite series: That the terms approach 
zero as one goes farther out in the series; 
that the mth term approaches zero as n 
becomes infinite. This is not a sufficient 
condition for convergence; e.g., the series 


1 1 1 
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Le 
is divergent, although 1/n approaches zero 
as n becomes infinite. See cAUCHY— 
Cauchy’s condition for convergence of a 
series. 


NE-GA’TION, 7. negation of a proposi- 
tion. The proposition formed from the 
given proposition by prefixing “‘It is false 
that,” or simply “not.” E.g., “Today is 
Wednesday” has the negation “It is false 
that today is Wednesday.” “All cows are 
brown” has the negation “‘It is false that all 
cows are brown,” which might be written 
as ‘“‘There is at least one cow which is not 
brown.” The negation of a proposition p 
is frequently written as ~p and read 
‘‘not p.”’ The negation of a proposition is 
true if and only if the proposition is false. 
Syn. Denial. 


NEG’A-TIVE, adj. negative angle, correla- 
tion, exponent, number. See ANGLE, COR- 
RELATION, EXPONENT, and  POSITIVE— 
positive number. 

negative direction. The direction oppo- 
site the direction that has been chosen as 
positive. 

negative sign. The mark, —, denoting 
the negative of a number. See PosITIVE— 
positive number. 


Negotiable 


Neumann 


NE-GO’TI-A-BLE, adj. negotiable paper. 
An evidence of debt which may be trans- 
ferred by indorsement or delivery, so that 
the transferee or holder may sue on it in 
his own name with like effect as if it had 
been made to him originally; e.g., bills of 
exchange, promissory notes, drafts, and 
checks payable to the order of a payee or 
to bearer. 


NEIGH’BOR-HOOD, 27. _ neighborhood 
of a point. The interior of some bounded 
geometric figure (such as a square or circle 
in the plane) which contains the point. 
A neighborhood of a point on a line, 
plane, or surface is usually taken as 
the set of points within a stated distance 
of the point (e.g., an open interval on the 
line or the interior of a circle in the plane, 
with the point as center). One speaks of a 
property as holding in the neighborhood of 
a point if there exists a neighborhood of 
the point in which the property holds, or 
of a numerical quantity (e.g., curvature) 
depending on the nature of a curve or sur- 
face in the neighborhood of a point if the 
value of the quantity can be determined 
from knowledge of the portion of the curve 
or surface in an arbitrarily small neighbor- 
hood of the point. See sMALL—in the 
small, and TOPOLOGICAL—topological space. 


NERVE, 7. nerve of a family of sets. Let 
So, S1,°°*, S, be a finite family of sets. 
To each set S, assign a symbol p,;. A 
nerve of this system of sets is the abstract 
simplicial complex whose vertices are the 
symbols po, P1,° °°, Pn, and whose abstract 
simplexes are all the subsets pj), Dj,,° °°, Pi, 


whose corresponding sets have a nonempty 
intersection. E.g., if So, S;, S2, S3 are the 
four faces of a tetrahedron, the nerve is the 
abstract simplicial complex with vertices 
Pos Pts P23 P3 Whose abstract simplexes are 
all sets of three or less vertices—it has a 
geometric realization as a tetrahedron. 


NEST, 7. See NESTED—nested sets. 


NEST’ED, adj. nested intervals. A 
sequence of intervals such that each is 
contained in the preceding. It is sometimes 
required that the lengths of the intervals 
approach zero as .one goes out in the 
sequence. The nested interval theorem 


states that for any sequence of nested 
intervals, each of which is bounded and 
closed, there is at least one point which 
belongs to each of the intervals (if the 
lengths of the intervals approach zero, there 
is exactly one such point). This theorem 
is true for intervals in n-dimensional 
Euclidean space, as well as for intervals on 
the line. See INTERVAL and MONOTONE. 
nested sets. A collection of sets is nested 
if, for any two members A and B of the 
collection, either A is contained in B or B 
is contained in A. A nested collection of 
sets 1S also called a nest, tower, or chain. 


NET, adj. Clear of all deductions (such as 
charges, cost, loss). 

net premium. See PREMIUM. 

net proceeds. The amount remaining of 
the sum received from the sale of goods 
after all expenses except the original cost 
have been deducted. 

net profit. See PROFIT. 


NET, 1. See MOORE-SMITH CONVERGENCE. 


NEUMANN. Neumann function. A func- 
tion of type 


1 
sin 7 


N,Az) = [cos nT JAZ) —J_,(z)], 
where J, is a Bessel function. This function 
is a solution of Bessel’s differential equation 
(if m is not an integer) and is also called a 
Bessel function of the second kind. See 
HANKEL—Hankel function. 

Neumann’s function. (Potential Theory.) 
For a region R with boundary surface S, 
and for a point Q interior to R, the Neu- 
mann’s function N(P, Q) is a function of 
the form 


N(P, Q)=1/(4mr)+ V(P), 
wherer is the distance PQ, V(P)is harmonic, 
ON/én is constant on S, and If. N dap=0. 
The solution U(Q) of the Neumann 
problem can be represented in the form 


U(Q)=||_/P) NUP, Odor. 


See GREEN—Green’s function, BOUNDARY— 
second boundary value problem of poten- 
tial theory (the Neumann problem). 


Newton 


NEWTON, nv. A unit of force. A force 

of one newton is a force which will give an 

acceleration of one meter per second per 

second to a mass of one kilogram. 

NEWTON. Gregory-Newton interpolation 

formula. See GREGORY-NEWTON FORMULA. 
Newton-Cotes integration formulas. The 

approximation formulas 

*Xoth 3 

| ; y dx=% Ont w-5 y(8), 


XO 


i y dx=3 (Yot 4¥1 + Y2)— GH YE), 
xo 


Xgt3h 3h 
i y dx=-— (Yor 3¥1 + 3y2 + ¥3) 


0) 
3h5 
90 yir(&)> 


etc., where y, is the value of yat x=xgt+kh 
and, in each formula, € is an intermediate 
value of x. The correction term involves 
the sixth derivative in the next two formulas 
after those shown, etc. Since the foregoing 
formulas involve the values of y at the 
limits of integration, they are said to be of 
closed type. The Newton-Cotes formulas 
of open type are 


Xat3h 3h h3 - 
| : ydx= > (Nity)t+Zy (), 
xo 


etc. The open-type formulas are used 
particularly in the numerical solution of 
differential equations. 

Newtonian potential. 
gravitational potential. 

Newton’s identities. Certain relations 
between sums of powers of all the roots of 
a polynomial equation and its coefficients. 
For the equation 


See POTENTIAL— 


x"+a,x"-l4+aqyxn-2+ +++ +a,=0, 
with the roots r), ro, ° ++, r,, Newton’s iden- 
tities are: 
Spt AySp—pt A2Sp—-24+ +++ Hap_-185,+ka,=0, 
fork Sn—1, and 
Spt QySp—1 + GoSp—-a4 + ° + $F QnSp—-n=9, 


for kn, where 
Spmeryk rok eee tr yk. 
Newton’s inequality. The logarithmic- 
convexity inequality 
Pr-1Pr+1 =p, 
where p,= b, / (" is the average value of the 


1sr<na, 
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fl er 
(") terms comprising the rth elementary 


symmetric function b, of a set of numbers 
Q,, 42,°**, ay. 

Newton’s laws of motion. First Law: 
Every particle continues in its state of rest 
or of uniform motion in a straight line 
except in so far as it is compelled by forces 
to change that state. Second Law: The 
time rate of change of momentum is 
proportional to the motive force and takes 
place in the direction of the straight line 
in which the force acts. Third Law: The 
interaction between two particles is repre- 
sented by two forces equal in magnitude 
but oppositely directed along the line join- 
ing the particles. 

Newton’s method of approximation. A 
method of step-by-step approximation to 
the roots of an equation in one unknown. 
It is based on the fact that the tangent of 
an ordinary curve very nearly coincides 
with a small arc of the curve, i.e., that the 
subtangent is approximately the same as 
the distance from the curve’s x-intercept 
to the foot of the ordinate of the point 
whose abscissa is the last approximation to 
the root. Suppose the equation is f(x)=0, 
and a, iS an approximation to one of the 
roots. The next approximation, a», is the 
abscissa of the point of intersection of the 
x-axis and the tangent to the curve y=f(x) 
at the point whose abscissa is a, i.e., 
a,=a,—f(a,)/f'(a;), where f’(a,) is the 
derivative of f(x) evaluated for x=a. 
This is equivalent to using the first two 
terms (dropping all higher-degree terms) in 
Taylor’s expansion of f(x) about the point 
whose abscissa is a; and assuming that 
f (a2)=0. 

Newton’s three-eighths rule. An alterna- 
tive to Simpson’s rule for approximating 
the area bounded by a curve y=/(x), the 
x-axis, and the ordinates x=a and x=b. 
The interval (a, 5) is divided into 3” equal 
parts, and the formula is 


[Yat 31 + 3y2 4+ 2934+ 3y4+ 3s 
+ 2y6ot +++ +3¥3n-1+Yol- 
The name of the rule comes from the fact 
that the coefficient (b—a)/(8”) is equal to 
(3/8)h, where h= (b— a)/(3n) is the length of 
each of the equal subintervals. For an 
analogous reason, Simpson’s rule is some- 


8n 


Newton 


times called Simpson’s one-third rule. The 
error in Simpson’s rule is —nk>/90 times 
the fourth derivative at an intermediate 
point, where k=(b—a)/(2n), while that in 
Newton’s rule is — 3nh5/80 times the fourth 
derivative at an intermediate point. See 
SIMPSON’S RULE, TRAPEZOID—trapezoid rule, 
and WEDDLE’S RULE. 
trident of Newton. See TRIDENT. 


NICOMEDES.  conchoid of Nicomedes. 
Same aS CONCHOID. 


NIL’PO-TENT, adj. Vanishing upon be- 
ing raised to some power. The matrix A= 


2.0 24 
(3 ) 
10 -2 


is nilpotent, since A7=0. 


NIL-SEGMENT, 7. See SEGMENT—Seg- 
ment of a line. 


NIM, nz. game of nim. A game in which 
two players draw articles from several piles, 
each player in turn taking as many as he 
pleases from any one pile, the player who 
draws the last article winning. To win, a 
player must, with each draw, make the 
sum of the corresponding digits of the num- 
bers of articles, written in the binary scale, 
either 2 or 0. If the numbers of articles 
are 17, 6, 5, they are written 10001, 110, 
101 in the binary scale, which we write 
with digits having the same place value in 
the same column as follows: 


10001 
110 
101 


To win, the first player, A, must take four- 
teen articles from the large pile leaving the 
columns 
11 
110 
101 


The other player, B, has no choice but to 
make the sum, in at least one column, odd. 
A then makes it even and they finally come 
to the situation where it is B’s draw and 
the numbers are | and 1, so that A wins. 
The above strategy assures a win for the 
first player who can make the sum of the 
digits even in each column. There are 


Non 


other variations of nim. E.g., with one 
pile, each player can be required to pick up 
at least one and less than k articles, the /oser 
being the person picking up the last article. 
The player first able to leave nk + 1 articles 
(for some n) can win by leaving n(k —1)+1 
at the next play, etc. 


NINE, adj., n. casting out nines. See 
CASTING. 

nine-point circle. See CIRCLE—nine-point 
circle. 


NOD’AL, adj. nodal line. A line in acon- 
figuration which remains fixed while the 
configuration is being rotated or deformed 
in a certain manner; a line in an elastic 
plate which remains fixed while the plate 
vibrates. See EULER—Euler’s angles. 


NODE, rn. node of a curve. A point at 
which two parts of a curve cross and have 
different tangents (sometimes a double 
point which is an acnode is also called a 
node). A set of nodes of curves which 
belong to a given family of curves is said to 
be a node-locus. See CRUNODE, and 
DISCRIMINANT—discriminant of a differen- 
tial equation. 


NOM’I-NAL, adj. nominal rate of interest. 
See INTEREST. ; 


NOM’O-GRAM, n. A graph consisting of 
three lines or possibly curves (usually paral- 
lel) graduated for different variables in such 
a way that a straight edge cutting the three 
lines gives the related values of the three 
variables. E.g., when considering auto- 
mobile tires, one line might be graduated 
with the price, another with the cost per 
mile, and the other the mileage life of the 
tire, in such a way that a straight edge 
through a certain price point and mileage 
life point would cross the other line at the 
cost per mile. Syn. Alignment chart. 


NON, prefix. Negating prefix. 
nondense set. See DENSE—dense set. 
non-Euclidean geometry. A geometry 
whose marked characteristic is its rejection 
of Euclid’s parallel postulate; any geometry 
not based on the postulates of Euclid. 
nonlinear. Of higher degree than the 
first. 


Non 


nonremovable discontinuity. See DIs- 
CONTINUITY. 

nonsingular linear transformation. A 
linear transformation whose determinant is 
not zero. See LINEAR—linear transforma- 
tion. 


nonterminating. See TERMINATING. 


NON’A-GON, 7. A polygon having nine 
sides. It is a regular nonagon if its sides are 
all equal and its interior angles are all equal. 


NONRESIDUE, n. See RESIDUE. 


NORM, n. (1) Mean; average. (2) Cus- 
tomary degree or condition. (3) Estab- 
lished pattern or form. (4) See vecTroR— 
vector space. 

norm of a matrix. The square root of 
the sum of the squares of the absolute 
values of the elements; the square root of 
the trace of A*A, where A is the given ma- 
trix and A* is the Hermitian conjugate of A 
(or the transpose if A is real). The norm 
of a matrix is unchanged by multiplication 
on either side by a wnitary matrix, from 
which it follows that the norm of a normal 
matrix (or of a Hermitian symmetric 
matrix) is equal to the sum of the squares of 
the eigenvalues of the matrix. 

norm of a functional, transformation, or 
vector. See CONJUGATE—Cconjugate space, 
LINEAR—linear transformation, VECTOR— 
vector space. 


NOR’MAL, adj., n. (1) Perpendicular. 
(2) According to rule or pattern; usual or 
natural. (3) Possessing a property which is 
commonly designated by the word normal 
(e.g., see below, normal number, normal 
transformation). 

binormal. See OSCULATING—osculating 
plane. 

mean normal curvature of a surface at 
a point. See CURVATURE—mean curvature 
of a surface. 

normal acceleration. See ACCELERATION. 

normal curvature of a surface. See 
CURVATURE. 

normal derivative. The directional de- 
rivative of a function in the direction of 
the normal at the point where the deriva- 
tive is taken; the rate of change of a func- 
tion in the direction of the normal to a 
curve or surface. See DIRECTIONAL. 


Normal 


normal divisor of a group. See INVARIANT 
—invariant subgroup. 

normal equations. A set of equations 
derived by the method of least squares to 
obtain estimates of the parameters a and 
b in the equation y=a+bx, where y is 
a random variable and x is a fixed variate. 


n 
By minimizing > [y;-(a+bx)} with 
i=] 
respect to a and to b, where n is the number 
of paired observations, the following nor- 
mal equations are derived: 


xy; -an—bxx;=0, 
Ly;x;- aux; —bxx;2=0. 


The process may be applied to functions 
with & parameters so that k normal equa- 
tions are obtained which, when solved, 
yield the least-squares estimates of the k 
parameters. See METHOD—method of least 
squares. 

normal family of analytic functions. A 
family of functions {f(z)} of the complex 
variable z, all analytic in a common domain 
D, and such that every infinite sequence 
of functions of the family contains a sub- 
sequence which converges uniformly to an 
analytic function (which might be identi- 
cally infinite) in every closed region in D. 

normal form of an equation. See LINE— 
equation of a line, PLANE—equation of a 
plane. 

normal frequency curve. Sec FREQUENCY 
—normal frequency curve. 

normal (or normalized) functions. See 
ORTHOGONAL—orthogonal functions. 

normal lines and planes. See PERPEN- 
DICULAR—perpendicular lines and planes, 
and below, normal to a curve or surface. 

normal matrix. See MATRIX. 

normal number. A number whose 
decimal expansion is such that all digits 
occur with equal frequency, and all blocks 
of the same length occur equally often. 
Tech. Let a real number Y be written as 
an infinite decimal with base r (r not 
necessarily 10). Let N(d, 2) be the number 
of occurrences of the digit d among the 
first n digits of X. Then the number X is 
simply normal with respect to the base r if 


N(d,n)_1 
N(d.n) _ 


for each of the values 0, 1,---,r—1 of d. 


Normal 


Note 


ae 


Now let N(D,,n) be the number of 
occurrences of the block D, of k successive 
integers in the first 1 digits of X. Then X 
is normal with respect to the base r if 


N(Diyn)_1 
n—>0O n 


for any positive integer k and block D, 
(actually, it is sufficient to use only an 
infinite number of values of k). A normal 
number is irrational (see IRRATIONAL— 
irrational number), but a simply normal 
number may be rational (e.g., the repeating 
decimal .01234567890123456789 ---). It is 


not known whether V 2, 7, or e is normal to 
some base, but the set of all real numbers 
which do not have the property of being 
normal with respect to every base is of 
measure zero. An example of a normal 
number with respect to base 10 is given by 
writing the integers in succession: 


0.123456789101112131415 ---. 


normal order. See ORDER. 

normal section of a surface. A _ plane 
section made by a plane containing a 
normal (perpendicular) to the surface. 
Syn. Perpendicular section of a surface. 

normal space. See REGULAR—regular 
space. 

normal stress. See STRESS. 

normal to a curve or surface. A normal 
line to a curve at a point is a line perpen- 
dicular to the tangent line at the point (see 
TANGENT—tangent line). For a plane curve, 
its equation is 


(y-y)=[-1/f’y)Kx-x)), 


where {’(x;) is the slope of the curve at the 
point (x), ¥;) in which the normal cuts the 
curve. See DERIVATIVE, and PERPENDICU- 
LAR—perpendicular lines and planes. The 
normal plane to a space curve at a point P 
is the plane perpendicular to the tangent 
line at P; the normal lines at P are the lines 
through P which lie in the normal plane. 
The binormal to a space curve at a point P 
is the line passing through P and normal to 
the osculating plane of the curve at P. 
The positive direction of the binormal 
is chosen so that its direction cosines are 


(yz _ zy”), o(z ‘yl x’2""), p(x’y” ay et"): 
the primes denoting differentiation with 
respect to the arc length. The principal 


normal to a space curve at a point P is the 


line perpendicular to the space curve at the 
point P and lying in the osculating plane at 
P. The positive direction of the principal 
normal at P is chosen so that the tangent, 
principal normal, and binormal at P have 
the same mutual orientation as the positive 
x, y, and z axes. The normal line to a 
surface at a point is the line perpendicular 
to the tangent plane at the point (see 
TANGENT—tangent plane). Syn. Perpen- 
dicular to a curve or surface. 

normal transformation. A bounded 
linear transformation 7 is normal if it 
commutes with its adjoint (TT*=T*T). A 
normal transformation must commute 
with its adjoint; but if it is not bounded, 
other conditions are usually imposed (e.g., 
that it be closed). A bounded linear 
transformation JT is normal if and only if 
T=A+iB, where A and B are symmetric 
transformations for which AB=BA. See 
MATRIX—normal matrix, and SPECTRAL— 
spectral theorem. 

polar normal. See POLAR— polar tangent. 

principal normal sections of a surface at 
a point. Normal sections in the principal 
directions of the surface at the point. 


NOR’MAL-IZED, adj. normalized vari- 
ate. (Statistics.) See VARIATE. 


NORMED, adj. normed linear (vector) 
space. See VECTOR—vector space. 


NORTH, adj. north declination. See 
DECLINATION—declination of a celestial 
point. 


NO-TA’TION, 2. Symbols denoting quan- 
tities, operations, etc. 
continuation notation. 
TION. 
factorial notation. The notation used in 
writing factorials. See FACTORIAL. 
functional notation. See FUNCTIONAL. 
Pliicker’s abridged notation. See 
ABRIDGED. 


See CONTINUA- 


NOTE, nr. A signed promise to pay a 
specified sum of money at a given time, or 
in partial payments at specified times. 

bank note. A note given by a bank and 
used for currency. Usually has the shape 
and general appearance of government 
paper money. 


Note 


demand note. A note that must be paid 
when the payee demands payment. 

interest-bearing note. A note containing 
the words “with interest at — per cent,” 
meaning that interest must be paid when 
the note is paid or at other times agreed 
upon by the payee and payer. 

noninterest-bearing note. (1) A note on 
which no interest is paid. (2) A note on 
which the interest has been paid in advance. 

note receivable. A promissory note, pay- 
ment of which is to be made fo the person 
under consideration, as contrasted to note 
payable which is to be paid by this person. 
Terms used in bookkeeping and account- 
ing. 

promissory note. A note, usually given 
by an individual, promising to pay a given 
sum of money at a specified time (or on 
demand). 


NOUGHT, n. Same as ZERO; more com- 
monly spelled naught. 


NU’CLE-US, 7. nucleus of an integral 
equation. Same as the KERNEL. 


NULL, adj. (1) Nonexistent; of no value 
or significance. (2) Quantitatively zero (as 
null circle—a circle of zero area). (3) Not 
any, empty (as null set). 

null hypothesis. See HYPOTHESIS—null 
hypothesis. 

null matrix. A matrix whose elements 
are all zero. 

null sequence. A sequence whose limit 
1S zero. 


null set. The set which is empty—has | 


no members. 


NUM’BER, n. (1) The positive integers 
(see INTEGER). Number is still used quite 
commonly to denote integers, in such 
phrases as The Theory of Numbers, (2) The 
set of all complex numbers (see COMPLEX— 
complex numbers). The real numbers 
constitute part of the set of complex num- 
bers (the complex numbers which are not 
real numbers are the numbers a+ bi for 
which a and 5 are real numbers and 50). 
The real numbers are of two types, irra- 
tional numbers and rational numbers (see 
DEDEKIND CUT, and RATIONAL). The irra- 
tional numbers are of two types, algebraic 
irrational numbers and transcendental num- 


Number 


bers (see IRRATIONAL—irrational numbers). 
The rational numbers are of two types, the 
integers and the fractions of the form m/n, 
where m and n are integers and m is not 
divisible by n (see INTEGER). (3) See 
CARDINAL—cardinal number, ORDINAL— 
ordinal number. 

absolute number. See ABSOLUTE. 

abstract number. See ABSTRACT. 

abundant number. See below, perfect 
number. 

amicable numbers. See AMICABLE. 

arithmetic numbers. Real positive num- 
bers; positive integers, fractions, or radicals 
such as occur in arithmetic; numbers 
themselves rather than letters denoting 
numbers. 

Bernoulli’s numbers. See BERNOULLI. 

cardinal number. See CARDINAL. 

code number. (Statistics.) The number 
assigned to class intervals for purposes of 
computational simplifications; frequently 
successive even or odd integers. 

concrete number. See CONCRETE. 

defective number. Sce below, perfect 
number. 

denominate number. A number whose 
unit represents a unit of measure. The 
denomination of a denominate number is the 
kind of unit to which the number refers, as 
pounds, feet, gallons, tenths, hundreds, 
thousands, etc. 

extended real number system. See 
EXTENDED. 

Fermat numbers. See FERMAT. 

imaginary number. See COMPLEX—com- 
plex number. 

Liouville number. See LIOUVILLE. 

mixed number. See MIXED. 

negative number. See POSITIVE—positive 
number. 

normal number. See NORMAL. 

number class modulo n. The totality of 
integers each of which is congruent to a 
given integer modulo n. Thus if x=2 
(mod 3), then x belongs to the class of 
integers each of which is congruent to 2 
modulo 3. This is the totality of all 
numbers of type 3k+ 2, where k represents 
an arbitrary integer. 

number field. See FIELD. 

number scale. See SCALE—number scale. 

number sieve, photoelectric number sieve. 
A mechanical device for factoring large 
numbers. See ERATOSTHENES. 


Number 


number theory. See THEORY—number 
theory. 

ordinal number. See ORDINAL. 

perfect number. An integer which is 
equal to the sum of all of its factors except 
itself; 28 is a perfect number, since 28= 
14+2+44+7+414. If the sum of the factors 
of a number (except itself) is less than the 
number, the number is said to be defective 
(or deficient); if it is greater than the 
number, the number is said to be abundant. 

positive number. See POSITIVE. 

Pythagorean numbers. See PYTHAGO- 
REAN. 

random numbers. (Statistics.) See RAN- 
poM—table of random numbers. 

square numbers. The numbers 1, 4, 9, 16, 
25,°°-,m?,++-, which are squares of 
integers. 

transfinite number. See TRANSFINITE. 

triangular numbers. The numbers 1, 3, 
6, 10,---. They are called triangular 
numbers because they are the number of 
dots employed in making successive triangu- 
lar arrays of dots. The process is started 
with one dot, successive rows of dots being 
placed beneath the first dot, each row hav- 
ing one more dot than the preceding one. 
The number of dots in the mth array is 
(1+24+34 ---+n)=4n(n+1). See ARITH- 
METIC—arithmetic series. 


NU’MER-ALS, 7. Symbols used to denote 
numbers, as Arabic numerals or Roman 
numerals. 

Arabic numerals. The symbols 0, 1, 2, 
3, 4, 5, 6, 7, 8, 9. 

Roman numerals. See ROMAN—Roman 
numerals. 


NU’/MER-A’TION, 7. The process of 
writing or stating numbers in order of their 
size; the process of numbering. 


NU’MER-A’TOR, n. The expression above 
the line in a fraction, the expression which 
is to be divided by the other expression, 
called the denominator. 


NU-MER’I-CAL, adj. Consisting of num- 
bers, rather than letters; of the nature of 
numbers. 

numerical determinant. A determinant 
whose elements are all numerical, rather 
than literal. See DETERMINANT. 


Octahedron 


numerical equation. An equation in 
which the coefficients and constants are 
numbers rather than letters. The equation 
2x+3=5 is a numerical equation, whereas 
ax+b=c 1s a literal equation. 

numerical value. (1) Same as ABSOLUTE 
VALUE. (2) Value given as a number, 
rather than by letters. 


O 


OB’LATE, adj. oblate ellipsoid of revo- 
lution (oblate spheroid). See ELLIPSOID. 


OB-LIQUE’, adj. Neither perpendicular 
nor horizontal; slanting; changed in direc- 
tion (as: “having a direction oblique to that 
of a former motion’’). An oblique angle is 
any angle not a multiple of 90° (e.g., any 
angle between 0° and 180° which is not 0°, 
90°, or 180°); an oblique triangle is any 
triangle (plane or spherical) which does not 
contain a right angle. Oblique lines are 
lines which are neither parallel nor perpen- 
dicular; oblique coordinates are coordinates 
determined from oblique axes (see CAR- 
TESIAN—Cartesian coordinates). A line is 
oblique to a plane if it is neither parallel 
nor perpendicular to the plane (an oblique 
circular cone is a circular cone whose axis 
is oblique to its base). 


OB’SER-VA‘TION, 7. observation equa- 
tion. (Statistics.) An equation relating to 
the coefficients of an equation which is as- 
sumed to represent certain data. It is 
obtained by substituting values of the 
variables (taken from the data) in the 
assumed literal equation. 


OB-TUSE’, adj. obtuse angle. An angle 
greater than a right angle and smaller than 
a straight angle. 


OC’TA-GON, x. A polygon having eight 
sides. 

regular octagon. An octagon whose 
angles and sides are all equal. 


OC'TA-HE’DRON, 7. A polyhedron hav- 
ing eight faces. A regular octahedron is an 
octahedron whose faces are all congruent 
regular equilateral triangles. See POLY- 
HEDRON—regular polyhedron. 


Octant 


OC’'TANT, x. See CARTESIAN—Cartesian 
coordinates. 


OC-TIL’LION, 7. (1) In the U.S. and 
France, the number represented by one 
followed by 27 zeros. (2) In England, the 
number represented by one followed by 48 
Zeros. 


ODD, adj. odd function. See FUNCTION— 
odd function. 

odd number. An integer that is not 
evenly divisible by 2; any number of the 
form 2n+1, where n is an integer; 1, 3, 5, 
7 are odd numbers. 


ODDS, n. (1) In betting, the ratio of the 
wager of one party to that of the other, as 
to lay or give odds, say 2 to 1. (2) The 
probability or degree of probability in 
favor of some event on which bets are laid. 
(3) An equalizing allowance given to a 
weaker side or player by a stronger, as a 
piece at chess or points at tennis. 


OFF’SET, n. (Surveying.) A shift from 
a given direction perpendicular to that di- 
rection in order to pass an obstruction and 
yet obtain the total distance through the 
obstruction in the given direction. The 
distance across a pond in a given direction 
can be obtained by adding all the line seg- 
ments in this direction which appear in a 
set of offsets (steps) going around the pond. 


O-GIVE’, n, Same aS CUMULATIVE FRE- 
QUENCY CURVE. 


OHM, zx. (Electricity.) A unit of electrical 
resistance. (1) The absolute ohm is defined 
as the resistance of a conductor which 
carries a steady current of one absolute 
ampere when a steady potential difference 
of one absolute volt is impressed across its 
terminals. This is equivalent to the state- 
ment that the conductor dissipates heat at 
the rate of one watt when it carries a steady 
current of one absolute ampere. The 
absolute ohm has been the legal standard 
of resistance since 1950. (2) The inter- 
national ohm, the legal standard before 
1950, is the resistance offered to a steady 
electric current by a column of mercury of 
14.4521 gm mass, constant cross-sectional 
area, and a length of 106.300 cm, at 0°C. 


1 int. ohm= 1.000495 abs. ohm. 


Operation 


OHM’S LAW. (Electricity.) Current is 
proportional to electromotive force divided 
by resistance. This law applies to a 
metallic circuit if the electromotive force 
and the current are constant. See HELM- 
HOLTZ. 


ONE, adj. The cardinal number denoting 
a single unit. 

one-parameter family of curves or surfaces. 
See FAMILY. 

one-to-one correspondence. See CORRE- 
SPONDENCE. 

one-valued, adj. 
VALUED. 


Same as_ SINGLE- 


ON’TO, prep. A mapping or transforma- 
tion of a set X which transforms points of 
X into points of Y is said to be a mapping 
of X into Y; it is a mapping of X onto Y 
if each point of Y is the image of at least 
one point of X. E.g., y=3x+2 is a map- 
ping of the real numbers onto the real 
numbers; y=x2 is a mapping of the real 
numbers into the real numbers, or onto the 
nonnegative real numbers. 


O’PEN, adj. open interval. See INTERVAL. 

open mapping. A mapping (correspon- 
dence, transformation, or function) which 
associates with each point of a space Da 
unique point of a space Y, is open if the 
image of each open set of D is open in R; 
it is closed if the image of each closed set is 
closed. An open mapping is not necessarily 
closed and a closed mapping is not neces- 
sarily open. Also, a continuous mapping 
need not be either open or closed. See 
CONTINUOUS—continuous correspondence 
of points. Syn. interior mapping. 

open set of points. A set U such that 
each point of U has a neighborhood all the 
points of which are points of U; the com- 
plement of a closed set. The interior of a 
circle and the set of all points on one side 
of a straight line in a plane are open sets. 
See TOPOLOGICAL—topological space. 


OP’ER-A’TION, 7. The process of carry- 
ing out the rules of procedure like addition, 
subtraction, differentiation, taking loga- 
rithms, making substitutions or transfor- 
mations. 

four fundamental operations of arithmetic. 
See FUNDAMENTAL. 


Operator 


Order 


OP’ER-A’TOR, 7. differential operator. 
See DIFFERENTIAL—differential operator. 


OP’PO-SITE, adj. opposite sides in a 
rectangle, quadrilateral, or any polygon 
having an even number of sides. Two sides 
having the same number of sides between 
them whichever way one travels around the 
polygon from one of the sides to the other. 

opposite vertices (angles) of a polygon. 
Two vertices (angles) having an equal 
number of vertices (or sides) between them 
whichever way one counts around the 
polygon. 


OP’TI-CAL, adj. optical property of 
conics. See ELLIPSE—focal property of 
ellipse, HYPERBOLA—focal property of 
hyperbola, and PARABOLA—focal property 
of parabola. 


OP’TI-MAL, adj. optimal strategy. See 
STRATEGY. 


OP’TI-MAL’I-TY, 7. principle of opti- 
mality. In dynamic programming, the 
principle that, regardless of the initial state 
of the process under consideration and 
regardless of the initial decision, the 
remaining decisions must form an optimal 
policy relative to the state resulting from the 
first decision. See PROGRAMMING—dy- 
namic programming. 


OP’TION, 7. option term insurance. See 
INSURANCE—life insurance. 


OP’TION-AL, adj. (Finance.) Same as 
CALLABLE. See BOND. 


ORACLE. An automatic digital comput- 
ing machine at the Oak Ridge National 
Laboratory. ORACLE is an acronym for 
Oak Ridge Automatic Computer and Logical 
Engine. 


OR’DER, adj., n. derivatives of higher 
order. See DERIVATIVE. 

differences of first, second, third order. 
See DIFFERENCE. 

normal order. An established arrange- 
ment of numbers, letters, or objects which 
is called normal relative to all other 
arrangements. If a, 5, c is defined as the 
normal order for these letters, then 5, a, c 


is an inversion. See INVERSION—inversion 
in a sequence of objects. 

of the order of. See INFINITE—order of 
infinities. 

order of algebraic curve or surface. 
The degree of its equation; the greatest 
number of points (real or imaginary) in 
which any straight line can cut it. 

order of an a-point of an analytic function. 
See ANALYTIC—a-point of an analytic 
function. 

order of a branch-point of a Riemann 
surface. If k+ 1 sheets of a Riemann sur- 
face hang together at a point, k21, then 
the point is said to be a branch-point of 
order k. 

order of contact of two curves. A 
measure of how close the curves lie together 
in the neighborhood of a point at which 
they have a common tangent. Tech. The 
order of contact of two curves y=f(x) and 
y=g(x) is one less than the order of the 
infinitesimal difference of the distances 
from the two curves to their common tan- 
gent, measured along the same perpendicu- 
lar, relative to the distance from the foot 
of this perpendicular to their point of con- 
tact with the tangent; the order of contact 
of two curves is ” when the ath-order dif- 
ferential coefficients, from their equations, 
and all lower orders, are equal at the point 
of contact, but the (7+ 1)st-order differen- 
tial coefficients are unequal. See INFINI- 
TESIMAL—order of an infinitesimal. 

order of a differential equation. See 
DIFFERENTIAL—differential equation (ordi- 
nary). 

order of an elliptic function. The sum of 
the orders of the poles of the function in a 
primitive period parallelogram. There are 
no elliptic functions of order 0 or 1. An 
elliptic function of order & takes on every 
complex value exactly & times in a primitive 
period parallelogram. 

order of the fundamental operations of 
arithmetic. When several of the funda- 
mental operations occur in succession, 
multiplications and divisions are performed 
before additions and subtractions, and in 
the order in which they occur; e.g., 


34+6+2x4-7=34+3x4-7 
=3+4+12-7=8. 


order of a group. See GROUP, and PERIOD 
—nperiod of an element of a group. 


Order 


order of an infinitesimal. See INFINI- 
TESIMAL. 

order of infinity. See INFINITY—order of 
infinities. 

order of a pole of an analytic function. 
See ISOLATED— isolated singular point of an 
analytic function. 

order of a radical. 
THE RADICAL. 

order relation. 
under ORDERED. 

order relation between real numbers. 
The relation which makes it possible to tell 
whether one of two distinct real numbers 
precedes or follows the other one. 

order of units. The place of a digit ina 
number. Units in unit’s place are units of 
the first order, in ten’s place, of the second 
order, etc. 

order of a zero point of an analytic 
function. See ZERO—zero point of an ana- 
lytic function of a complex variable. 


Same as the INDEX OF 


See various headings 


OR’DERED, adj. ordered field. See FIELD. 

partially ordered set. A set which has 
a relation x<y defined for some elements 
x and y and satisfying the conditions: 
(1) If x<y, then y<.x is false and x and y 
are not the same element. (2) If x<y 
and y<z, then x<z. Sets of points are 
partially ordered if one defines U< V for 
sets U and V to mean that U is a proper 
subset of V. Positive integers are partially 
ordered if one defines a< 5 to mean aisa 
factor of b and a¥b. 

simply ordered set. A set S which has 
a relation (<) defined and satisfying the 
conditions: (1) For any two elements x and 
y exactly one of the relations x<y, x=y, 
y<x is valid. (2) If x<y and y<z, 
then x<z. The set of positive integers, 
ordered according to their size, is a simply 
ordered set. Syn. Linearly ordered set, 
serially ordered set, ordered set, chain. 

well-ordered set. A simply ordered set 
such that every subset of S has a first 
element (one preceding all others of the 
subset). Zermelo proved that every set 
can be well ordered if it is assumed that in 
each subset 7 one element of TJ can be 
chosen (or designated) as a “‘special’’ ele- 
ment. This assumption is called the axiom 
of choice or Zermelo’s axiom. See CHOICE, 
and ZORN—Zorn’s lemma. Syn. Normally 
ordered set. 
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Ordinate 


OR’DIN-AL, adj. ordinal numbers. Num- 
bers that denote order of the members of a 
set as well as the cardinal number property 
of the set. Two simply ordered sets are 
said to be similar if they can be put into 
One-to-one correspondence which preserves 
the ordering. All simply ordered sets 
which are similar to one another are said 
to have the same ordinal type and to have 
the same ordinal number. The ordinal 
number of the integers 1, 2, - - - mis denoted 
by n, of all positive integers by w, of all 
negative integers by w*, of ail integers 
by 7, of the rational numbers with the 
usual ordering by 7, and of the real num- 
bers with the usual ordering by A. If a 
and f are the ordinal numbers of simply 
ordered sets P and Q, then «+f is defined 
as the ordinal number of the set (P, Q) 
containing all elements of P and Q with the 
given ordering of P and Q and with the 
definition that each element of P precedes 
each element of Q. We have ww, 
w*+w=mZzuwt+w*. Two ordered sets 
having the same ordinal number have the 
same cardinal number, but two ordered sets 
having the same cardinal number do not 
necessarily have the same ordinal number 
unless they are finite (e.g., w4w*). Many 
authors allow only ordinal types which 
correspond to well-ordered sets. With this 
restriction, any set of ordinal numbers is 
well-ordered if one defines «<8 to mean 
that any set of ordinal type « can be put 
into a one-to-one, order-preserving corre- 
spondence with an initial segment of any 
set of ordinal type f. 


OR’DI-NAR’Y, adj. ordinary annuity and 
life insurance. See ANNUITY, and INSUR- 
ANCE—life insurance. 

ordinary differential equation. See 
DIFFERENTIAL—differential equation (ordi- 
nary). 

ordinary point of a curve. 
ordinary point of a curve. 


See POINT— 


OR’DI-NATE, 1. The coordinate of a 
point, in the Cartesian coordinates in the 
plane, which is the distance from the axis of 
abscissas (x-axis) to the point, measured 
along a line parallel to the axis of ordinates 
(y-axis). 

average (mean) ordinate. 
mean value of a function. 


See MEAN— 


Ordinate 


double ordinate. A line segment between 
two points on a curve and parallel to the 
axis of ordinates (in Cartesian coordinates) 
used with reference to curves that are 
symmetrical with respect to the axis of 
abscissas, such as the parabola y*=2px or 
the ellipse x2/a2+ y2/b2=1. 


ORDVAC. An automatic digital comput- 
ing machine built at the University of 
Illinois and installed at the Aberdeen 
Proving Ground. ORDVAC is an acronym 
for Ordnance Discrete Variable Automatic 
Computer. 


O’RI-EN-TA’TION, 1. See COMPLEX— 
simplicial complex, MANIFOLD, SIMPLEX, 
and SURFACE. 


OR’I-GIN, 7. origin of Cartesian coordi- 
nates. The point of intersection of the axes. 
See CARTESIAN—Cartesian coordinates. 
origin of a coordinate trihedral. The 
point of intersection of the planes. See 
COORDINATE—coordinate planes. 
origin of a ray. See RAY. 


OR’'THO-CEN’TER, 7. orthocenter of a 
triangle. The point of intersection of the 
three altitudes of the triangle. 


OR-THOG’O-NAL, adj. Right-angled; 
pertaining to or depending upon the use of 
right angles. 

orthogonal basis. ‘See BAsIS—basis of a 
vector space. 

orthogonal complement. The orthogonal 
complement of a vector v (or of a subset 
S) of a vector space is the set of all vectors 
of the space which are orthogonal to v (or 
to each vector of S). The orthogonal 
complement of a vector in three dimensions 
is the set of all vectors perpendicular to 
the given vector, j.e., the set of all linear 
combinations of any two linearly indepen- 
dent vectors perpendicular to the given 
vector. See vECTOR—Vector space. 

orthogonal functions. Real functions 


Orthogonal 


Fix), fo(x), - - - are said to be orthogonal on 
the range (a, b) if 


[fucofn2) ae=0, 


for m#n, and to be normal, or normalized, 
or to be an orthonormal system if also 


[ U.P ae=1 


b 
for all. The integral | SOF p(x) dx is 


a 
called the inner product (/,,, f,,) of f, and 
Sm An orthonormal system of continuous 
functions /;, fo, - - - is said to be complete if 
F(x)=0 whenever F(x) is continuous and 


[ FeL@) dx=0 


for allm. A necessary and sufficient condi- 
tion for the completeness of an orthonor- 
mal system of continuous functions fj, fo, 

- is that, for any function F continuous 


on (a,b), (F, F)= S (F,f,)?, or that 


n=] 


> (F fofn converge in the mean (of order 
n=1 

2) to F(x). The above is valid for complex- 
valued functions if (F, G) is defined as 


b — 
‘i F(x)G(x) dx. It is also sufficient to as- 
a 


sume the various functions are (Lebesgue) 
measurable and their squares are Lebesgue 
integrable, if F(x)=0 is replaced by F(x) 
=0 almost everywhere. Examples of com- 
plete orthonormal systems of continuous 
functions are: (1) The functions 


1 cosnx sinnx 
Qn)ylz ale” th” 
n=1,2,3,---, on the interval (0, 27); 
(2) the functions 


enix |(2n)'i2 (n=0, 1, +++) 


on the interval (0, 277); (3) the functions 
[$(2n+ 1)]'2P,(x) (n=0, 1, 2,---) on the 
interval (—1,1), where P,(x) is the nth 
Legendre polynomial. See BEssEL—Bessel’s 
inequality, and RIESZ-FISCHER THEOREM. 

orthogonal matrix. See MATRIXx—orthog- 
onal matrix. 

orthogonal projection. See PROJECTION— 
orthogonal projection. 


Orthogonal 


Oscillation 


orthogonal substitution or transformation. 
A substitution which transforms from one 
set of rectangular coordinates to another. 

orthogonal system of curves on a surface. 
A system of two one-parameter families of 
curves on a surface S such that through 
any point of S there passes exactly one 
curve of each family, and such that at each 
point P of S the tangents to the two 
curves of the system through P are mutually 
orthogonal. 

orthogonal trajectory of a family of 
curves. A curve which cuts all the curves 
of the family at right angles. Any line 
through the origin is an orthogonal trajectory 
of the family of circles which has the origin 
as a common center, and any one of these 
circles is an orthogonal trajectory of the 
family of lines passing through the origin. 
The equation of the orthogonal trajectories 
of a family of curves may be obtained from 
the differential equation of the family by 
replacing dy/dx in that equation by its 
negative reciprocal, —dx/dy, and solving 
the resulting differential equation. 

orthogonal transformation. (1) A linear 
transformation of the form 


n 
yi=> ajjx; i=1, 2,---, n), 


j=l 


which leaves the quadratic form x,*+ x»? 
+ +++ +x, invariant; a linear transforma- 
tion whose matrix is an orthogonal matrix. 
(2) A transformation of the form P-!AP 
of a matrix A by an orthogonal matrix P. 
These two concepts are closely related. 
For let A=(a;;) be the matrix of a linear 
transformation. Then since A’7A is the 
identity matrix (J) if A is orthogonal and A’ 
is the transpose of A, 


> y2=(MKy}=(DATAGS= > x7, 


i= | i=] 


where (y) is the one-row matrix (y, °° + Yn), 
{x} is the similar one-column matrix, and 
multiplication is matrix multiplication. A 
real orthogonal transformation is called 
proper or improper according as the deter- 
minant of A is 1 or —1. The rotation 
x’=xcos@+y sind, y= —xsind+ycosd 
is a proper orthogonal transformation. A 
proper orthogonal transformation is also 
called a rotation, being the usual rotation in 
two or three dimensions. If a matrix is 


symmetric, it can be reduced to diagonal 
form by an orthogonal transformation. 
Hence orthogonal transformations are often 
called principal-axis transformations and 
the eigenvectors of the matrix are called 
normal coordinates. See EQUIVALENT— 
equivalent matrices, TRANSFORMATION— 
congruent transformation, UNITARY—uni- 
tary transformation. 

orthogonal vectors. Two vectors whose 
scalar product is zero. See MULTIPLICATION 
—multiplication of vectors, and vEcTOR— 
vector space. For vectors represented by 
directed line segments in the plane or three- 
dimensional space, this is equivalent to the 
vectors (or lines) being perpendicular. See 
RECIPROCAL—reciprocal systems of vectors. 

triply orthogonal system of surfaces. 
Three families of surfaces which are such 
that one member of each family passes 
through each point in space and each sur- 
face is orthogonal to every member of the 
other two families. In the figure the three 


triply orthogonal systems of surfaces x2+ 
y2=ro*, y=xtand) and z=zp intersect 
at right angles, for instance at the point P. 
See CONFOCAL—confocal quadrics, and 
CURVILINEAR—curvilinear coordinates of a 
point in space. 


OR’/THO-GRAPH’IC, adj. orthographic 
projection. Same aS ORTHOGONAL PROJEC- 
TION. See AZIMUTHAL—azimuthal map, 
and ORTHOGONAL— orthogonal projection. 


OR’THO-NOR’MAL, adj. complete or- 
thonormal system. See ORTHOGONAL— 
orthogonal functions. 


OS’CIL-LAT’ING, adj. oscillating series. 
See DIVERGENT—divergent series. 


OS’CIL-LA’TION, 7». A _ single swing 
from one extreme to another of an object 


Oscillation 


Oval 


with an oscillating or vibrating motion. 
Syn. Vibration. Oscillations with variable 
amplitude decreasing toward zero as time 
increases are damped oscillations; forced 
oscillations are oscillations imparted to a 
body by an intermittent or oscillatory 
force, giving the motion of the body a 
different amplitude than it would have 
without such a force; oscillations which are 
not forced are free (a pendulum which has 
free oscillation very nearly describes simple 
harmonic motion if the oscillation is 
small); oscillations that tend toward fixed 
and well-defined limiting positions are said 
to be stable oscillations (an oscillation that 
is not stable is said to be unstable). Motion 
as described by the differential equation 
d? d 
tA S + By=f(0) 

has free oscillations if A=0, B>0O, and 
F(*H)=0; it then is simple harmonic motion. 
The motion has damped oscillations if 
A> 0 [if f(Q=0, the motion is oscillatory if 
A<4vB]. If f(t) represents an oscillatory 
force with 


f()=k sin (At +9), 


then there are forced oscillations. Vf A2=B 
and there is no damping (4=0), then the 
general solution is 


kt 


sR oS (VB t+) 


y= 
+ C,; sin (VB t+ Cy) 


and the motion becomes increasingly 
violent as ¢ increases; this phenomenon is 
called resonance and results when the 
impressed force is of the same frequency as 
the free vibrations of the system. 

oscillation of a function. The oscillation 
of a function on an interval / is the difference 
between the least upper bound and the 
greatest lower bound of values of the 
function at points of 7. The oscillation of a 
function at a point P is the limit of the 
oscillation of the function on an interval 
which has P as an interior point as the 
length of the interval approaches zero. 
Syn. Saltus of a function. See VARIATION— 
variation of a function. 


OS’CU-LAT'ING, p. osculating circle of a 
curve at a point. The circle in the limiting 
position, if this exists, of the circle tangent 


to the space curve C at the fixed point P on 
C, and through a variable point P’ on C, as 
P’ -» P along C. The osculating circle has 
contact of at least the second order with 
Cat P. The radius of the osculating circle 
is equal to the radius of curvature of C at 
P, Syn. Circle of curvature of a curve at a 
point. 

osculating plane of a space curve at a 
point. The plane in the limiting position, 
if this exists, of the plane through the tan- 
gent to the space curve C at the fixed point 
P on C, and through a variable point P’ 
on C, as P’ > P along C. See NORMAL— 
normal to a curve or surface. 

osculating sphere of a space curve at a 
point. The sphere through the osculating 
circle having contact of highest order (gen- 
erally third) with the curve C at the point. 
Its center is on the polar line and its radius 


Lo. do\* 
ris given by r2=p2+ (; = » where p and 


7 are the radii of curvature and torsion of 
C, respectively, and s is the arc length. 

stationary osculating plane. The osculat- 
ing plane of a space curve at a point where 
the rate of change of each of the direction 
cosines of the binormal to the curve 
vanishes. 


OS’CU-LA'TION, 7. point of osculation. 
A point on a curve at which two branches 
have a common tangent and each branch 
extends in both directions of the tangent. 
The curve y2?=x4(1—.x?) has a point of 
osculation at the origin, the double tangent 
there being the x-axis. Also called a 
tacnode and a double cusp. 


POINT OF OSCULATION 


OUT’PUT, adj. output component. In a 
computing machine, any component that 
is used in making available the results of 
the computation; e.g., a typewriter, 
punched-card machine, or tape might be 
used for this purpose. 


O’VAL, n. A curve shaped like a section 
of a football or of an egg; any curve that is 


Oval 


closed and always concave toward the 
center; a closed curve bounding a convex 
domain. 

oval of Cassini. See CASSINI. 


O’VER-HEAD’, adj. overhead expenses. 
(Finance.) All expenses except labor and 
material. 


P 


PAIRED, adj. paired observations. (Sta- 
tistics.) If the items in two different 
samples can be paired on the basis of some 
criterion, the joint observations are paired 
observations. Useful for comparing the 
means of two correlated samples. E.g., 
heights of husbands and wives can be 
paired by pairing husband and wife. 


PAN’TO-GRAPH, n. A mechanical de- 
vice for copying figures and at the same 
time changing the scale by which they are 
drawn, i.e., for drawing figures similar to 
given figures. It consists of four graduated 
bars forming an adjustable parallelogram 
with the sides extended (see figure). The 
point P is fixed and, while the point Q 
traces out the figure, the point S traces out 
the copy (or vice versa). A, B, and C are 
free to move. 


PAPPUS. theorems of Pappus. I. The 
area of a surface of revolution, formed by 
revolving a curve about a line in its plane 
not cutting the curve, is equal to the prod- 
uct of the length of the generating curve and 
the circumference of the circle described 
by the centroid of the curve. II. The 
volume of a solid of revolution, formed by 
revolving a plane area about a line in its 
plane not cutting the area, is equal to the 
product of the generating area and the 
circumference of the circle described by the 
centroid of the area. 


PAR, 1. (Finance.) (1) Value stated in a 
contract to pay, such as a bond or note. 


Parabola 


Also called par value. At par, below par, 
and above par refer to an amount equal to, 
less than, or greater than the face value 
(the amount stated in the contract). (2) 
The established value of the monetary unit 
of one country expressed in the monetary 
unit of another; called in full par of ex- 
change, mint par, or commercial par. 


PA-RAB’O-LA, 7. The plane section of a 
conical surface by a plane parallel to an 
element; the locus of a point which moves 
so as to remain equidistant from a fixed 
point and a fixed line. Its standard equa- 
tion in rectangular Cartesian coordinates 
is y2=2px (also written y2=4mx), where 
the fixed point is on the positive x-axis at 
a distance 4p (or m) from the origin, and 
the given line is parallel to the y-axis at a 
distance 4p to the left of the origin. The 


given point is called the focus of the 
parabola, and the given line is called the 
directrix. The axis of symmetry (the x-axis 
in the standard form given above) is called 
the axis of the parabola. The point where 
the axis cuts the parabola is called the ver- 
tex, and the chord through the focus and 
perpendicular to the axis is called the latus 
rectum. Important parametric equations of 
the parabola are those used, for instance, 
in determining the trajectory of a projectile. 
If vo is the initial velocity and f the angle 
the projectile makes with the horizontal 
plane when it starts, the equations of its 
path are 
xX=vot cosB, y=vot sin B—4tg??, 

where the parameter ¢ represents the time 
that has elapsed since the flight of the 
object started, and g is the acceleration of 
gravity. These equations represent a 
parabola. If B=45° (the angle at which 
a projectile must be thrown to travel 
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farthest, neglecting air resistance), the equa- 
tions reduce to x=4V2vot, y=4vV 2vot 
— 1672, from which y= x — 32x2/v 2. 

cubical parabola. The plane locus of an 
equation of the form y=kx>3. When k is 
positive the x-axis is an inflectional tangent, 
the curve passes through the origin and 
has infinite branches in the Ist and 3rd 
quadrants, and is concave up in the first 
and concave down in the 3rd quadrant. 


When k is negative the curve is the graph 
of y=|k|x> reflected in the y-axis. The 
semicubical parabola is the plane locus of 
the equation y?=kx3, It has a cusp of the 
first kind at the origin, the x-axis being 
the double tangent. It is the locus of the 
intersection of a variable chord, perpen- 
dicular to the axis of an ordinary parabola, 
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with a line drawn through the vertex of the 
parabola and perpendicular to the tangent 
at the end of the chord. The cubical and 
semicubical parabolas are not parabolas. 

diameter of a parabola. The locus of the 
midpoints of a set of parallel chords. Any 
line parallel to the axis of the parabola is a 
diameter with reference to some set of 
chords. See DIAMETER—diameter of a 
conic. 

focal property of the parabola. The focal 
radius to any point P on the parabola, and 
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a line through P parallel to the axis of the 
parabola, make equal angles with the tan- 
gent to the parabola at P. If the parabola 
be constructed from a polished strip of 
metal, rays from a source of light at F (see 
figure) will be reflected from the parabola 
in rays parallel to the axis of the parabola. 
Likewise rays parallel to the axis of the 
parabola will be reflected and brought 
together at the focus. This property is 
referred to as the optical or reflection prop- 
erty of the parabola, and the corresponding 
property for sound is called the acoustical 
property of the parabola. 


PAR’A-BOL'IC, adj. Of, relating to, re- 
sembling, or generated by a parabola. 
parabolic cable. A cable suspended at 
both ends and supporting equal weights at 
equal distances apart horizontally. If the 
curve is an exact parabola, the weights must 
be uniformly and continuously distributed 
along the horizontal and the weight of the 
cable negligible. See CATENARY. A sup- 
porting cable of a suspension bridge hangs 
in a parabolic curve except for the slight 
modification of the curve due to the weight 
of the cable and the fact that the load is 
attached at intervals, not continuously. 
parabolic curve. See CURVE—parabolic 
curve. 
parabolic cylinder. See CYLINDER. 
parabolic partial differential equation. A 
real second-order partial differential equa- 
tion of the form 
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for which the determinant |a,;| vanishes. 
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That is, the quadratic form y Qi; Vi¥; 1S 
i, j=! 
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singular (by means of a real linear trans- 
formation it can be reduced to the sum of 
fewer than nm squares, not necessarily all of 
the same sign). A typical example is the 
heat equation. See INDEX—index of a 
quadratic form. 

parabolic point on a surface. A point 
whose Dupin indicatrix is a pair of parallel 
straight lines (see DUPIN); a point at which 
the total curvature vanishes. 

parabolic segment. A segment of a 
parabola which is subtended by a chord 
perpendicular to the axis of the parabola. 
Its area is $cd, where c (called the base) is 
the length of the chord, and d (called the 
altitude) is the distance from the vertex to 
the chord. 

parabolic spiral. The spiral in which the 
square of the radius vector is proportional 
to the vectorial angle. Its equation in polar 
coordinates is r2=a9. Also called Fermat’s 
Spiral. 


parabolic type. See TypE—type of a 
Riemann surface. 


PA-RAB’O-LOID, n. A term applied to 
the elliptic and hyperbolic paraboloids. The 
elliptic paraboloid is a surface which can 
be put in a position such that its sections 
parallel to one of the coordinate planes are 
ellipses, and parallel to the other coordinate 
planes are parabolas. When the surface is 
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in the position illustrated, with its axis 
along the z-axis, its equation is 


x2/a2+ y2/b2=2cz. 


An elliptic paraboloid is a paraboloid of 
revolution if it is formed by revolving a 
parabola about its axis. This is the special 
case of the elliptic paraboloid in which the 
cross sections perpendicular to the axis are 
circles. The hyperbolic paraboloid is a 
surface which can be put in a position such 
that its sections parallel to one coordinate 
plane are hyperbolas, and parallel to the 
other coordinate planes are parabolas. In 
the position illustrated, its equation is 


x2/q2— y2/b2 = 2cz. 


This is a ruled surface, the two families of 
rulings being 


xla—y/b=1]/p, x/a+y/b=2pcz, 
and 
x/at+ty/b=I1/p, x/a—y/b=2pcz, 


where p is an arbitrary parameter. These 
rulings are called RECTILINEAR GENERATORS, 
since either set may be used to generate 
the surface. 

similar paraboloids. See SIMILAR. 


PAR’A-COM-PACT’, adj. paracompact 
space. A topological space T which is a 
Hausdorff space and has the property that, 
for any family F of open sets whose union 
contains 7, there is a locally finite family 
F* of open sets whose union contains 7 and 
which are such that each member of F* is 
contained in a member of Ff. A para- 
compact space is regu/ar and normal, 


PAR’A-DOX, n. An argument in which it 
appears that an obvious untruth has been 
proved. See ZENO’S PARADOX, and RUS- 
SELL’S PARADOX. 


PAR’AL-LAC'TIC, adj. parallactic angle 
of a star. The angle between the arcs of 
great circles joining the star and the zenith, 
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and the star and the pole. See HoUR—hour 
angle and hour circle. 


PAR’AL-LAX, 7. geodesic parallax of a 
star. The plane angle subtended at the 
star by the radius of the earth. 


PAR’AL-LEL, adj., n. Equidistant apart. 
See below, parallel curves, parallel lines and 
planes. 

Euclid’s postulate of parallels. If two 
lines are cut by a transversal and the sum 
of the interior angles on one side of the 
transversal is less than a straight angle, the 
two lines will meet if produced and will 
meet on that side of the transversal. If 
suitable other axioms are used, this is 
logically equivalent to: Only one line can 
be drawn parallel to a given line through a 
given point not on this line. 

geodesic parallels on a surface. See 
GEODESIC. 

parallel circle. See sURFACE—surface of 
revolution. 

parallel curves. 
curves (in a plane). 

parallel displacement of a vector along a 
curve. If C is an arbitrarily given curve 
with parametric equations 


xi=filt) (~StSh), 


and if € is any given contravariant vector 
at the point x‘(f9) on the curve C, then, 
under suitable restrictions on the metric 
tensor g;; and on the curve C, the system of 
differential equations 


dé) yi 
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See CURVE—parallel 
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subject to the initial conditions €'(r9) = €o/, 
will define a unique contravariant vector 
E(t) at each point x(t) of the given curve 
C. The vector €(f) at the point x/(r) of 
the curve C is said to be parallel to the 
given vector €)/ with respect to the given 
curve C, and the vector €(f) is said to be 
obtained from the given vector &)' by a 
parallel displacement. The set of vectors 
E(t), as the point x/(1) on C varies, is called 
a parallel (contravariant) vector field with re- 
spect to the given curve C. E.g., the tangent 
vector field dx‘(s)/ds to a geodesic forms a 
parallel (contravariant) field with respect 
to the geodesic. 


parallel lines and planes. Two lines are 
parallel if there is a plane in which they 
both lie and they do not meet however far 
they are produced. The analytic condition 
that two noncoincident lines in a plane be 
parallel is that the coefficients of the corre- 
sponding variables in their rectangular 
Cartesian equations be proportional, that 
their slopes be equal, or that the determi- 
nant of the coefficients of the variables in 
their equations be zero. The condition 
that two noncoincident lines in space be 
parallel is that they have the same direction 
cosines (or direction cosines of opposite 
signs) or that their direction numbers be 
proportional. Two planes are parallel if 
they do not meet however far produced. 
The analytic condition that two non- 
coincident planes be paralle] is that the 
direction numbers of their normals be 
proportional or that the coefficients of like 
variables in the Cartesian equations of the 
planes be proportional. A line and plane 
which do not meet however far produced 
are said to be parallel. A line is parallel to 
a plane if, and only if, it is perpendicular to 
the normal to the plane (see PERPENDICULAR 
—perpendicular lines and planes). A 
necessary and sufficient condition that three 
lines all be parallel to some plane is the 
vanishing of the third-order determinant 
whose rows are the direction numbers of 
the three lines, taken in a fixed order. 

parallel sailing. See SAILING. 

parallel surfaces. Surfaces having com- 
mon normals. The only surfaces parallel 
to the surface S: x=x(u,v), y=y(u, v), 
z=2z(u,v), are the surfaces whose coordi- 
nates are (x+aX, y+aY, z+aZ), where 
X, Y, Z are the direction cosines of the 
normal to S, and a is constant. 

parallels of latitude. Circles on the 
earth’s surface whose planes are parallel to 
the plane of the equator. 


PAR’AL-LEL’E-PI'PED, nn. A_ prism 
whose bases are parallelograms; a poly- 
hedron, all of whose faces are parallelo- 
grams. The faces other than the bases are 
called lateral faces; their area, the lateral 
area of the prism; and their intersections, 
the lateral edges. A diagonal of a parallele- 
piped is a line segment joining two vertices 
which are not in the same face. There are 
four of these. They are usually called the 
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principal diagonals, the other diagonals 
being the diagonals of the faces. An 
altitude of a parallelepiped is the perpen- 
dicular distance from one face (called the 


base) to the opposite face; the volume is 
equal to the product of an altitude and the 
area of a base. A right parallelepiped is a 
parallelepiped whose bases are perpen- 
dicular to its lateral faces. It is a special 
type of right prism. A rectangular paral- 
lelepiped is a right parallelepiped whose 
bases are rectangles. If its edges are a, b, c, 
its volume is a-b-c and the area of its 
lateral surface is 


2(ab+ be+ ac). 


An oblique parallelepiped is a parallelepiped 
whose lateral edges are oblique to its bases. 


PAR’AL-LEL’O-GRAM, n. A quadrilat- 
eral with its opposite sides parallel. The 
two lines, AC and BD, which pass through 
opposite vertices are called the diagonals. 
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The altitude of a parallelogram is the 
perpendicular distance between two of its 
parallel sides. The side to which the alti- 
tude is drawn is called the base. The area of 
a parallelogram is the product of an 
altitude by the area of the corresponding 
base, i.e., the product of the area of any side 
(taken as a base) by the perpendicular 
distance from that side to the opposite side. 

parallelogram law of forces. A law of 
vector addition of forces, established by 
Stevinus in 1586, which states that the re- 
sultant of two concurrent forces can be 
represented, in both magnitude and direc- 
tion, by the diagonal of the parallelogram 
constructed with the concurrent forces as 
sides. This law forms one of the postulates 


Parameter 


of mechanics. If one constructs a parallelo- 
gram in which adjacent sides represent the 
given forces both in magnitude and direc- 
tion, the diagonal of it, properly directed, 
represents the resultant of the two forces. 
In the figure, the vectors A and B repre- 
sent forces, the diagonal C is the vector 
sum, or resultant, of A and B. The figure 
also shows that the vector addition is 
commutative, i.e., 4+ B=B+A. 
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parallelogram of periods of a doubly 
periodic function of a complex variable. 
See PERIOD. 

parallelogram of velocities or accelera- 
tions. Same as PARALLELOGRAM OF FORCES, 
with velocities or accelerations substituted 
for forces, 


PAR’AL-LEL’O-TOPE, rn. A parallele- 
piped the lengths of whose sides are 
proportional to 1, 4, 4. 

Hilbert parallelotope. The set of all 
points x=(x1, x%2,---) of Hilbert space for 
which |x,|(4)" for each n. Any compact 
metric space is homeomorphic to a subset 
of the Hilbert parallelotope. The Hilbert 
parallelotope is homeomorphic to the set 
of all x for which |x,,| <1/n for each n, this 
set sometimes being called a Hilbert 
parallelotope. Each of these sets is some- 
times called a Hilbert cube. 


PA-RAM’E-TER, n. An arbitrary con- 
stant or a variable in a mathematical 
expression, which distinguishes various 
specific cases. Thus in y=a+bx, a and b 
are parameters which specify the particular 
straight line represented by the equation. 
Also, the term is used in speaking of any 
letter, variable, or constant, other than the 
coordinate variables; e.g., in the parametric 
equations of a line, x=at+x9, y=bt+yYo, 
z=ct+2Z 9, the variable ¢ is a parameter 
whose value determines a point on the line; 
a, b, c are parameters whose values deter- 
mine a particular line. 


Parameter 
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conformal parameters. See CONFORMAL— 
conformal map. 

differential parameters. 
TIAL. 

one-parameter family. See FAMILY. 

parameter of distribution of a ruled sur- 
face. For a fixed ruling Z on a ruled 
surface S, the value of the parameter of dis- 
tribution b, to within algebraic sign, is the 
limit of the ratio, as the variable ruling L’ 
of S-—>L, of the minimum distance be- 
tween L and L’ to the angle between L 
and L’. The value of 5 is positive or nega- 
tive according as the motion of the tangent 
plane is left-handed or right-handed as the 
point of tangency moves along the ruling 
L in the positive direction. 

variation of parameters. See DIFFEREN- 
TIAL—linear differential equations. 


See DIFFEREN- 


PAR-A-MET’RIC, adj. differentiation of 
parametric equations. Finding the deriva- 
tive from parametric equations. If the 
parametric equations are y=A(t), x=2(f), 
the derivative is given by 
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provided dx/dt is not zero (in case dx/dt is 
zero there may either be no derivative or 
it may be possible to use some other para- 
metric equation to find it) F.g., if x= 
sin f and y=cos? ¢, then 


dx _ dy _ 
OOS t, ia 2 sin tcos f, 
and 
dy dy dx __ ; 
Doge a 


equidistant system of parametric curves 
on a surface. A system of parametric 
curves for the surface such that the first 
fundamental quadratic form reduces to 
ds? = du? +2F du dv+dv*. See suRFACE— 
fundamental quadratic form of a surface. 
Syn. Tchebychef net of parametric curves 
on a surface. 

parametric curves on a surface. The 
curves of the families w=const. and v= 
const. on a surface S: x= x(y, v), y= y(u, v), 
z=2z(u, v); the former are called v-curves, 
the latter u-curves. 

parametric equations. Equations in 
which coordinates are each expressed in 
terms of quantities called parameters. For 
a curve, parametric equations express each 


coordinate (two in the plane and three in 
space) in terms of a single parameter. The 
curve may be plotted point by point by 
giving this parameter values, each value of 
the parameter determining a point on the 
curve. Any equation can be written in 
an unlimited number of parametric forms, 
since the parameter can be replaced by an 
unlimited number of functions of the 
parameter. However, the term parametric 
equations sometimes refers to a specific 
parameter intrinsically related to the curve, 
as in the parametric equations of the circle: 
x=rcos@, y=rsin6@, where @ is the 
central angle. See PARABOLA, ELLIPSE, and 
LINE—equation of a straight line, for specific 
parametric equations. The parametric 
equations of a surface are three equations 
(usually in Cartesian coordinates) giving x, 
y, z each as a function of two other vari- 
ables, the parameters. Elimination of the 
parameters between the three equations 
results in the Cartesian equation of the 
surface. The points determined when one 
parameter is fixed and the other varies 
form a curve on the surface called a para- 
metric curve. The parameters are called 
curvilinear coordinates, since a point on the 
surface is uniquely determined by the inter- 
section of two parametric curves. 


PA-REN’THE-SES, n. The symbols (). 
They enclose sums or products to show 
that they are to be taken collectively; e.g., 
2(3+5—4)=2x4=8. See AGGREGATION, 
and DISTRIBUTIVE—distributive law. 


PAR’I-TY, 7. If two integers are both odd 
or both even they are said to have the 
same parity; if one is odd and the other 
even they are said to have different parity. 


PARSEVAL. Parseval’s theorem. If 
27 
a= | f(x) cos kx dx 
0 
and 
1 f27 
ee { fGo sin kx dx 
T /0 


(for n=0,1,2,---) and the numbers A,, 
B, are defined similarly for F(x), then 
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It is necessary to make restrictions on f 
and F, such that the function f(x) is 


27 
bounded in (0,277) and that | F(x) dx 
0 


exists (and similarly for F), or that f and 
F are (Lebesgue) measurable and _ their 
squares are Lebesgue integrable on (0, 277), 
For a complete orthonormal system of vec- 
tors X,, X.,°++ in an infinite-dimensional 
vector space with an inner product (x, y) 
defined (such as Hilbert space), the theorem 
takes the form 

[6 @) 

(u, as (u, x, )(¥, X4)s 

where, if w=y, Parseval’s theorem is Bes- 
sel’s inequality with < replaced by =. 
See BESSEL—Bessel’s inequality, and vEc- 
TOR—vector space. 


PAR’TIAL, adj. chain rule for partial 
differentiation. See CHAIN—chain rule, 
partial correlation. See CORRELATION. 
partial derivative of a function of two or 
more variables. The ordinary derivative 
of the function with respect to one of the 
variables, considering the others as con- 
stants. If the variables are x and y, the 
partial derivatives of f(x, y) are written 
of (x, y)/ex and of(x, y)/éy, D,f(x, y) and 
D,f(x, ¥), F(x, y) and fix, y), f(x, y) and 
fox, ¥), or (x, y) may be deleted from any 
of these, leaving of/0x, f;, etc. The par- 
tial derivative of x2+y with respect to x 
is 2x; with respect to y itis 1. Geometri- 
cally, the partial derivative of a function 
of two variables, f(x, y), with respect to 
one of the variables, is the slope of the tan- 
gent to the curve which is the intersection 
of the surface z=f(x, y) and the plane 
whose equation is the other variable set 
equal to the constant which is its value at 
the point where the derivative is being 
evaluated. In the figure, the partial deriva- 
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tive with respect to x, evaluated at the point 
P, is the slope of the line PT which is 
tangent to the curve AB. 

partial derivatives of the second and 
higher orders. Partial derivatives of partial 
derivatives. If the repeated partials are 
taken with respect to the same variable, 
the process is the same as fixing the other 
variables and taking the ordinary higher 
derivatives of a function of one variable. 
However, after having taken a partial de- 
rivative with respect to one variable it may 
be desirable to take the partial derivative 
of the resulting function with respect to an- 
other variable. One may desire the partial 
derivative with respect to y, of the partial 
derivative of a function f(x, y) with respect 
to x, in which case the question arises as 
to when f,,(x, yy=f,.(x, y). Such is the 
case when /,, and f,,, are continuous at and 
in the neighborhood of the point at which 
the partial derivatives are taken. This 
result can be extended to partial derivatives 
of any order by successive applications of 
the second order case. 

partial differential. See DIFFERENTIAL. 

partial differential equations. Equations 
involving more than one independent 
variable and partial derivatives with respect 
to these variables. Such an equation is 
linear if it is of the first degree in the 
dependent variables and their partial de- 
rivatives, i.e., if each term either consists 
of the product of a known function of the 
independent variables, and a dependent 
variable or one of its partial derivatives, or 
is itself a known function of the indepen- 
dent variables. The order of a partial 
differential equation is the order of the 
partial derivative of highest order which 
occurs in the equation. 

elliptic, hyperbolic, and parabolic partial 
differential equations. See ELLIPTIC, HYPER- 
BOLIC, and PARABOLIC. 

partial fractions. A set of fractions whose 
algebraic sum is a given fraction. The 
term method of partial fractions is applied 
to the study of methods of finding these 
fractions and using them, particularly in 
integrating certain rational fractions. Un- 
determined coefficients are generally used 
to find partial fractions. E.g., it is known 
that 1I/(x?-1)=A/(x—1)+ Bi(x+1) for 
some values of 4A and B, from which 
A=%4, B= —4 are obtained by clearing of 
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fractions and equating coefficients of like 
powers of x. Any proper rational fraction 
can be expressed as a sum of fractions of 
the type 


A B Cx+ D Ex+F 
x—a (x—a)y" x24+bx+e x2+bxt+e° 


where nv iS a positive integer. Indeed, 
partial fractions are usually understood to 
be partial fractions of these relatively simple 
types. 

partial product. The product of the 
multiplicand and one digit of the multiplier, 
when the latter contains more than one 
digit. 

partial quotient. 
tinued fraction. 

partial remainders. The (detached) co- 
efficients of the quotient in synthetic divi- 
sion. See SYNTHETIC—synthetic division. 

partial sum of an infinite series. See suM. 


See FRACTION—COn- 


PAR-TIC’I-PAT’ING, adj. participating 
insurance policy. See INSURANCE. 


PAR’TI-CLE, n. Physically, a minute bit 
of matter of which material body is com- 
posed. A mathematical idealization of a 
physical particle is obtained by disregarding 
its spatial extensions, representing it as a 
mathematical point, and endowing it with 
the property of inertia (mass). 


PAR-TIC’U-LAR, adj. particular solution 
(or integral) of a differential equation. Any 
solution that does not involve arbitrary 
constants (constants of integration); a 
solution obtainable from the general solu- 
tion by giving special values to the constants 
of integration. See DIFFERENTIAL—Solution 
of a differential equation. 


PAR-TI'’TION, 7. partition of an integer. 
The number of partitions p(n) of a positive 
integer n is the number of ways n can be 
written as a sum of positive integers, 
n=Q,;+ad.+---+a,, where k is any 
positive integer and aj2a,2--: 2a, If 
k is restricted so that k Ss, this is called the 
number of partitions of n into at most s parts. 
Various other types of partitions have been 
studied. £.g., the number of partitions of 
n for which the summands are all different 
can be shown to be equal to the number of 
partitions of m for which the summands are 
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all odd (but repetitions are allowed); 5 is 
equal to 5, 44+-1, 342; it is also equal to 
5,3+14+1,14+14+1+141. 


PARTS, n. integration by parts. See IN- 
TEGRATION—integration by parts. 


PASCAL. limacon of Pascal. See Lima- 
CON. 

Pascal’s theorem. If any simple hexa- 
gon is inscribed in a conic, the three pairs 
of opposite sides intersect in collinear 
points. 

Pascal’s triangle. A triangular array of 
numbers composed of the coefficients of the 
expansion of (a+ 5)", for n=0, 1, 2, 3, etc. 
Ones are written on a vertical leg and on 
the hypotenuse of an isosceles right triangle. 
Each other element filling up the triangle 
is the sum of the element directly above it 
and the element above and to the left. 
The numbers in the (n+ 1)st row are then 
the coefficients in the binomial expansion of 
(x+y)". The array giving the binomial 
coefficients of orders 0, 1, 2, 3, 4, and 5 is 


l 

i i 

1 2 | 

1 3 3 #1 

1 4 6 4 1 
1 5 10 10 5 1 


principle of Pascal. The pressure in a 
fluid is transmitted undiminished in all 
directions. E.g., if a pipe projects vertically 
above a closed tank and the tank and pipe 
are filled with water, the total force on 
every unit of the inside surface of the tank 
is equal to that due to the water in the tank 
plus a constant due to the water in the pipe. 
That constant is equal to the weight of a 
column of water the height of the pipe and 
with unit cross section, regardless of the 
diameter of the pipe. 


PATCH, n. surface patch. See SURFACE. 


PATH, 7. path curve of a continuous sur- 
face deformation. The locus of a given 
point of the surface under the deformation. 

path curves. A name used for curves 
whose equations are in parametric form, a 
point being said to trace out the curve 
when the parameter varies. 

path of a projectile. See PARABOLA— 
parametric equations of a parabola. 
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Pellian Equation 


PAY’EE’, n. The person to whom a sum 
of money is to be paid. Most frequently 
used in connection with notes and other 
written promises to pay. 


PAY’MENT, n. A sum of money used to 
discharge a financial obligation, either in 
part or in its entirety. 

defaulted payments. See DEFAULTED. 

equal-payment method. See INSTALLMENT 
—installment payments. 

installment payments. See INSTALLMENT. 


PAY’OFF, adj., n. The amount received 
by one of the players in a play of a game. 
For a two-person zero-sum game, the 
payoff function M is the function for which 
M(x, y) (positive or negative) is the amount 
paid by the minimizing player to the 
maximizing player in case the maximizing 
player uses pure strategy x and the mini- 
mizing player uses pure strategy y. A 
payoff matrix for a finite two-person zero- 
sum game is a matrix such that the element 
aj; in the ith row and jth column represents 
the amount (positive or negative) paid by 
the minimizing player to the maximizing 
player in case the maximizing player uses 
his ith pure strategy and the minimizing 
player uses his /th pure strategy. See GAME 
and PLAYER. 


PEANO. Peano’s postulates. See INTEGER. 

Peano space. A space (or set) S which is 
a Hausdorff topological space and is the 
image of the closed unit interval {0O, 1] for a 
continuous mapping. A Hausdorff topo- 
logical space is a Peano space if and only if 
it is compact, connected, locally connected, 
metrizable, and nonempty (a Peano space 
is also arc-wise connected). A Peano space 
is sometimes called a Peano curve, although 
Peano curve sometimes means a continu- 
ous curve (a curve whose parametric 
equations are of the form x=f(f), y=g(/), 
where f and g are continuous and 0S 1) 
which passes through each point of the unit 
square. 


PEARL-REED CURVE. Same as LOGISTIC 
CURVE. 


PEARSON,  Pearson’s coefficient. See 
COEFFICIENT—correlation coefficient. 


Pearson distribution. Let 


df(x)_—_ (x—a)f(x) | 
dx ~ byt byx+ box? 


Then the set of frequency functions defined 
by this equality give what is known as the 
Pearson distributions. The values of a and 
6; are functions of the moments of the 
distributions. The first four moments 
determine uniquely the particular distribu- 
tion. The several curves are distinguished 
by the roots of the denominator of 


d(log f) _ (x~a) 
dx Bo+ By(x—a)+ Bo(x— a) 


If a= B, = B,=0, the normal curve results. 
A distribution function may be estimated 
from sample moments. The sampling 
variance of the moments is sometimes so 
large that more efficient alternative methods 
may be desirable. 


PEAUCELLIER’S CELL. See INversor, 
and INVERSION—inversion of a point with 
respect to a circle. 


PED’AL, adj. pedal curve. The locus of 
the foot of the perpendicular from a fixed 
point to a variable tangent to a given 
curve. E.g., if the given curve is a parabola 
and the fixed point the vertex, the pedal 
curve 1S a cissoid. 

pedal triangle. The triangle formed 
within a given triangle by joining the feet 
of the perpendiculars from any given point 
to the sides. The triangle DEF is the 
pedal triangle formed within the triangle 
ABC by joining the feet of the altitudes. 


The figure illustrates the fact that the alti- 
tudes of the given triangle bisect the angles 
of this pedal triangle. 


PELLIAN EQUATION. The Pellian 
equation is the special Dicphantine equa- 
tion, x?— Dy?=1, where D is a positive 
integer not a perfect square. 


Pencil 


PEN’CIL, 7. axial pencil. Same as pencil 
of planes given below. 

pencil of circles. All the circles which lie 
in a given plane and pass through two fixed 
points. The equations of all members of 
the pencil can be obtained from the equa- 
tions of any two circles passing through the 
two points by multiplying each equation by 
an arbitrary parameter and adding the 
results. The pencil of circles through the 
intersections of x2+ y?—4=0 and x2+2x 
+ y2—4=0 is given by 

h(x? + y2— 4) + k(x2+2x+ y?-4)=0, 

where A and k are arbitrary parameters not 
simultaneously zero. Frequently one of 
these parameters is taken as unity, but this 
excludes one of the circles from the pencil. 
In the figure, S=O is the equation of one 
circle and S’=O is the equation of the 
other. If the coefficients of x2 and y2 are 
unity in both equations then the equation 
S— S’=0 is the equation of the radical axis 
of any two members of the pencil. 


pencil of families of curves on a surface. 
A one-parameter set of families of curves 
on a surface such that each two families of 
the set intersect under constant angle. 

pencil of lines through a point. All the 
lines passing through the given point and 
lying in a given plane. The point is called 
the vertex of the pencil. The equations of 
the lines in the pencil can be obtained from 
the equations of any two lines of the pencil 
by multiplying each equation by an 
arbitrary parameter and adding the results. 
The pencil through the intersection of 2x+ 
3y=0 and x+y—1=0 is denoted by 
h(2x+3y)+k(x+y—1)=0 where A and k 
are not simultaneously zero. This equation 
contains only one essential parameter, 
because either A or k can be divided out 
since not both are zero. One parameter is 
frequently taken as unity, but that excludes 
one of the lines from the pencil; if A= 1, for 


Pencil 


instance, there is no value of A which will 
reduce the equation of the pencil to 
2x+3y=0. 

pencil of parallel lines. All the lines 
having a given direction; all the lines paral- 
lel to a given line. In projective geometry, 
a pencil of parallel lines (pencil of parallels) 
is included in the classification of pencils of 
lines; the vertex of the pencil, when the lines 
are parallel, being an ideal point. The 
notion of ideal point thus unifies the 
concepts of pencil of lines and pencil of 
parallels. The equations of the lines of a 
parallel pencil can be obtained by holding 
m (the slope) constant and varying b (the 
y-intercept) in the slope-intercept form 
y=mx+b of the equation of a line, 
except when the pencil is perpendicular to 
the x-axis, in which case the equation x=c 
suffices. Also, see above, pencil of lines 
through a point. 

pencil of plane algebraic curves. All 
curves whose equations are given by assign- 
ing particular values to A and k, not both 
zero, in 


hf (x, y)t+kfrlx, y)=0, 


where /, = 0 and /,=0 are of the same order 
(degree). If n is this order, the family 
passes through the v2 points (with complex 
coordinates) common to /,;=0 and f,=0. 
A pencil of conics consists of all conics 
passing through four fixed points, and a 
pencil of cubics consists of all the cubics 
passing through nine fixed points. A 
pencil of curves is often defined as above 
with either # or k taken equal to unity. 
See above, pencil of lines through a point. 

pencil of planes. All the planes passing 
through a given line. The line is called the 
axis of the pencil (the line AB in the figure). 


The equation of the pencil can be obtained 
by multiplying the equations of two of the 
planes by arbitrary parameters and adding 
the results. For any given values of the 
parameters, this is the equation of a plane 
passing through the line. In elementary 
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work, one of the parameters is usually 
taken as unity (see above, pencil of lines 
through a point). 

pencil of spheres. All the spheres which 
pass through a given circle. The equations 
of all the members of the pencil can be de- 
termined by multiplying each of the 
equations of two spheres belonging to the 
pencil by an arbitrary parameter and adding 
the results; for particular values of these 
parameters this is the equation of a sphere 
of the pencil. 


PEN’DU-LUM, n. Foucault’s pendulum. 
A pendulum with a very long wire and a 
heavy bob, designed to exhibit the revolu- 
tion of the earth about its axis. It is sup- 
ported so as not to be restricted to remain 
in the same plane relative to the earth. 

simple pendulum. A particle suspended 
by a weightless rod or cord; a body sus- 
pended by a cord whose weight is neglected, 
the body being treated as if it were concen- 
trated at its center of gravity. 


PEN’TA-DEC’A-GON, 7. A_ polygon 
having fifteen sides. A regular pentadeca- 
gon is a pentadecagon having all of its sides 
and interior angles equal. Each interior 
angle is equal to 156°. 


PEN’TA-GON, 7. A polygon having five 
sides. A regular pentagon is a pentagon 
whose sides and interior angles are all equal. 
Each interior angle is equal to 108°. 


PEN-TAG’O-NAL, adj. pentagonal pyra- 
mid. A pyramid whose base is a pentagon. 


PEN’TA-GRAM (of Pythagoras). The 
five-pointed star formed by drawing all the 
diagonals of a regular pentagon and delet- 
ing the sides. 


PE-NUM’BRA, n. See UMBRA. 


PER CENT or PERCENT, 7. Hundredths; 
denoted by %; 6% of a quantity is zo of it. 

per cent error. See ERROR. 

per cent profit on cost. The quotient of 
the selling price minus the cost, by the 
cost—all multiplied by 100. If an article 
costs 9 cents and sells for 10 cents, the 
per cent gain is $ x 100, or 11.11%. 


Perimeter 


per cent profit on selling price. The 
quotient of the selling price minus the cost, 
by the selling price—all multiplied by 100, 
or 100(s—c)/s. The per cent gain on the 
cost price is always greater than the per 
cent gain on the selling price. If an article 
costs 9 cents and sells for 10 cents, the 
per cent gain on selling price is 75 x 100, 
or 10°%. Compare per cent profit on cost. 

rate per cent. Rate in hundredths; same 
as YIELD. 


PER-CENT’AGE, 7. (1) The part of 
arithmetic dealing with per cent. (2) The 
result found by taking a certain per cent 
of the base. (3) Parts per hundred. One 
would say, “‘A percentage (or per cent) of 
the students are excellent’; but he would 
say, ““Money is worth 6 per cent’? (never 
6 percentage). 


PER-CEN’TILE, 7. (Statistics.) A given 
percentile is the value which divides the 
range of a set of data into two parts such 
that a given percentage of the measures lies 
below this value. 


PER’FECT, adj. perfect cubes. Numbers 
(quantities) which are exact third powers of 
some quantity, such as 8, 27, and a3+ 
3a2b+ 3ab2+ b3 which is equal to (a+). 

perfect nth power. A number or quan- 
tity which is the exact mth power of some 
quantity. See above, perfect cubes. 

perfect number. See NUMBER—perfect 
number. 

perfect set. A set of points (or a set in 
a metric space) which is identical with its 
derived set; a set which is closed and dense 
in itself. 

perfect square. A quantity which is the 
exact square of another quantity; 4 is a 
perfect square, as is also a?+2ab+b?, 
(a+b). 

perfect trinomial square. See SQUARE— 
perfect trinomial square. 


PER’I-GON, 1. An angle equal to the 
sum of two straight angles; an angle con- 
taining 360° or 27 radians. 


PER-IM’E-TER, x. The length of a closed 
curve, as the perimeter of a circle, the 
perimeter of an ellipse, or the sum of the 
lengths of the sides of a polygon. 


Period 


Periodic 


PE’RI-OD, adj., n. conversion period. 
The time between two successive conver- 
sions of interest. Syn. Interest period. 

parallelogram of periods. For a doubly 
periodic function f(z) of the complex vari- 
able z, a parallelogram of periods is a paral- 
lelogram with vertices zo, z9+7,Z9++7’, 
Zo+7’, where 7 and 7’ are periods (with 
7 #kn’ for any real k) but are not neces- 
sarily a primitive period pair. See below, 
primitive period parallelogram. 

period in arithmetic. (1) The number of 
digits set off by a comma when writing a 
number. It is customary to set off periods 
of three digits, as 1,253,689. These periods 
are called units period, thousands period, 
millions period, etc. (2) When using cer- 
tain methods for extracting roots, periods 
are set off equal to the index of the root to 
be extracted. (3) Period of a repeating 
decimal. The number of digits that repeat. 
See DECIMAL—repeating decimal. 

period of an element of a group. The 
smallest power of the element which is the 
identity element. Sometimes called the 
order of the element. In the group whose 
elements are the roots of x©=1 with multi- 
plication as the group operation, —4+ 
4iV3 is of period 3, since 

(-4+4iV333=1. 

See GROUP. 

period of a function. See PERIODIC— 
periodic function of a real variable, and 
periodic function of a complex variable. 

period region. For a periodic function 
of a complex variable, a period region is a 
primitive period strip or a primitive period 
parallelogram, according as the function ts 
simply periodic or doubly periodic. 

period of simple harmonic motion. See 
HARMONIC—simple harmonic motion. 

primitive period pair. Two primitive 
periods w and w’ of a doubly periodic func- 
tion such that all periods of the function are 
of the form nw+n’w’, where nm and n’ are 
integers. See PERIODIC—periodic function 
of a complex variable. Syn. Fundamental 
period pair. 

primitive period parallelogram. If f(z) is 
a doubly periodic function of the complex 
variable z, if w and w’ form a primitive 
period pair, and if z) is any point of the finite 
complex plane, then the parallelogram with 
vertices Zo, Zo tw, Zgatwtw’, z+tw’ Is 


called a primitive period parallelogram for 
the function. The vertex z) and the adja- 
cent sides of the boundary, exclusive of 
their other end points, are considered as 
belonging to the parallelogram, the rest of 
the boundary being excluded. Thus each 
point of the finite plane belongs to exactly 
one parallelogram of a set of congruent 
primitive period parallelograms paving the 
entire finite plane. Syn. Fundamental 
period parallelogram. 

primitive period strip. If f(z) is a simply 
periodic function of the complex variable 
z in the domain D, and w is a primitive 
period, then a region in D bounded by a 
line (or a suitable simple curve extending 
across D) C together with an image of C 
translated by an amount w is called a 
primitive period strip for the function. 
Syn. Fundamental period strip. 

select period of a select mortality table. 
See SELECT. 


PE’RI-OD'IC, adj. almost periodic func- 
tion. A continuous function f(x) is 
(uniformly) almost periodic if, for any «> 0, 
the set of all ¢ for which the inequality 


If(x+ N—f(x)| <« 


is satisfied for all x has the property that 
there is a number M such that any interval 
of length M contains at least one such f. 
E.g., the function : 


f(x)=sin 27x + sin 2arxV 2 


is uniformly almost periodic: |f(x+f) 
~— f(x)| is small if ¢ is an integer and V 2r is 
near an integer. A function is uniformly 
almost periodic if and only if there is a 
sequence of finite trigonometric sums which 
converges uniformly to f(x) (the terms in 
the sum are of type a, cos rx and 5, sin rx, 
where r need not be an integer). A number 
of generalized definitions of almost periodi- 
city have been studied. E£.g., the expression 
\f(x+n—f(x)| in the above definition 
might be replaced by the least upper bound 
(for ~-o<x<+o)of 
| ¢*tk \/p, 
Lz) e+ a—-Foo/? ae| 


for some specific value of k, or by the limit 
of this expression as k — oo. 

periodic continued fraction. See FRACTION 
—continued fraction. 


Periodic 
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periodic curves. Curves whose ordinates 
repeat at equal distances on the axis of 
abscissas; the graph of a periodic function. 
The loci of y=sinx and y=cos~x are 
periodic curves, repeating themselves in 
every successive interval of length 27. 

periodic function of a complex variable. 
The function f(z), analytic in a domain D, 
is said to be periodic in D if f(z)# constant 
and if there is a complex number w40 
such that if z is in D, then also z+w is in 
D, and f(z+w)=f(z). The number w is 
said to be a period of f(z). If there is no 
period of the form aw, where « is real and 
la|<1, then w is said to be a primitive 
period or fundamental period of f(z). <A 
simply periodic (or singly periodic) function 
of a complex variable is a function f(z) of 
the complex variable z having a primitive 
period w but having no periods other than 
+w, +2w,---. A doubly periodic function 
of a complex variable is a periodic function 
of a complex variable which is not simply 
periodic. It can be shown that if a periodic 
function is not simply periodic then there 
exist two primitive periods w and w’ such 
that all periods are of the form nw+n’w’, 
where » and n’ are integers but not both 
zero. This is Jacobi’s theorem. See 
ELLIPTIC—elliptic function. 

periodic function of a real variable. A 
function f(x) such that the range of the 
independent variable can be divided into 
equal subintervals such that the graph of 
the function is the same in each subinterval. 
The length of the smallest such equal sub- 
intervals is called the period of the function. 
Tech. If there is a smallest positive number 
p for which f(x+ p)=f(x) for all x (or f(x) 
and f(x+p) are both undefined), then p is 
the period of the function. Sin x has the 
period 27 (radians), since 


sin (x+ 27)=sin x. 


The frequency of a periodic function in a 
given interval is the quotient of the length 
of the interval and the period of the func- 
tion (i.e., the number of times the function 
repeats itself in the given interval). If an 
interval of length 27 is being considered, 
the frequency of sin x is 1; of sin 2x, 2, and 
of sin 3x, 3. 

periodic motion. Motion which repeats 
itself, occurs in cycles. See HARMONIC— 
simple harmonic motion. 


PE’RI-O-DIC’I-TY, adj. periodicity of a 
function (or curve). The property of having 
periods or being periodic. 


PE-RIPH’ER-Y, 7. The boundary line or 


circumference of any figure; the surface of 
a solid. 


PER’MA-NENT-LY, adj. permanently 
convergent series. See CONVERGENT—per- 
manently convergent series. 


PER-MIS’SI-BLE, adj. permissible values 
of a variable. The values for which a 
function under consideration is defined and 
which lie on the interval or set on which the 
function is being considered. Zero is nota 
permissible value for x in the function log x, 
and 4 is not a permissible value for x if 
log x is being considered on the interval 
(1,2). Permissible is also used of any 
values for which a function is defined. 


PER’MU-TA’TION, 7. (1) An ordered 
arrangement or sequence of all or part of a 
set of things. All possible permutations of 
the letters a, b, and c are: a, b, c, ab, ac, ba, 
be, ca, cb, abc, acb, bac, bca, cab, and cba. 
A permutation of things taken all at a time 
is an ordered arrangement of all the 
members of the set. If is the number of 
members of the set, the total possible num- 
bers of such permutations is n!, for any one 
of the set can be put in the first place, any 
one of the remaining n—1 things in the 
second place, etc., until places are filled. 
When some members of the set are alike 
(two permutations obtainable from each 
other by interchanging like objects are the 
Same permutation) the number of such 
permutations is the number of permuta- 
tions of n different things taken all at a 
time divided by the product of the fac- 
torials of the numbers representing the 
number of repetitions of the various things. 
The letters a, a, a, b, b, c can be arranged 
in 6!/(3!2!) or 60 different ways (permuta- 
tions). A permutation of things taken r at 
a time is a permutation containing only r 
members of the set. The number of such 
permutations is denoted by ,P, and is 
equal to 


nin—1)\(n—2)---(n—rt+1), 


or n!/(n—r)!, for any one can be put first, 
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any one of the remaining n—1 second, 
etc., until r places have been filled. A 
permutation of n things taken r at a time 
with repetitions is an arrangement obtained 
by putting any member of the set in the 
first position, any member of the set, 
including a repetition of the one just used, 
in the second, and continuing this until 
there are r positions filled. The total 
number of such permutations is n-n-n- - 

to r factors, i.e., n’. The ways in which a, 
b, c can be arranged two at a time are aa, 
ab, ac, ba, bb, be, ca, cb, cc. A circular 
permutation is an arrangement of objects 
around a circle. The total number of 
circular permutations of m different things 
taken n at a time is equal to the number of 
permutations of n things 7 at a time, divided 
by m because each arrangement will be 
exactly like n—1 others except for a shift 
of the places around the circle. (2) An 
operation which replaces each of a set of 
objects by itself or another object in the set 
in a one-to-one manner. The permutation 
which replaces x; by x2, x2 by x1, x3 by x4, 
and x4 by x3, is denoted by 


O14 3) 


or (12)(34). A cyclic (or circular) permuta- 
tion (or simply a cycle) is the advancing of 
each member of a set of ordered objects 
one position, the last member taking the 
position of the first. If the objects are 
thought of as arranged in order around a 
circle, a cyclic permutation is effected by 
rotating the circle; cab is a cyclic permuta- 
: : 4) or (acb). 
The degree of a cyclic permutation is the 
number of objects in the set. A cyclic per- 
mutation of degree two is called a transposi- 
tion. Every permutation can be factored 
into a product of transpositions. E.g., 
(abc)=(ab)(ac) in the sense that the 
permutation (abc) has the same effect as 
the permutation (ab) followed by the 
permutation (ac). A permutation is even or 
odd according to whether it can be written 
as the product of an even or odd number of 
transpositions. Let x1, X2,-°++, x, be nm in- 
determinants and let D be the product 
(X14 — X2)(X,—X3) +--+ + (x,-1-—x,) of all dif- 
ferences x;—x;, where i<j. A permutation 
of the subscripts 1, 2, - - -, 7 is even or odd 


tion of abc, denoted by ( 
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according to whether it leaves the sign of 
D unchanged or changes the sign of D. 

permutation group. A group whose ele- 
ments are permutations, the product of 
two permutations being the permutation 
resulting from applying each in succession. 
Thus the product of the permutation 
P,;=(abc), which takes a into 5b, 6 into c, 
and c into a, and the permutation p,= (bo), 
which takes b into c and c into b, is pyp.= 
(abc)(bc) = (ac), which takes a into c and c 
into a. The group of all permutations on 2 
letters is a group of order n!, called a 
symmetric group. The subgroup of this 
group (of order m!/2) which contains all 
even permutations is called an alternating 
group. A permutation group of order n on 
n letters is called regular. See PERMUTA- 
TION (2), and GRouP. Syn. Substitution 
group. 

permutation matrix. If a permutation 
On X1, X2,°° +, X, Carries x; into x;, for each 
i, then the permutation matrix correspond- 
ing to this permutation is the square matrix 
of order n in which the elements in the 
ith column (for each 7) are all zero except 
the one in the /’th row, which is unity. 
Any permutation group is isomorphic with 
the group of corresponding permutation 
matrices. In general, a permutation matrix 
is any square matrix whose elements in any 
column (or any row) are all zero, except for 
one element equal to unity. 


PER’PEN-DIC’U-LAR, adj., n. perpen- 
dicular lines and planes. Two straight lines 
which intersect so as to form a pair of equal 
adjacent angles are said to be perpendicular 
(each line is said to be perpendicular to the 
other). The condition (in analytic geometry) 
that two lines be perpendicular is: (1) In a 
plane, that the slope of one of the lines be 
the negative reciprocal of the slope of the 
other; (2) in space, that the sum of the 
products of the corresponding direction 
numbers (or direction cosines) of the two 
lines be zero (two lines in space are perpen- 
dicular if there exist intersecting perpen- 
dicular lines, each of which is parallel to 
one of the given lines). A common 
perpendicular to two or more lines is a line 
which is perpendicular to each of them. In 
a plane, the only lines that can have a 
common perpendicular are parallel lines, 
and they have any number. In space, any 
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two lines have any number of common 
perpendiculars (only one of which inter- 
sects both lines, unless the lines are parallel). 
A line perpendicular to a plane is a line which 
is perpendicular to every line through its 
intersection with the plane. It is sufficient 
that it be perpendicular to two nonparallel 
lines in the plane. The condition (in 
analytic geometry) that a line be perpen- 
dicular to a plane is that its direction 
numbers be proportional to those of the 
normal to the plane; or, what amounts to 
the same thing, that its direction numbers 
be proportional to the coefficient of the 
corresponding variables in the equation of 
the plane. The foot of the perpendicular 
to a line (or plane) is the point of inter- 
section of the perpendicular with the line 
(or plane). Two perpendicular planes are 
two planes such that a line in one, which 
is perpendicular to their line of intersection, 
is perpendicular to the other; i.e., planes 
forming a right dihedral angle. The condi- 
tion (in analytic geometry) that two planes 
be perpendicular is that their normals be 
perpendicular, or that the sum of the 
products of the coefficients of like variables 
in their two equations be zero. See NORMAL 
—normal lines and planes. 


PER’PE-TU'I-TY, n. (Math. of Finance.) 
An annuity that continues forever. See 
CAPITALIZED—Capitalized cost. 


PER-SPEC’TIVE, adj. perspective posi- 
tion. A pencil of lines and a range of points 
are in perspective position if each line of the 
pencil goes through the point of the range 
which corresponds to it. Two pencils of 
lines are in perspective position if corre- 
sponding lines meet in points which lie on 
a line called the axis of perspectivity. Like- 
wise two ranges of points are in perspective 
position provided lines through _ their 
corresponding points meet in a point called 
the center of perspectivity. A range of 
points and an axial pencil (pencil of planes) 
are in perspective position if each plane of 
the pencil goes through the point which 
corresponds to it; a pencil of lines and an 
axial pencil are in perspective position if 
each line of the pencil Jies in the plane to 
which it corresponds; likewise two axial 
pencils are in perspective position if inter- 
sections of corresponding planes lie in a 


plane. Each of the above relationships is 
called a perspectivity. See PROJECTIVE— 
projective relation. 


PERSPECTIVITY. See PERSPECTIVE. 


PFAFF’I-AN, 2. An equation of the form 
Uy AX, +Uy dxy+u3 dx3+ +--+ +u, dXp, 


where the coefficients w,,---, u, are func- 
tions of the variables x,,---, x,. 
PHASE, 7. phase of simple harmonic 
motion. The angle ¢+4At in the equa- 
tion of simple harmonic motion, x=a cos 
(¢+kt). See HARMONIC—simple harmonic 
motion. 

initial phase. The phase when ft=0, 
namely ¢ in x=a cos (¢+k?). 


PHI. phi coefficient. See COEFFICIENT. 
phi function. See EULER—Euler’s ¢- 
function. 


PHRAGMEN-LINDELOF FUNCTION. 
Relative to an entire function f(z) of finite 
order p, the function 


0 

A(6)=lim sup log |f(re'®)|_ 
r—>00 re 

The Phragmén-Lindelof function A(@) is a 

subsine function of order p. See ENTIRE— 

entire function. 


PI, n. The name of the Greek letter 7, II, 
which corresponds to the Roman P. The 
symbol 7 denotes the ratio of the circum- 
ference of a circle to its diameter; z= 
3.14159+ ; 7 is a transcendental irrational 
number. It denotes a product. See 
INFINITE—infinite product. a 
Wallis’ product for 7. See WALLIS. 


PI'CA, n, (Printing.) A measure of type 
body, equal to 12 points in U. S. scale. 
See POINT (4). 


PICARD. Picard’s method. An iterative 
method for solving differential equations. 
For the differential equation dy/dx =f (x, y), 
the solution that passes through the point 
(xo, Yo) satisfies the equation 


Wx)= ot | : f(t, v(1)] dt. 
x0 


Picard 


Starting with an initial function, say the 
constant yo, the method consists of making 
successive substitutions in accordance with 
the formula 


yl) = Yo |” Flt, yn a(O1 dt. 


The method extends to the solution of 
systems of linear differential equations and 
to the solution of higher-order linear 
differential equations and systems of 
equations. 

Picard’s theorems. Picard’s first theorem 
states that if f(z) is an entire function, and 
f(z)#const., then f(z) takes on every finite 
complex value with at most one exception. 
E.g., f(z)=e7 takes on all values except 0. 
For Picard’s second theorem, see SINGULAR 
—isolated singular point of an analytic 
function. 


PIC’TO-GRAM, n. Any figure showing 
numerical relations, as bar graphs, broken- 
line graphs, See GRAPHING—statistical 
graphing. 


PIECE’WISE, adj. piecewise continuous 
function. A function is piecewise continu- 
ous on R if it is defined on R and R can be 
divided into a finite number of pieces such 
that the function is continuous on the in- 
terior of each piece and such that the func- 
tion approaches a finite limit as a point 
moves in the interior of a piece and 
approaches a boundary point in any way. 
It is necessary to restrict the nature of the 
pieces, e.g., that their boundaries be simple 
closed curves if they are plane regions, 
or two points if on a straight line. If R is 
bounded, an equivalent definition is that 
it be possible to divide R into a finite num- 
ber of pieces such that R is uniformly 
continuous on the interior of each piece. 


PIERC’ING, adj. piercing point of a line 
in space. See POINT-——piercing point of a 
line in space. 


PITCH, zn. pitch of a roof. The quotient 
of the rise (height from the level of plates 
to the ridge) by the span (length of the 
plates); one-half of the slope of the roof. 


PLACE, 7. decimal place. See DECIMAL. 
place value. The value given to a digit 


Plane 


by virtue of the place it occupies in the 
number relative to the units place. In 
423.7, 3 denotes merely 3 units, 2 denotes 
20 units, 4 denotes 400 units, and 7 denotes 
;5 of a unit; 3 is in unit’s place, 2 in ten’s 
place, 4 in hundred’s place, etc. Syn. Local 
value. 


PLA’NAR, adj. planar point of a surface. 
A point of the surface at which D= D’= 
D”’=0. See suRFAcE—fundamental co- 
efficients of a surface. At a planar point, 
every direction on the surface is an asymp- 
totic direction. A surface is a plane if, and 
only if, all its points are planar points. 


PLANE, adj., n. A surface such that a 
straight line joining any two of its points 
lies entirely in the surface. Syn. Plane 
surface. 

collinear planes. See COLLINEAR. 

complex plane. See COMPLEX. 

coordinate planes. See CARTESIAN— 
Cartesian coordinates. 

diametral plane. See DIAMETRAL. 

equation of a plane. In_ three-dimen- 
sional Cartesian coordinates, a polynomial 
equation which is of the first degree. The 
equation Ax+ By+Cz+ D=0 with A, B 
and C not all zero is called the general 
form of the equation of a plane. Several 
types of the general form are: (1) Inter- 
cept form. The equation x/a+ y/b+ z/c=1, 
where a, b and c are the x, y, z intercepts, 
respectively. (2) Three-point form. The 
equation of the plane expressed in terms 
of three points on the plane. The simplest 
form is obtained by equating to zero the 
determinant whose rows are x, y, Zz, 1; 
X15 Vis Z1, 13 X2, Y2, 22, 1; and x3, y3, 23, I, 
where the subscript letters are the coordin- 
ates of the three given points. (3) Normal 
form. The equation 


Ix+my+nz—p=0, 


where /, m, and n are the direction cosines 
of the normal! to the plane, directed from 
the origin to the plane, and p is the length 
of the normal from the origin to the plane. 
If 7, m, m and the coordinates of a point in 
the plane, say x,, y), 21, are given, then 
p=lx,+my,+nz, and the equation of the 
plane can be written 


I(x-x,))+m(y-—y))t+tn(z—7))=0. 
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The left member of this equation is the 
scalar product of the vectors (/, m, n) and 
(x—x,,¥—y¥1,Z—2Z,). Therefore the left 
member of either of the above equations is 
the distance from the point (x, y, z) to the 
plane. An equation, Ax+ By+ Cz+ D=0, 
of a plane can be reduced to normal form 
by dividing by +(A2+ B2+ C?)'/2, the sign 
being opposite that of the constant term D. 

normal (perpendicular) lines or planes to 
lines, curves, planes, and surfaces. See 
NORMAL—normal to a curve or surface, 
PERPENDICULAR—perpendicular lines and 
planes. 

parallel lines and planes. See PARALLEL. 

pencil of planes. See PENCIL. 

plane angle of a dihedral angle. The 
angle formed by two intersecting lines, one 
of which lies in each face and both of which 
are perpendicular to the edge of the di- 
hedral angle; the plane angle between the 
intersections of the faces of the dihedral 
angle with a third plane which is perpen- 
dicular to the edge of the dihedral angle. 
Such a plane angle is said to measure its 
dihedral angle. When the plane angle is 
acute, right, obtuse, etc., its dihedral angle 
is said to be acute, right, obtuse, etc. 

plane curve. A curve all of whose points 
lie in a single plane. 

plane figure. A figure lying entirely in a 
plane. 

plane geometry. See GEOMETRY. 

plane sailing. See SAILING. 

plane section. The intersection of a 
plane and a surface or a solid. 

principal plane of a quadric surface. See 
PRINCIPAL—principal plane of a quadric 
surface. 

projection plane. The plane upon which 
a figure is projected; a plane section of the 
projection rays of a projection. See 
PROJECTION. 

projective plane. See PROJECTIVE—pro- 
jective plane. 

sheaf of planes. See SHEAF. 

shrinking of the plane. See sIMILITUDE— 
transformation of similitude, and STRAIN— 
one-dimensional strains. 


PLA-NIM’E-TER, 7. A mechanical device 
for measuring plane areas. Merely requires 
moving a pointer on the planimeter around 
the bounding curve. A common type is the 
polar planimeter. See INTEGRATOR. 


Plot 


PLAS-TIC’I-TY, n. theory of plasticity. 


The theory of behavior of substances be- 


yond their elastic range. 


PLATE, n. plate of a building. A _ hori- 
zontal timber (beam) that supports the 
lower end of the rafters. 


PLATEAU PROBLEM. The problem of 
determining the existence of a minimal 
surface with a given twisted curve as its 
boundary. It might or might not be re- 
quired that the minimal surface have mini- 
mum area. For several different contours 
the problem was solved by the physicist 
Plateau in soap-film experiments. 


PLATYKURTIC, adj. platykurtic distribu- 
tion. See KURTOSIS, 


PLAY, n. play of a game. Any particular 
performance, from beginning to end, 
involved in a game. See GAME and MOVE. 


PLAY’ER, n. An individual, or group of 
individuals acting as one, involved in the 
play of a game. In a two-person zero-sum 
game, the maximizing player is the player 
to whom all payments are considered as 
being made by the other player (a payment 
made to him is considered as a positive 
payment, while a payment made by him is 
considered as a negative payment); a 
minimizing player is the player to whom all 
payments are considered as being made (a 
payment made by him is considered as a 
positive payment, while a payment made to 
him is considered as a negative payment). 
See GAME and PAYOFF, 


PLOT, v. plota point. To locate the point 
geometrically, either in the plane or space, 
when its coordinates are given in some co- 
ordinate system. In Cartesian coordinates, 
a point is plotted by locating it on cross- 
section paper or by drawing lines on plain 
paper parallel to indicated axes of coordi- 
nates and at a distance from them equal to 
the proper coordinate of the point. See 
COORDINATE. 

point-by-point plotting (graphing) of a 
curve. Finding an ordered set of points 
which lie on a curve and drawing through 
these points a curve which is assumed to 
resemble the required curve. 
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PLUCKER’S ABRIDGED NOTATION. 
See ABRIDGED. 


PLUMB, adj., n. A weight attached to a 
cord. 
plumb line. See LINE—plumb line. 


PLUS, adj.,n. Denoted by +. (1) Indi- 
cates addition, as 2+3 (3 added to 2). 
(2) Property of being positive. (3) A little 
more or in addition to, as 2.35+. 

plus sign. The sign +. See PLus. 


POINCARE.  Poincaré-Birkhoff _ fixed- 
point theorem. Let acontinuous one-to-one 
transformation map the ring R formed by 
two concentric circles in such a way that 
one circle moves in the positive sense and 
the other in the negative sense and areas are 
preserved. Then the transformation has at 
least two fixed points. This theorem was 
conjectured by Poincaré and proved by 
G. D. Birkhoff. 

Poincaré duality theorem. See DUALITY. 

Poincaré recurrence theorem. Let X bea 
bounded open region of n-dimensional 
Euclidean space and let T be a homeo- 
morphism of X onto itself that preserves 
volume, that is, any open set and its 
transform by T have the same volume (or 
measure). Poincaré proved that there is a 
set S of measure zero in X such that, if x is 
not in S and U is any open set in X which 
contains x, then an infinite number of the 
points x, T(x), T2(x), T37(x),--- belong to 
U, where 7"(x) is the result of applying T to 
x successively 2 times. The theorem is still 
true if S is required to be of first category 
as well as of measure zero. Numerous 
generalizations and modifications of 
Poincaré’s theorem are known. See 
ERGODIC—-ergodic theory. 


POINT, adj., n. (1) An element of 
geometry which has position but no exten- 
sion. (2) An element of geometry defined 
by its coordinates, such as the point (1, 3). 
(3) An element which satisfies the postulates 
of a certain space. See POSTULATE— 
Euclid’s postulates, METRIC—metric space. 
(4) A unit used in measuring bodies of 
type, leads, etc. It is equal to .0138 inches 
or .0351 centimeters, in the U. S. system. 

accumulation (or cluster or limit) point. 
See ACCUMULATION. 


collinear points. See COLLINEAR. 

condensation point. See CONDENSATION. 

conjugate points relative to a conic. See 
CONJUGATE—conjugate points relative to a 
conic. 

decimal point. See DECIMAL. 

double point. See below, multiple 
point. 

homologous point. See HOMOLOGOUS. 

isolated point. A point in whose neigh- 
borhood there is no other point of the set 
under consideration. The origin is such a 
point on the graph of a polynomial equa- 
tion when the lowest degree homogeneous 
polynomial in the equation of the curve, 
referred to a system of Cartesian coordi- 
nates having its origin at the given point, 
vanishes for no values of x and y in a 
neighborhood of zero, except for both x 
and y equal to zero. The curve x24 y2= x3 
has an isolated point at the origin, since the 
equation x*+ y2=0 is satisfied only by the 
point (0,0). The lowest degree homo- 
geneous polynomial which can satisfy the 
above conditions is a quadratic; hence 
isolated points are at least double points. 
Syn. Acnode. 

material point. See MATERIAL. 

multiple (or A-tuple) point. A point ona 
curve at which the curve crosses or touches 
itself at least k times. A point on a curve 
where there are & tangents, distinct or co- 
incident. The equations of the tangents 
at a k-tuple point on an algebraic curve 
can be determined by equating to zero the 
lowest degree terms (in this case the terms 
of the Ath degree) in the equation of the 
curve referred to a Cartesian coordinate 
system whose origin is at the multiple 
point. Ifa curve has several (A) coincident 
tangents at a point, it is said to have a 
multiple (A-tuple) tangent at the point. A 
double point is a point at which a curve 
crosses itself (a point at which there are two 
tangents, real and distinct, coincident, or 
imaginary). The equations of the tangents 
at a double point on an algebraic curve can 
be determined by equating to zero the 
quadratic terms in the equation of the 
curve referred to a rectangular Cartesian 
coordinate system whose origin is at the 
double point, the linear terms and constant 
term being zero in this case. This quadratic 
may be a perfect square, in which case the 
two tangents are coincident. 
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ordinary (or simple) point of a curve. 
(1) A point at which the curve possesses a 
smoothly turning tangent, does not have 
an isolated point, and does not cross itself. 
Tech. A point is an ordinary point if in 
the neighborhood of this point either the 
ordinate (y) can be represented as a con- 
tinuously differentiable function of the 
abscissa (x), or x can be represented as a 
continuously differential function of y (in 
either case, the curve has a tangent which 
is a close approximation to the curve near 
the point). If the equation of the curve is 
f(x, y)=0 and f(x,y) has continuous 
second partial derivatives, then at a point 
for which f,=f,=0 the curve has two 
distinct tangents, or no tangent at all, 
according as fixfyy—fx,7 18 less than, or 
greater than, zero (if this expression is 
zero, the curve may have a double tangent, 
as at acusp). A point of a curve which is 
not an ordinary point is said to be a 
singular point. Cusps, crunodes, isolated 
points, and multiple points are singular 
points. (2) A point at which either the 
ordinate can be expressed as an analytic 
function of the abscissa in a neighborhood 
of the point or the abscissa as such a 
function of the ordinate. 

piercing point of a line in space. Any 
one of the points where the line passes 
through one of the coordinate planes. 

point charge. See CHARGE. 

point circle (null circle) and point ellipse. 
See CIRCLE—null circle, and ELLIPSE. 

point of contact. See TANGENCY—point 
of tangency. 

point of discontinuity. A point at which 
a curve (or function) is not continuous. 
See CONTINUOUS and DISCONTINUITY. 

point of division. The point which 
divides the line segment joining two given 
points in a given ratio. If the two given 
points have the Cartesian coordinates 
(x;,¥1) and (x2, y2) and it is desired to 
find a point such that the distance from 
the first point to the new point, divided by 
the distance from the new point to the 
second point, is equal to r,/r2, the formulas 
giving the coordinates x and y of the 
desired point are 
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When r,/r2 is positive, the point of division 


lies between the two given points, and the 
division is said to be internal; the new 
point is said to divide the line segment in- 
ternally in the ratio r;/r.._ When this ratio 
is negative, the point of division must lie 
on the line segment extended, and it is 
then said to divide the line segment ex- 
ternally in the ratio |r;/r2|.. When r,;=ro, 
the new point bisects the line segment and 
the above formulas reduce to 


_xXy+X2 Vit y2 

= a aes y= fac as . 
For points in space, the situation is the same 
as in the plane except that the points now 
have three coordinates. The formulas for 
x and y are the same, and the formula for 
zis 

ees 22441122 
ry + i) 


point at infinity. (1) See IDEAL—ideal 
point. (2) See INFINITy—point at infinity 
in the complex plane. 

point of inflection. Sce INFLECTION. 

point of osculation. A point at which 
two branches of a curve have a common 
tangent and lie on opposite sides of it. 
E.g., y*=(x—1)* has a point of osculation 
at x=1, the curve consisting of the two 
parabolas y=(x—1)* and y=-—(x-1)%, 
both tangent to the x-axis at the point 
(1, 0) and extending upward and downward, 
respectively. See OSCULATION. 

point-by-point plotting (graphing) of a 
function. See PLOT. 

point-slope form of the equation of a 
straight line. See LINE—equation of a 
straight line. 

point of tangency. See TANGENCY. 

power of a point. See POWER—power of 
a point. 

salient point. See SALIENT. 

simple point. Same aS ORDINARY POINT, 

singular point. See above, ordinary point 
of a curve, and various headings under 
SINGULAR, 

umbilical point on a surface. See UM- 
BILICAL. 


POISSON. Poisson distribution. A dis- 

tribution whose frequency function is of 
Xam 

the form f(x)=—— for x=0,1,2,-->:, 

where 7 is a parameter called the mean or 
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variance, the mean and variance of the 
Poisson distribution being equal. Often 
appears in observing events which are very 
improbable but which occur occasionally 
since so many trials occur, e.g., traffic 
deaths, accidents, and radioactive emis- 
sions. Specifically, if —> o and p—Oin 
the binomial distribution in such a fashion 
that np=m, the binomial distribution 
becomes the Poisson distribution. 
Poisson’s_ differential equation. The 
partial differential equation 
ay ey Ov 
@x2' byt O22 
or V2v=—u. See DIRICHLET—Dirichlet 
characteristic properties of the potential 
function. 
Poisson’s integral. The integral 


1 an U az — r2 F, 
in|, U Botarcos Ooh 4? 
OT, for C= ae'?¢ and Z= reid, 


Zz 


—H, 


which gives the value at the point x=r cos 8, 
y=r sin 6 of the function which is harmonic 
for x2+ y2< a2, continuous for x2+ y? Sa’, 
and which coincides with the continuous 
boundary-value function U(¢) on x*+ y2= 
a2, More general boundary-value func- 
tions can be considered. 

Poisson’s ratio. The numerical value of 
the ratio of the strain in the transverse 
direction to the longitudinal strain. EF.g.,a 
thin elastic rod, subjected to the action of 
a longitudinal stress 7, undergoes a con- 
traction e, in the linear dimensions of its 
cross section, and an extension e, in the 
longitudinal direction. The numerical 


: C1l. . . 
value of the ratio g= es is Poisson’s ratio. 


From Hooke’s law, T= Ee, where E is 
Young’s modulus in tension, so that 
eb 
T 
Poisson’s ratio has a value between 4 
and §. 


For most structural materials 


PO’LAR, adj., n. Same as POLAR LINE (as 
a noun). 

polar coordinates in the plane. The 
system of coordinates in which a point is 
located by its distance from a fixed point 
and the angle that the line from this point 


Polar 


to the given point makes with a fixed line, 
called the polar axis. The fixed point, O 
in the figure, is called the pole; the dis- 
tance, OP=r, from the pole to the given 
point, the radius vector; the angle @ (taken 
positive when counter-clockwise), the polar 
angle or vectorial angle. The polar co- 
ordinates of the point P are written (r, @). 
The polar angle is sometimes called the 
amplitude, anomaly or azimuth of the point. 
From the figure it can be seen that the 
relations between rectangular Cartesian and 
polar coordinates are x=rcos 6, y=rsin @. 
If r is positive (as in the figure), the ampli- 
tude, 6, of the point P is any angle (positive 
or negative) having O.XY as initial side and 
OP as terminal side. If r is negative, @ is 
any angle having OX as initial side and the 
extension of PO through O as terminal side. 
The point whose coordinates are (1, 130°) 
or (—1, —50°) is in the 2nd quadrant; the 
point whose coordinates are (— 1, 130°) or 
(1, —50°) is in the 4th quadrant. See 
ANGLE. 
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polar coordinates in space. Same as 
SPHERICAL COORDINATES. See SPHERICAL. 

polar distance. See CODECLINATION. 

polar equation. An equation in polar 
coordinates. See CONIC, and LINE—equa- 
tion of a straight line. 

polar form of a complex number. The 
form a complex number takes when it is 
expressed in polar coordinates. This form 
is r(cos @+isin 6), where r is the radius 
vector and @ the vectorial angle of the 
point represented by the complex number. 
The number r¢ is called the modulus and the 
angle @ the amplitude, argument, or phase. 
Syn. Trigonometric form (representation) 
of acomplex number. See COMPLEX—com- 
plex numbers, DE MOIvRE—De Moivre’s 
theorem, and EULER—Euler’s formula. 

polar line or plane. See POLE—pole and 
polar of a conic, and pole and polar of a 
quadric surface. 


Polar 


polar line of a space curve. The line 
normal to the osculating plane of the curve 
at the center of curvature. Syn. Polar. 

polar planimeter. See PLANIMETER. 

polar of a quadratic form. The bilinear 
form obtained from a quadratic form 


vn 
Q= a ajjX;X; (a;;=a,;;) by the operator 
i7a1 
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i.e., the bilinear form 


n 
Q'= > Qij Vix;- 
i, j=! 

If x and y are regarded as points in n—1 
dimensions with homogeneous coordinates 
(x1,°°-+, x,) and (y1,--°-, y,), then QO=0 is 
the equation of a quadric and Q’=0 is that 
of the polar of y with respect to the quadric. 
See below, pole and polar of a conic. 

polar reciprocal curves. See RECIPROCAL 
—polar reciprocal curves. 

polar tangent. The segment of the tan- 
gent line to a curve cut off by the point of 
tangency and a line through the pole 
perpendicular to the radius vector. The 
projection of the polar tangent on this 
perpendicular is the polar subtangent. The 
segment of the normal between the point 
on the curve and this perpendicular is the 
polar normal. The projection of the polar 
normal on this perpendicular is the polar 
subnormal. 

polar triangle of a spherical triangle. 
The spherical triangle whose vertices are 
poles of the sides of the given triangle, the 
poles being the ones nearest to the vertices 
opposite the sides of which they are poles. 
See POLE—pole of an arc of a circle on a 
sphere. 

reciprocal polar figures. See RECIPROCAL. 


PO’'LAR-I-ZA’TION, n. polarization of a 
complex of charges. See POTENTIAL— 
concentration method for the potential of 
a complex. 


POLE, nr. pole of an analytic function. 
See SINGULAR— isolated singular point of an 
analytic function. 

pole of the celestial sphere. One of the 
two points where the earth’s axis, produced, 
pierces the celestial sphere. They are 
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called the north and south celestial poles. 
See HOUR—hour angle and hour circle. 

pole of a circle on a sphere. A point of 
intersection of the sphere and the line 
through the center of the circle and per- 
pendicular to the plane of the circle. The 
north and south poles are the poles of the 
equator. The poles of an arc of a circle on 
a sphere are the poles of the circle contain- 
ing the arc. 

pole of geodesic polar coordinates. See 
GEODESIC—geodesic polar coordinates. 

pole and polar of a conic. A point and 
the line which is the locus of the harmonic 
conjugates of this point with respect to 
the two points in which a secant through 
the given point cuts the conic; a point and 
the line which is the locus of points conju- 
gate (see CONJUGATE—Cconjugate points 
relative to a conic) to the given point. 
The point is said to be the pole of the line 
and the line the polar of the point. Analy- 
tically, the polar of a point is the locus 
of the equation obtained by replacing the 
coordinates of the point of contact in the 
equation of a general tangent to the conic 
by the coordinates of the given point. 
See CONIC—tangent to a general conic. 
E.g., if a circle has the equation x2+ y2=a?, 
the equation of the polar of the point 
(x1, ¥1) is xyx+y,)y=a*. When a point 
lies so that two tangents can be drawn 
from it to the conic, the polar of the point 
is the secant through the points of contact 
of the tangents. The polar line of P, (in 
the figure), relative to the ellipse, is the line 
PP. 
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pole and polar of a quadric surface. A 
point (called the pole of the plane) and a 
plane (called the polar of the point) which 
is the locus of the harmonic conjugates of 
the point with respect to the two points in 
which a variable secant through the pole 
cuts the quadric. Analytically, the polar 
plane of a given point is the plane whose 
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Polyhedron 


equation is that obtained by replacing the 
coordinates of the point of tangency in the 
general equation of a tangent plane by the 
coordinates of the given point. See TAN- 
GENT—tangent plane to a quadric surface. 
If, for instance, the quadric is an ellipsoid 
whose equation is x2/a2+ y2/b2+ 22/c2=1, 
the polar of the point (x,, ¥;, 2,) is the plane 
X1x/a2 + y,y/b2 4+ 212/c2=1. 

pole of stereographic projection. See 
PROJECTION—Stereographic projection of a 
sphere on a plane. 

pole of a system of coordinates. See 
POLAR—polar coordinates in the plane. 


POL’I-CY, 7. annuity and _ insurance 
policies. See ANNUITY and INSURANCE. 


POL’Y-GON, n. A plane figure consisting 
of n points, Pi, Po, D3, °° *, Pr» N=3, (called 
vertices) and of the line segments p; po, 
P2P3,°**> Pn-1Pn» PnP (called sides). In 
elementary geometry it is usually required 
that the sides have no common point except 
their end points. A polygon of 3 sides is a 
triangle; of 4 sides, a quadrilateral; of 5 
sides, a pentagon; of 6 sides, a hexagon; of 7 
sides, a heptagon; of 8 sides, an octagon; 
of 9 sides, a nonagon; of 10 sides, a decagon; 
of 12 sides, a dodecagon; of nm sides, an 
n-gon. The plane area bounded by the 
sides of the polygon is the interior of the 
polygon. The (interior) angles of a polygon 
are the angles made by adjacent sides of the 
polygon and lying within the polygon. A 
polygon is convex if it lies on one side of 
any one of its sides extended; i.e., if each 
interior angle is less than or equa] to 180°. 


Convex CONCAVE 


A polygon is concave if it is not convex, 
i.e., if at least one of its interior angles is 
larger than 180°. A polygon is concave if 
and only if there is a straight line which 
passes through the interior of the polygon 
and cuts the polygon in four or more points. 
A convex polygon always has an interior. 
A concave polygon has an interior if no 
side touches any other side, except at vertex, 


and no two vertices coincide (i.e., if it is a 
simple closed curve or a Jordan curve). 
A polygon is equiangular if its interior 
angles are equal; it is equilateral if its sides 
are equal. A triangle is equiangular if and 
only if it is equilateral, but this is not true 
for polygons of more than three sides. A 
polygon is regular if its sides are equal and 
its interior angles are equal. 

circumscribed and inscribed polygons. 
See CIRCUMSCRIBED. 

diagonal of a polygon. A line segment 
joining any two nonadjacent vertices of the 
polygon. 

frequency polygon. 
frequency distribution. 

similar polygons. Polygons having their 
corresponding angles equal and their corre- 
sponding sides proportional. See SIMILAR. 

spherical polygon. A portion of a sphere 
bounded by arcs of great circles. 


See FREQUENCY— 


POL’Y-HE’DRAL, adj. polyhedral angle. 
See ANGLE—polyhedral angle. 


POL’ Y-HE’DRON, 2. A solid bounded by 
plane polygons. The bounding polygons 
are called the faces; the intersections of 
the faces, the edges; and the points where 
three or more edges intersect, the vertices. 
A polyhedron of four faces is a tetrahedron; 
one of six faces, a hexahedron; one of eight 
faces, an octahedron; one of twelve faces, a 
dodecahedron; and one of twenty faces, an 
icosahedron. A convex polyhedron is a 
polyhedron which lies entirely on one side 
of any plane containing one of its faces, 
i.e., a polyhedron any plane section of 
which is a convex polygon. A polyhedron 
that is not convex is concave. For a con- 
cave polyhedron, there is at least one plane 
which contains one of its faces and is such 
that there is a part of the polyhedron on 
each side of the plane. A simple polyhedron 
is a polyhedron which is topologically 
equivalent to a sphere, a polyhedron with 
no ‘“‘holes’’ in it. A regular polyhedron is a 
polyhedron whose faces are congruent 
regular polygons and whose polyhedral 
angles are congruent. There are only five 
regular polyhedrons: the regular tetra- 
hedron, hexahedron (or cube), octahedron, 
dodecahedron, and icosahedron. These are 
shown in the figures. More generally, a 
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polyhedron may be an object which is 
homeomorphic to a set consisting of all the 
points which belong to simplexes of a 
simplicial complex. 
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circumscribed and inscribed polyhedrons. 
See CIRCUMSCRIBED. 

diagonal of a polyhedron. See DIAGONAL 
—diagonal of a polyhedron. 

Euler’s theorem on polyhedrons. See 
EULER. 

similar polyhedrons. Polyhedrons which 
can be made to correspond in such a way 
that corresponding faces are similar each 
to each and similarly placed and such that 
their corresponding polyhedral angles are 
congruent. 

symmetric polyhedrons. Two  poly- 
hedrons each of which is congruent to the 
mirror image of the other. 


POL’ Y-NO’MI-AL, adj., n._ A polynomial 
in one variable (usually called simply a 
polynomial) is a rational integral algebraic 
expression of the form ajx”+a,x""!4 --- 
+a,—-1X+a,, where a;,i=0, 1, 2,--+-n, are 
complex numbers (real or imaginary), and 
nis a positive integer. Sometimes v7 is only 
required to be nonnegative. A polynomial 
is said to be linear, quadratic, cubic, 
quartic (or biquadratic), etc., according as 
its degree is 1, 2, 3, 4, etc. A polynomial in 
several variables is an expression which is 
the sum of terms, each of which is the 
product of a constant and various non- 
negative powers of the variables. 

continuation of sign in a polynomial. See 
CONTINUATION. 

degree of a polynomial. See DEGREE. 

polynomial equation. See EQUATION— 
polynomial equation. 

polynomials of Bernoulli, Hermite, La- 
guerre, Legendre, and Tchebycheff. See the 
respective names. 
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POOLED, adj. pooled sum of squares. 


k nj 
(Statistics.) sS= > > (xy— %))2, where 
j=1 i=1 
jJ=1,2,--+,k over k samples and i=1, 2, 
-, Nj, Where n; is the number of observa- 
tions in the jth sample. Actually, the 
squared deviations around the individual 
sample means is the set of quantities that 
are summed, but standard statistical prac- 
tice is to use the phrase pooled sum of 
squares. 


POP’U-LA'TION, 7. (Statistics.) The 
total set of items (actual or potential) de- 
fined by some characteristic of the items. 
Thus the totality of potential measurements 
of a rod of fixed length is a population; the 
totality of automobile tires produced under 
prescribed conditions is the population of 
that defined set. If the total set is infinitely 
large, it 1s called an infinite population. 


POS’I-TIVE, adj. 
ANGLE. 

positive correlation. See CORRELATION. 

positive number. Positive and negative 
numbers are used to denote numbers of 
units taken in opposite directions or oppo- 
site senses. If a positive number denotes 
miles east, a negative number denotes miles 
west. Tech. If ais a positive number, then 
b is the negative number containing a units 
if a+b=0; positive a is written +a, or 
simply a, while b, the negative of a, is 
written —a. The set of real numbers is an 
ordered field. See FlELD—ordered field. 

positive sign. Same as PLUS SIGN. See 
PLUS. 


positive angle. See 


POS’TU-LATE, 7. See AXIOM. 

Euclid’s postulates. (1) A straight line 
may be drawn between any two points. 
(2) Any terminated straight line may be 
produced indefinitely. (3) About any point 
as center a circle with any radius may be 
described. (4) All right angles are equal. 
(5) (The parallel postulate.) If two straight 
lines lying in a plane are met by another 
line, making the sum of the internal angles 
on one side less than two right angles, then 
those straight lines will meet, if sufficiently 
produced, on the side on which the sum 
of the angles is less than two right angles. 
(There is not complete agreement on how 
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many of Euclid’s assumptions were desig- 
nated as postulates, but these five are 
generally so recognized.) 


PO’'TEN-CY, 7. potency of a set. See 
CARDINAL—Cardinal number. 


POTENTIAL, adj., n. The work done 
against a conservative field or its negative 
(depending on conventions) in bringing a 
unit of the proper sort from infinity to the 
point in question, or the value at the given 
point of a function whose directional 
derivative is equal in magnitude to the 
component of the field intensity in that 
direction at the given point. This concept 
is so extensive and well developed that it 
can only be described satisfactorily by 
enumerating its special instances. See 
various headings below. 

concentration method for the potential 
of a complex. This method consists of 
selecting a point O inside the complex and 
expressing r; in terms of quantities asso- 
ciated with O, namely, r (the distance from 
O to the field point), 7; (the distance from O 
to the charge e,), and 0; (the angle between 
rand /;). Thus by the law of cosines and 
the binomial theorem we have 


r;-i=(r24+-1;2-2rl; cos that 
CF COS 6)/r2 +13 cos? 0, — 1)/(2r3)+ i Ne 


If we let A; be the vector from O to e;, 
e, the unit vector pointing from O toward 
the field point, and pw; the vector e;A,, 
then p;-e,=e,/,cos9; and _ therefore 
Le; cos 0; = Xp;-e,=—M-eP;, where p= Up,. 
The quantity w is called the polarization of 
the complex. If we multiply the foregoing 
equation for r;~! by e;, sum on /, and denote 
the total charge Ye; by e, we see that the 
potential assumes the form e/r+ (w-e,)/r2+ 
higher order terms. If the complex consists 
of but two charges equal in magnitude but 
opposite in sign and we call the negative 
charge e,, then 


Mey + Wp = €2(— A, + AQ)=B. 
Now —A,+A,) is a vector from the nega- 
tive charge e, to the positive charge e). 
Consequently, the polarization of this 
special complex (which in one sense is the 
electrical counterpart of a magnet) is a vec- 
tor having the direction from the negative 
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charge to the positive charge and having 
magnitude m equal to the magnitude of the 
positive charge times the distance between 
charges. A doublet or dipole is the abstrac- 
tion obtained by allowing /, and /, to 
approach zero while e, (e,=—e,) ap- 
proaches infinity in such a way that p 
remains constant. This limiting process 
eliminates the higher-order terms in the 
expansion of r;~!. Hence the potential of 
the doublet is given by the single term 
(w-e,)r-2 or (mcos #)r-2, where @ is the 
angle between e; and pw. Returning to the 
more general complex of charges, we see 
that, except for terms involving the third 
and higher powers of 1/r, its potential is 
that due to a single charge of magnitude e 
and a dipole of moment yu both located at 
O. 

conductor potential. See CONDUCTOR. 

Dirichlet characteristic properties of the 
potential function. See DIRICHLET. 

electrostatic potential. See ELECTRO- 
STATIC, 

first, second, and third, boundary-value 
problems of potential theory. See BOUNDARY. 

Gauss’ mean value theorem for potential 
functions. See GAUSS—Gauss’ mean value 
theorem. 

gravitational potential of a complex of 
particles (Newtonian potential). The func- 
tion obtained from e;/r; by replacing e; 
with —Gm,, where G denotes the gravita- 
tional constant and m; the mass of the ith 
particle. Many writers omit the minus sign 
and compensate for it otherwise. When 
this is done it is the positive gradient of the 
potential that gives the field strength or 
force a unit mass would experience if 
placed at the point in question. If the 
minus sign is dropped and G is given the 
value unity, the Newfonian potential func- 
tion for the set of point-masses is then 
um, /r;. 

kinetic potential. The difference between 
the kinetic energy and the potential energy. 
Syn. Lagrangian function. 

potential energy. See ENERGY. 

potential function for a double layer of 
distribution of dipoles on a surface. This 
potential function U is given by 


U= [[m cos 6r-2 dS. 


Here m is the moment per unit area of the 
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dipole distribution and @ is the angle be- 
tween the polarization vector and the 
vector to the field point (see concentration 
method for the potential of a complex). 
If m is not only continuous but is of class 
C and the polarization vector is normal 
to the surface, then 

oU 


lim PA. 


. eV 
= lim — 
at N on 


at M 


as M and N approach P. However, in 
this case U suffers a jump on passing 
through the surface; for, if 7 is continuous 
and M and WN are points on the positive 
and negative sides of the normal through 
the surface point P, then lim U(M)= 
U(P)+27m(P), while lim U(N)= U(P)— 
27m(P). 

potential function for a surface distribu- 
tion of charge or mass. The function U 


defined by U= [[orr dS. Here o is the 


surface density of charge or mass if o is 
continuous. U is continuous but its nor- 
mal derivative suffers a jump at the surface. 
More precisely, if we select a point P on 
the surface (but not on its edge if it is a 
surface patch), draw the normal through 
P, select two points M and N on the normal 
but on opposite sides of P, and compute the 
normal derivatives in the sense M to WN at 
both M and N, then the limit as M and N 
approach P of 


6U/On| at n—2U/én|at M 


is —470. 

potential function relative to a given 
vector point function ¢. A scalar point 
function S such that VS=4¢, or —VS=¢, 
depending on the convention adopted. If 
@ is the velocity, then S is called the 
velocity potential. See IRROTATIONAL—ir- 
rotational vector in a region. 

potential function for a volume distribution 
of charge or mass. If we are given a 
continuous space distribution of charge or 
mass (i.e., a density function instead of a 
discrete collection of points endowed with 
charge or mass), the potential function is 


( | i p/rdV. Here p is a point function, 


say p(X, Y, Z) in Cartesian coordinates, r 
is the distance from the charge point CX, 
Y, Z) to the field point (x, y, z), whereas the 
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region of integration is the volume occupied 
by the charge. Thus in 


{[llorr dX dY dZ, 


the integration variables are the coordi- 
nates X, Y, Z, while the letters x, y, z ap- 
pear as parameters. Consequently, 


{{ p|r dV 


is a function of the field point variables 
X,Y, Z. 

potential in magnetostatics. Work done 
by the magnetic field in repelling a unit 
positive pole from the given point to a 
point at infinity, or to a point which has 
been selected as a point of zero potential. 
The potential due to a distribution of 
magnetic material is essentially that of a 
similar dipole distribution. 

potential theory. The theory of potential 
functions. From one point of view, it is 
the theory of Laplace’s equation. Every 
harmonic function can be regarded as a 
potential function and the Newtonian 
potential functions are harmonic functions 
in free space. 

spreading method for the potential of a 
complex. Instead of replacing the complex 
with a series of fictitious elements located 
at a single point, the spreading method 
replaces the set of point charges with a 
continuous distribution of charge char- 
acterized by a density function p(x, y, z), or 
with both a density of charge and a density 
of polarization. If both charge and polari- 
zation are spread, simpler functions will 
suffice for a given degree of approximation 
than will if only charge is distributed. The 
potential in the two cases is taken to be 


{ | | p/r dV if charge alone is spread, and 
otherwise 


JJJotr ars |]fom cos 2 av. 


Here m is the absolute value of the polariza- 
tion per unit volume. If the polarization 
may be regarded as concentrated on a 
surface, the last integral should be replaced 
with the surface integral 


{ m cos @r-2 dS, 


in which 7 is the magnitude of the polariza- 
tion per unit area. 
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vector potential relative to a given vector 
point function ¢. A vector point function 
w such that Vx P=q. See soLENOIDAL— 
solenoidal vector in a region. 


POUND, n. A unit of weight; the weight 
of one mass pound. See MAss and WEIGHT. 
Since weight varies slightly at different 
points on the earth, for extremely accurate 
work one pound of force is taken as the 
weight of a mass pound at sea level and 45° 
north latitude. 
pound of mass. See MASS. 


POUND’AL, 7. A unit of force. See 
FORCE—unit of force. 


POW’'ER, adj., n.  Abel’s theorem on 
power series. See ABEL. 

difference of like powers of two quanti- 
ties. See DIFFERENTIAL. 

differentiation of a power series. See 
SERIES—differentiation of an infinite series. 

fitting by a power law. (Statistical graph- 
ing.) Determining the constants, a and n, 
in the equation y=ax” by means of a set 
of statistics which are known (or assumed) 
to approximately satisfy this type of 
equation. This problem is reduced to the 
problem of fitting a linear equation to the 
data, by taking the logarithm of both sides 
of this equation, which changes it to 


log y=nlogx+loga or u=nv+ec, 


where log y=u, log x=v. and log a=c. 

integration of a power series. See SERIES 
—integration of an infinite series. 

perfect nth power. See PERFECT. 

power. (Physics.) The rate at which 
work is done. 

power of a number. See EXPONENT. 

power of a point with reference to a circle 
orasphere. With reference to a circle, the 
quantity obtained by substituting the 
coordinates of the point in the equation of 
the circle when written with the right-hand 
side equal to zero and the coefficients of 
the square terms equal to unity. This is 
equal to the algebraic product of the dis- 
tances from the point to the points where 
any line through the given point cuts the 
circle (this product is the same for all such 
lines); it is equal to the square of the length 
of a tangent from the point to the circle 
when the point is external to the circle. 


With reference to a sphere, the power of a 
point is the power of the point with refer- 
ence to any circle formed by a plane 
passing through the point and the center 
of the sphere. This is equal to the value 
obtained by substituting the coordinates of 
the point in the equation of the sphere 
when written with the right-hand side 
equal to zero and the coefficients of the 
square terms equal to unity. It is also the 
product of the distances from the point to 
the points where any line through the given 
point cuts the sphere, or the square of the 
length of a tangent from the point to the 
sphere if the point is external to the sphere. 

power residue. See RESIDUE. 

power series. See SERIES. 

power of a set. See CARDINAL—cardinal 
number. 

sums of like powers of two quantities. 
See suM—sums of like powers of two quan- 
tities. 


PRE-CI’SION, 7. double precision. A 
term applied when, in a computation, two 
words (or storage positions) of a computing 
machine are used to denote a single number 
to more decimal places than would be 
possible with one storage position. 

index of precision. See INDEx—index of 
precision. 


PRE’MI-UM, adj.,n. (1) The amount paid 
for the loan of money, in addition to nor- 
mal interest. (2) The difference between 
the selling price and par value of stocks, 
bonds, notes, and shares, when the selling 
price is larger (e.g., premium bonds are 
bonds which sell at a premium—for more 
than par value). Compare DISCOUNT. 
(3) One kind of currency is at a premium 
when it sells for more than its face value in 
terms of another; when one dollar in gold 
sells for $1.10 in paper money, gold is ata 
premium of 10 cents per dollar. (4) The 
amount paid for insurance. A net premium 
is a premium which does not include any 
of the company’s operating expenses. 
Explicitly, net annual premiums are equal 
annual payments made at the beginning of 
each policy year to pay the cost of a policy 
figured under the following assumptions: 
all policyholders will die at a rate given by 
a standard (accepted) mortality table; the 
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insurance company’s funds will draw in- 
terest at a certain given rate; every benefit 
will be paid at the close of the policy year 
in which it becomes due, and there will be 
no charge for carrying on the company’s 
business; the net single premium is the 
present value of the contract benefits of the 
insurance policy. The natural premium is 
the net single premium for a one-year term 
insurance policy at a given age (this is the 
yearly sum required to meet the cost of 
Insurance each year, not including the 
company’s operating expenses). Net level 
premiums are fixed (equal) premiums 
(usually annual), which are equivalent over 
a period of years to the natural premiums 
over the same period. In the early years, 
the premiums are greater than the natural 
premium; in the later years, they are less. 
Gross premium (or office premium) is the 
premium paid to the insurance company; 
net premium, plus allowances for office 
expenses, medical examinations, agents’ 
fees, etc., minus deductions due to income. 
Installment premiums are annual premiums 
payable in installments during the year. 
The single premium for an insurance policy 
is the amount which, if paid on the policy 
date, would meet all premiums on the 
policy. See RESERVE. 


PRES’ENT, adj. present value. See 
VALUE—present value. 


PRES’SURE, n. (Physics.) A force, per 
unit area, exerted over the surface of a 
body. See below, fluid pressure. 

center of pressure. See CENTER—center 
of pressure. 

fluid pressure. The force exerted per 
unit area by a fluid. The fluid pressure on 
a unit horizontal area (plate) at a depth / 
is equal to the product of the density of 
the fluid and A.. The total force on a hori- 
zontal area at depth & is khA, where A is 
the area and & the density of the fluid. 
The total force on a nonhorizontal area is 
found by dividing the area into infinitesi- 
mal (differential) areas (horizontal strips, 
if the area is in a vertical plane) and sum- 
ming the force on these strips by integra- 
tion. See ELEMENT—element of integra- 
tion. (The height of the fluid can be 
measured from any point in the element of 
area and the force on the element computed 
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the same as if the element were in a hori- 
zontal plane at that depth. See DUHAMEL’S 
THEOREM. ) 


PRE-VAIL’ING, adj. prevailing interest 
rate for a given investment. The rate 
which is generally accepted for that partic- 
ular type of investment at the time under 
consideration. Syn. Income rate, current 
rate, yield rate. 


PRICE, 1. The quoted sum for which 
merchandise or contracts (bonds, mort- 
gages, stock, etc.) are offered for sale, or the 
price for which they are actually sold (the 
selling price). The price recorded in whole- 
sale catalogues and other literature is the 
list price (it is usually subject to a discount 
to retail merchants). The net price is the 
price after all discounts and other reduc- 
tions have been made. For bonds, the 
total payment made for a bond is the flat 
price or purchase price; the quoted price (or 
*‘and interest price’) is the same as the book 
value of the bond (see VALUE). The theo- 
retical value of the purchase price of a bond 
on a dividend date is the present value of 
the redemption price (usually face value) 
plus the present value of an annuity whose 
payments are equal to the dividends 
on the bond; between dividend dates, the 
purchase price is the sum of the price of the 
bond at the last interest date and the 
accrued interest (the proportionate part of 
the next coupon which is paid to the seller).. 
The flat price is equal to the quoted price 
plus the accrued interest. The redemption 
price of a bond is the price that must be 
paid to redeem a bond. If a bond specifies 
that it may be redeemed at specified dates 
prior to maturity, the price at which it may 
be redeemed on such dates is the call price. 


PRI'MA-RY, adj. primary infinitesimal 
and infinite quantity. See STANDARD— 
standard infinitesimal and infinite quantity. 


PRIME, adj.,. prime direction. An initial 
directed line; a fixed line with reference 
to which directions (angles) are defined; 
usually the positive x-axis or the polar axis. 

prime factors of a quantity. All the 
prime quantities (numbers, polynomials) 
that will exactly divide the given quantity. 
E.g., (1) the numbers 2, 3 and 5 are the 
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prime factors of 30; (2) the quantities x, 
(x+1) and (x—1) are the prime factors of 
x5—2x3+x. See below, prime number, 
and prime polynomial. 

prime meridian. Sce MERIDIAN. 

prime number. An integer which has no 
integral factors except unity and itself, as 
2, 3, 5, 7, or 11; 1 is usually excluded. 

prime number theorem. Let 7(n) be the 
number of prime integers not greater than 
n, The prime number theorem states that 
the limit of the ratio of z(m) and n/log, n, 
as m becomes infinite, is 1. 

prime polynomial. A polynomial which 
has no polynomial factors except itself and 
constants. The polynomials x—1 and 
x2+x+1 are prime. Tech. A polynomial 
which is irreducible. See IRREDUCIBLE— 
polynomials irreducible in a given field. 

prime (or accent) as a symbol. The 
symbol (’) placed to the right and above a 
letter. (1) Used to denote the first deriva- 
tive of a function: y’ and f(x), called y- 
prime and f-prime, denote the first deriva- 
tives of yand f(x). Similarly y” and f’’(x), 
called y double prime and f double prime, 
denote second derivatives. In _ general, 
yl] and fl] (x) denote the nth derivatives. 
(2) Sometimes used on letters to denote 
constants, x’ denoting a particular value of 
x, (x’, y’) denoting the particular point 
whose coordinates are x’ and y’, in distinc- 
tion to the variable point (x, y). (3) Used 
to denote different variables with the same 
letters, as x, x’, x”’, etc. (4) Used to denote 
feet and inches, as 2’ 3’’, read two feet and 
three inches. (5) Used to denote minutes 
and seconds in circular measurement of 
angles, as 3° 10’ 20’’, read three degrees, 
ten minutes, and twenty seconds. 

relatively prime quantities. Quantities 
which have no factor in common except 
unity. They are also said to be prime to 
each other. 


PRIM’I-TIVE, adi. (1) A geometrical or 
analytic form from which another is 
derived; a quantity whose derivative is a 
function under consideration. (See DERIV- 
ATIVE.) (2) A function which satisfies a 
differential equation. (3) A curve of which 
another is the polar or reciprocal, etc. 
primitive curve. A curve from which 
another curve is derived; a curve of which 
another is the polar, reciprocal, etc.; the 
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graph of the primitive of a differential 
equation (a member of the family of curves 
which are graphs of the solutions of the 
differential equation). See INTEGRAL—in- 
tegral curves. 

primitive of a differential equation. See 
DIFFERENTIAL—Ssolution of a differential 
equation. 

primitive element of a monogenic analytic 
function. See MONOGENIC—monogenic ana- 
lytic function. 

primitive nth root of unity. See UNITY— 
root of unity. 

primitive period of a periodic function of 
a complex variable. See PERIODIC— 
periodic function of a complex variable, 
and various headings under PERIOD. 


PRIN’CI-PAL, adj., n. Most important 
or most significant. In finance, money put 
at interest, or otherwise invested. 

principal diagonal. See DETERMINANT, 
MATRIX, and PARALLELEPIPED. 

principal ideal. See IDEAL. 

principal meridian. See MERIDIAN. 

principal normal. See NORMAL—normal 
to a curve or surface. 

principal part of the increment of a 
function. See INCREMENT—increment of a 
function. 

principal parts of a triangle. The sides 
and interior angles. The other parts, such 
as the bisectors of the angles, the altitudes, 
the circumscribed and inscribed circles, are 
called secondary parts. 

principal plane of a quadric surface. A 
plane of symmetry of the quadric surface. 

principal radii of curvature at a point on 
a surface. The two radii of curvature of 
the normal sections whose curvatures are 
respectively the maximum and minimum of 
the curvatures of all normal sections at the 
point. These two sections are orthogonal 
at the point. 

principal root of a number. The positive 
real root in the case of roots of positive 
numbers; the negative real root in the case 
of odd roots of negative numbers. Every 
number has two square roots, three cube 
roots, and in general n nth roots. 

principal value of an inverse trigonometric 
function. See TRIGONOMETRIC—inverse 
trigonometric functions. 


PRIN-CI’PI-A, ». One of the greatest 
scholarly works of all time, written by Sir 
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Isaac Newton, and first printed in London 
in 1687 under the title Philosophiae Natu- 
ralis Principia Mathematica. This work 
lies at the base of all present structure of 
mechanics of rigid and deformable bodies 
and mathematical astronomy. 


PRIN’CI-PLE, n. A general truth or law, 
either assumed or proved. See Axiom— 
axiom of continuity, DUALITY, ENERGY— 
principle of energy, PROPORTIONAL—pro- 
portional parts, and  SAINT-VENANTS’ 
PRINCIPLE. 

principle of the maximum. The principle 
that if f(z) is a regular analytic function 
of the complex variable z in the domain D, 
and f(z) is not a constant, then f(z) does 
not attain a maximum absolute value at any 
interior point of D. 

principle of the minimum. The principle 
that if f(z) is a nonvanishing regular ana- 
lytic function of the complex variable z in 
the domain D, and if f(z) is not constant, 
then | f(z)| does not take on a minimum 
value at any interior point of D. Note 
that if f(z)=z, |f(z)| does take on a mini- 
mum at the origin. 


PRINGSHEIM’S THEOREM on double 
series. See SERIES—double series. 


PRISM, nv. A polyhedron with two con- 
gruent and parallel faces, called the bases, 
and whose other faces, called lateral faces, 


are parallelograms formed by joining corre- 
sponding vertices of the bases; the inter- 
sections of lateral faces are called lateral 
edges. A diagonal is any line segment 
joining two vertices that do not lie in the 
same face or base. The altitude is the 
perpendicular distance between the bases. 
The lateral area is the total area of the 
lateral faces (equal to an edge times the 
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perimeter of a right section), and its volume 
is equal to the product of its base and its 
altitude. A prism with a triangle as base 
is called a triangular prism; one with a 
quadrilateral as base is called a quad- 
rangular prism; etc. A right prism is a 
prism whose bases are perpendicular to the 
lateral edges; a right prism is a regular 
prism if the bases are regular polygons. A 
truncated prism is a portion of a prism 
lying between two nonparallel planes which 
cut the prism and have their line of inter- 
section outside the prism. A right trun- 
cated prism is a truncated prism in which 
one of the cutting planes is perpendicular 
to a lateral edge. 


rae 


circumscribed and inscribed prisms. See 
CIRCUMSCRIBED. 

right section of a prism. A plane section 
perpendicular to the lateral faces of the 
prism. 


PRIS-MAT’IC, adj. prismatic surface. 
A surface generated by a moving straight 
line which always intersects a broken line 
lying in a given plane and is always parallel 
to a given line not in the plane. When 
the broken line is closed, the surface is 
called a closed prismatic surface. 


PRIS’MA-TOID, adj., n. A polyhedron 
whose vertices all lie in one or the other of 
two parallel planes. The faces which lie in 
the parallel planes are the bases of the 
prismatoid and the perpendicular distance 
between the bases is the altitude. See 
PRISMOIDAL—prismoidal formula. 

prismatoid formula. Same as the PRIS- 
MOIDAL FORMULA. 


PRIS’MOID, nn. A _ prismatoid whose 
bases are polygons having the same num- 
ber of sides, the other faces being trapezoids 
or parallelograms. 


Prismoidal 


Probability 


PRIS-MOI’DAL, adj. prismoidal formula. 
The volume of a prismatoid is equal to 
one-sixth of the altitude times the sum of 
the areas of the bases and four times the 
area of a plane section midway between 
the bases: V=4h(B,4+4B,,+B,). This 
formula also gives the volume of any solid 
having two parallel plane bases, whose 
cross-sectional area (by a plane parallel to 
the bases) is given by a linear, quadratic, 
or cubic function of the distance of the 
cross section from one of the bases (an 
elliptic cylinder, and quadratic cone, satisfy 
these conditions). The prismoidal formula 
is sometimes given as V=1hA(B,+35), 
where S is the area of a section parallel to 
the base and 7 the distance from B, to By. 
This is equivalent to the preceding form. 
See SIMPSON’S RULE. 


PROB’ A-BIL’I-TY, adj., n. (1) Let n be 
the number of exhaustive, mutually exclu- 
sive, and equally likely cases of an event 
under a given set of conditions. If m of 
these cases are known as the event A, then 
the (mathematical or a priori) probability of 
event A under the given set of conditions 
is m/n. E.g., if one ball is to be drawn 
from a bag containing two white balls and 
three red balls, the probability of drawing 
a white ball is ¢ and the probability of 
drawing a red ball is 2. This definition is 
circular in that equally likely means equally 
probable, but the intuitive meaning is use- 
ful. (2) If, in a random sequence of n trials 
of an event with m favorable events, the 
ratio m/n as n increases indefinitely has 
the limit P, then P is the probability of 
the event m. This is sometimes amended 
to state that, if it is practically certain 
that m/n is approximately equal to P when 
n is very large, P is the probability of the 
event m. (3) A third general type of defi- 
nition is based on certain axiomatic state- 
ments and leaves the problem of applying 
these to empirical situations to the inge- 
nuity of the practicing statistician. If, in 
a given set of N elements, N, are consid- 
ered elements A, then the probability of 
an element of the set being 4 is N,/N. 
All the above definitions have either logical 
or empirical difficulties. They usually give 
the same numerical values for the usual 
empirical problems. See below, empirical 
or a posteriori probability. 


empirical or a posteriori probability. If 
in a number of trials an event has occurred 
n times and failed m times, the probability of 
its occurring in the next trial is n/(n+m). 
It is assumed, in determining empirical 
probability, that there is no known infor- 
mation relative to the probability of the 
occurrence of the event other than the past 
trials. The probability of a man living 
through any one year, based upon past ob- 
servations as recorded in a mortality table, 
is empirical probability. See BAYES’ THEO- 
REM. 

inverse probability. See BAYES’ THEOREM. 

mathematical or a priori probability. 
See above, PROBABILITY (1). 

probability convergence. Let x1, x2, x3, 
-- + be a sequence of random variables (e.z., 
the means of samples of size 1, 2, 3,---). 
Then x, converges in probability to a 
constant k if, for any «> 0, the probability 
of |x,—k|>« tends to zero as n> ow, 

probability curve. A curve of the type 
shown in the figure; the locus of any curve 


of the type y=ke-#*(x-4)* where A, A, and 
k are constants. Syn. Error curve, normal 
distribution curve, normal frequency curve. 
See FREQUENCY—normal frequency curve. 

probability density function. Let the 
range of a continuous variable x be the 
interval (a, b). Let (c, d) be an interval in 
(a,b). Let P(c, d) denote the probability 
that x has a value in the interval (c, d). 
Let it be assumed that (1) P(c, d)=20, 
(2) P(a, b)=1, (3) P(c, d)=P(c, e)+ P(e. d) 
if c<e<d, (4) when (ec, d) is infinitesimal, 
P(c, d) is also infinitesimal (of the same 
or higher order). Then P(c,c)=0O and 
P(c, d) is a continuous function of c and d. 
Let lim 262 x+4%) 

Ax—0 Ax 

called the probability density of x, or the 
probability function. Also, 
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= p(x); then p(x) 1s 
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b 
and i p(x) dx=1. If p(x)=0 for those 
a 


values of x which are not possible, then 
io @) 
{ P(x) dx=1. 
—o0 


The probability of xx, is the relative 
distribution function, often called a distribu- 
tion function. It is equal to 


ie P(x) dx. 


The probability density function is often 
called the relative frequency function, or 
merely the frequency function. Usually 
from the context it is apparent whether the 
relative or absolute frequency function is 
meant. The above concepts can be 
generalized, a probability measure for a set 
S being a nonnegative real measure for 
which m(S)=1. The above measure P(c, d) 
of intervals (c,d) can be extended to be a 
measure for the o-ring generated by the 


intervals. Then m(R)= | P(x)dx. See 
R 


MEASURE-——measure of a set. 

probability limit. JT is the probability 
limit of the statistic t,, derived from a 
random sample of n observations, if the 
probability of |¢,—7|<e« approaches 1 as 
a limit as nm — 00, forany e>0. See above, 
probability convergence. 

probability of the occurrence of an event 
in a number of repeated trials. (1) The 
probability that an event will happen 
exactly r times in n trials, for which p is the 
probability of its happening and gq of its 
failing in any given trial, is given by the 
formula n!p’q"-"/[r!(n—r)!], which is the 
(n—r+1)th term in the expansion of 
(p+q)". The probability of throwing 
exactly two aces in five throws of a die is 

51(4)2(2)3/(2!3!)=.164+. 

(2) The probability that an event will hap- 
pen at least r times in n throws is the prob- 
ability that it will happen every time plus 
the probability that it will happen exactly 
n—1i times, n—2 times, etc., to exactly 
r times. This probability is given by the 
sum of the first n—r+ 1 terms of the expan- 
sion of (p+q)". 

probability paper. Graph paper, one 
axis Of which is scaled so that the graph of 
the cumulative frequency of the normal dis- 
tribution function forms a straight line. 


PROB’A-BLE, adj. Likely to be true or 
to happen. 

probable deviation, or probable error. 
See DEVIATION. 


PROB’LEM, n. A question proposed for 
solution; a matter for examination; a 
proposition requiring an operation to be 
performed or a construction to be made, as 
to bisect an angle or find a cube root of 2. 
See ACCUMULATION—accumulation prob- 
lem, DIDO’S PROBLEM, DISCOUNT—discount 
problem under compound interest, FouR— 
four color problem, and APOLLONIUS. 
problem formulation. In numerical 
analysis, problem formulation is the process 
of deciding what information the customer 
really wanted, or should have wanted, and 
then of writing this in mathematical terms 
preparatory to programming the problem 
for machine solution. See PROGRAMMING— 
programming for a computing machine. 


PRO’CEEDS, nr. (1) The sum of money 
obtained from a business transaction or en- 
terprise. The proceeds of a farm for a year 
is the sum of all the money taken in during 
the year; the proceeds of a sale of goods is 
the money received in return for the goods. 
The amount of money left after deducting 
all discounts and expenses from the pro- 
ceeds of a transaction is called the net 
proceeds. (2) The difference between the 
face of a note, or other contract to pay, and 
the discount; the balance after interest, in 
advance, has been deducted from the face 
of the note. 


PRO-DUCE’, v. produce a line. To 
continue the line. Syn. Prolong, extend. 


PROD’UCT, adj., n. The product of two 
or more objects is the object which is 
determined from these objects by a given 
operation called multiplication. See various 
headings below (particularly, product of 
real numbers) and under MULTIPLICATION. 
Also see COMPLEX—-complex numbers, and 
SERIES—multiplication of series. 

Cartesian product. The Cartesian pro- 
duct of two sets A and B is the set (denoted 
by A x B) of all pairs (x, y) such that x is a 
member of A and y is a member of B. If 
multiplication, addition, or multiplication 
by scalars is defined for each of the sets A 


Product 


and B, then the same operation can be 
defined for A x B by 


(X1, V1) + (%2, Yo) = (% 1° X2, V1 V2)s 
(x4, yyt+(%X, V2 =(%1 + Xo, Yi +2), 
a(x, y)=(ax, ay). 


If A and B are groups, their Cartesian 
product is a group. A matrix representa- 
tion of the Cartesian product of two groups 
is given by the direct product of correspond- 
ing matrices in representations of the two 
groups. If a group G has subgroups A, 
and H> such that H, and H,> have only the 
identity in common, each element of Gis a 
product of an element of H, and an element 
of H>, and each element of H, commutes 
with each element of H>, then G is iso- 
morphic with the Cartesian product 
H,x HA. If A and B are rings, then Ax B 
isaring. If A and Bare vector spaces (with 
the same scalar multipliers), then A x B is 
a vector space. If A and B are topological 
spaces, then A x B is a topological space if 
a set in A x B is defined to be open if it is 
a Cartesian product Ux V, where U and V 
are open sets in A and B. If A and Bare 
topological groups (or topological vector 
spaces), then 4 x B is a topological group 
(or a topological vector space). If A and 
B are metric spaces, the usual distance 
relation for A x Bis 


dl(X1, ¥1), (X2, Y2)] 

= [d(x), X2)7 + d(y1, y2)?F2. 
With this definition, the Cartesian product 
Rx R, where R is the space of real numbers, 
is the two-dimensional space of all points 
(x,y) with the usual distance of plane 
geometry. If A and B are normed vector 
spaces, Ax B is a normed vector space if 
the norm is defined by 


Kx, Yi] = Cel? + I yii2 2. 
Many other definitions are used, such as 
(x, y= |xi|+ |ly!. If A and B are Hilbert 
spaces, then A x B is a Hilbert space if the 
norm is defined as above or, equivalently, 
if the inner product of (x,, y;) and (x», y>) Is 
defined to be the sum of the inner product 
of x; and x, and the inner product of y, 
and y>5. The above definitions can be 
extended in natural ways to the product of 
any finite number of spaces. The Cartesian 
product of sets X,, where a is a member of 
an index set A, is the set of all functions x 
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defined on A for which x(a) is a member of 
X, for each a of A. This means that a 
point of the product space is a set consisting 
of a point chosen from each of the sets X,, 
the point x(a) being the a-th coordinate of 
the point x of the product. If each of the 
sets X, is a topological space, then their 
Cartesian product is a topological space if 
an open set is defined to be any set which is 
a union of sets which are Cartesian products 
of sets Y,, where Y,=X, for all but a 
finite number of members of A and Y, is 
an open set of X, for the other members of 
A. For a Cartesian product of a finite 
number of topological spaces X,, X>,---, 
X,, a set is open in the product if and only 
if it is a product of sets U;, U>,---, U,, 
where U;, is open in X, for each k. With 
this topology for the Cartesian product, it 
can be shown that the Cartesian product is 
compact (i.e., bicompact) if and only if 
each X, is compact (this is called the 
Tychonoff theorem). Sometimes the ele- 
ments of the Cartesian product of a non- 
finite number of spaces are restricted by 
some convergence requirement. F.g., the 
Cartesian product of Hilbert spaces H,, H>, 
---is the set of all sequences h= (Ay, Ay, + - -) 
for which h, belongs to H,, for each n and 
||| is finite, where 


Al] = [l\agli? + Wldagli2+ + > Yh, 


A Cartesian product is sometimes called a 
direct product or a direct sum. 

continued product. See CONTINUED. 

direct product of matrices. The direct 
product of square matrices A and B (not 
necessarily of the same order) is the matrix 
whose elements are the products a;;b,,, of 
elements of A and B, where i, m are row 
indices and /, m are column indices; the 
row containing a;jb,, precedes that con- 
taining a@jjbyyy, if i<i’, or if i=i’ and 
m<m’, and similarly for columns. Other 
ordering conventions are sometimes used. 

infinite product. A product which con- 
tains an unlimited number of factors. An 
infinite product is denoted by a capital pi, 
HW; eg., U[n/(n+1))=4-9-¢-$--- is an 
infinite product. An infinite product u,;-u- 
-+-+Uu, +++ 18 Said to converge if it is possible 
to choose & so that the sequence 


Up, Up Ups, UR Ua Ups2s "+ ' 


converges to some limit which is not zero. 


Product 


When the product becomes infinite, or if 
the above sequence approaches zero for all 
k, it is said to diverge. When there is a k 
such that the sequence above neither 
approaches a limit nor becomes infinite, it 
is said to oscillate. Because of certain rela- 
tions to infinite series, infinite products are 
frequently written in the form H(1+a,). 
A necessary and sufficient condition for the 
convergence of [I(1+a,) and I(1—a,), if 
each a, >0, is the convergence of Xa,. If 
the series Xa,? is convergent, the infinite 
product converges if, and only if, Xa, 
converges. An infinite product, H(1+a,), 
is said to converge absolutely if =!a,| is 
absolutely convergent. An absolutely con- 
vergent infinite product is convergent. 
The factors of a convergent infinite product 
can be rearranged in any way whatever 
without changing the limit of the product 
if, and only if, this product converges 
absolutely. 

limit of a product. See Limit—funda- 
mental theorems on limits. 

partial product. See PARTIAL—partial 
product. 

product of determinants, polynomials, and 
vectors. See the corresponding headings 
under MULTIPLICATION. 

product formulas. See TRIGONOMETRY— 
identities of plane trigonometry. 

product of matrices. The product AB 
of matrices A and B is the matrix whose 
elements are determined by the rule that 
the element c,, in row r and column s is 
the sum over ij of the product of the ele- 
ment a,; in row r and column j of A by the 
element 5,, in row i and column s of B: 


nh 
Crs= 2, Aris 
= 
This product is defined only if the number 
n of columns in A is equal to the number 
of rows in B. Matrix multiplication is as- 
sociative, but not commutative. The 
product of a scalar c and a matrix 4 is 
the matrix whose elements are the products 
of c and the corresponding elements of A. 
The determinant of cA (when A is a square 
matrix of order n) is equal to the product of 
c” and the determinant of A. 
product moment. See MOMENT—product 
moment. 
product moment correlation coefficient. 
See CORRELATION—normal correlation. 
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product of real numbers. Positive integers 
(and zero) can be thought of as symbols 
used to describe the ‘“‘manyness”’ of sets of 
objects (also see PEANO—Peano’s postu- 
lates). Then the product of two integers A 
and B (denoted by Ax B, A-B or AB) is 
the integer which describes the ‘“‘manyness”’ 
of the set of objects obtained by combining 
A sets, each of which contains B objects (or 
by combining B sets, each of which con- 
tains A objects: AB= BA). E.g., 


3-4=44+444=3434+3+4+3=12 
(see sUM—sum of real numbers). Also, 
0-3=3-0=0+0+0=0. The product of 


two fractions ; and < (an integer n may be 
regarded as the fraction . 


*) is defined by 


ac ac 
bd bd 

The same rule applies if some of a, b, c,d 
are fractions. E.g., 

Le ee 33 6/3 

52 10° + - 
[the last equality results from multiplying 
numerator and denominator by 10 and 
then dividing by 3, which is valid since 
a_ak 
b bk 
zero)]. Multiplication by a fraction a/b 
can be interpreted as dividing the other 
factor into 5 equal parts and taking a of 
these (4 is equal to the sum of 5 addends, 
each equal to 34, so? -4is +454 4=%). 
The product of mixed numbers can be 
obtained by multiplying each term of one 
number by each term of the other, or by 
reducing each mixed number to a fraction. 
E.g., 

(24)(33) =(24+4)3+3)=64+3+3+5=%6 

=OCD=4. 
Two decimals can be multiplied by reducing 
them to fractions, or by ignoring the 
decimal point and multiplying as if the 
decimals were whole numbers and then 
pointing off as many decimal places in this 
product as there are in both multiplicand 
and multiplier together. The meaning and 
application of this rule are shown by the 
example 


for any numbers a, b, k (b and k not 
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When the numbers being multiplied have 
been given signs, the multiplication is done 
by multiplying the numerical values of the 
numbers and making the result positive, if 
both numbers are positive or both are 
negative, and making it negative if the 
numbers have different signs (this is some- 
times called algebraic multiplication). The 
rule of signs is: Like signs give plus, unlike 
give minus. E.g., 2x (—3)=-—6, —2x3= 
—6, -—2x(—3)=6. Anexplanation of this 
rule is that a(—b) is the number which 
added to ab will give zero (i.e., the negative 
or additive inverse of ab), since 


ab+a(—b)=a[b+(— b)]=a-0=0. 


Likewise, (—a@)(— 6) is the number which 
added to a(— 5b) will give zero, i.e., 


(—a)(—b)=ab. 
The product of irrational numbers may be 
left in indicated form after similar terms 


have been combined, until some specific 
application indicates the degree of accuracy 
desired. Such a product as (V2+ V3) 
(2V2—~3) would be left as 14+ V6. A 
product such as 72 can be approximated 


as 
(3.1416)(1.4142) = 4.443. 


It is necessary to have a specific definition 
of irrational numbers before one can 
specifically define the product of numbers 
one or more of which is irrational. See 
DEDEKIND CUT. 

product of sets and spaces. See above, 
Cartesian product, and INTERSECTION. 

product of the sum and difference of two 
quantities. Such products as (x+ y)\(x—y) 
used in factoring, since this product is 
equal to x2— y?, 

products of inertia. See MOMENT—mo- 
ment of inertia. 

scalar and vector products. See MULTI- 
PLICATION—multiplication of vectors. 


PRO’'FILE, adj. profile map. A vertical 
section of a surface, showing the relative 
altitudes of the points which lie in the 
section. 


PROF’IT, 1. The difference between the 
price received and the sum of the original 
cost and the selling expenses, when the 
price received is the larger. The selling ex- 
penses include storage, depreciation, labor, 
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and sometimes accumulations in a reserve 
fund. This is sometimes called the net 
profit; the gross profit is the difference 
between the selling price and the original 
cost. Also see headings under PER CENT. 


PRO’GRAM-MING, 7. convex program- 
ming. The particular case of nonlinear 
programming in which the function to be 
extremized, and also the constraints, are 
appropriately convex or concave functions 
of the x’s. See below, linear programming, 
quadratic programming. 

dynamic programming. The mathe- 
matical theory of multistage decision 
processes. 

linear programming. The mathematical 
theory of the minimization or maximiza- 
tion of a linear function subject to linear 
constraints. As often formulated, it is the 
problem of minimizing the linear form 


A 
> 4;x;, x;20, subject to the linear con- 
=I 


n 
straints > bi jxXj=C;, f=1,2,+-+,m. See 
i=1 

TRANSPORTATION—Hitchcock _ transporta- 
tion problem. The analogous mathe- 
matical theory for which the function to be 
extremized and the constraints are not all 
linear is called nonlinear programming. A 
solution of a linear programming problem 
is any set of values x; that satisfy the m 
linear constraints; a solution consisting of 
nonnegative numbers is called a feasible 
solution; a solution consisting of m x’s for 
which the matrix of coefficients in the 
constraints is not singular, and otherwise 
consisting of zeros, is a basic solution; a 
feasible solution that minimizes the linear 
form is called an optimal solution. See 
below, quadratic programming, and SsIM- 
PLEX—simplex method. 

programming for a computing machine. 
In preparing a problem for machine solu- 
tion, programming is the process of 
planning the logical sequence of steps to be 
taken by the machine. It usually, but not 
necessarily, involves the preparation of 
flow charts. This process usually follows 
problem formulation and precedes coding. 
See CODING, CHART—flow chart, and 
PROBLEM—problem formulation. 

quadratic programming. The particular 
case of nonlinear programming in which 
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the function to be extremized, and also the 
constraints, are quadratic functions of the 
x’s wherein the second-degree terms consti- 
tute appropriately semidefinite quadratic 
forms. See above, convex programming. 


PRO-GRES’SION, 7. arithmetic pro- 
gression. A sequence of terms each of 
which is equal to the preceding plus a fixed 
constant. See ARITHMETIC—arithmetic 
progression. 

geometric progression. A sequence of 
terms such that the ratio of each term to 
the immediately preceding one is the same 
throughout the sequence. The general 
form is usually written: a, ar, ar’, +++ ar’~}, 
where a is the first term, r the common ratio 
(or simply ratio), and ar”! the last or nth 
term. The indicated sum of such terms is 
sometimes called a geometric progression, 
although geometric series is more common. 
See SERIES—geometric series. 

harmonic progression. See HARMONIC. 


PRO-JEC’TILE, 71. path of a projectile. 
See PARABOLA—parametric equations of a 
parabola. 


PRO-JECT’ING, adj. projecting cylinder. 
A cylinder whose elements pass through a 
given curve and are perpendicular to one 
of the coordinate planes. There are three 
such cylinders for any given curve, unless 
the curve lies in a plane perpendicular to a 
coordinate plane, and their equations in 
rectangular Cartesian coordinates can each 
be obtained by eliminating the proper 
one of the variables x, y, and z between the 
two equations which define the curve. The 
space curve, a circle, which is the intersec- 
tion of the sphere x*+y2+z2=1 and 
the plane x+y+z=0 has the three 
projecting cylinders whose equations are 
x?2+y2+xy=4, x2+224+ xz=4, and y2+ 22 
+yz=4. These are elliptic cylinders. 
projecting plane of a line in space. A 
plane containing the line and perpendicular 
to one of the coordinate planes. There 
are three projecting planes for every line 
in space, unless the line is perpendicular to 
a coordinate axis. The equation of each 
projecting plane contains only two varia- 
bles, the missing variable being the one 
whose axis is parallel to the plane. These 
equations can be derived as the three equa- 


tions given by the double equality of the 
symmetric space equation of the straight 
line. See LINE—equation of a straight line 
in space. 


PRO-JEC’TION, n. center of projection. 
See below, central projection. 

central projection. A projection of one 
configuration (4, B, C, D, in figure) on a 
given plane (called the plane of projection) 
in which the projection in this plane 
(A’, B’, C’, D’) is formed by the inter- 
sections, with this plane, of all lines pass- 
ing through a fixed point (not in the 
plane) and the various points in the con- 
figuration. The image on a photographic 
film is a projection of the image being 
photographed, if the lens is considered as 
a point. The point is called the center of 
projection and the lines, or rays, are called 
the projectors. When the center of pro- 
jection is a point at infinity (when the rays 
are parallel), the projection is called a paral- 
lel projection. See below, orthogonal 
projection. 


orthogonal projection. A projection of 
one configuration into a given line or plane 
for which the resulting configuration is 
formed by the intersections with the line or 
plane of lines perpendicular to the line or 
plane and passing through points of the 
given configuration. The projection of a 
point is the foot of the perpendicular from 
the point to the line or plane; the projection 
of a line segment is the line segment which 
joins the projections of the end points of 
the given line segment; the projection of a 
vector (force, velocity, etc.) is the vector 
whose initial and terminal points are the 
projections of the initial and terminal 
points, respectively, of the given vector; the 
projection of a directed broken line into a 
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line is the directed line segment whose 
initial and terminal points are, respectively, 
the projections of the initial point of the 
first segment of the directed broken line and 
the terminal point of the last segment 
(sometimes one speaks of the signed length 
of this projection as the projection of the 
directed broken line). The projection of a 
curve (or polygon), surface, or solid is the 
configuration consisting of the projections 
of the points of the curve (or polygon), 
surface, or solid. 

projection of a vector space. A trans- 
formation P of the vector space into itself 
which is linear (i.e., additive and homo- 
geneous) and idempotent (P-P=P). If P is 
a projection of the vector space 7, then 
there are vector spaces M and N contained 
in T such that each element of T is uniquely 
representable as the sum of an element of 
M and an element of N. Explicitly, M is 
the range of P and N is the null space of P 
(the space of all vectors x such that P(x)= 
0). It is said that P projects T onto M 
along N. If T is a Banach space, then P is 
continuous if and only if there is a positive 
number e¢ such that ||x— y|| 2 if x and y are 
vectors of unit norm (length) belonging to 
M and N, respectively, or (equivalently) if 
there is a constant M such that ||/P(x)||S 
M\|x\| for each x. If T is a Hilbert space, 
then P is said to be an orthogonal projection 
(or sometimes simply a projection) if 
||P(x)|| S|lx|| for each x, or (equivalently) if 
M and N are orthogonal. 

stereographic projection of a sphere on a 
plane. For a given point P, called the pole, 
on the surface of a sphere S, and for a given 
plane 7 not passing through P, and 
perpendicular to a diameter through P, 
the line joining P with a variable point 
p on 7 intersects S in a second point gq. 


ee 4 


This mapping of the points g of the sphere 
S on the points p of 7 is called a stereo- 
graphic projection of S on z. If an ideal 


Promissory 


“point at infinity” is adjoined to the plane 
qm, to correspond to P, then the corre- 
spondence between the points of S and 
those of 7 is one-to-one. The map is a 
conformal one, much used in the theory of 
functions of a complex variable. The 
plane 7 is often taken as the equatorial 
plane of S relative to P, or as the tangent 
plane to S diametrically opposite P. 


PRO-JEC’TIVE, adj. projective geometry. 
The study of those properties of geometric 
configurations which are invariant under 
projection. 

projective plane. The set of all number 
triples (x;, x2, x3), except (0, 0, 0), with the 
convention that (x1, x2, %3)=()1, Y2, ¥3) 
if there are two nonzero numbers a and b 
such that ax;=by; for i=1,2,3. Points 
with x;40 can be regarded as points of the 
Euclidean plane with abscissa x,/x3; and 
ordinate x,/x3; points with x;=0 are 
called points at infinity or ideal points (see 
IDEAL—ideal point). Each “‘direction’”’ in 
the Euclidean plane determines a single 
point at infinity and the projective plane is 
topologically equivalent to a disc (a circle 
and its interior) with the two end points of 
each diameter identified. It is also topo- 
logically equivalent to a sphere with one 
cross-cap. 

projective relation. Two fundamental 
forms are in projection relation and are said 
to form a projectivity if a one-to-one corre- 
spondence exists between the elements of 
the two such that each four harmonic ele- 
ments of one correspond to four harmonic 
elements of the other. 


PROJECTIVITY. See PROJECTIVE—pro- 
jective relation. 


PRO-JEC’TORS, 1. 
central projection. 


See PROJECTION— 


PRO’LATE, adj. prolate cycloid. <A 
trochoid which has loops. 

prolate ellipsoid of revolution. See 
ELLIPSOID. 


PRO-LONG’, v. prolong a line. To con- 
tinue the line. Syn. Produce. 


PROM ’IS-SO’'RY, adj. promissory note. 
A written promise to pay a certain sum on 


Promissory 


Proportional 


Se 


a certain future date, the sum usually 
drawing interest until paid. The person 
who signs the note (the one who first 
guarantees its payment) is called the maker 
of the note (also see INDORSE). 


PROOF, n. (1) The logical argument 
which establishes the truth of a statement. 
(2) The process of showing by means of an 
assumed logical process that what is to be 
proved follows from certain previously 
proved or axiomatically accepted proposi- 
tions. See ANALYTIC—analytic proof, 
DEDUCTIVE—deductive method or proof, 
INDIRECT—indirect proof, INDUCTION— 
mathematical induction, INDUCTIVE—in- 
ductive methods, REDUCTIO AD ABSURDUM 
PROOF, and SYNTHETIC—synthetic method 
of proof. 


PROP’ER, adj. 
FRACTION. 
proper subset. 


proper fraction. See 


See SUBSET. 


PROP’ER-LY, adv. 
See SUBSET. 

properly divergent series. See DIVERGENT 
—divergent series. 


contained properly. 


PROP’ER-TY, 7. evaluation of mining 
property. Evaluating it as a depreciating 
asset. A redemption fund is usually built 
up to equal the cost of the mine when the 
ore is all gone. 

property of finite character. See CHAR- 
ACTER. 


PRO-POR’TION, 7. The statement of 
equality of two ratios; an equation whose 
members are ratios. Four numbers, a, 6, 
c,d, are in proportion when the ratio of 
the first pair equals the ratio of the second 
pair. This is denoted by a:b=c:d, or 
better by a/b=c/d; a notation becoming 
obsolete is a:b::c:d. The letters a and d 
are called the extremes, b and c the means, 
of the proportion. A continued proportion 
is an ordered set of three or more quantities 
such that the ratio between any two succes- 
sive ones is the same. This is equivalent to 
saying that any one of the quantities except 
the first and last is the geometric mean 
between the previous and succeeding ones, 
or that the quantities form a geometric 


progression; 1,2,4, 8, 16 form a con- 
tinued proportion, written 


1:2:4:8:16 or 4-72-43, 


If four numbers are in proportion, then 
various other proportions can be derived 


from this proportion. If ese, then 


b d 
at+b_c+d._ 
bd’ 
a+b ct+d 
6 eg er 
a 
c da’ 
228 if a0; 
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a—b_c-d 
b 0 Od 


These five proportions are said to be 
derived from the given proportion by 
addition, addition and subtraction, alterna- 
tion, inversion, and subtraction, respectively. 


PRO-POR’TION-AL, adj., n. As a noun, 
one of the terms in a proportion. A fourth 
proportional for numbers a, b and c is a 
number x such that a/b=c/x; a third 
proportional for numbers a and b is a 
number x such that a/b=b/x. A mean 
proportional between two numbers a and b 
is a number x such that a/x=x/b. E.g., 10 
isa fourth proportional to 1, 2 and 5, since 
4= 75; 4 is a third proportional to 1 and 2, 
since 4=4 (also, 2 is a mean proportional 
between | and 4). See PROPORTION. 

directly proportional quantities. Same as 
PROPORTIONAL QUANTITIES. 

inversely proportional quantities. Two 
quantities whose product is constant; two 
quantities such that one is proportional to 
the reciprocal of the other. 

proportional parts. Parts which are in 
the same proportion as a given set of num- 
bers. The parts of 12 proportional to 1, 2, 
and 3 are 2, 4, and 6. The principle of 
proportional parts is the assumption that a 
function of a variable varies linearly with 
the independent variable for small values 
of the difference between the values of the 
variable (in other words, short arcs of the 
graph of the function are very nearly 
straight line segments). This principle is 


Proportional 


Pseudospherical 


used mostly in interpolation. See LOGa- 
RITHM—proportional parts in a table of 
logarithms. 

proportional quantities. Two variable 
quantities having fixed (constant) ratio. 

proportional sets of numbers. Two sets 
of numbers such that the ratios of corre- 
sponding numbers are equal, except for 
ones that are both zero; i.e., two sets of 
numbers for which there exist two numbers 
m and n, not both zero, such that m times 
any number of the first set is equal to n 
times the corresponding number of the 
second set. The two sets of numbers are 
also said to be linearly dependent, although 
the concept of linear dependence is not 
limited to two sets. The sets 1, 2, 3, 7, and 
4, 8, 12, 28 are proportional. The numbers 
m=4 and n=1 suffice for these sets. This 
definition is more general than if corre- 
sponding numbers must have equal quo- 
tients, for the sets 1, 5,0, 9, O and 0, 0, 0, 0, 0 
are in proportion, where m is zero and n is 
any number not zero; but some corre- 
sponding numbers do not have quotients, 
because of the impossibility of dividing by 
zero. 


PRO-POR’TION-AL’I-TY, 1. The state 
of being in proportion. 

factor of proportionality. See FACTOR— 
factor of proportionality. 


PROP’O-SI'TION, 7. (1) A theorem or 
problem. (2) A theorem or problem with 
its proof or solution. (3) Any statement 
which makes an assertion which is either 
true or false, or which has been designated 
as true or false. 


PROP’O-SI’TION-AL, adj. propositional 
function. An expression which becomes a 
proposition when suitable values are given 
to certain symbols in the expression. E.g., 
“x <3’ is a propositional function which is 
a true proposition if x=2, a false proposi- 
tion if x=4. Syn. Sentential function. 
See QUANTIFIER. 


PRO-SPEC’TIVE, adj. prospective method 
of computing reserves. See RESERVE. 


PRO-TRAC’TOR, x. A semicircular plate 
graduated, usually in degrees, from one ex- 


tremity of the diameter to the other and 
used to measure angles. 


PROVE, v. To establish by evidence or 
demonstration; show the truth of; find a 
proof of. See PROOF. 


PSEU'DO-SPHERE, n. The surface of 
revolution of a tractrix about its asymp- 
tote; a pseudospherical surface of revolu- 
tion of parabolic type. 


PSEU-DO-SPHER’I-CAL, adj. pseudo- 
spherical surface. A surface whose total 
curvature K has the same negative value 
at all its points. See sPHERICAL—spherical 
surface. A  pseudospherical surface of 
elliptic type is a pseudospherical surface 
whose linear element is reducible to the 
form ds*=du2+a* sinh?(u/a) dv?; the co- 
ordinate system is a geodesic polar one. A 
pseudospherical surface of revolution of 


elliptic type consists of a succession of 
hour-glass-shaped zones with cusps at the 
maximum parallels. A pseudospherical 
surface of hyperbolic type is a pseudo- 
spherical surface whose linear element is 
reducible to the form ds? = du2 + cosh? (u/a) 
dv; the coordinate system is a geodesic one, 
with the coordinate geodesics orthogonal 
to a geodesic, uw=0. A_ pseudospherical 
surface of revolution of hyperbolic type con- 
sists of a succession of congruent spool- 
shaped zones with cusps at the maximum 
parallels. A  pseudospherical surface of 
parabolic type is a pseudospherical surface 


Pseudospherical 


whose linear element is reducible to the 
form ds?=du?+ e24/4 dv2; the coordinate 
system is a geodesic one, with the coordi- 
nate geodesics orthogonal to a curve of 


constant geodesic curvature. The only 
pseudospherical surface of revolution of 
parabolic type is the pseudosphere, or 
surface of revolution of a tractrix about its 
asymptote. 


PTOLEMY’S THEOREM. A necessary 
and sufficient condition that a convex 
quadrilateral be inscribable in a circle is 
that the sum of the products of the two 
pairs of opposite sides be equal to the 
product of the diagonals. 


PUR’CHASE, adj., n. purchase price of a 
bond. See PRICE. 


PURE, adj. pure geometry. See SYNTHETIC 
—synthetic geometry. 

pure imaginary number. See COMPLEX— 
complex number. 

pure mathematics. See MATHEMATICS, 

pure projective geometry. Projective 
geometry employing only geometric meth- 
ods and only bringing up properties other 
than projective in a subordinate way. See 
GEOMETRY—modern analytic geometry. 

pure surd. See SURD. 


PYR’A-MID, x. A polyhedron with one 
face a polygon and the other faces triangles 
with a common vertex. The polygon is 
called the base of the pyramid and the tri- 
angles are called the lateral faces. The 


Pyramid 


common vertex of the lateral faces is called 
the vertex of the pyramid and the inter- 
sections of pairs of lateral faces are called 
lateral edges. The altitude is the perpen- 
dicular distance from the vertex to the base. 
The lateral area is the total area of the 
lateral faces, and the volume is equal to +bh, 
where 6 is the area of the base and h is the 
altitude. A regular pyramid is a pyramid 
whose base is a regular polygon and whose 
lateral faces make equal angles with the 
base (a pyramid with a regular polygon for 
base and with the foot of its altitude at the 
center of the base). Its lateral surface area 
is SP, where S is the slant height (Common 
altitude of its faces) and P the perimeter of 
the base. 

circumscribed and inscribed pyramids. 
See CIRCUMSCRIBED. 

frustum of a pyramid. The section of a 
pyramid between the base and a plane 
parallel to the base. The bases of the 
frustum are the base of the pyramid and the 
intersection of the pyramid with this plane 
parallel to the base. The altitude is the 
perpendicular distance between the base 
and the plane. The volume of a frustum of 
a pyramid is equal to 


1h(A+ B+ V AB), 


where A and B are the areas of the bases 
and A is the altitude. If the pyramid is 
regular, the lateral area of a frustum is 
4$(P,+P2), where S is the slant height 
(altitude of a face) and P, and P> are the. 
perimeters of the bases. 


spherical pyramid. A figure formed by 
a spherical polygon and planes passing 
through the sides of the polygon and the 
center of the sphere. Its volume is 


Tre 

540- 
where r is the radius of the sphere and EF 
the spherical excess of the base of the pyra- 
mid, The polyhedral angle, at the center 


of the sphere, made by the plane faces of 
the pyramid is said to correspond to the 


Pyramid 


spherical polygon which forms the base of 
the pyramid. 

truncated pyramid. The part of a pyra- 
mid between the base and a plane oblique 
to the base. The bases are the base of the 
pyramid and the intersection of the plane 
and the pyramid. 


PY-RAM’I-DAL, adj. pyramidal surface. 
A surface generated by a line passing 
through a fixed point and moving along the 
sides of a polygon whose plane does not 
contain the fixed point. 


PY-THAG’O-RE’AN, adj. Pythagorean 
identities. See TRIGONOMETRY—identities 
of plane trigonometry. 

Pythagorean numbers. Any set of inte- 
gers satisfying the equation x2+ y2=2?; 
e.g., 3, 4, 5. Such numbers are given by 
m2—n2, 2mn, m2+n*, where m and n are 
arbitrary integers. 

Pythagorean relation between direction 
cosines. The sum of the squares of the 
direction cosines of a line is equal to unity. 

Pythagorean theorem. The sum of the 
squares of the lengths of the legs of a right 
triangle is equal to the square of the hypo- 
tenuse. The right triangle whose legs are 
3 and 4, and hypotenuse 5, has been used 
for ages to square corners. Geometrically 
this theorem states that the area of ABGF 
(in the figure) is equal to the sum of the areas 
of ACDE and BCKH. 


pentagram of Pythagoras. See PENTA- 
GRAM. 


Q 


QUAD’RAN’GLE, nr. A_ simple quad- 
rangle is a plane geometric figure consisting 
of four points, no three of which are 


Quadrant 


collinear, and the four lines connecting 
them in a given order. A complete quad- 
rangle consists of four points, no three of 
which are collinear, and the six lines 
determined by the points in pairs. 


QUAD-RAN’GU-LAR, adj. quadrangular 
prism. A prism whose bases are quadri- 
laterals. 


QUAD-RANT, adj., n. laws of quadrants 
for a right spherical triangle. (1) Any 
angle and the side opposite it are in the 
same quadrant; (2) when two of the sides 
are in the same quadrant the third is in the 
first quadrant and when two are in different 
quadrants the third is in the second. (The 
first, second, third, and fourth quadrants 
mean angles from 0° to 90°, 90° to 180°, 
180° to 270°, and 270° to 360°, respectively.) 

quadrant angles. Angles are designated 
as first, second, third, or fourth quadrant 
angles when the initial side coincides with 
the positive abscissa axis in a system of 
rectangular coordinates and the terminal 
side lies in the first, second, third, or fourth 
quadrants, respectively. The-angles in the 
first figures are in the first and second 
quadrants; those in the second are in the 
third and fourth quadrants. 


quadrant of a circle. (1) One-half of a 
semicircle; one-fourth of a circumference. 
(2) The plane area bounded by two per- 
pendicular radii and the arc they subtend. 

quadrant of a great circle on a sphere. 
One-fourth of the great circle; the arc of 
the great circle subtended by a right angle 
at the center of the sphere. 

quadrant in a system of plane rectangular 
coordinates. One of the four compart- 
ments into which the plane is divided by 
the axes of reference in a Cartesian system 
of coordinates. They are called first, sec- 
ond, third, and fourth quadrants as counted 
counterclockwise beginning with the quad- 
rant in which both coordinates are positive. 


Quadrant 


See CARTESIAN—Cartesian coordinates in 
the plane. 


a 
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QUAD-RAN’TAL, adj. quadrantal angles. 
The angles 0°, 90°, 180°, 270° or in radians 
0, 7/2, 7, 37/2, and all angles having the 
same terminal sides as any one of these, as 
27, 52/2, 377, T7/2, —7/2, —7,- °°. 

quadrantal spherical triangle. See SPHERI- 
CAL. 


QUAD-RAT'IC, 
degree. 

discriminant of a quadratic. See bDIs- 
CRIMINANT—discriminant of a polynomial 
equation. 

quadratic equation. An equation of the 
second degree. The general form (some- 
times called an affected quadratic) is ax2+ 
bx+c=0. The reduced form (p-form) is 


x*+ px+q=0. 


adj. Of the second 


A pure quadratic equation is an equation of 
the form ax?+b=0. 

quadratic form. See FORM. 

quadratic formula. A formula for com- 
puting the roots of a quadratic equation. 
If the equation is in the form ax*+bx+ 
c=0, the formula is 


—biVb2— 4ac 
2a 
See DISCRIMINANT—discriminant of a poly- 
nomial equation. 
quadratic reciprocity law. 
distinct odd primes, then 


(q| p)(p\q)=(— 1)'s@-D@—-D, 
See LEGENDRE—Legendre’s symbol. 


If p and g are 


QUAD’RA-TURE, 7. The process of 
finding a square equal in area to the area of 
a given surface. 

quadrature of a circle. Finding (con- 
structing) a square which has the same 
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area as a given circle; usually called squar- 
ing the circle. It is impossible to do this 
with straight-edge and compass alone, since 
a line segment of length 7 cannot be so con- 
structed from one of unit length. 


QUAD’RE-FOIL, n. See MULTIFOIL. 


QUAD’RIC, adj., n. (1) Of the second 
degree; quadratic. (2) Anexpression of the 
second degree in all its terms; a homo- 
geneous expression of the second degree. 
A quadric curve (quadric surface) is a curve 
(surface) whose equation in Cartesian co- 
ordinates is algebraic and of the second 
degree (see CONIC). See CENTRAL—central 
quadrics, and CONICAL—dquadric conical 
surfaces. 

confocal quadrics. 

quadric quantic. 


See CONFOCAL. 
See QUANTIC. 


QUAD’RI-LAT’ER-AL, n». <A_ polygon 
having four sides. See PARALLELOGRAM, 
RECTANGLE, RHOMBUS, TRAPEZOID. 

complete quadrilateral. A figure con- 
sisting of four lines and their six points of 
intersection. 

quadrilateral inscribable in a circle. 
PTOLEMY’S THEOREM. 

regular quadrilateral. A quadrilateral 
whose sides and interior angles are all 
equal; a square. 

simple quadrilateral. A figure consisting 
of four lines and their four successive inter- 
sections in pairs. Simple as distinguished 
from a complete quadrilateral. 


See 


QUAD-RIL’LION, n. (1) In the U. S. and 
France, the number represented by one 
followed by 15 zeros. (2) In England, the 
number represented by one followed by 24 
Zeros. 


QUAN’TIC, n. A rational integral homo- 
geneous function of two or more variables; 
a homogeneous algebraic polynomial in 
two or more variables. Quantics are classi- 
fied as quadric, cubic, quartic, etc., according 
as they are of the second, third, fourth, 
etc., degrees. They are classified as 
binary, ternary, quarternary, etc., according 
as they contain two, three, four, etc., 
variables. 


QUAN’TI-FI'ER, 7. Phrases such as 
for any x, y, Z,+ ++, and there are x, y,z,+*° 


Quantifier 


Quotient 


for which. The first type is a universal 
quantifier, the latter an existential quanti- 
fier. Quantifiers precede a propositional 
function and may be represented sym- 
bolically; e.g., “for any x, p(x)” might be 
written as V,[p(x)], A,[p(x)], or (x)[p(x)]; 
“there is an x for which p(x)” as 4,[p(x)], 
E.[p(x)], or (4x) p(x). Sucha statement as 
“there is a man who is disliked by all men” 
could be written as 


4 .[V, (x is disliked by y)]. 


QUAN’TI-TY, 1. Any arithmetic, alge- 
braic, or analytic expression which is 
concerned with value rather than relations 
between such expressions. 


QUAR’TER, n. One fourth-part. 


QUAR'TIC, adj.,n. Of the fourth degree; 
of the fourth order. A quartic curve is an 
algebraic curve of the fourth order (the 
graph of a fourth degree equation). A 
quartic equation is a polynomial equation 
of the fourth degree. 

quartic symmetry. Symmetry like that 
of a regular octagon, that is, symmetry of 
a plane figure with respect to four lines 
through a point, neighboring pairs inter- 
secting at 45°. 

solution of the quartic. See FERRARI'S 
solution of the quartic. 


QUAR’TILE, n. (Statistics.) The twenty- 
fifth, fiftieth, and seventy-fifth percentiles 
are the Ist, 2nd, and 3rd quartiles. See 
PERCENTILE. 

quartile deviation. 
quartile deviation. 

quartile magnitude or measurement. A 
magnitude corresponding to a quartile divi- 
sion of certain measurements or magni- 
tudes. Syn. Quartile. 


See DEVIATION— 


QUA’SI. =‘ quasi-analytic function. See 
ANALYTIC—quasi-analytic function. 


QUA-TER’NA-RY, adj. 
four; containing four. 
quarternary quantic. See QUANTIC. 


Consisting of 


QUA-TER’NI-ON, 7. A symbol of type 
X=XgtxXyl+X2j/+x3k, where x, and the 


coefficients of i, 7, A are real numbers. 
Scalar multiplication is defined by 


CX = CXy + CXyI + CX2J+CX3K; 
the sum of x and Y=Yotyity2f+ y3k is 


X+y=(XotYo)+ t+ ypIt (X24 y2)j 

+ (x34 y3)k; 
the product xy is computed by formally 
multiplying x and y by use of the distributive 
law and the conventions 


j2=j2=k2=—1, 
ij= —ji=k, jk=—kj=i, ki=—ik=j. 
The quaternions satisfy all the axioms for a 


field except the commutative law of multi- 
plication. 


QUIN’TIC, adj.,n. (1) Of the fifth degree. 
(2) An algebraic function of the fifth degree. 
A quintic curve is an algebraic curve of the 
fifth order (the graph of a fifth degree 
equation). A quintic equation is a poly- 
nomial equation of the fifth degree. 

quintic quantic. See QUANTIC. 


QUIN-TIL’LION, 7. (1) In the U. S. and 
France, the number represented by one 
followed by 18 zeros. (2) In England, the 
number represented by one followed by 30 
Zeros. 


QUO'TIENT, adj.,n. The quantity result- 
ing from the division of one quantity by 
another. The division may have been 
actually performed or merely indicated; 
e.g., 2 is the quotient of 6 divided by 3, as 
is also 6/3. In case the division is not 
exact one speaks of the quotient and the 
remainder, or simply the quotient (meaning 
the integer obtained plus the indicated 
division of the remainder), e.g., 7+2 gives 
the quotient 3 and the remainder 1, or the 
quotient 34, 

derivative of a quotient. See DIFFEREN- 
TIATION FORMULAS in the appendix. 

difference quotient. See DIFFERENCE. 

quotient space or factor space. Let 7 be 
a set for which an equivalence relation is 
defined and let 7 be divided into equivalence 
classes (see EQUIVALENCE). If certain 
operations, distance, etc., are defined for 
elements of 7, then it may be possible to 
define these operations, distance, etc., for 
the equivalence classes in such a way that 
the set of equivalence classes is a space of 


Quotient 


the same type as J. In this case, the set of 
equivalence classes is said to be a quotient 
space or factor space of T. E.g., the 
quotient space of the set C of complex 
numbers, modulo the set R of real numbers, 
is the set C/R of equivalence classes defined 
by the equivalence relation x= y if and only 
if x—y is areal number. The elements of 
C/R are the sets of numbers represented by 
the horizontal lines in the complex plane, 
and the sum of two “lines” is the “‘line’’ 
which contains the sum of two numbers, 
one on each of the given lines (the elements 
of C/R are also called residue classes 
(modulo R)). The quotient group of a 
group G by an invariant subgroup H is the 
group (denoted by G/H) whose elements 
are the cosets of H (these cosets are also 
equivalence classes if one defines x and y 
to be equivalent if xy~! belongs to H). The 
unit element of G/H is H and the product 
of two cosets is the coset containing a 
product of an element of one coset by an 
element of the other, the multiplication 
being in the same order as that of the 
corresponding cosets. The uniqueness of 
the product and the group properties of 
G/H are a consequence of H being an 
invariant subgroup of G. If G is also a 
topological group and #H is a closed set as 
well as being an invariant subgroup, then 
G/H is a topological group if one defines a 
set U* of elements to be open if and only if 
U is open in G, where U is the set of all 
elements of G which belong to a coset of H 
which is a member of U*. If Gis a metric 
space, then there is a metric for G which is 
equivalent to the metric of G and which is 
right-invariant (i.e., distance as given by the 
metric satisfies d(xa, ya)=d(x, y) for any 
elements a,x, y). Then G/H is a metric 
space if the distance between cosets AH, 
and H, is defined to be 


d(H,, Hy)=g.1.b. d(x;, x2) 


for x; in H, and x, in H,. For the above 
example of the quotient space C/R of the 
set of complex numbers modulo the set of 
real numbers, an open set in C/R is a set of 
horizontal “‘lines’? in the complex plane 
whose points form an open set in the plane, 
while the distance between two elements 
of C/R is the distance between the corre- 
sponding ‘lines’? in the plane. The 
quotient ring of a ring R by an ideal I is the 


Radially 


ring (denoted by R/I) whose elements are 
the cosets of J. These cosets are equiva- 
lence classes if one defines x and y to be 
equivalent if x—y belongs to J (they are 
also called residue classes and R/J a residue 
class ring). The zero element of R// is I 
and the sum (product) of two cosets is the 
coset containing a sum (product) of an 
element of one coset and an element of the 
other (the multiplication being in the same 
order as that of the corresponding cosets). 
The uniqueness of the sum and product 
and the ring properties of R/J are conse- 
quences of 7 being an ideal. Also, if Risa 
ring with unit element, or a commutative 
ring, or an integral domain, then R/J is a 
set of the same type. Let V be a vector 
space and L be a subset of V which is also 
a vector space. Let V/L be the set of 
equivalence classes (or residue classes) 
defined by the equivalence relation f=g if 
and only if f—g belong to L. Then V/L 
is a vector space if the sum of two equiva- 
lence classes F and G is the equivalence 
class which contains the sum of an element 
of F and an element of G, and the product 
of a scalar « and an equivalence class F is 
the equivalence class which contains the 
product of « and anelement of F. If Bisa 
Banach space and L is a subset of B which 
is also a Banach space, then B/L can be 
defined in the same way as for vector 
spaces. If one also defines ||F|| for an 
equivalence class F to be the greatest lower 
bound of ||/|| for f belonging to F, then B/L 
is a Banach space. If H is a Hilbert space, 
then H/L can be defined in the same way as 
for Banach spaces and is isometric with the 
orthogonal complement of ZL in H. 


R 


RAABE. Raabe’s ratio test. See RATIO— 
ratio test. 


RA’DI-AL-LY, adv. radially related fig- 
ures. Figures which are central projections 
of each other; figures such that a line 
drawn from some fixed point to a point of 
one of them passes through a point of the 
other, such that the ratio of the distances 
from the fixed point to the two points is 
always the same (two similar figures can 
always be so placed). The fixed point is 


Radially 


Radius 


called the homothetic center, the center of 
similitude, or ray center. The ratio of the 
two line segments is called the ray ratio, 
ratio of similitude, or homothetic ratio. 
Two radially related figures are similar. 
They are also called homothetic figures. 


RA'DI-AN, 1. A central angle subtended 
in a circle by an arc whose length is equal 
to the radius of the circle. Thus the radian 
measure of an angle is the ratio of the arc 
it subtends to the radius of the circle in 
which it is the central angle (a constant 
ratio for all such circles); also called 
circular measure, 7 measure (rare), natural 
measure (rare); 27 radians = 360°, 7 radians 
= 180° or | radian=(180/77)°; 47 radians= 
45°, 47 radians = 60°, 37 radians=90°. See 
SEXAGESIMAL and MIL. 


1 a 
radian 


RA‘DI-ATE, v. radiate from a point. To 
be a ray with the point as origin. 


RA’DI-A’TION, adj., n. radiation phe- 
nomena. Wave phenomena in which a 
disturbance at a single point at time ¢=0 
spreads out with the passage of time. The 
region into which the disturbance spreads 
is called the range of influence. See DEPEN- 
DENCE—domain of dependence. 


RAD’I-CAL, adj., n. (1) The indicated 
root of a quantity, as V2, Vx. (2) The 
sign indicating a root to be taken, a radical 
sign, the sign 1/ (a modified form of the 
letter r, the initial of the Latin radix, 
meaning root), placed before a quantity to 
denote that its root is to be extracted. To 
distinguish the particular root, a number 
(the index) is written over the sign; thus, 
*/, ¥/, 1”, etc., denote respectively the 
square root, cube root, mth root, etc. In 
the case of the square root, the index is 
omitted, ./ instead of ~/ being written. 
The radical sign is frequently said to include 


a bar above the radicand as well as the 
above sign. This combination is written 


V . See SIMPLIFICATION—simplifica- 
tion of radicals. 

radical axis. The radical axis of two 
circles is the locus of the equation resulting 
from eliminating the square terms between 
the equations of the circles. When the 
circles intersect, the radical axis passes 
through their two points of intersection. 
The radical axis of two circles is also the 
line consisting of those points whose 
powers with respect to the two circles are 
equal (see POWER—power of a point with 
reference to a circle or a sphere). The 
radical axis of three spheres is the line of 
intersection of the three radical planes 
taken with respect to the three possible 
pairs of spheres. The line is finite if, and 
only if, the centers of the spheres do not 
lie on a straight line. 

radical center. The radical center of 
three circles is the point in which the three 
radical axes of the circles, taken in pairs, 
intersect. This point is finite if, and only 
if, the centers of the circles do not lie on a 
line. The radical center of four spheres is 
the point of intersection of the six radical 
planes formed with respect to the six pos- 
sible pairs of spheres made up from the 
given four. The point is finite if, and only 
if, the centers of the four spheres are not 
coplanar. 

radical plane of two spheres. The locus 
of the equation resulting from eliminating 
the square terms between the equations of 
the two spheres. When the spheres inter- 
sect, the radical plane is the plane of their 
circle of intersection. 


RAD’I-CAND’, 7. The quantity under a 


radical sign; as 2in V2, ora+bin Va+tb. 
RA‘/DI-US, n. [p/. radii]. focal radius. 
See FOCAL. 

long radius of a regular polygon. The 
distance from the center to a vertex; the 
radius of the circumscribed circle. 

radius of a circle. The distance from the 
center to the circumference. 

radius of convergence of a power series. 
The radius of the circle of convergence. 
See CONVERGENCE—circle of convergence. 

radius of curvature. See CURVATURE— 
curvature of a plane curve, curvature of a 


Radius 


Random 


space curve. Also see various headings 
under CURVATURE and GEODESIC, and 
below, radius of total curvature, radius of 
torsion of a space curve. 

radius of geodesic torsion. The reciprocal 
of the geodesic torsion. See GEODESIC— 
geodesic torsion of a surface at a point in 
a given direction. 

radius of gyration. The distance from a 
fixed line (point, or plane) to a point in, or 
near, a body where all the mass of the 
body could be concentrated without alter- 
ing the moment of inertia of the body about 
the line (point, or plane); the square root 
of the quotient of the moment of inertia by 
the mass. 

radius of normal curvature. See CURVA- 
TURE—normal curvature of a surface. 

radius of total curvature of a surface at a 


point. The quantity p defined by K= > 


where K is the foral curvature of the surface 
at the point. If K is negative, then p is 
real. If the asymptotic lines are taken as 
parametric curves, so that we have 
D=D"=0, ‘then Lier ae where H= 
p a 

VEG — F?. 

radius of torsion of a space curve. See 
TORSION—torsion of a space curve at a 
point. Syn. Radius of second curvature. 

radius vector [p/. radii vectores; radius 
vectors]. See POLAR—polar coordinates, 
and SPHERICAL—spherical coordinates. 

short radius of a regular polygon. The 
perpendicular distance from the center to 
a side; the radius of the inscribed circle. 
Syn, Apothem. 


RA’DIX, 7. [p/. radices]. (1) A_ root. 
(2) Any number which is made the funda- 
mental number or base of any system of 
numbers; thus, 10 is the radix of the decimal 
system of numeration. (3) A name some- 
times given to the base of a system of 
logarithms. In the common system of 
logarithms the radix is 10; in the natural 
system it is 2.7182818284 - - -, denoted by e. 
See BASE—base of a system of numbers. 
radix fraction. An indicated sum of 
fractions, of the form a/r+ b/r?2+c/r3+ d/r4 
--, where the letters a,b,--- are all 
integers less than r (which is also an 
integer). This is a_ generalization of 


decimals; when r is 10 it reduces to a 
decimal fraction. 

radix of a mortality table. See MORTALITY 
—mortality table. 


RAN’DOM, adj. random device. A device 
for the determination of numbers from a 
prescribed frequency distribution. 

random sample. (S/atistics.) A sample 
obtained by a selection of items from the 
population is a random sample if each item 
in the population has an equal chance of 
being drawn. Random describes a method 
of drawing a sample, rather than some 
resulting property of the sample discover- 
able after the observance of the sample. 
See SAMPLE—Stratified random sample. 

random sequence. (Siatistics.) A se- 
quence of values that is irregular, non- 
repetitive, or haphazard. A sequence of 
random digits is a random sampling from 
the population consisting of the ten digits 
0,1,---,9. Arandom sample of k objects 
from 1 objects can be obtained by number- 
ing the objects from 0 to n and choosing a 
sequence of numbers (each with the same 
number of digits as n), disregarding those 
larger than n, until k numbers have been 
chosen. A completely satisfactory defini- 
tion of random sequence is yet to be 
discovered. However, tests of randomness 
can be made; e.g., by subdividing the 
sequence into blocks and using the chi- 
square test to analyze the frequencies of 
occurrence of specified individual integers 
or of runs consisting of specified digits in a 
specified order. A table of one million 
random digits has been published. 

random variable. Same as CHANCE 
VARIABLE. See CHANCE. 

random walks. A succession of “‘walks’’ 
along line segments in which the direction 
(and possibly the length) of each walk is 
determined in a random way. Random 
walks are used to obtain probabilistic solu- 
tions to mathematical or physical problems. 
E.g., if a person makes a step of length h 
every r seconds and each step is equally 
likely to be to the right or to the left, then 
the probability at time ¢ of being at a 
distance of x from where he was at time 
t=0 can be shown to be given by a function 
U(x, t) which satisfies the difference equa- 
tion 


U(x, t+r)=4U(x+h, )+4U(x—A, 2). 


Random 
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The function U can be approximately 
evaluated by letting a computing machine 
‘“‘make”’ a large number of random walks 
by reference to a sequence of random 
numbers. If h2=r and h-—0, the limit of 
U(x, t) satisfies the heat equation 


Ox2 or 
with the boundary conditions U(x, 0)=0 if 
x40 and [- U(x, thdx=1. A random 


walk method "is a type of Monte Carlo 
method. 

randomized blocks. See BLOCK. 

stratified random sample. See SAMPLE. 

systematic random sample. Let a popula- 
tion have nk elements, the population 
being divided into m sub-populations of k 
elements each. Select a number from 1 to 
k at random and then sample every kth 
consecutive element, where 1/k is the 
ratio of sample to population. This is a 
special kind of random sample and is in 
some populations more efficient than 
simple random sampling. 

table of random numbers. A _ set of 
numbers arranged such that a random 
succession of numbers may be selected 
according to any procedure, subject to the 
sole restriction that the selection of a num- 
ber from the set be influenced only by its 
location in the table. Designed to permit 
the drawing of random samples. After 
numbering the items in a population, one 
may select those items whose numbers are 
obtained from the table of random num- 
bers. 


RANGE, n. (Statistics.) (1) The most 
general measure of dispersion; the differ- 
ence between the greatest and the least of a 
set of quantities, or the interval between the 
greatest and the least. (2) The range of a 
function or transformation is the set of 
values the function or transformation may 
take on. The range of the function f(x) = x? 
is the set of all nonnegative real numbers, 
if the domain of the function is the set of 
all real numbers. The range of a mapping 
or transformation is the set which includes 
each point which is the map or transform 
of some point by means of the mapping or 
transformation. (3) The range of a variable 
is the set of values the variable may take on. 


RANK, n. rank of a matrix. See MATRIX. 


RATE, 7., v. (1) Reckoning by compara- 
tive values or relations. (2) Relative 
amount, quantity, or degree; as, the rate of 
interest is 69% (i.e., $6 for every $100 for 
every year); the rate per mile of railroad 
charges; a rapid rate of growth. See 
CORRESPONDING—corresponding rates, 
DIVIDEND—dividend rate, DEATH—central 
death rate, INTEREST, MORTALITY—rate of 
mortality, SPEED, VELOCITY, and YIELD. 

rate of change of a function at a point. 
The limit of the ratio of an infinitesimal 
increment of the function at the point to 
that of the independent variable; the limit 
of the average rate of change over an inter- 
val including the point as the length of the 
interval approaches zero. This is some- 
times called the instantaneous rate of change 
since the rates of change at neighboring 
points are in general different. The rate of 
change of a function at a point is the slope 
of the tangent to the graph of the function, 
the derivative at the point. 


RA‘TIO, adj., n. The quotient of two 
numbers (or quantities); the relative sizes 
of two numbers (or quantities). One also 
speaks of the ratio of two numbers when 
the second is zero; if a40, then a and 0 
have a ratio, denoted by @:0, and a:0 and 
b:0 are said to be equal if b40. See 
CORRELATION—Correlation ratio, CRITICAL 
—critical ratio, DEFORMATION—deforma- 
tion ratio, LIKELIHOOD—likelihood ratio, 
POINT—point of division, POISSON—Pois- 
son’s ratio, and PROPORTIONAL—propor- 
tional sets of numbers. 

cross ratio (or anharmonic ratio). If A, 
B, C, D are four distinct collinear points, the 
cross ratio (AB, CD) is defined as the 
quotient of the ratio in which C divides AB 
by the ratio in which D divides AB; if the 
abscissas (or ordinates) of four points are 
X1, X2, X3, X4, the cross ratio is 


(x3 — X47 X2), 
(x3— X2)(X4— x4) 


If no ordering of the four points will give a 
harmonic ratio (see below, harmonic ratio) 
there are, in general, six distinct values of 
the cross ratio, depending upon how the 
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points are ordered. If L;, L5, 13, L4 are 
four distinct concurrent lines with slopes 
equal to m,, m2, m3, m4, respectively, the 
cross ratio of the four lines is 


(m3 —1™1)(m4— m2) 
(m3 — m)(m4— m}) 

harmonic ratio. If the cross ratio of 
four points (or four lines) is equal to —1, 
it is called a harmonic ratio and the last 
two points are said to divide the first two 
harmonically. 

inverse ratio of two quantities. The 
ratio of their reciprocals; the reciprocal of 
their ratio. The inverse ratio of 2 to 3 is 
(4)/4)=3. Syn. Reciprocal ratio. 

ratio paper. Same as SEMILOGARITHMIC 
PAPER. See LOGARITHMIC. 

ratio of similitude. The ratio of the 
lengths of corresponding lines of similar 
figures; the ray ratio (see RADIALLY—radi- 
ally related figures). Also called homothetic 
ratio. 

ratio test. Any of several tests for con- 
vergence (or divergence) of an_ infinite 
series which make use of the ratio of 
successive terms of the series. The ordinary 
ratio test (or Cauchy’s ratio test) states that 
a series converges or diverges according as 
the absolute value of the limit, as » becomes 
infinite, of the ratio of the nth to the 
(n—1)th term is less than or greater than 
one. If it is equal to one, the test fails. 
E.g., (1) for the series 1+ 1/2!4+1/3!4+ --- 
+1/n!+ ---, the ratio of the nth to the 
(n—1)th term is 


(/nt/O/(—1)'}=1/n, 


lim (1/n)=0. 


n—»> oO 


and 


Hence the series converges. (2) For the 
harmonic series, 


1+4+44+---41/n+--- 


the ratio is 


(1/n)/U/@—D)=(@—D/n 


lim (n—1)/n=1; 

h—> 0 
hence the test fails. (However, this series 
diverges, as can be shown by grouping the 
terms so that each group equals or exceeds 
4, namely, 


bee a) Genet ake) Pee.) 


and 
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The existence of the limit of the ratio of the 
nth to the (n— 1)th term is not needed. The 
generalized ratio test (also called d’Alem- 
bert’s test) states that a series converges if 
after some term the absolute value of the 
ratio of any term to the preceding is always 
less than a fixed number less than unity; 
if this ratio is always greater than unity, the 
series diverges. Raabe’s ratio test is a more 
refined test which states that if the series is 
Uy tuz+u3z+ --- +u,+ ---, and u,+)/u,= 
1/(1+a,,), then the series converges if, after 
a certain term, the product na, is always 
greater than a fixed number which is 
greater than unity, and it diverges if, after a 
certain term, the same product is always 
less than or equal to unity. 

reciprocal ratio. Same as INVERSE RATIO. 


RA’TION-AL, adj. rational expression or 
function. An algebraic expression which 
involves no variable in an_ irreducible 
radical or under a fractional exponent; a 
function which can be written as a quotient 
of polynomials. The expressions 2x?+1 
and 2x+1/x are rational, but Vx+1 and 
x7/2+1 are not. See PARTIAL—partial 
fractions, and FRACTION. 

rational integral function. A function 
containing only rational and integral terms 
in the variable (or variables). A function 
may be rational and integral in one or more 
of the variables while it is not in others; 
e.g., wtx2+2xy'/24+1/z is rational and 
integral in x and in w and x together, but 
not rational in y and not integral in z. 
See TERM—rational, integral term. Syn. 
Polynomial. 

rational number. A number that can be 
expressed as an integer or as a quotient of 
integers; any whole number (integer) or 
fraction (such as 4, 4, 2). Tech. Once inte- 
gers have been defined (see INTEGER), 
rational numbers can be defined as the set 
of all ordered pairs (a, b) for which a and b 
are integers (640) and equality, addition, 
and multiplication are defined as follows: 


(a, b)=(c,d) if and only if ad=bc; 
a, (b)+(c, d)=(ad+ bc, bd); 
(a, b)-(c, d)=(ac, bd). 


The usual practice is to write (a, b) as a/b, 
in which case the above definitions of 
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equality, addition, and multiplication take 
the form: 


5 if and only if ad=be: 


The rational number (a, 1), or a/1, is called 
an integer and usually written simply as a. 
See IRRATIONAL—irrational number. 

rational root theorem. If a rational 
number p/g, where p and g have no common 
factors, is a root of a polynomial equation 
whose coefficients are integers, 


AyxX" + ax” 1+ ayxr 2 + ++ 
+ d,-1Xt+a,=9, 


then dp is divisible by qg and a,, is divisible 
by p. 


RA’TION-AL-IZE, v. To remove radicals 
without altering the value of an expression 
or the roots of an equation. 

rationalize an algebraic equation. To re- 
move the radicals which contain the 
variable (not always possible). A procedure 
that sometimes suffices is to isolate the 
radical in one member of the equation (or 
if there be more than one radical, to 
arrange them to the best advantage) and 
raise both sides to a power equal to the in- 
dex of the radical (or one of the radicals), 
repeating this process if necessary. Ex- 
traneous roots may be introduced by this 
procedure. E.g., (1) Vx—l=x-2 
rationalizes into x—l=x*—4x+4, or 
x2~5x+5=0; (2) Vx—14+2=Vx+1 is 
writen Vx—-l—-Vx+l=—2; squaring 
gives x—-1—2V x2—14+x4+1=40r Vx2-1 
=x—2, whence x?—1=x*?-—4x+4 or 4x 
—5=0. 

rationalize the denominator of a fraction. 
To multiply numerator and denominator 
by a quantity that will remove the radical 
in the denominator. E.g., if the fraction is 


1 a = 
aap a rationalizing factor is Va— 


Va-Vb 


and we obtain aT 


; if the fraction is 


325 
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] ay 
: one . 3 
Wo rationalizing factor is Vc and we 


We 

ma 

rationalize an integral. To make a 
substitution (changing variables) so that 
the radicals in the integrand disappear; the 
integral 


obtain 


| xi) ies eialived hk i} 425 d 
era xX 18 rationalized into rer) PA 
by the substitution x= 24 (dx = 423 dz), 


RAY, adj., n. A Straight line extending 
from a point. The point is called the origin 
of the ray. Same as HALF-LINE. 

ray center. Same as CENTER OF PROJEC- 
TION. See PROJECTION—central projection, 
and RADIALLY—radially related figures. 

ray ratio. See RADIALLY—radially re- 
lated figures. 


RAYLEIGH-RITZ METHOD. A method 
for determining approximate solutions of 
functional equations through the expedient 
of replacing them by finite systems of 
equations. Thus, for example, any func- 
tion of class C™ on a closed interval (and 
its first m derivatives) can be approximated 
arbitrarily closely by polynomials. 


RE-AC’TION, x. 
tion. See ACTION. 


law of action and reac- 


REAL, adj. real-number axis or real axis. 
A straight line upon which the real num- 
bers are plotted; the horizontal axis in an 
Argand diagram. See COMPLEX—complex 
numbers. 

real number. Any rational or irrational 
number (see RATIONAL and IRRATIONAL). 
The complex numbers consist of the real and 
the imaginary numbers (those numbers 
a+bi for which a and b are real and b=0 
and 50, respectively). The set of all real 
numbers is called the real number system or 
the real continuum (see CONTINUUM). 

real part of a complex number. The 
term which does not contain the factor J. 
If the number is z=x+/y (where x and y 
are real), the real part is x, denoted by R(z), 
Re(z), or (2). 

real plane. A plane in which all points 
are assigned ordered pairs of real numbers 
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for coordinates, as contrasted to the com- 
plex plane. 

real variable. A variable which takes 
only real numbers for its values. 


REAM, n. A measure of paper; twenty 
quires. See DENOMINATE NUMBERS in the 
appendix. 


RE-AR-RANGE’MENT, 27. _ rearrange- 
ment of the terms in a series. See SERIES. 


RE-CEIPT’, 7. (Finance.) (1) The act of 
receiving payment in money or goods. 
(2) A statement acknowledging money or 
goods having been received. 


RE-CEIPTS’, n. Money or other assets 
taken in, as contrasted to expenditures. 


RE-CEIV’A-BLE, adj. See NOTE—note re- 
ceivable. 


RE-CIP’RO-CAL, adj., n. The reciprocal 
of a number is the number whose product 
with the given number is equal to 1; ie., 
1 divided by the number. For a fraction, 
the reciprocal is the fraction formed by 
interchanging the numerator and denomi- 
nator in the given fraction. For any set of 
objects for which multiplication is defined 
and there is a multiplicative identity (whose 
product with any member x of the set is 
equal to x), the reciprocal (or inverse) of an 
object x is an object y such that xy and yx 
are each equal to the identity (provided 
there is only one y with this property). 
E.g., the reciprocal of the polynomial x? + 1 
; 5 1 | 
is 1/(x2+1), since (x*+1) a 1. See 
GROUP. 

reciprocal curve of a curve. The curve 
obtained by replacing each ordinate of a 
given curve by its reciprocal; the graph of 
the equation derived from the given equa- 
tion (in Cartesian coordinates) by replacing 
y by 1/y. The graphs of y=1/x and y=x 
are reciprocals of each other; so are the 
graphs of y=sin x and y=cosec x. 

reciprocal equation. An equation in one 
variable whose set of roots remains un- 
changed if the roots are replaced by their 
reciprocals; an algebraic equation whose 
roots are unchanged if the unknown is 
replaced by its reciprocal. £.g., when x is 
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replaced by 1/x and the equations are sim- 
plified, x+1=0 becomes 1+x=0, and 
x4*—ax3+bx2—ax+1=0 becomes 1—ax+ 
bx*—ax3+x4=0. 

reciprocal of a matrix. Same as the 
inverse of the matrix. See MATRIX. 

reciprocal polar figures in the plane. Two 
figures made up of lines and their points 
of intersection are reciprocal polar figures 
if each point in either one of them is the 
pole of a line in the other with respect 
to some given conic (see POLE—pole and 
polar of a conic); polar reciprocal triangles 
are two triangles such that the vertices of 
each of them are the poles of the sides of the 
other with respect to some conic. Polar 
reciprocal curves are two curves so related 
that the polar, with respect to a given 
conic, of every point on one of them is 
tangent to the other (it then follows that 
the polars of the points on the latter are 
tangent to the former). 

reciprocal ratio. See INVERSE—inverse 
or reciprocal ratio. 

reciprocal spiral. See HyPERBOLIC—hy- 
perbolic spiral. 

reciprocal substitution. The substitution 
of a new variable for the reciprocal of the 
old; a substitution such as y=1/x. 

reciprocal system of vectors. Sets of 
vectors A;, A>, A; and B,, B,, B; such that 
A;:B;=1, i=1, 2, 3, and A;-B;=0 if iF. 
If the triple scalar product 


[A,A,A3] F 0, 


then the set of vectors reciprocal to Aj, A», 
A; is Az x A3/[A,;A,A3], A3 x Ay/[A;A2A3], 
A, x A,/[A,;A,A3]. See TRIPLE — triple 
scalar product. 

reciprocal theorems. (1) In plane geom- 
etry, theorems such that the interchanging 
of two geometric elements, e.g., angles and 
sides, points and lines, etc., transfers each 
of the theorems into the other. Two such 
theorems are not always simultaneously 
true or false. (2) In projective geometry, 
same aS DUAL THEOREMS. 

Volterra’s reciprocal functions. (/ntegral 
Equations.) See VOLTERRA. 


REC’TAN’GLE, n. A parallelogram with 
one angle a right angle and therefore all of 
its angles right angles; a quadrilateral 
whose angles are all right angles. A 
diagonal of a rectangle is a line joining 
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opposite vertices; if the sides are of length 
a and b, the length of the diagonal is 
Va2+b2, The altitude is the perpendicular 
distance from one side (designated as the 
base) to the opposite side. The area of a 
rectangle is the product of two adjacent 
sides. Ifa rectangle has two sides of length 
2 and 3, respectively, its area is 6. 


REC-TAN’GU-LAR, adj. Likearectangle; 
mutually perpendicular. 

rectangular axes, rectangular (Cartesian) 
coordinates. See CARTESIAN. 

rectangular form of a complex number. 
The form x+ yi, as distinguished from the 
polar or trigonometric form r(cos @+ 
isin @), 

rectangular graph. Same as BAR GRAPH. 
See GRAPH. 

rectangular hyperbola. 
—rectangular hyperbola. 

rectangular parallelepiped. See PARAL- 
LELEPIPED. 

rectangular solid. <A solid all of whose 
faces are rectangles; a right prism whose 
bases are rectangles; a rectangular paral- 
lelepiped. 


See HYPERBOLA 


REC’TI-FI’A-BLE, adj. rectifiable curve. 
(1) A curve whose length can be found. 
(2) A curve of finite length. See LENGTH— 
length of a curve. 


REC’TI-FY-ING, adj. rectifying plane of 
a space curve ata point. The plane of the 
tangent and binormal to the curve at the 
point. See DEVELOPABLE—rectifying de- 
velopable of a space curve. 


REC’TI-LIN’E-AR, adj. (1) Consisting of 
lines. (2) Bounded by lines. 

rectilinear generators. See RULED—ruled 
surface, HYPERBOLOID—hyperboloid of one 
sheet, and PARABOLOID. 

rectilinear motion. Motion along a 
straight line. See VELOCITY. 


RE-CUR’RING, adj. recurring continued 
fraction. See FRACTION—continued frac- 
tion. 

recurring decimal. Same as REPEATING 
DECIMAL. 


RE-DEEM’, v. To repurchase, to release 
by making payments. To redeem a note, 
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bond, or mortgage means to pay the sum 
it calls for. To redeem property means to 
get ownership by paying off lapsed liability 
for which it was security. 


RE-DEMP’TION, 7. The act of redeem- 
ing. 
redemption price. See PRICE. 


RE-DUCED’, p. reduced cubic equation. 
A cubic equation of the form y3+ py+q=0; 
the form that the general cubic, x3+ ax? 
+bx+c=0, takes when the x? term is 
eliminated by substituting x — 4a for x. 
reduced differential equation. See DIF- 
FERENTIAL—linear differential equation. 


RE-DU’CI-BLE, adj. A curve or surface 
is said to be reducible in a given region if 
it can be shrunk to a point by a continuous 
deformation without passing outside that 
region. See DEFORMATION—Ccontinuous de- 
formation, and CONNECTED—simply con- 
nected region. 

reducible set of matrices. A_ set of 
matrices which correspond to linear trans- 
formations of an n-dimensional vector 
space V is reducible if there is a proper 
subset V’ of V which contains a nonzero 
element and is such that each point of V’ is 
transformed into a point of V’ by any linear 
transformation corresponding to one of the 
matrices. See REPRESENTATION—reducible 
representation of a group. 

reducible transformation. A linear trans- 
formation 7 of a linear space L into itself 
is reducible if there are two linear subsets 
M and N of L such that 7(x) belongs to M 
if x belongs to M, T(x) belongs to N if x 
belongs to N, and M and WN are comple- 
mentary in the sense that any vector of L 
can be uniquely represented as the sum of 
a vector of M and a vector of N. The 
transformation T can then be completely 
specified by describing its effect on M and 
on N. For Hilbert space, it is customary to 
require that M and WN be orthogonal 
complements of each other. Then T is 
reducible by M and N if and only if JT and 
its adjoint T* map M into M, or if and only 
if T commutes with the (orthogonal) pro- 
jection whose range is M. 


REDUCTIO AD ABSURDUM PROOF. 
The method of proof which shows that it 
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is impossible for that which is to be proved 
to be false, because if it is false some ac- 
cepted facts are contradicted; in other 
words, the method which supposes that the 
contrary to the fact to be proved is true 
and then shows that this supposition leads 
to an absurdity. E.g., accepting the axiom 
that only one line can be drawn through a 
given point parallel to a given line, prove 
that if two lines are parallel to a third line 
they are parallel to each other. Assume 
that the two lines are not parallel, i.e., in- 
tersect in a point; we then have two lines 
through a point parallel to a third line, 
which contradicts the axiom. Syn. Indirect 
proof. 


RE-DUC’TION, adj.,n. (1) A diminution 
or decreasing, as a reduction of 10°% in the 
price. (2) The act of changing to a different 
form, by collecting terms, powering equa- 
tions, simplifying fractions, making substi- 
tutions, etc. 

reduction ascending. Changing a de- 
nominate number into one of higher order, 
as feet and inches into yards. 

reduction descending. Changing a de- 
nominate number into one of lower order, 
as yards and feet into inches. 

reduction formulas in integration. See 
INTEGRATION—reduction formulas in inte- 
gration. 

reduction formulas of trigonometry. Sce 
TRIGONOMETRY— identities of trigonometry. 

reduction of a common fraction to a 
decimal. Annexation of a decimal point 
and zeros to the numerator and dividing 
(usually approximately) by the denomina- 
tor. E£.g., 


1 1.00 2 2.000 
a al ae oe 
reduction of a fraction to its lowest terms. 
The process of dividing all common factors 
out of numerator and denominator. 
reduction of the roots of an equation. 
Same as DIMINUTION of the roots of an 
equation. 


= .667-. 


RE-DUN’DANT, adj. redundant equation. 
See EQUATION—redundant equation. 

redundant number. See NUMBER—perfect 
number. 


RE-EN’TRANT, adj. reentrant angle. An 
angle which is an interior angle of a polygon 
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and greater than 180° (angle HFM in 
figure). The other angles of the figure 
(interior angles of less than 180°) are called 
salient angles. 


M 


ya 


REF’ER-ENCE, n. axis of reference. 
One of the axes of a Cartesian coordinate 
system, or the polar axis in a polar coordi- 
nate system; in general, any line used to 
aid in determining the location of points, 
either in the plane or in space. 

frame of reference. See FRAME. 

reference angle. Same as RELATED ANGLE. 
See RELATED. 


RE-FLEC’TION, adj., n. (Physics.) The 
change of direction which, e.g., a ray of 
light, radiant heat, or sound, experiences 
when it strikes upon a surface and is thrown 
back into the same medium from which 
it came. Reflection follows two laws: 
(1) the reflected and incident rays are in a 
plane normal to the surface; (2) the angle 
of incidence is equal to the angle of reflec- 
tion (the angle of incidence is the angle the 
incident ray makes with the normal at the 
point of incidence; the angle of reflection 
is the angle which the reflected ray makes 
with this normal). 

reflection in a line. Replacing each point 
in the reflected configuration by a point 
symmetric to the given point with respect 
to the line. A reflection in a coordinate 
axis in the plane is defined by one of the 
transformations x’=x, y= — y, or x’= — x, 
y’=y. Each given point is replaced by a 
point symmetric to the given point with 
respect to the axis in which the reflection is 
made, the x-axis and y-axis, respectively, in 
the above transformations. 

reflection in the origin. Replacing each 
point by a point symmetric to the given 
point with respect to the origin (in the 
plane, a reflection in the origin is a rotation 
about the origin through 180°); the result 
of successive reflections in each axis of a 
rectangular system of coordinates. See 
above, reflection in a line. 
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reflection in a plane. Replacing each 
point in the reflected configuration by a 
point symmetric to the given point with 
respect to the plane; e.g., the reflection of 
the point (x, y, z) in the (x, y)-plane is the 
point (x, y, —z). 

reflection property of the ellipse, hyper- 
bola, and parabola. See ELLIPSE—focal 
property of the ellipse, HyPERBOLA—focal 
property of the hyperbola, PARABOLA— 
focal property of the parabola. 


RE’FLEX, adj. reflex angle. An angle 
greater than 180° and less than 360°. 


RE-FLEX’IVE, adj. reflexive Banach 
space. Let B be a Banach space and B* 
and B** be the first and second conjugate 
spaces of B (see CONJUGATE—conjugate 
space). If x9 is an element of B, then F, 
defined by F(f)=/(%o), is a continuous 
linear functional defined on B*. B is 
said to be reflexive if every linear functional 
defined on B* is of this type, it then 
following that B and B** are identical if 
Xg 1S identified with the linear functional 
F(f)=f(xo). However, there exist non- 
reflexive Banach spaces B for which there is 
an isometric correspondence between B 
and B**, A Banach space is reflexive if 
and only if the set of all elements x with 
\x|| <1 is weakly compact. A _ separable 
Banach space is reflexive if and only if, for 
each continuous linear functional f, there 
is an element x)940 such that f(x9)=|I/1l- 
Xoll. Hilbert space is a reflexive Banach 
space. Syn. Regular Banach space. 
reflexive relation. A relation of which it 
is true that, for any x, x bears the given 
relation to itself. The relation of equality 
in arithmetic is reflexive, since x=x, for 
all x. A relation such that x does not bear 
the given relation to itself for any x is said 
to be antireflexive. The relation of being 
greater than is antireflexive, since it is not 
true for any x that x>x. A relation such 
that there is at least one « which does not 
bear the given relation to itself is said to be 
nonreflexive. The relation of being the 
reciprocal of is nonreflexive, since x may or 
may not be the reciprocal of x, according 
as x is equal to unity or is not equal to unity. 


RE-FRAC’TION, zx. (Physics.) A change 
of direction of rays (as of light, heat, or 
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sound) which are obliquely incident upon 
and pass through a surface bounding two 
media in which the ray has different veloci- 
ties (as light going from air to water). It 
is found that for isotropic media: (1) When 
passing into a denser medium, the ray is 
refracted toward a perpendicular to the 
surface, and, when passing into a less 
dense medium, it is bent away from the 
perpendicular; (2) the incident and re- 
fracted rays are in the same plane; (3) the 
sines of the angle of incidence and the angle 
of refraction bear a constant ratio to each 
other for any two given media (the angles 
of incidence and refraction are the angles 
which the incident and refracted ray make, 
respectively, with the perpendicular to the 
surface). If the first medium is air, this 
ratio is called the index of refraction or the 
refractive index of the second medium. 
The law stated in (3) is known as Snell’s 
law. 


RE-GRES’SION, adj., n. edge of regres- 
sion. (Differential Geometry.) The tangent 
surface S of a space curve C generally con- 
sists of two sheets which are tangent to 
one another along C, forming a sharp edge 
there. C is called the edge of regression 
of S. 

line of regression. (Statistics.) (1) The 
line determined by the regression function. 
See below, and LINEAR—equation of linear 
regression. If the distances to which 
least squares are applied are parallel to the 
y-axis, the line is called the line of regression 
of y on x; and, if parallel to the x-axis, the 
line of regression of x on y. (2) Any line 
which represents the trend of a set of data. 

regression coefficient. If two variables 
y and x are correlated such that ¥;=m,(x;) 
is the conditional expectation of y given x, 
then the coefficients in the function m,(x;) 
are the regression coefficients. Thus, if 
Yi=m,(x;)=at bx;, a and b are regression 
coefficients. Sometimes only / is called a 
regression coefficient. Least-squares esti- 
mates of regression coefficients in a linear 
bivariate regression function y=a+bx may 
be obtained from 

gag 28, pa 2 DO=I 

n n u(x — xX)? 
If y, at least, is a random variable, these 
estimates are minimum variance, unbiased, 
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and consistent estimates. Also see LINEAR 
—equation of linear regression. 

regression effect. If two jointly corre- 
lated variables are compared, it will be 
noted that the conditional expectation of 
one of the variables will be closer, in its 
standard-deviation units, to the mean of 
its set than are the given values of the Ist 
variable with which the conditional expec- 
tation of the 2nd variable is associated. 
E.g., for those parents whose height is one 
standard deviation unit above their aver- 
age, it will be noticed that their children’s 
average height will be less than one of their 
standard deviation units above their aver- 
age. This behavior of the conditional 
expectation, on the basis of a given value of 
the first variable, is called the regression 
phenomenon or effect. Any two random 
variables that are linearly correlated with 
a coefficient of correlation of less than 1 
will display this regression. It may be ex- 
tended to more than two variables. 

regression function. (S/atistics.) Let 
two random variables x and y be stochasti- 
cally dependent with a continuous joint 
frequency function f(x, y). Let f(y|x) be 
the conditional frequency function of y 
for given x. Let y;=E(y|x;) be the mean 
expectation of f(y|x) for given x;. Then 
yij=m,(x;) is the regression function of 
the means of y on x. Conversely, the 
regression function of x on y is x;=m,(y;j). 
These two are not in general inverses of 
each other. If a regression function is 
linear it is described as a linear regression 
function. See LINEAR—equation of linear 
regression. To estimate the regression 
function of y on x from a given set of 
observations of both variables, the method 
of least squares applied to =[y—g(x)]* 
yields estimates of the parameters of the 
regression function for any specified class 
of equations, and the estimates are best in 
the sense that they are minimum-variance 
unbiased estimates and also in the sense 
that the sum of squares of the observed y 
around the estimated y is a minimum. If 
g(x) is a linear function of x, the parameter 
estimates are minimum-variance unbiased 
estimates. 


REGULA FALSI (rule of false position). 
The method of calculating an unknown (as 
a root of a number) by making an estimate 
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(or estimates) and working -from it and 
properties of the unknown to secure the 
value of the latter. If one estimate is used, 
it is called simple position; if two, double 
position. Double position is used in ap- 
proximating irrational roots of an equation 
and in approximating logarithms of num- 
bers which contain more significant digits 
than are listed in the tables being used. 
The method assumes that small arcs are 
approximately coincident with the chords 
which join their extremities. This makes 
the changes in the abscissas proportional 
to the changes in the corresponding ordi- 
nates; e.g., if y=f(x) has the value —4 
when x is 2 and the value 8 when x is 3, 
then the chord joining the points whose 
coordinates are (2, —4) and (3, 8) crosses 
the x-axis at a point whose abscissa x is 
such that 4(x — 2) =75, which gives x= 24 as 
an approximate value of a root of f(x)=0. 
Newton’s method for approximating roots 
is an example of simple position (see 
NEWTON). 


REG’U-LAR, adj. regular analytic curve. 
See ANALYTIC—analytic curve. 

regular Banach space. See REFLEXIVE— 
reflexive Banach space. 

regular curve. A curve all of whose 
points are ordinary points. See POINT— 
ordinary point on a curve. 

regular definition of the sum of a diver- 
gent series. A definition which, when ap- 
plied to convergent series, gives their ordi- 
nary sums. Consistent is sometimes used 
to denote the same property. Regular 1s 
also used to denote not only the above 
property, but the added property of failing 
to sum properly divergent series. 

regular function of a complex variable. 
See ANALYTIC—analytic function of a com- 
plex variable. 

regular permutation group. See PERMU- 
TATION—permutation group. 

regular point of a curve. 
ordinary point of a curve. 

regular point of a surface. A point of 
the surface which is not a singular point of 
the surface. See SINGULAR—Ssingular point 
of a surface. 

regular polygon. See POLYGON. 

regular polyhedron. See POLYHEDRON. 

regular sequence. (1) A _ convergent 
sequence. See SEQUENCE—convergent se- 


See POINT— 


Regular 
quence. (2) See 
sequence. 

regular space. A (topological) space 
such that if U is any neighborhood of a 
point x of the space, then there is a neigh- 
borhood V of x with the closure of V con- 
tained in U. A topological space is normal 
if, for any two nonintersecting closed sets 
P and Q, there are two nonintersecting 
open sets, one of which contains P and 
the other Q. A normal space is regular, 
and a regular space which satisfies the 
second axiom of countability is normal. See 
METRIC—metric space. A topological space 
is completely regular if, for each x of T and 
neighborhood U of x, there is a continuous 
function with values in the interval [0, 1] 
for which f(x)=1 and f(y)=0 if y is not in 
U. Acompletely regular 7, space is some- 
times called a Tychonoff space. A com- 
pletely regular space is regular. 
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RE-LAT’ED, adj. related angle. The 
acute angle (angle in the first quadrant) 
for which the trigonometric functions have 
the same absolute values as for a given 
angle in another quadrant, with reference to 
which the acute angle is called the related 
angle; 30° is the related angle of 150° and 
of 210°. 

related expressions or functions. Same 
aS DEPENDENT FUNCTIONS, but less com- 
monly used. ‘See DEPENDENT. 


RE-LA’TION, n. Equality, inequality, or 
any property that can be said to hold (or 
not hold) for two objects in a specified 
order. Tech. A relation is a set R of 
ordered pairs (x, y), it being said that x is 
related to y (sometimes written xRy) if 
(x, y) is a member of R. E.g., the relation 
‘less than’’ for real numbers is the set of all 
ordered pairs (x, y) for which x and y are 
real numbers with x < y; the relation “‘sister 
of’’ is the set of all ordered pairs (x, y) for 
which x is a person who is the sister of y. 

antireflexive, nonreflexive, and reflexive 
relation. See REFLEXIVE. 

asymmetric, nonsymmetric, and sym- 
metric relations. See SYMMETRIC—sym- 
metric relation. 

equivalence relation. See EQUIVALENCE. 

intransitive, nontransitive, and transitive 
relations. See TRANSITIVE. 
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REL’A-TIVE, adj. 
See FREQUENCY. 
relative maximum and minimum. See 
MAXIMUM. 
relative velocity. See VELOCITY. 


relative frequency. 


REL’A-TIV’I-TY, 1. mathematical theory 
of relativity. A special (or restricted) 
mathematical theory of relativity is based 
on two postulates: (1) Physical laws and 
principles can be expressed in the same 
mathematical form in all reference systems 
which move relative to one another with 
constant velocity. (2) The speed of light 
has the same constant value c (approxi- 
mately 3 x 101° cm/sec.) which is indepen- 
dent of the velocity of the source of light. 
The adoption of these postulates leads to 
the conclusions that the velocity of an 
object with nonzero mass must be less than 
the velocity of light, and that the mass m 
of the body depends on its velocity and 
hence on the kinetic energy of the body. It 
turns out that mass increases with increase 
in velocity, and this leads to the celebrated 


" mass-energy relation E=mc?. The general 


theory subsumes that the physical laws 
and principles are invariant with respect 
to all possible reference frames. It provides 
an elegant mathematical formulation of 
particle dynamics that is essentially geo- 
metrical in character. It provides a reason- 
able explanation of several astronomical 
phenomena that are not easily explained by 
Newtonian mechanics, but it fails to provide 
a satisfactory unified account of electro- 
dynamical phenomena. 


RE’LAX-A’TION, adj., n. relaxation 
method. In numerical analysis, a method 
in which the errors, or residuals, resulting 
from an initial approximation are con- 
sidered as constraints that are to be relaxed. 
New approximations are chosen to reduce 
the worst of the residuals until finally all are 
within the toleration limit. 


RE-LI-A-BIL’I-TY, 1. (Statistics.) () 
Sampling variance. (2) Test reliability is 
a measure of the precision of measurement. 
Thus the variance of repeated measure- 
ments on the same object is a measure of 
the reliability of the method of measure- 
ment. In the case of a mental test, the 
correlation coefficient between pairs of test 
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scores on essentially the same test by the 
same person is a measure of the test’s re- 
liability. The practical problems attend- 
ant to obtaining such a hypothetical test- 
retest measurement enforces modifications 
in the method of obtaining estimates of the 
reliability. 


RE-MAIN’DER, adj., n. The dividend 
minus the product of the divisor and 
quotient. If 


V R 
V=D-Q+R, OT Dp 2tp’ 
then R is the remainder of the division of 
V by D with quotient Q. The remainder 
in division of integers is the part of the 
dividend left when it does not contain the 
divisor an exact (integral) number of times 
(17 divided by 5 equals 3, with a remainder 
of 2). The remainder in a division of 
polynomials is usually taken to be the 
polynomial of lower degree than the 
divisor which is equal to the dividend 
minus the product of the quotient and 
divisor (when the divisor is of the first 
degree the remainder is a constant). See 
below, remainder theorem. The minuend 
minus the subtrahend in subtraction is 
sometimes called the remainder (difference 
is More common). 

remainder of an infinite series after the 
nth term. (1) The difference R,, between 
the sum, S, of the series and the sum, S,,, of 
n terms, i.e., R,=S—S,, when the series 
is known to converge. (2) The difference 
between the sum of the first n terms of the 
series and the quantity (or function) whose 
expansion is sought; see TAYLOR—Taylor’s 
theorem, and FOURIER SERIES. The series 
converges and represents the quantity or 
function for all values of the independent 
variable for which the remainder converges 
to zero. 

remainder in Taylor’s theorem. See 
TAYLOR—Taylor’s theorem. 

remainder theorem. When a_ polyno- 
mial in x is divided by x—/, the remainder 
is equal to the number obtained by 
substituting A for x in the polynomial. 
More concisely, f(x)=(x—A)g(x)+/(h), 
where q(x) is the quotient and f(A) the 
remainder, which is easily verified by 
substituting A for x. E.g., (x2+2x+3)+ 
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(x—1) leaves a remainder of 12+2x1+3, 
or 6. 
Chinese remainder theorem. See CHINESE. 


RE-MOV’A-BLE, adj. removable discon- 
tinuity. See DISCONTINUITY. 


RE-MOV’‘AL, 7. removal of a term of an 
equation. Transforming the equation into 
a form having this term missing. See 
ROTATION—rotation of axes, TRANSLATION 
—translation of axes, and REDUCED— 
reduced cubic equation. 


RENT, 2. (1) A sum of money paid at 
regular intervals in return for the use of 
property or nonperishable goods. (2) The 
periodic payments of an annuity. The 
period between successive payments of rent 
is the rent period. 


RENTES, n. French perpetuity bonds. 


RE-PEAT’ED, adj. repeated root. See 
MULTIPLE—multiple root. 


RE-PEAT‘ING, adj. 
See DECIMAL, 


repeating decimal. 


RE-PLACE’MENT, x. replacement cost of 
equipment. (1) The cost of new equipment 
minus the scrap value. (2) The purchase 
price minus scrap value. 


REP’LI-CA’TION, n. (Statistics.) Repe- 
tition of an experiment under conditions 
which are identical with respect to at least 
one of the controllable conditions. E.g., 
the yield of a fruit tree may be observed 
under a special basis of fertilization. The 
several trees constitute the replicates, 
since the fertilization is assumed to be in- 
variant from tree to tree. 


REP’RE-SEN-TA’TION, 7. _ reducible 
matrix representation of a group. Let Dy, 
D.,--+- be the matrices of a representation 
of a group G by square matrices of order n. 
This representation is reducible if there is a 
matrix M such that, for each i, M-!D,;M 
=F; is a matrix whose elements are all 
zero except in two or more matrices Aj), 
Aj2,+++, Ajp having main diagonals along 
the main diagonal of E£;, where 4;,, is of the 
same order for all 7, When the number of 
such matrices A;,, is maximal, the set of 
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matrices A;,, for a fixed value of m is said 
to be an irreducible representation of the 
group; such a set of matrices is isomorphic 
to a subset of G which contains the (group) 
product of any two of its members, and G 
is the direct product of all such subsets. 
The number of irreducible representations 
is equal to the number of distinct conjugate 
sets of elements. For an Abelian group, 
this number of irreducible representations 
is the order of the group and each matrix 
of the irreducible representations is of 
order one; i.e., any finite Abelian group 
can be represented as the direct sum of 
cyclic subgroups. This definition of ir- 
reducible representation is equivalent to 
that given for a set of matrices (see 
REDUCIBLE—reducible set of matrices) when 
the set is a group. 

representation of a group. (1) A group of 
a particular type (e.g., a permutation group, 
or a group of matrices) which is isomorphic 
with the given group. Every finite group 
can be represented by a permutation group 
and by a group of matrices. (2) A group H 
is a representation of a group G if there isa 
homomorphism of G onto H. A set of 
representations consisting of matrices (or 
transformations) is a complete system of 
representations of G if for any g of G other 
than the identity there is a representation 
for which g does not correspond to the 
identity matrix (or identity transformation). 
Any finite group has a complete system of 
matrix representations and any locally 
compact topological group has a complete 
system of representations consisting of 
unitary transformations of Hilbert space. 
The order of the matrices in a matric 
representation is called the degree or 
dimension of the representation. See 
PERMUTATION—permutation matrix, and 
above, reducible matrix representation of a 
group. 

spherical representation. See SPHERICAL. 


RE-SERVE’, n. (Life Insurance.) The 
amount an insurance company needs (at a 
given time) to add to future net premiums 
and interest to pay all claims expected 
according to the particular mortality table 
being used (this is the difference between 
the present value of future benefits and the 
present value of future premiums and is a 
liability, also called the reinsurance fund or 
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self-insurance fund). The reserve per policy 
(the net premium reserve) is called the 
initial reserve when computed at the 
beginning of a policy year just after the 
premium has been received, and the 
terminal reserve when computed at the end 
of a policy year before the premium has 
been paid. The average of the initial and 
terminal reserves is called the mean reserve. 
The prospective method for computing 
reserves makes use of the fact that the 
reserve (initial or terminal) is the difference 
between the present value of future benefits 
and the present value of future premiums. 
It is also possible to use the past history of 
the policy to compute the reserve (the 
retrospective method), computing the 
present value of the past differences of the 
net level premiums and the natural premiums 
(this difference is positive in the early years 
of the policy and negative in the later 
years). A premium deficiency reserve is an 
amount equal to the difference between the 
present value of future net premiums and 
future gross premiums (required in most 
states when gross premium is less than net 
premium). 


RE-SID’U-AL, adj. residual set. See 
CATEGORY—Category of sets. 


RES’I-DUE, adj., n. If the congruence 
x"=a (mod m) has a solution, then a is 
called a residue (in particular, a power 
residue of m of the nth order). If this con- 
gruence has no solution, a is called a non- 
residue of m. Thus 4 is a residue of 5 of the 
second order, since 32=4 (mod 5). The 
congruence x”=a(mod m) is solvable if 
and only if a#/4= 1 (mod m), where ¢ = ¢(m) 
is Euler’s ¢-function of m and d is the 
greatest common divisor of n and ¢. Thus 
a is a residue of m of order n if and only if 
ati4d=|(modm). This is called Euler’s 
criterion. 

complete residue system modulo 7. Any 
set of integers which have the property that 
no two belong to the same number class 
modulo n is said to form a complete residue 
system modulo n. This set of integers is 
also said to form a complete system of 
incongruent numbers modulo zn. E.g., 1, 9, 
3, —3,5, —1, 7 form such a system modulo 
7. This set of integers may be also 
expressed in terms of positive or zero 


Residue 


Resultant 


integers each less than 7 by the numbers 
1, 2, 3, 4, 5, 6, 0. 

reduced residue system modulo 7. A 
complete residue system modulo n contains 
some numbers prime to n. This set of 
numbers is called a reduced residue system 
modulo n. Thus a reduced residue system 
modulo 6 is 1, 5; whereas a complete 
residue system modulo 6 is 1, 2, 3, 4, 5, 0. 
See RESIDUE—complete residue system 
modulo a. 

residue of an analytic function at an iso- 
lated singular point. If f(z) is an analytic 
function of the complex variable z in the 
*‘deleted”’ neighborhood consisting of all z 
satisfying 0<|z—zo|<e, then the residue 
of f(z) at Zp is | f(z) dz, where C is a 
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simple closed rectifiable curve about Zp in 
the ‘“‘deleted’’ neighborhood. The value 
of the residue is a_,;, where a_, is the 
coefficient of (z—z,)-! in the Laurent 
expansion of f(z) about Zo. 


RE-SIST’ANCE, x. electrical resistance. 
That property of a conductor which causes 
the passage of an electric current through 
it to be accompanied by the transformation 
of electric energy into heat. See OHM. 


RE-SOL’VENT, adj., n. resolvent cubic. 
See FERRARI'S solution of the general 
quartic. 

resolvent kernel. (/ntegral Equations.) 
See VOLTERRA—Volterra’s reciprocal func- 
tions, and KERNEL— iterated kernels. 

resolvent of a matrix. The inverse of the 
matrix AJ— A, where A is the given matrix, 
and J is the identity matrix. The resolvent 
exists for all A which are not eigenvalues of 
the matrix. 

resolvent set of a transformation. See 
SPECTRUM—Spectrum of a transformation. 


RES’O-NANCE, n. See OSCILLATION. 


RE-SULT’, n. The end sought in a com- 
putation or proof. 


RE-SULT’ANT, 7. resultant of a set of 
polynomial equations. A relation between 
coefficients which is obtained by eliminating 
the variables and which must be zero if the 
equations can all be satisfied by the same 
values of the variables (also called an 


eliminant). In case the equations are 
linear, this can be accomplished expedi- 
tiously by equating to zero the determinant 
(of order n+1) whose columns are the 
coefficients of the respective variables and 
the constant terms. FE.g., the result of 
eliminating x and y from 


ax+by+c=0 abe 
dx+ey+f=0 is |d e fl=0 
exthy+k=0 ghik 


The determinant of the coefficients of a 
system of m homogeneous linear equations 
in m unknowns is also called a resultant (or 
eliminant) of the equations (it is zero if and 
only if the equations have a nzontrivial 
simultaneous solution). For two poly- 
nomial equations in one variable, 


F(X) =agx™ + ayxm™ 1+ +++ +a,=0, ay4~O, 
2(x)= box" +),x" 14 +--+ +b, =0, 6940, 


the resultant is usually taken to be 


RF, &) = ao"g (ra (ro) +++ en), 


where 11,%,°°°,/%, are the roots of 
f(x)=0. This is also equal to the following 
determinant, which has n rows containing 
the coefficients of f(x) and m rows contain- 
ing the coefficients of g(x): 
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This determinant is the resultant obtained 
by Sylvester’s dialytic method. See pis- 
CRIMINANT—discriminant of a polynomial 
equation, and SYLVESTER. 


resultant of two functions. Same as the 
CONVOLUTION of the two functions. 

resultant of two or more forces (velocities, 
accelerations, etc.). That force (velocity, 
acceleration, etc.) whose effect is equiva- 
lent to the several forces (velocities, 
accelerations, etc.); see PARALLELOGRAM— 
parallelogram of forces. The resultant is 
the closing side, with direction reversed, of 
the open vector polygon whose sides repre- 
sent the forces and are taken with the 
initial end of each vector on the terminal 
end of another. 


Retrospective 


RET’RO-SPEC’TIVE, adj. retrospective 
method of computing reserves. See RESERVE. 


RE-VERSE’, adj. Backward. A series of 
steps In a computation is taken in reverse 
order when the last is taken first, the next 
to last second, etc.; a finite sequence of 
terms is in reverse order when the last is 
made first, etc. 


RE-VER’SION, adj. reversion of a series. 
The process of expressing x as a series in y, 
having given y expressed as a series in x. 


RE-VER’SION-AR’Y, adj. See ANNUITY, 
and INSURANCE—participating insurance 
policy. 


REV’O-LU’TION, 7. axis of revolution. 
See SURFACE—surface of revolution, and 
below, solid of revolution. 

cone, cylinder, and ellipsoid of revolution. 
See CONE, CYLINDER, and ELLIPSOID. 

solid of revolution. A solid generated by 
revolving a plane area about a line (the 
axis of revolution). The volume of a solid 
of revolution can be computed without 
multiple integration in two ways. If a 
plane perpendicular to the axis of revolution 
intersects the solid in a region bounded by 
two circles, and the larger and smaller 
circles have radii ry and r,, then the element 
of volume z(r,2—1r,2) dh can be used (the 
washer method), where /: is measured along 
the axis of revolution, r2 and r; are func- 
tions of A, and 


rhs 
| m(r>2—r 2) dh 
hy 


is the volume of the solid (4, and A, are the 
smallest and largest values of h for which 
the plane intersects the solid). If the axis 
of revolution is the x-axis and the area is 
that bounded by the x-axis, the ordinates 
corresponding to x=a and x=), and the 
curve y=f(x), the elements of volume are 
discs (r;=0) and the volume is 


i errr 


If the plane area is all on the positive side 
of the axis of revolution and a line parallel 
to the axis of revolution and at distance x 
from it intersects the plane area in a line 
segment (or segments) of total length L(x), 


Riccati Equation 


then the element of volume 27xL(x) dx is 
an approximation to the volume generated 
by revolving a thin strip of width dx and 
length L(x) about the axis of revolution. 
The volume by this method (the shell 
method) is 


{ * 27xL(x) dx, 
x1 


where x; and x, are the minimum and 
maximum distances of the plane area from 
the axis of revolution. 

surface of revolution. See SURFACE— 
surface of revolution. 


RE-VOLVE'’, v. To rotate about an axis 
or point. One would speak of revolving a 
figure in the plane about the origin, through 
an angle of a given size, or of revolving a 
curve in space about the x-axis with the 
understanding that the revolution is 
through an angle of 360° unless otherwise 
stipulated. See SURFACE—surface of revo- 
lution. — 


RHOMB, zn. Same as rhombus. 


RHOMBOHEDRON, 7. A six-sided 
prism whose faces are parallelograms. 


RHOM’BOID, n. A parallelogram with 
adjacent sides not equal. 


RHOM’BUS, n. A parallelogram with ad- 
jacent sides equal (all of its sides are then 
necessarily equal). Some authors require 
that a rhombus not be a square, but the 
preference seems to be to call the square a 
special case of the rhombus. 


Rhombus 


RHUMB, adj. rhumb line. The path of a 
ship sailing so as to cut the meridians at a 
constant angle; a spiral on the earth’s sur- 
face, winding around a pole and cutting the 
meridians at a constant angle. Syn. Loxo- 
dromic spiral. 


RICCATI EQUATION. A _ differential 
equation of the form dy/dx=/,(x)+ 2yf,(x) 
+ y*f3(x). 


Ricci 


RICCI. Ricci tensor. The contracted cur- 
vature tensor R,;= Rij,, where R?, is the 
Riemann-Christoffel curvature tensor. It is 
often called the Einstein tensor in general 
relativity theory, since it occurs in the Ein- 
stein gravitational equations. The Ricci 
tensor is a symmetric tensor since 


0 log V/ g_ i } 
oxi i 
RIEMANN. covariant Riemann-Christof- 


fel curvature tensor. The covariant tensor 
field of rank four: 


Rigg AX", rey x") = gioRig,(x', vey x"); 
See below, Riemann-Christoffel curvature 
tensor. 

Riemann-Christoffel curvature — tensor. 
The tensor field 

en Ca x2, rey = 

Oe 0 ees 
Dest Hap loytleyHoph 
Ox” axe * «BJ loy! ley! loB 
where the summation convention applies 
and ‘is are the Christoffel symbols of the 
second kind of the n-dimensional Rieman- 
nian space with the fundamental differential 
form gj; dx' dx’. Rig, is a tensor field of 
rank four, contravariant of rank one and 
covariant of rank three. Many authors 
define Ri, as the negative of the above. 
See above, covariant Riemann-Christoffel 
curvature tensor. 

Riemann hypothesis about the zeros of the 
zeta function. The zeta function has zeros 
at —2, —4,---. All other complex num- 
bers which are zeros of the zeta function lie 
in the strip of complex numbers z whose 
real parts satisfy 0< Re(z)<1. Riemann’s 
hypothesis is the (unproved) conjecture 
that these zeros actually lie on the line 
Re(z)=4. It is known that an infinite 
number of zeros lie on this line. The proof 
of Riemann’s hypothesis would have 
extensive consequences in the theory of 
prime numbers. Riemann’s hypothesis is 
true if and only if > (mn) nS converges for 

1 


the real part of s greater than 4, where p Is 
the Mobius function. 

Riemann integral. See INTEGRAL—defi- 
nite integral. 


Riemann 


Riemann mapping theorem. Any simply 
connected plane domain whose boundary 
contains more than one point can be 
mapped conformally on the interior of the 
unit circle. A domain is a nonempty con- 
nected open set. 

Riemann sphere (or spherical surface). 
The surface on a unit sphere corresponding 
to a (plane) Riemann surface under a 
stereographic projection. 

Riemann-Stieltjes integral. See sTIELT- 
JES. 

Riemann surface. The relation between 
complex numbers z and complex numbers 
w expressed by the monogenic analytic 
function w=/(z) might be one-to-one, one- 
to-many, many-to-one, or many-to-many. 
Respective examples are w=(z+ 1)/(z—1), 
w=z*, ws=z, w3=z2, Riemann surfaces 
furnish a schematic device whereby the 
relation is considered as _ one-to-one 
(between points of the z- and w-Riemann 
surfaces) in any case. A suitable number, 
possibly a denumerably infinite number, of 
sheets is considered over the z-plane and 
over the w-plane. These might be joined 
in a variety of ways at branch points. The 
sheets are distinguished by imaginary 
branch cuts joining the branch points or 
extending to infinity. Thus w3=2z? gives 
a one-to-one mapping of a three-sheeted 
z-surface on a two-sheeted w-surface. Also 
see under TYPE. 

Riemann zeta function. See ZETA. 

Riemannian curvature. The scalar de- 
termined by a point and two linearly inde- 
pendent directions (contravariant vectors) 
€,' and €,/ at that point: 


2 Reapyse 1627S 17E 2° 

(Sus8py — Say& pares 27Ey7Er° 
The gg is the metric tensor of the Rieman- 
nian space, and R,g,5 is the covariant Rie- 
mann-Christoffel curvature tensor (see un- 
der RIEMANN). A geometrical construction 
leading to the Riemannian curvature k is 
as follows: Consider the two-parameter 
family of directions uw&,*+vé," at the 
given point and form the two-dimensional 
geodesic surface swept out by the geodesics 
through the point and having directions in 
the two-parameter family of directions. 
The Gaussian curvature (total curvature) of 
the geodesic surface at the given point is 
the Riemannian curvature of the envelop- 


Riemann 


ing n-dimensional Riemannian space at the 
given point and with respect to the given 
orientation. 

Riemannian space. An_ n-dimensional 
coordinate manifold, i.e., a space of points 
(x1, X2,°°°,X,), Whose element of arc 
length ds is given by a symmetric quadratic 
differential form 


ds? = g;(x!, +--+, x") dx! dx/, 


in which the coefficients g;; have a non- 
vanishing determinant and the summation 
convention applies. It is also often required 
that the differential form be positive 
definite, although this restriction is not im- 
posed in applications to general relativity 
theory. The g;; are the components of a 
symmetric covariant tensor, called the 
fundamental metric tensor. 

Riemannian space of constant Rieman- 
nian curvature. A Riemannian space such 
that the Riemannian curvature is the same 
throughout space and at the same time is 
independent of the orientation €,', &,/. 
The spaces of constant Riemannian curva- 
ture A such that k>0, &<0, and k=0 
are locally the Riemann spherical space, 
Lobacheyski space, and Euclidean space, 
respectively. 


RIESZ-FISCHER THEOREM. Let a 
measure m be defined on a set 9 and let L> 
be the set of all measurable (real or complex) 


functions for which {i f|2.dm_ is finite. 


The Riesz-Fischer theorem asserts that L> is 
complete; i.e., for a sequence f;, fo,--°- of 
elements of L>, there is an fin L> such that 
the sequence converges in the mean (of 
order 2) to fif |f,,-f,|| 20 as m and n 


become infinite, where |! f,,, — f;,||= { Saal 


dm. An immediate consequence of this, 
also called the Riesz-Fischer theorem, is 
that if w,uo,--- is an orthonormal 
sequence of functions and a), a@,:-: is a 
sequence of complex (or real) numbers for 
which Sla,|2 is convergent, then there 
exists a function f belonging to L» such that 


an= | fm) dm for each n. E.g., a 


ce 
trigonometric series 4+ag+ > (a, COS nx + 
I 


5b, sinnx) is a Fourier series of some 


Ring 


function if (and only if) > (a@,2+6,2) is 
1 
convergent. 


RIGHT, adj., n. continuous on the right. 
See CONTINUOUS. 

limit on the right. See LimitT—limit on 
the left or right. 

right angle. See ANGLE—right angle. 

right dihedral angle. See PLANE—plane 
angle of a dihedral angle. 

right-handed coordinate system. See co- 
ORDINATE—right-handed coordinatesystem. 

right-handed curve. If the torsion of a 
directed curve C at a point P is negative, 
then C is said to be right-handed at P. 
See LeEFT—left-handed curve. Syn. Dex- 
trorsum [Latin] or dextrorse curve. 

right-handed trihedral. See TRIHEDRAL. 

right line. A straight line. 

right section of a surface. See sECTION— 
section of a surface. 

right triangle. See SPHERICAL—spherical 
triangle, and TRIANGLE. 


RIGID, adj. rigid body. An ideal body 
which is characterized by the property that 
the distance between every pair of points of 
the body remains unchanged. Objects 
which experimentally are not readily 
deformable approximate rigid bodies. 

rigid motion. Moving a configuration 
into another position, but making no 
change in its shape or size; a rotational 
transformation followed by a translation, 
or the two taken in reverse order or simul- 
taneously. Superposition of figures in 
plane geometry is a rigid motion. 


RI-GID’I-TY, 7. modulus of rigidity. The 
ratio of the shearing stress to the change in 
angle produced by the shearing stress. Syn. 
Shearing modulus. See LAME’S CONSTANTS. 


RING, adj.,n. A set with two operations, 
called addition and multiplication, which 
have the properties: (1) The set is an 
Abelian group with respect to the operation 
of addition. (2) Each pair a, b of elements 
determines a unique product a-b, multi- 
plication is associative, and multiplication 
is distributive with respect to addition; i.e., 


a‘(b+c)=a-b+a-c 
and 
(6+ c)-a=b-at+c:-a 


Ring 


Roman 


for each a, b, and c of the set. If it is also 
true that multiplication is commutative, the 
ring is a commutative ring. If there is an 
identity for multiplication (an element 1 for 
which 1-x=x-1=-x for all x), the ring is a 
ring with unit element (or a ring with unity). 
A commutative ring with unit element is an 
integral domain if no product of nonzero 
elements is zero and a field if each nonzero 
element has a multiplicative inverse. See 
DOMAIN—integral domain, FIELD, and IDEAL. 

normed vector ring. See ALGEBRA— 
Banach algebra. 

quotient (or factor) ring, See QUOTIENT— 
quotient space. 

ring of sets. A nonempty class of sets 
which contains the union and the difference 
of any two of its members. It is a o-ring if 
it also contains the union of any sequence 
of its members. A ring of sets is also a 
ring if symmetric difference and intersection 
are taken as the addition and multiplication 
operations of the ring. For an arbitrary set 
X, the class of all finite subsets of S is a 
ring of sets. Another example of a ring of 
sets is the class of sets of real numbers 
which are finite unions of intervals which 
contain their left end-points and do not 
contain their right end-points. See 
ALGEBRA—algebra of subsets, MEASURE— 
measure ring and measure algebra. 

ring surface, torus ring. Same as ANCHOR 
RING. See ANCHOR. 

semiring of sets. A class S of sets which 
contains the empty set and the intersection 
of any two of its members and which is 
such that if A and B are members of S with 
Ac B, then there are a finite number of 
sets C), Co,---, C, such that B—A=XC,, 
C; 0 C;=0if i#/, and each C; is a member 
of S. Every ring of sets is also a semiring 
of sets. 


RISE, 7. rise between two points. The 
difference in elevation of the two points. 
See RUN. 

rise of a roof. (1) The vertical distance 
from the plates to the ridge of the roof. 
(2) The vertical distance from the lowest 
to the highest point of the roof. 


ROBIN’S FUNCTION. For a region R 
with boundary surface §, and for a point 
Q interior to R, the Robin’s function 
R,.(P, Q) is a function of the form 
Ry nf P, Q)=1/(4rr)+ VP), where r is the 


distance PO, V(P) is harmonic, and 
k OR, p/On+hR,,7=0 on S. The solution 
U(Q) of the third boundary-value problem 
of potential theory (the Robin problem) can 
be represented in the form 


U(Q)=| APR AP, O) dop. 


See GREEN—Green’s function, BOUNDARY— 
third boundary value problem of potential 
theory. 


RODRIGUES. equations of Rodrigues. 
The equations dxt+pdX=0, dy+pdY 
=0, dz+p dZ=0 characterizing the lines of 
curvature of the surface S. The function p 
is the radius of normal curvature in the 
direction of the line of curvature. 
Rodrigues’ formula. The equation 


1d 
2m! dx" 


where P,,(x) is a Legendre polynomial. 


P, (x)= (x*—1)", 


ROLLE’S THEOREM. If a continuous 
curve crosses the x-axis at two points and 
has a unique tangent at all points between 
these two x-intercepts, it has a tangent 
parallel to the x-axis at at least one point 
between the two intercepts. Tech. If f(x) 
is a single-valued continuous function for 
asxb and vanishes for x=a and 
x=b and has derivatives at all interior 
points on (a, b), then f’(x) vanishes at some 
point between and distinct from a and bd. 
(It may also vanish at a or b or both.) 
FE.g., the sine curve crosses the x-axis at 
the origin and at x=7, and has a tangent 
parallel to the x-axis at x=47 (radians). 


RO’MAN, adj. Roman numerals. A 
system of writing integers, used by the 
Romans, in which I denotes 1; V, 5; X, 10; 
L, 50; C, 100; D, 500; M, 1000. AI inte- 
gers are then written using the following 
rules: (1) When a letter is repeated or im- 
mediately followed by a letter of lesser 
value, the values are added. (2) When a 
letter is immediately followed by a letter of 
greater value, the smaller is subtracted 
from the larger. The integers from 1 to 10 
are written: I, I, WI, II] or IV, V, VI, VII, 
VIII, IX, X. The tens are written: X, XX, 
XXX, XL, L, LX, LXX, LXXX, XC, C. 
Hundreds are written C, CC, CCC, CD, D, 
DC, DCC, DCCC, CM, M. 


Root 


Root 


ROOT, 7. double, equal, simple, triple and 
multiple roots. See MULTIPLE—multiple 
root of an equation. 

infinite root of an equation. An equation 
of degree r<n which is considered to be an 
equation of degree n is said to have infinity 
as a root n—r times. FE.g., the equation 
ax*+bx+c=0 has one infinite root if a=0 
and b<0; two infinite roots if a=b=0#c. 
If x is replaced by 1/y in this quadratic 
equation one obtains the equation a+ by+ 
cy*=0, which has the same number of zero 
roots as the original equation had infinite 
roots. With this convention, it can be 
said that a line and a hyperbola always 
intersect in two points; one or both of these 
may be a point at infinity. See mIDEAL— 
ideal point. 

rational root theorem. See RATIONAL— 
rational root theorem. 

root of a congruence. A number which 
when substituted in the congruence, ex- 
pressed in a form f(x)=0 (mod n), makes 
the left member of the congruence divisible 
by the modulus n. Thus x=8 is a root of 
the congruence x+2=0(mod 5), since 
8+2 or 10 is divisible by 5. Another root 
is x=3. 

root of an equation. A number which, 
when substituted for the unknown in the 
equation, reduces it to an identity (a root 
of the equation x2+3x—10=0 is 2, since 
22+3-2—10=0). A root of an equation 
is said to satisfy the equation or to be a 
solution of the equation, but solution more 
often refers to the process of finding the 
root. There are many ways to approximate 
a root of an equation (see FALSE—method 
of false position, GRAEFFE, GRAPHICAL— 
graphical solution of an equation, HORNER’S 
METHOD, and NEWTON—Newton’s method 
of approximation). Usually, a basic step 
in approximating a root is to isolate the 
root, i.e., find two numbers between which 
there is one and only one root of the 
equation. The following location principle 
is very useful: If a polynomial or other con- 
tinuous function of one variable has differ- 
ent signs for two values of the variable, it 
is zero for some value of the variable be- 
tween these two values; the equation 
obtained by equating the given function to 
zero has a root between two values of the 
unknown for which the function has differ- 
ent signs. Geometrically, if the graph of a 


continuous function of a variable x is for 
one value of x on one side of the x-axis 
and for another value on the other side 
(changes sign), it must cross the axis 
between the two positions. From a given 
equation, it is possible to derive new equa- 
tions whose roots are related to those of the 
given equation in various ways. One can 
change the signs of the roots by replacing 
the unknown by its negative, giving a new 
equation whose roots are the negatives of 
the roots of the original equation. One can 
decrease the roots by the amount a by trans- 
forming the equation by the substitution 
x=x’+a,a>0, where x is the unknown in 
the given equation. If the old equation has 
the root x,, the new one has a root x;’= 
xX,;-a. The substitution of x=x'+2 in 
x?—3x+2=0, whose roots are 1 and 2, 
results in the equation (x’)*+x’=0 whose 
roots are —1 and 0. The substitution 
x=1/x’ transforms an equation so that the 
given equation has roots which are the 
reciprocals of the roots of the transformed 
equation (see RECIPROCAL—reciprocal equa- 
tion). The roots and coefficients of a poly- 
nomial equation are related in the following 
ways: For a quadratic equation, the sum of 
the roots is equal to the negative of the 
coefficient of the first-degree term and the 
product is equal to the constant term, when 
the coefficient of the square term is 1. In 
ax?+bx+c=0, the sum of the roots is 
—b/a and the product is c/a. If the equa- 
tion is of the nth degree and the coefficient 
of the nth degree term is unity, the sum 
of the roots is the negative of the coefficient 
of x"-!, the sum of the products of the 
roots taken two at a time in every possible 
way is the coefficient of x"-2, the sum of 
the products of the roots taken three at a 
time is the negative of the coefficient of 
x"-3, etc.; finally, the product of all the 
roots is the constant term with a positive 
or negative sign according as nv is even or 
odd. If rj, 1ro,--°, r, are the roots of 


x" + ayx"-1 + anxn2+ eee +a,=0, 
then 
rytrot paee; a ae —aQ\, 
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See POLYNOMIAL—polynomial equation, 
QUADRATIC—quadratic formula, CARDAN, 
FERRARI'S solution of the quartic, and 
MULTIPLE—multiple root of an equation. 

root mean square deviation. See DEVIA- 
TION—standard deviation. 

root of a number. An zth root of a 
number is a number which, when taken as 
a factor n times (raised to the nth power), 
produces the given number. There are n 
nth roots of any nonzero number (these 
may be real or imaginary). If nis odd and 
the number real, there is one real root; 
e.g., the cube roots of 27 are 3 and 3(—1+ 
Vv —3). If n is even and the number 
positive, there are two real roots, numeri- 
cally equal but opposite in sign; e.g., the 
4th roots of 4 are +V2 and +V-2. A 
square root of a number is a number which, 
when multiplied by itself, produces the 
given number. A positive (real) number 
has two real square roots, a negative 
number two imaginary square roots. A 
cube root of a number is a number whose 
cube is the given number. Each real 
number (except zero) has one real cube root 
and two imaginary cube roots. If a 
complex number (which may be a real 
number) is written in the form 


r[cos 6+ i sin 6], 
or the equivalent form 
r[cos (2k7+6@)+i sin (2k7+8)], 
its nth roots are the numbers 


Wr{cos aor" ”) +isin art’) a) ; 


where & takes on the values 0, 1, 2,--.-, 
(n—1) and Wr is an nth root of the non- 
negative number r. See DEMOIVRE’S THEO- 
REM, and UNITY—roots of unity. 


ROSE, 1. The graph in polar coordinates 
of r=asinn@, or r=acos nO, where n is a 
positive integer. It consists of rose petal- 
shaped loops with the origin a point com- 
mon to all of them. When nv is odd there 
are n of the loops; when zn is even there are 
2n of them. The three-leafed rose is the 
graph of the equation r=a sin 36, or r= 
acos 39. The curve consists of three loops 
with their vertices at the pole. The locus 
of the first equation has the first petal 
tangent to the positive polar axis, and sym- 


metric about the line 8=30°, the second 
petal symmetric about the line 0=150°, 
and the third symmetric about the line 
6=270°, each loop thus being tangent to 
the sides of an angle of 60°. The length of 
the line of symmetry of each petal, from 
the pole to the intersection of the curve, is 
a. The locus of the second equation is the 
same as that of the first rotated 30° about 
the origin. The four-leafed rose is the 
graph of the equation r=asin20, or 
r=acos 26, The graph of the first equa- 
tion (shown in the figure) has the four petals 
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symmetric by pairs about each of the lines 
6=45° and @=135°, and tangent to the 
coordinate axes in the several quadrants. 
The length of the line of symmetry of each 
petal, from the pole to the intersection with 
the curve, is a. The graph of the second 
equation is the same, except that the petals 
are symmetric about the coordinate axes 
and tangent to the lines = 45° and @= 135°. 


RO-TA’TION, 7. rotation about a line. 
Rigid motion about the line of such a 
kind that every point in the figure moves 
in a circular path about the line ina plane 
perpendicular to the line. 

rotation about a point. Rigid motion in 
a circular path (in a plane) about the point. 

rotation of axes. A rigid motion which 
leaves the origin fixed. Such a transforma- 
tion of axes is convenient in studying curves 
and surfaces, since it does not alter them 
intrinsically (preserves size and _ shape). 
E.g., by a proper rotation of the coordinate 
axes in the plane, they can be made parallel 
to the axes of any given ellipse or hyper- 
bola, or one of them parallel to the axes of 


Rotation 


Ruled 


any given parabola, thus in each case 
making the term which contains xy dis- 
appear. In the plane, the formulas for rota- 
tion (rotation formulas) which give the 
relations between the coordinates (x’, y’) of 
a point with reference to a set of axes 
obtained by rotating a set of rectangular 
axes through the angle @, and the coordi- 
nates (x, y) relative to the old axes, are 


x=x’ cos 0—y’ sin 8, 


y=x’' sin 0+ y’ cos 8, 


where @ is the angle ROQ. In space, a 
rotation moves the coordinate trihedral in 
such a way as to leave the origin fixed and 
the axes in the same relative position. The 
coordinates of a point are transformed from 
those referred to one system of rectangular 
Cartesian axes to coordinates referred to 
another system of axes having the same 
origin but different directions and making 
certain given angles with the original axes. 
If the direction angles, with respect to the 
old axes, of the new x-axis (the x’-axis) are 
A,, By, C,; of the y’-axis are A>, Bo, C2; 
and of the z’-axis, A3, B;, C3, then the 
formulas for rotation of axes in space are 


x=x’ cos A,+y’ cos A,+2’ cos A;, 
y=x’ cos B,+y’ cos B,+2’ cos B;, 
z=x’ cos C}+y’ cos C242’ cos C3. 


See ORTHOGONAL— orthogonal transforma- 
tion. 


ROUCHE’S THEOREM. If F(z) and f(z) 
are analytic functions of the complex vari- 
able z in and on a simple rectifiable curve 
C, and |F(z)|>|(/()| at each point on C, 
then the functions F(z) and /f(z)+ F(z) 
have the same number of zeros in the finite 
domain bounded by C. 


ROUND, adj. round angle. An angle of 
360°; a perigon. 


ROUND’ING, 7. rounding off numbers. 
Dropping decimals after a certain signifi- 
cant place. When the first digit dropped 
is less than 5, the preceding digit is not 
changed; when the first digit dropped is 
greater than 5, or 5 and some succeeding 
digit is not zero, the preceding digit is in- 
creased by 1; when the first digit dropped 
is 5, and all succeeding digits are zero, the 
commonly accepted rule (computer’s rule) 
is to make the preceding digit even, i.e., 
add 1 to it if it is odd, and leave it alone if 
it is already even. E£.g., 2.324, 2.316, and 
2.315 would take the form 2.32, if rounded 
off to two places. 


ROUND-OFF ERROR. An error in 
computation resulting from the fact that 
the computation is not exact but instead is 
carried out to only a specified number of 
decimal places. 


ROW, n. An arrangement of terms in a 
horizontal line. Used with determinants 
and matrices to distinguish horizontal 
arrays of elements from vertical arrays, 
which are called columns. See DETERMI- 
NANT. 


RULE, n. (1) A prescribed operation or 
method of procedure; a formula (usually in 
words, although rule is often used synony- 
mously with formula). See DESCARTES— 
Descartes’ rule of signs, EMPIRICAL— 
empirical rule, L7>HOSPITAL’S RULE, MECHA- 
Nic—mechanic’s rule, MERCHANT—mer- 
chant’s rule, and THREE—rule of three. 
(2) A graduated straightedge. Syn. Ruler. 
Slide rule. See SLIDE. 


RULED, adj. conjugate ruled surface of 
a given ruled surface. The ruled surface 
whose rulings are the lines tangent to the 
given ruled surface S, at the points of the 
line of striction L of S, and orthogonal to 
the rulings of S at the corresponding points 
of L. 

ruled paper. 
PAPER. 

ruled surface. A surface that can be 
generated by a moving straight line. The 
generating straight line is called the recti- 
linear generator. A doubly ruled surface is a 
ruled surface admitting two different sets of 
generators. Quadric surfaces are the only 


Same as CROSS-SECTION 


Ruled 


doubly ruled surfaces. A skew ruled 
surface is a ruled surface which is not a 
developable surface (see DEVELOPABLE). 
The various positions of a straight line 
which generate a ruled surface are the 
rulings of the surface. The cone, cylinder, 
hyperbolic paraboloid, and hyperboloid of 
one sheet are ruled surfaces. See RULING. 


RULER, n. A straight edge graduated in 
linear units. If English units are used, the 
ruler is usually a foot long, graduated to 
fractions of aninch. Syn. Rule. 


RUL’ING, n. See RULED—ruled surface. 

central plane and point of a ruling. Fora 
fixed ruling Z on a ruled surface S, the 
central point is the point in the limiting 
position of the foot on Z of the common 
perpendicular to LZ and a variable ruling L’ 
on S, as L’-+>L. The plane tangent to a 
ruled surface S at any point of a ruling 
L on S necessarily contains L. The plane 
tangent to S at the central point of L is 
called the central plane of the ruling Z on 
the ruled surface S. 


RUN, 1. A term sometimes used in speak- 
ing of the difference between the abscissas 
of two points. The run from the point 
whose coordinates are (2,3) to the one 
whose coordinates are (5, 7) is 5—2, or 3. 
The distance between the ordinates is 
sometimes called the rise. Thus the run 
squared plus the rise squared is equal to 
the square of the distance between the two 
points. 


RUNGE-KUTTA METHOD. An ap- 
proximate method for solving differential 
equations. To determine an approximate 
solution of dy/dx=f(x, y) that passes 
through the point (x9, Yo), we let xy = x9 +h 
and the method determines a corresponding 
Yi=yotk by means of the formulas 


k,=h-f (x0, Yo), K2=h-f(xot th, ot tk), 
k3=h-f (xo + th, Yot tk), 
kg=h-f(xo+h, yok), 
k=t(k,4+2k.4+2k34+k4). 
The process is then repeated, starting with 
(x;, ¥,). This method, which reduces to 
Simpson’s rule if fis a function of x alone, 


can be extended to the approximate solu- 
tion of systems of linear differential 


Saddle 


equations and to the solution of higher- 
order linear differential equations and 
systems of equations. 


RUSSELL. Russell’s paradox. Suppose 
that all sets are divided into two types: A 
set M is of the first type if it does not con- 
tain M itself as a member; and it is of the 
second type if it does contain M itself 
as a member. Russell’s paradox is that 
the set N of all sets of the first type must 
be of the first type, since otherwise the set 
N of the second type would be a member 
of N; but N would then be of the second 
type, since N itself would be a member of 
N. It thus appears that the concept of all 
sets which are not members of themselves 
is not free from contradiction. See 
BURALI-FORTI PARADOX. 


S 


SAD’'DLE, adj. saddle point. A point for 
which the two first partial derivatives of a 
function f(x, y) are zero, but which is not a 
local maximum or a local minimum. Ifthe 
second-order partial derivatives are con- 


af af 
tinuous in a neighborhood of p, oy 
2f \2 92 a2 
and (5) 4 sa> 0 at p, then p is a 
saddle point (see MAXIMUM). At a saddle 
point, the tangent plane to the surface 
z=f(x, y) is horizontal, but near the point 
the surface is partly above and partly 
below the tangent plane. Syn. Minimax. 
saddle point of a game. It is easy to see 
that, for any finite two-person zero-sum 
game, the elements a,;; of the payoff matrix 
satisfy the relation 


max; (min; @;;) min; (max; a;;). 

If the sign of equality holds, then max; 
(min, @;;)= min, (max; a;;)=v and _ there 
exist pure strategies ig and jp for the 
maximizing and minimizing players, re- 
spectively, such that if the maximizing 
player chooses jp then the payoff will be at 
least v no matter what strategy the mini- 
mizing player chooses, and if the minimizing 
player chooses j, then the payoff will be at 
most v no matter what strategy the maxi- 
mizing player chooses. Thus 


v= Gipnjg = max; aij min; Qigj- 


Saddle 


Sample 


In this case, the game is said to have a 
saddle point at (ip, jo). There might be 
more than one saddle point at which the 
value v is taken on. Similar statements 
hold for an infinite two-person zero-sum 
game, for which there might or might not 
be a saddle point. See Bpox—three boxes 
game, MINIMAX—minimax theorem, and 
PAYOFF. 

saddle point of a matrix. Any finite 
matrix of real numbers, with element a;; in 
the ith row and jth column, might be con- 
sidered to be the payoff matrix of a finite 
two-person zero-sum game. If the game 
has a saddle point at (ig, /o), then the 
matrix is said to have a saddle point at 
(ip, Jo). A necessary and sufficient condi- 
tion that a matrix have a saddle point is 
that there exist an element that is both the 
minimum element of its row and the 
maximum element of its column. See 
above, saddle point of a game. 


SAIL’ING, n. middle latitude sailing. 
Approximating the difference in longitude 
(DL) of two places from their latitudes 
(L, and L,) and departure (p) by the for- 
mula psec3(L,+LZ,)=DL measured in 
minutes. 

parallel sailing. Sailing on a parallel of 
latitude; using the above formula, putting 
L,=L». 

plane sailing. Sailing on a rhumb line. 
The constant angle which the rhumb line 
makes with the meridians is called the 
ship’s course. Requires solving a plane 
right triangle. 

triangle of plane sailing. See TRIANGLE 
—triangle of plane sailing. 


SAINT-VENANT. 
patibility equations. 
tensor. 

Saint-Venant’s principle. If some dis- 
tribution of forces acting on a portion of 
the surface of a body is replaced by a dif- 
ferent distribution of forces acting on the 
same portion of the body, then the effects 
of the two different distributions on the 
parts of the body sufficiently far removed 
from the region of application of the forces 
are essentially the same, provided the two 
distributions of forces have the same 
resultant force and moment. 


Saint-Venant’s com- 
See STRAIN—Strain 


SA’LI-ENT, adj. salient angle. See 
REENTRANT—reentrant angle. 

salient point on a curve. A point at 
which two branches of a curve meet and 
stop and have different tangents. The 
curves 


y=x/Ut+el/*) and y= |x| 
have salient points at the origin. 


SAL’TUS, rn. saltus of a function. See 
OSCILLATION—oscillation of a function. 


SAM’PLE, n. (Statistics.) A finite por- 
tion of a population or universe. Large 
sample frequently refers to a sample with 
more than about 30 observations. Small 
sample usually refers to one with less than 
about 30 observations. 

random sample. See various headings 
under RANDOM. 

stratified random sample. If the popula- 
tion to be sampled is first subclassified into 
several subpopulations, the sample may 
be drawn by taking random samples from 
each of the subclasses. The samples need 
not be proportional to the subpopulation 
sizes; but, if the combined set of random 
samples is to be used for purposes of 
estimating certain population character- 
istics of the combined population, the 
assignment of the proportions of the total 
sample to the subpopulations must be such 
that 

EDI ge Ne oe ee 
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where n; 1s the sample size from the ith 
sub-population with N; cases and variance 
a;*.. This sample will be the type for which 
the parameters may be estimated with 
minimum variance. 

stratified sample. Let a population be 
divided into several subpopulations, called 
strata. If from each of these strata ran- 
dom samples are drawn, the resulting 
pooled sample is a stratified sample. In 
effect the original population is divided 
into several subpopulations and random 
samples are drawn from each. Thus a 
stratified sample is basically a group of 
random samples. Let a population be di- 
vided into several strata, within each of 
which: (1) The standard deviation o; of 
the characteristic under analysis is deter- 
minable; (2) the frequency is n; and is 


Sample 


known. Then for that system of classifica- 
tion, the stratified sample which provides 
the minimum-variance unbiased estimate of 
the mean of the characteristic of the popu- 
lation is the one for which the number of 
random observations for the ith stratum is 
proportional to n,;o;. If only the n; are 
known, then the sampling procedure which 
minimizes the variance of the estimates of 
the mean of the population is one in which 
the number of observations in the ith 
stratum is proportional to the n;.. This is 
sometimes called a representative or pro- 
portional sample. 


SAM’PLING, adj. area sampling. A 
method of drawing random samples in 
which the sampling units are areas. Usu- 
ally used because the difficulty of obtaining 
random sampling units is reduced if each 
unit (or sets of units) is identified with a 
geographical location (area). 

sampling error. (Statistics.) The differ- 
ence between a random sampling statistic 
and the parameter of the population from 
which the random sample was drawn is the 
sampling error. Usually refers to the stan- 
dard deviation of the set of errors that would 
arise from an infinite set of estimates 
from random samples. Sampling errors 
connote the idea of differences between the 
parameter and an estimate of it, the 
difference arising solely from the random 
sampling selection of the items from the 
population. 


SAT‘IS-FY, v. (1) To fulfill the conditions 
of, such as to satisfy a theorem, a set of as- 
sumptions, or a set of hypotheses. (2) A 
set of values of the variables which will 
reduce an equation (or equations) to an 
identity are said to satisfy the equation (or 
equations); x=1 satisfies 4x+1=5; x=2, 
y=3 satisfy the simultaneous equations 


x+2y—8=0 
x—2y+4=0. 


SCA’LAR, adj., n. 
TENSOR. 

scalar matrix. See MATRIX. 

scalar product. See MULTIPLICATION— 
multiplication of vectors. 

scalar quantity. (1) The ratio between 
two quantities of the same kind, a number. 


scalar field. See 


Scalene 


(2) A number, as distinguished from a 
vector, matrix, quaternion, etc. (3) A 
tensor of order zero. See TENSOR. Syn. 
Scalar. 


SCALE, n. A system of marks in a given 
order and at known intervals. Used on 
rulers, thermometers, etc., as an aid in 
measuring various quantities. 

binary scale. Numbers written with the 
base two, instead of ten. Numbers in 
which the second digit to the left indicates 
the two’s; the third, four’s, etc.; 1101 with 
base 2 means 234+27+0x2+1 or 13 
written with base ten. See BASE—base of a 
system of numbers. 

diagonal scale. See DIAGONAL—diagonal 
scale. 

drawing to scale. Making a copy of a 
drawing with all distances in the same ratio 
to the corresponding distances in the origi- 
nal; making a copy of a drawing of some- 
thing with all distances multiplied by a 
constant factor. E.g., an architect drawing 
the plan of a house lets feet in the house be 
denoted by inches, or fractions of an inch, 
in his drawing, but a bacteriologist might 
draw at a scale of 4000 to 1. 

logarithmic scale. See LOGARITHMIC— 
logarithmic coordinate paper. 

natural scale. The section of the number 
scale which contains positive integers only. 

number scale (complete number scale). 
The scale formed by marking a point 0 on 
a line, dividing the line into equal parts, 
and labeling the points of division to the 
right of 0 with the integers 1, 2, 3,---+ and 
those to the left with the negative integers, 
EA iree): ae Beas, 

scale of imaginaries. The number scale 
modified by multiplying each of its num- 
bers by i(=V—1). In plotting complex 
numbers the scale of imaginaries is laid off 
on a line perpendicular to the line which 
contains the real number scale. See ArR- 
GAND DIAGRAM. 

uniform scale. A scale in which equal 
numerical values correspond to equal dis- 
tances. 


SCA-LENE’, adj. scalene triangle. A 
triangle no two of whose sides are equal (the 
triangle may be either a plane triangle or a 
spherical triangle). 


Scattergram 


Seasonal 


SCAT’TER-GRAM’, n. A diagram show- 
ing the frequencies with which joint values 
of variables are observed. One variable is 
indicated along the ordinate and the other 
along the abscissa. The intersections of the 
rows and columns form cells in which the 
frequencies are indicated. 


SCHLAFLI. 
The integral 


Schafli’s integral for P,,(z). 


sail ax sp ot dt=P,{2), 


where P,(z) is the Legendre polynomial of 
order 7 and the integration is counterclock- 
wise around a contour C encircling the 
point z in the complex plane. 


SCHLICHT, adj. 
function. 
SIMPLE. 


(German.) — schlicht 
Same as SIMPLE FUNCTION. See 


SCHLOEMILCH. Schloemilch’s form of 
the remainder for Taylor’s theorem. See 
TAYLOR—Taylor’s theorem. 


SCHUR. Schur’s lemma. Let S, and S, 
be two irreducible collections of matrices, 
corresponding to linear transformations of 
vector spaces of dimensions n and m, 
respectively. If there is an “xm matrix P 
such that for any A of S, there is a B of $5, 
and for any B of S, an A of S;, such that 
AP= PB, then either P has all elements zero 
or P is square and nonsingular. In the 
latter case, the two collections S,; and S, 
are equivalent (for any B of S> there is an 
A of S; such that B=P"!AP), 

Schur’s theorem. If the Riemannian 
curvature k of an n-dimensional (n= 2) 
Riemannian space is independent of the 
orientation €,', &/, then A does not vary 
from point to point. With the aid of 
Schur’s theorem it follows that a necessary 
and sufficient condition that an n-dimen- 
sional (722) Riemannian space be of con- 
stant Riemannian curvature k is that the 
metric tensor g;; satisfy the system of 
second-order partial differential equations 


Rapys = K( ask py ~~ Layf p68): 


SCHWARZ. Schwarz’s inequality. (1) 
The square of the integral of the product 
of two real functions over a given interval 
or region is equal to, or less than, the prod- 


uct of the integrals of their squares over 
the same intervals or regions, provided 
these integrals exist. For complex func- 
tions, f(z) and g(z), 
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where f and g are the complex conjugates 
of f and g. This inequality is easily de- 
duced from Cauchy's inequality (see 
CAUCHY). It is also called the Cauchy- 
Schwarz inequality and Buniakowski’s in- 
equality (Buniakowski called attention to it 
earlier than Schwarz). (2) For a vector 
space with an inner product (x, y) defined, 
the inequality |(x, y)|?S\lxl|-||yll is called 
Schwarz’s inequality. For suitable repre- 
sentations of Hilbert space, this inequality 
is equivalent to the above inequality and to 
Cauchy’s inequality. 

Schwarz’s lemma. If the function f(z) 
of the complex variable z is analytic for 
IzZi}<1, with [f(z)|<1 for |z|<1, and 
f(0)=0, then either |f(z)|<|z| for 0< |z| 
<1 and|f’(0)| <1, or f(z)=e!8z, where @ is 
a real constant. 


SCORE. T score. (Statistics.) See T. 


SCRAP, vn. scrap value of equipment. Its 
sale value when it is no longer useful. Syn. 
Salvage value. 


SEAC. An automatic digital computing 
machine at the National Bureau of 
Standards. SEAC is an acronym for 
Standards Eastern Automatic Computer. 


SEA’SON-AL, adj. elimination of seasonal 
variation. (Statistics.) Usually accom- 
plished by dividing the actual values of 
a given time series by the seasonal index 
of that series. The result is a quantity 
designed to indicate the annual value that 
would result if the actual rate prevailing 
at the time were to continue with only the 
seasonal fluctuations as causes of further 
variation. Instead of an annual total, 51; 
of the total annual rate is indicated for 
that month’s seasonally corrected value. 
E.g., if the rainfall in February has a sea- 
sonal index of 2.50 as compared with an 
average for all months of 1.00, the observed 
rainfall in February, say 10 inches, is 
divided by 2.50 to give 4. Twelve months 


Seasonal 


of rain at the monthly seasonal pattern 
indicated by the observed February rate 
would give 48 inches. Alternatively, one 
may compare the observed values in any 
two months, after dividing each by its 
appropriate seasonal index, to see if the 
change between the two months is greater 
or less than that amount of fluctuation due 
to the regular seasonal variation. 


SE’CANT, adj.,n. (1) A line of unlimited 
length cutting a given curve. (2) One of 
the trigonometric functions; see TRIGONO- 
METRIC—trigonometric functions. 

secant curve. The graph of y=sec x. 
Between —47 and 47, it is concave up. 
It is asymptotic to the lines x= —47 and 
x=4n7, and has its y-intercept equal to 
unity. Similar arcs appear in other inter- 
vals of length 7 radians, being alternately 
concave upward and concave downward. 
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SEC’OND, adj., n. second of angle. 
One-sixtieth of a minute and one thirty-six 
hundredth part of a degree. Denoted by 
a double accent, as 10’, read ten seconds. 
See SEXAGESIMAL—Sexagesimal measure of 
an angle. 

second derivative. The derivative of the 
first derivative. See DERIVATIVE—deriva- 
tives of higher order. 

second mean value theorem. Sce MEAN— 
mean value theorems for derivatives, mean 
value theorems for integrals. 

second moment. Same aS MOMENT OF 
INERTIA. 

second of time. One sixtieth of a minute. 


SEC’OND-AR’Y, adj. secondary diagonal 

of a determinant. See DETERMINANT. 
secondary parts of a triangle. Parts other 

than the sides and interior angles, such as 


Sector 


the altitude, exterior angles, and medians. 
See PRINCIPAL—principal parts of a triangle. 


SEC’TION, n. harmonic section of a line. 
Four points of the line, harmonically 
related. See HARMONIC—harmonic division 
of a line. 

method of sections. A method for graph- 
ing a surface. Consists of drawing sections 
of the surface (usually those made by the 
coordinate planes and planes parallel to 
them) and inferring the shape of the surface 
from these sections. 

plane section. The plane geometric 
configuration obtained by cutting any 
configuration by a plane. A plane section 
made by a plane containing a normal to the 
surface is a normal section. A meridian 
section of a surface of revolution is a plane 
section made by a plane containing the 
axis of revolution. A right section of a 
cylinder is a plane section by a plane 
perpendicular to the elements of the 
cylinder, or to the lateral faces of the prism. 

section of a polyhedral angle. See ANGLE 
—polyhedral angle. 


SEC’TOR, n. sector of a circle. A portion 
of a circle bounded by two radii of the 
circie, and one of the arcs which they inter- 
cept. The smaller arc is called the minor 
arc, and the larger the major arc. The 
area of a sector is 4rd, where r is the radius 
of the circle and ¢ the angle in radian 
measure subtended at the center of the 
circle by the arc of the sector. 


spherical sector. A solid generated by 
rotating a sector of a circle about a diame- 
ter. Some writers require that this diame- 
ter not lie in the sector, while some require 
that it contain one of the radii bounding 
the circular sector. Most writers do not 
restrict the diameter at all, including both 
of the above cases as spherical sectors. The 
figure shows a sector of a circle and the 
spherical sector resulting from rotating it 


Sector 


Self 


about a diameter (the dotted line). The 
volume of a spherical sector is equal to the 
product of the radius of the sphere and 
one-third the area of the zone which forms 
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the base of the sector; or $7r2h, where r 
is the radius of the sphere and / the altitude 
of the zone (see ZONE). 


SEC’U-LAR, adj. 
TREND. 


secular trend. See 


SE-CU’RI-TY, nn. (Finance.) Property, 
or written promises to pay, such as notes 
and mortgages, used to guarantee payment 
of a debt. See COLLATERAL. 


SEG’MENT, n. A part cut off from any 
figure by a line or plane (or planes). Used 
most commonly when speaking of a limited 
piece of a line or of an arc of acurve. See 
below, segment of a curve, and segment of 
a line. 

addition of line segments. See sumM—sum 
of directed line segments. 

segment of a curve. (1) The part of the 
curve between two points on it. (2) The 
area bounded by a chord and the arc of the 
curve subtended by the chord. A segment 
of a circle is the area between a chord and 
an arc subtended by the chord. Any chord 
bounds two segments, which are different 
in area except when the chord is a diameter. 
The larger and smaller segments are called 
the major and minor segments, respectively. 
The area of a segment of a circle is 
4+2(8—sin 8), where r is the radius of the 
circle and § the angle in radians subtended 
at the center of the circle by the arc. See 
figure under SECTOR. 

segment of a line or line segment. The 
part of a straight line between two points. 
The segment may include one or both of the 
points. A line segment whose end points 
are identical is a nil segment. See DIRECTED 
—directed line. 

spherical segment. The solid bounded 
by a sphere and two parallel planes inter- 
secting, or tangent to, the sphere, or by a 


zone and the planes (or plane) of its bases 
(or base). If one plane is tangent to the 
sphere, the segment is a spherical segment 
of one base; otherwise it is a spherical seg- 
ment of two bases. The bases are the inter- 
sections of the parallel planes with the 
solid bounded by the sphere; the altitude is 
the perpendicular distance between these 
planes. The volume of a spherical segment 
is equal to 


Sah(3r12+ 312? + h2) 


where A is the altitude and r; and r, are 
the radii of the bases. The formula for 
the volume of a segment of one base is 
derived by making one of these r’s, say ro, 
zero. 


spherical segment 


of one base of two bases. 


SEGRE. Segre characteristic of a matrix. 
See CANONICAL—canonical form of a ma- 
trix. 


SE-LECT’, adj. select mortality table. 
See MORTALITY—mortality table. 


SELF, pref. self-adjoint transformation. 
A linear transformation which is its own 
adjoint. For finite-dimensional spaces, a 
transformation 7, which transforms vectors 
X=(X1,X2,°°°,X,) into Tx=()1, y2.°°°; 
y,) with y;= >a; jx; for each i, is self-adjoint 


J 

if and only if the matrix (q@;;) of its coeffi- 
cients is a Hermitian matrix. If (x, y) 
denotes the inner product of elements x and 
y of a Hilbert space H, then a bounded 
linear transformation 7 of H into A is 
self-adjoint if and only if (7x, y)=(x, Ty) 
for any x and yin H. Any bounded linear 
transformation 7 of a (complex) Hilbert 
space (with domain the entire space) can 
be uniquely written in the form 7=A+ iB, 
where A and B are self-adjoint transforma- 
tions. Syn. Hermitian transformation. 
See SPECTRAL—Spectral theorem, and SsyM- 
METRIC—Symmetric transformation. 


Selling 


Septillion 
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SELLING, adj. selling price. See PRICE. 
per cent profit on selling price. See PER 
CENT. 


SEM’I, pref. Meaning half; partly; some- 
what less than; happening or published 
twice in an interval or period. A semicircle 
is one-half of a circle (either of the parts of 
a circle which are cut off by a diameter); 
a semicircumference is one-half of a cir- 
cumference. 

semiannual. Twice a year. 

semiconjugate axis of a hyperbola. See 
HYPERBOLA. 

semicontinuous function. See CONTINU- 
ous—semicontinuous function. 

semicubical parabola. See PARABOLA— 


cubical parabola. 
semigroup. A set of elements subject to 


some rule of combination (which will be 
called multiplication) such that (1) the 
product of any two elements (alike or 
different) is unique and is in the set, (2) the 
associative law holds, i.e., a(bc)=(ab)c for 
any elements a, b and c. A semigroup is 
Abelian (or commutative) if ab= ba for any 
elements aand b. Sometimes a cancellation 
law is assumed (that x=y if there is an 
element z for which xz=yz or zx=zy). A 
semigroup with a finite number of elements 
satisfies this cancellation law if and only if 
it is a group. 

semimajor and semiminor axes. See 
ELLIPSE and ELLIPSOID, 

semimean axis. See ELLIPSOID. 

semiring. See RING—semiring of sets. 

semitransyerse axis of a hyperbola. See 
HYPERBOLA. 


SENSE, 7. sense of an inequality. See 
INEQUALITY. 


SEN-IOR’I-TY, 1. law of uniform senior- 
ity. The following law used in evaluating 
joint life insurance policies: The difference 
between the age that can be used in 
computation (instead of the actual ages) 
and the lesser of the unequal ages is the 
same for the same difference of the unequal 
ages, regardless of the actual ages. (The 
age used in computation instead of the 
actual ages is the age which two persons of 
the same age would have if they were given 
insurance identical with that given those 
with the different ages.) 


SEN’SI-TIV’I-TY, adj. sensitivity analysis. 
An analysis of the variation of the solution 
of a problem with variations in the values 
of the parameters involved. 


SEP’A-RA-BLE, adj. separable space. 
A (topological) space which contains a 
countable (or finite) set W of points which 
is dense in the space; i.e., every neighbor- 
hood of any point of the space contains a 
point of W. A space which satisfies the 
second axiom of countability is separable. 
Such a space is sometimes said to be com- 
pletely separable, perfectly separable, or 
simply separable. Hilbert space and 
Euclidean space of m dimensions are separ- 
able. 


SEP’A-RA’TION, 7. separation of a set. 
The division of the set into two classes. A 
separation of an ordered set (such as the 
real numbers or the rational numbers) is of 
the first kind if each member of one class 
is less than every member of the other class 
and the separating number belongs to one 
or the other of the classes. The number 3 
may be thought of as separating all 
rational numbers into those less than or 
equal to 3 and those greater than 3. A 
separation of an ordered set is of the second 
kind if each member of one class is less than 
every member of the other and there is no 
greatest member of the class of lesser 
objects and no least in the class of larger 
objects. The separation of the rational’ 
numbers into the sets 4 and B, where x is in 
A if x <0, and each positive x is in A or B 
according as x*<2 or x2>2, is of the 
second kind. See DEDEKIND CUT. 

separation of variables. See DIFFERENTIAL 
—differential equation with variables separ- 
able. 


SEP’ A-RA’TRIX, 1. Something that sep- 
arates; a comma that divides a number into 
periods as in 234,569; a space that divides 
a number into periods as in 234569. A 
decimal point is sometimes called a separa- 
trix. 


SEP-TIL’LION, 7. (1) In the U. S. and 
France, the number represented by one 
followed by 24 zeros. (2) In England, the 
number represented by one followed by 42 
Zeros. 


Sequence 


SE’QUENCE, 7. A set of quantities 
ordered as are the positive integers. The 
sets 


and x, 2x*, 3x3,---, mx", aresequences. If 
after each term of a sequence there is an- 
other term, the sequence is called an 
infinite sequence or just a sequence and is 
written 


Q1, A2, A3,°**, Any *', {Am}; Or (a,,). 


accumulation point of a sequence. A 
point P such that there are an infinite 
number of terms of the sequence in any 
neighborhood of P; e.g., the sequence 

1, 5, | ee Lod, lgcce 

has two accumulation points, the numbers 
QOand 1. If, for any number M, there are 
an infinite number of terms of a sequence 
of real numbers which are greater (less) than 
M, then + co(— ©) is said to be an accumu- 
lation point of the sequence. An accumu- 
lation point of a sequence is also called a 
cluster point, or limit point, of the sequence. 
For a sequence of real numbers, the largest 
accumulation point is also called the limit 
superior (or greatest of the limits, or maxi- 
mum limit) and is the number LZ (or + «) 
which is the largest number such that there 
are an infinite number of terms of the 
sequence greater than L-—e for any 
positive « (L=+ o or L= — © according 
as for each number c infinitely many of the 
terms are larger than c, or for each number 
c only finitely many of the terms are 
larger than c); the smallest accumulation 
point is also called the limit inferior (or 
least of the limits, or minimum limit) and 
is the number / (or + ©) which is the least 
number such that there are an infinite 
number of terms of the sequence less than 
i+ efor any positive « (7=+4+ © or /=— © 
according as for each number c only 
finitely many of the terms are less than c, 
or for each number c infinitely many of the 
terms are less than c). The /imit superior 
(limit inferior) is the limit of the upper 
(lower) bounds of the numbers in the 
subsequences 


Q1, Ar, a3, » An, 
a2, 43, a4, » Any 
a3, a4, as, » An, 


Sequence 


The limit superior and limit inferior are not 
always the least upper and greatest lower 
bounds of a sequence. The limit superior 
and limit inferior of the sequence 


Zs —3, 5 ne (—1)" 1 +1/n), 4 


are 1 and —1, while the upper and lower 
bounds are 2 and —3. The limit superior 
and limit inferior of any sequence, {a,}, are 
denoted respectively by 

lim a, and lim a,, 


ae asl n—> 


or by lim sup a, and lim inf a,. 


n—> N--> 


Either limit is denoted by 
lim a,. 
nN— 

When these two limits are the same the 
sequence has a limit (see below, limit of a 
sequence). 

bound to a sequence. An upper bound 
(lower bound) to a sequence of real numbers 
is a number which is equal to or greater 
than (equal to or less than) every number 
in the sequence. If a sequence has both an 
upper bound and a lower bound, it is said 
to be a bounded sequence. The smallest 
upper bound is called the least upper bound 
(sometimes simply the upper bound) and is 
the largest term in the sequence if there is a 
largest, otherwise a number, L, such that 
there are terms between L—e and L for 
every «€>0 but no terms greater than L. 
The largest lower bound is called the 
greatest lower bound (sometimes simply the 
lower bound) and is the least term, or if 
there is no least, then a number, /, such 
that there are terms of the sequence be- 
tween / and /+e for every «>0, but no 
terms less than /. Sometimes limit is used 
in place of bound in the above expressions. 

Cauchy sequence. A sequence of points 
X1, X>,°*-such that for any e>0 there is 
a number N for which p(x;, xj)<«€ if i> N 
and j>N, where p(x;, x;) is the distance 
between x; and x;. If the points are points 
of Euclidean space, this is equivalent to the 
sequence being convergent. If the points 
are real (or complex) numbers, then p(x; ,x;) 
is |x;—.x,| and the sequence is convergent 
if and only if it is a Cauchy sequence. Syn. 
Convergent sequence, fundamental  se- 
quence, regular sequence. See CAUCHY— 
Cauchy’s condition for convergence of a 
sequence, and COMPLETE—complete space. 


Sequence 


cluster point of a sequence. See above, 
accumulation point of a sequence. 

convergent and divergent sequences. See 
below, limit of a sequence. 

limit of a sequence. A sequence of 
numbers 5), 59, 53,° °°, 5,,° °° has the limit 
s if, for any prescribed accuracy, there is a 
position in the sequence such that all 
terms after this position approximate s 
within this prescribed accuracy; i.e., for 
any e€>O there exists an WN such that 
|s—sS,|<e for all n greater than N. A 
sequence of points p;, Po, p3,-°+ has the 
limit p if, for neighborhood U of p, there is 
anumber WN such that p, isin Uifn>N. A 
sequence which has a limit is said to be 
convergent; otherwise, it is divergent. A 
sequence of numbers s,, 55,--- is conver- 
gent if and only if the series 


51 +(S2— 51) + (53—52)+ >>> 
(5, = Sy) oa 


has a sum. See sumM—sum of an infinite 
series. 
limit point of a sequence. See above, 
accumulation point of a sequence. 
monotonic (or monotone) sequence. See 
MONOTONIC. 
regular sequence. 
sequence. 


See above, Cauchy 


SE-QUEN’TIAL, adj. sequential analysis. 
(Statistics.) Sequential probability ratio 
analysis is a process by which statistical 
data are analyzed continuously as_ the 
sample accumulates. After each additional 
item is obtained, and on the basis of a cer- 
tain calculation, a decision is made whether 
to accept the hypothesis H, under test, or 
to accept an alternative hypothesis H>, or 
to suspend judgment until more data are 
examined. The decision is based on the 
probability ratio of the sample under alter- 
native hypotheses where the probabilities 
of the two types of erroneous conclusions 
are assigned in advance. Frequently fewer 
observations are required than under any 
other known method for the same degree of 
reliability and discrimination. It is very 
simple to apply and it requires the analyst 
to state his problem precisely and deter- 
mine the alternative answers in advance 
with the attendant probabilities of errone- 
ous conclusion. The calculations involved 
are the computations of the ratio of the 


Series 


probability of the observations if H, is true 
to the probability of the observations under 
the hypothesis H>. If this ratio exceeds 
(1—B)/A, the hypothesis H, is accepted; 
whereas if it is less than B/(1— A), the 
hypothesis H> is accepted; if it is between 
these two ratios, judgment is suspended. 
A is the maximum acceptable probability 
of erroneously rejecting the hypothesis A, 
and B is the maximum acceptable proba- 
bility of erroneously accepting the hypothe- 
sis H>. 


SE’RI-AL, adj. serial bond. See Bonp. 


serial plan of building and loan associa- 
tion. See BUILDING—building and loan 
association. 


SE’RI-AL-LY, adv. serially ordered set. 
See ORDERED—Simply ordered set. 


SE’RIES, n. The indicated sum of a finite 
or ordered infinite set of terms. It is said 
to be a finite or an infinite series according 
as the number of terms is finite or infinite. 
An infinite series can be written in the form 
QA; +az+a,+ aaa es Ce Cte 

or a,, where a, is called the general term 
or the mth term. Jnfinite series is usual 
shortened to series, as in convergent series, 
Taylor’s series, etc. An infinite series need 
not have a sum; it is said to be convergent 
if it has a sum and divergent if it does not 
(see DIVERGENT, SUM—sum of an infinite 
series, and various headings under cCon- 
VERGENCE). A series Is a positive series (or a 
negative series) if its terms are all positive 
(or all negative) real numbers. An 
ascending (or increasing) series is a series of 
numbers for which the numerical value of 
each term is greater than that of the 
preceding (compare with monotonic increas- 
ing). Such a series is always divergent. A 
decreasing (or descending) series is a series 
of numbers for which the numerical value 
of each term is less than that of the 
preceding (compare with monotonic de- 
creasing). See various headings below. 

Abel’s theorem on power series. See 
ABEL. 

addition of infinite series. The addition 
of corresponding terms of the two series. 
If two convergent series of constant terms, 


QA; +a,+a3+ fon + dact ee 
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and 
b,+6,+63+ ees +b,+ ance 


have the sums S and 5S’, then the series 
(a, + 51) + (a. +b) + (a3 +53) 
+ +++ +(a,+5,)+ +> 


converges and has the sum $+’. If the 
series 


Uytugtu3t+ -o8 +Uu,+ ies 
and the series 
Vy tvegtv3+ te +v,+ ere 


whose terms are functions of x, converge in 
certain intervals, the term by term sum of 
these series, namely 


(uy +01) + (ug +02)+ (43 +03) °° 
+(u,t+v,)t+ +++, 


converges in any interval common to the 
two intervals. 

alternating series. See ALTERNATING. 

arithmetic series. The indicated sum of 
the terms of an arithmetic progression. 
The sum to n terms is denoted by S,, and 
S,=4tn(a+l) or 44nf[2a+(n—1)d]. See 
ARITHMETIC—arithmetic progression. 

asymptotic series. See ASYMPTOTIC— 
asymptotic expansion. 

autoregressive series. See AUTOREGRES- 
SIVE. 

binomial series. The binomial expansion 
with infinitely many terms; the expansion 
of a binomial raised to a power that is not 
a positive integer or zero. The expansion 
of (a+ x)” by the binomial theorem results 
in a convergent series for all values of n, 
provided the absolute value of x is less than 
the absolute value of a. 

differentiation of an infinite series. The 
term-by-term differentiation of the series. 
This is permissible, i.e., the resulting series 
represents the derivative of the function 
represented by the given series in the same 
interval, if the resulting series is uniformly 
convergent in this interval. This condition 
is always satisfied by a power series in any 
interval within its interval of convergence; 
e.g., the series 


converges for —1<xHX1 and represents 
log (1+ x) in this interval; the derived series 


T—x+x27— +++ tx 1G. 


converges uniformly for —a<x<aifa<l, 
and represents 
1 
l+x 

in any such interval. 

discount series. See DISCOUNT—discount 
series. 

division of two power series. The division 
of the two series as if they were polynomials 
arranged in ascending powers of the 
variable. Their quotient converges and 
represents the quotient of the sums of the 
series for all values of the variable within 
a region of convergence common to both 
their regions and numerically less than the 
numerically least value for which the series 
in the denominator is zero. 

entire series. See ENTIRE. 

Euler’s transformation of series. See 
EULER. 

exponential series. See EXPONENTIAL— 
exponential series. 

factorial series. The series 


ipty titi, a diy ea <ee 
i 2! Bt 4) n! 
The sum of this series is the number e. 
See e. 
Fourier series. Sce FOURIER. 
geometric series. A series whose terms 
form a geometric progression. The general 
form of a geometric series is 


at+artar?+are+ +++ +arm|+.-., 
Its sum to ” terms is 
a(l—r" 
5,= 
When r is numerically less than one, the 
series converges, since 
lim r”?=0, 


n—> @ 
and its sum is a/(l—r). E.g., the sum of 


roig ty cee eee 

2 22 27] 
is [1—(G)"]/( —4)=2[1-—G)"]. The limit 
of this sum [the sum of the infinite series 
ee eee antenve rena 
2 22 Qn-l 
harmonic series. A series whose terms 
are in harmonic progression; a series the re- 
ciprocals of whose terms form an arithmetic 
series. See HARMONIC—harmonic progres- 

sion. 


+ ---Jis 2. 
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hypergeometric series. See HYPERGEO- 
METRIC. 

integration of an infinite series. The 


term-by-term integration (definite integra- 
tion) of an infinite series. Any series of 
continuous functions which converges 
uniformly on an interval may be integrated 
term by term and the result will converge 
and equal the integral of the function rep- 
resented by the original series, provided 
the limits of integration are finite and lie 
within the interval of uniform convergence. 
Any power series satisfies this condition in 
any interval within its interval of con- 
vergence and may be integrated term by 
term provided the limits of integration lie 
within the interval of convergence. The 
series 


l—-x+x2- iets (—1)7t1yn-1 nee 


converges when |x|<1. Hence term by 
term integration is permissible between the 
limits 0 and 4, for instance, or between x, 
and x2, provided |x,|<1 and |x2|<1. 
Actually, one of x; or x, can be 1. This is 
a special case of the following more general 
theorem: Let S,(x) be the sum of the first 
n terms of an infinite series for which there 
is a set of measure zero such that, on the 
complement of this set in the interval [a, 5], 
|S,(x)| is uniformly bounded and the 
series is convergent to a sum S(x). If 
b *b 
| S(x) dx and | S,,(x) dx exist for each n, 
a a 


b b 

then lim |" S,(x) de= | S(x) dx. If Le- 
a a 

besgue (instead of Riemann) integration is 

used, then it is not necessary to assume 


b 
the existence of i S(x) dx and the assump- 
a 


*b 
tion of the existence of | S,(x) dx can be 


Q 
replaced by the assumption that each S,(x) 
is measurable. 
Laurent series. See LAURENT. 
logarithmic series. The expansion in 
Taylor’s series of log (1+ x), namely, 
x— x?/2+ x3/3—x4t/4+ +-- 
+(-— L)"+1x"/n os 
From this series is derived the relation 


log (n+ 1)=log n+ 2[(2n+1)-1+ 
L(2n+1)-3+4(2n4 I-S+ +], 


which is convenient for approximating 
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logarithms of numbers because it converges 
rapidly. 

Maclaurin’s series. 
lor’s theorem. 

multiplication of infinite series. The 
multiplication of the series as if they were 
polynomials, multiplying each term of one 
series by all the terms of the other. If each 
series converges absolutely, the terms of the 
product series have a sum equal to the 
product of the sums of the given series, 
whatever the order of the terms in the 
product series. This need not be the case if 
one series is conditionally convergent. 
The Cauchy product (usually called the 
product) of two series €g+a,+a5+ ---and 
bo t+ b,+62+ +--+ is the series cgt+c,+e2t+ 
-+ + for which 


Cyh=Aob, + ayb,-1+ +++ +a,bo 


is the sum of all products a,b; for which 
i+j=n. For power series, the nth term of 
a product is the sum of all terms of the mth 
degree which are products of a term of one 
series by a term of the other. If two series 
are convergent and one (or both) is 
absolutely convergent, then their Cauchy 
product is convergent and has a sum which 
is the product of the sums of the given 
series. Also, if two series and _ their 
Cauchy product are convergent, then the 
sum of the Cauchy product is the product 
of the sums of the given series. A power 
series converges absolutely within its 
interval of convergence; hence two power 
series can always be multiplied, and the 
result will be valid within their common 
interval of convergence. 

oscillating series. See DIVERGENT—dI- 
vergent series. 

power series. A series whose terms con- 
tain ascending positive integral powers of 
a variable, a series of the form 


See TAYLOR—Tay- 


Agyt AyX+AgxX*+ +++ FAX +o 2s, 


where the a’s are constants and x is a vari- 
able; or a series of the form 
Ayg+a,(x—h)+a(x—h)*+--- 
+a,f(x—h)"+ +++. 
See TAYLOR—Taylor’s theorem. 
rearrangement of the terms of a series. 
Defining another series which contains all 
the terms of the original series, but not 


necessarily in the same order. J.e., for any 
n the first m terms of the new series are all 
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terms of the old series, and the first vn 
terms of the old series are all terms of the 
new series. If a series is absolutely con- 
vergent, all the rearrangements have the 
same sum. If it is conditionally conver- 
gent, rearrangements can be made such as 
to give any arbitrary sum, or to diverge. 

reciprocal series. A series whose terms 
are each reciprocals of the corresponding 
terms of another series, of which it is said 
to be the reciprocal series. 

remainder of an infinite series. See RE- 
MAINDER—remainder of an infinite series. 

reversion of a series. See REVERSION. 

sum of an infinite series. See SUM. 

Taylor’s series. See TAYLOR—Taylor’s 
theorem. 

telescopic series. The series 

1 a es + ee. 
k(k+1)  (K+1)(K4+2) 
*(ktn—lyktn) 0” 

where & is not a negative integer. It is 


called telescopic because it can be written 
in the form 


e-alt lea estes 
k k+l k+1 ra | 
fe eee ee 
k+n—-1 k+n 
which sums to = 


k 
the p series. The series 
1+(4)?+4)e4+ --- +C/met ---. 

It is of importance in applying the com- 
parison test, since it converges for all values 
of p greater than one and diverges for p 
equal to or less than one. When p equals 
1, it is the harmonic series. 

time series. See TIME—time series. 

trigonometric series. See TRIGONOMETRIC 
—trigonometric series. 


SER’PEN-TINE, adj. serpentine curve. 
The curve defined by the equation x2y+ 
b2y—a*x=0. It is symmetric about the 


Y 


origin, passes through the origin, and has 
the x-axis as an asymptote. 


SER’VICE, adj. service table. A table 
showing (for various convenient ages) the 
number of lives in the service of a company, 
the total decrement, and the decrements due 
to specific causes. 


SER’VO-MECH’A-NISM, 7. An ampli- 
fying device that effects a certain relation 
between an input signal and an output 
signal. Examples are steering devices, 
automatic stabilizers, and components of 
computing machines. 

hunting of a servomechanism. The output 
of a servomechanism is designed to follow 
the instructions of the input. Errors (or 
deviations) in the output, which ideally 
should be self-correcting, are called hunting 
motions. 


SET, x. A number of particular things, as 
the set of numbers between 3 and 5, the 
set of points on a segment of a line, or 
within a circle, etc. See SUBSET. 

bounded set of numbers. A set such that 
the absolute value of each of its members 
is less than some constant. All proper 
fractions constitute a bounded set, for they 
are all less than | in absolute value. 

F,, Gs, and Borel sets. See BOREL— 
Borel set. 

finite and infinite sets. See FINITE and 
INFINITE. 

intersection and sum of sets. See INTER- 
SECTION and SUM. 

ordered set. See ORDERED. 


SEX’A-GES’I-MAL, adj. 
the number sixty. 

sexagesimal measure of an angle. The 
system in which one complete revolution is 
divided into 360 parts, written 360° and 
called degrees; one degree into 60 parts, 
written 60’ and called minutes; and one 
minute into 60 parts, written 60’ and 
called seconds. See RADIAN. 

sexagesimal system of numbers. A num- 
ber system using sixty for a base instead of 
ten. See BASE—base of a system of 
numbers. 


Pertaining to 


SEX’TIC, adj. Of the sixth degree; of the 
sixth order (when speaking of curves or 


Sextic 


surfaces). A sextic curve is an algebraic 
curve of the sixth order; a sextic equation is 
a polynomial equation of the sixth degree. 


SEX-TIL’LION, n. (1) In the U. S. and 
France, the number represented by one 
followed by 21 zeros. (2) In England, the 
number represented by one followed by 36 
Zeros. 


SHEAF, n. sheaf of planes. All the planes 
that pass through a given point. The 
point is called the center of the sheaf. The 
equations of all the planes in the sheaf can 
be found by multiplying the equations of 
three planes not having a line in common 
and passing through the point by different 
parameters (arbitrary constants), adding 
these equations, and letting the parameters 
take all possible values. See PENCIL—pen- 
cil of planes. Syn. Bundle of planes. 


SHEAR, nr. modulus of shear. See RIGID- 
iry—modulus of rigidity. 

simple shear transformation. See TRANS- 
FORMATION. 


SHEAR’ING, adj. shearing force. One 
of two equal forces acting in opposite direc- 
tions and not in the same line, causing, 
when acting upon a solid, a distortion 
known as a shearing strain. 

shearing motion. The motion that takes 
place when a body gives way due to a 
shearing stress. 

shearing strain. See STRAIN. 

shearing stress. See STRESS. 


SHEET, 7. sheet of a surface. A part of 
the surface such that one can travel from 
any point on it to any other point on it 
without leaving the surface. See HYPER- 
BOLOID—hyperboloid of one sheet, hyper- 
boloid of two sheets. 

sheet of a Riemann surface. Any portion 
of a Riemann surface which cannot be 
extended without giving a multiple cover- 
ing of some part of the plane over which 
the surface lies. Thus for the function 
w=2z'/2 a sheet of the Riemann surface of 
definition consists of the z-plane cut by any 
simple curve extending from the origin to 
the point at infinity. 


SHEPPARD. Sheppard’s correction. 
(Statistics.) The calculation of moments 


Sidereal 


from a grouped distribution of a variable 
contains an error because the frequencies 
are assumed to be concentrated at the mid- 
point (or some unique point) in the interval. 
A correction may be made so that on the 
average a correct estimate is obtained. 
Denote the ith moment of the continuous 
distribution by u; and the grouped distri- 
bution moment by u;’. Then, under fairly 


widely acceptable conditions, u,;=u,’ and 
2 


y= Uy — a> where fA is the uniform 


width of the group intervals. A general 
formula for the correction on the ith 
moment is known. 


SHOCK, adj. shock wave. In _ fluid 
dynamics, a discontinuous solution of a 
nonlinear hyperbolic equation or system of 
equations, arising from continuous initial 
and boundary conditions. 


SHORT, adj. short arc of a circle. The 
shorter of the two arcs subtended by a 
chord of the circle. 

short division. See DivistloN—short divi- 
sion. 


SHRINK’ING, 7. shrinking of the plane. 
See SIMILITUDE—transformation of simili- 
tude, and STRAIN—one-dimensional strain. 


SIDE, 7. side of an angle. See ANGLE. 

side opposite an angle in a triangle or 
polygon. The side separated from the. 
vertex of the angle by the same number of 
sides in whichever direction they are 
counted around the triangle or polygon. 

side of a polygon. Any one of the line 
segments forming the polygon. 


SI-DE’RE-AL, adj. 
stars. 

sidereal clock. A clock that keeps side- 
real time. 

sidereal time. Time as measured by the 
apparent diurnal motion of the stars. It 
is equal to the hour angle of the vernal 
equinox (see HOUR). The sidereal day, the 
fundamental unit of sidereal time, is as- 
sumed to begin and to end with two suc- 
cessive passages over the meridian of the 
vernal equinox. There is one more sidereal 
day than mean solar days in a sidereal year. 


Pertaining to the 


Sidereal 


Significance 


sidereal year. The time during which 
the earth makes one complete revolution 
around the sun with respect to the stars. 
Its length is 365 days, 6 hours, 9 minutes, 
9.5 seconds. See YEAR. 


SIERPINSKI. Sierpinski set. (1) Let G 
be the class of all uncountable G; sets on a 
line (see BOREL—Borel set). A Sierpinski 
set is a set S on the line which has the 
property that both S and its complement 
contain at least one point from each set 
belonging to G. Such a set can be shownto 
exist by using the well-ordering principle (or 
axiom of choice) to obtain a well-ordering 
of G with the property that the set of all 
predecessors of an element of G _ has 
cardinal number less than the cardinal 
number c of the real numbers (G itself has 
cardinal number c). Zorn’s lemma can 
then be used to choose two points from 
each set of G, such that for any set neither 
of the two points chosen from that set 
were chosen from any previous set. A 
Sierpinski set can then be formed by choos- 
ing one of the members of each of these 
two-point sets. A Sierpinski set S has the 
properties that, for every set F, either E is 
of measure zero or one of the intersections 
of E with S and with the complement of S 
iS nonmeasurable, and either FE is of first 
category or one of the intersections of E 
with S and with the complement of S does 
not have the property of Baire. If Sisa 
Sierpinski set and the exterior measure of 
a set 4 is m,.(A), the set function M(A)= 
mA © S) defines a measure on a o-algebra 
which includes S and all measurable sets. 
Also, M(A)=m(A) if A is measurable. 
(2) A set S of points in the plane is a Sier- 
pinski set if S contains at least one point of 
each closed set of nonzero measure and 
no three points of S are collinear. Such a 
set S is not measurable, although no line 
contains more than two points of S (see 
FUBINI—Fubini’s theorem). The class C of 
closed sets of nonzero measure has cardinal 
number c and can be well-ordered so that 
each member of C has fewer than c 
predecessors. The set S can then be 
constructed by use of Zorn’s Lemma, 
choosing a point x, from each C, of C in 
such a way that x, is not collinear with any 


two points chosen from previous members 
of C. 


SIEVE, nm. number sieve. See NUMBER— 
number sieve. 
sieve of Eratosthenes. See ERATOSTHENES. 


SIG’MA, n. The name of the Greek letter 
ao, 4, equivalent to the English s, S. See 
SUMMATION—summation sign. 
o-algebra and o-ring. See ALGEBRA— 
algebra of subsets, RING—ring of sets. 
o-finite. See MEASURE—measure of a set. 


SIGN, 1. algebraic sign. A positive or 
negative sign. 

continuation of sign in a polynomial. 
See CONTINUATION. 

Descartes’ rule of signs. See DESCARTES. 

law of signs. In addition and subtraction, 
two successive like signs give a positive 
result, and two unlike signs give a negative 
result. We have 


2—(-—1)=3, 
while 

2-(+1)=2-1=1 
and 

2+(-1)=1. 
In multiplication and division, the product 
or quotient of two factors with like signs is 
positive; with unlike signs, negative. We 
have 

(—4)(—2)=2, 


(—4)/2=4/(—2)= -2. 
See SUM—sum of real numbers, PRODUCT— 


product of real numbers. 
summation sign. See SUMMATION. 


and 


SIG’NA-TURE, 7. signature of a quad- 
ratic form, Hermitian form, or matrix. See 
INDEX—index of a quadratic form. 


SIGNED, adj. signed numbers. Positive 
and negative numbers. Syn. Directed 
numbers. 


SIG-NIF’I-CANCE, n. _ statistical signifi- 
cance. Deviations between hypothesis and 
observations which are so improbable un- 
der the hypothesis as to cause one to believe 
that the difference is not merely due to 
sampling errors or fluctuations are said to 
be statistically significant. The failure of a 
difference to fall in the acceptable realm of 
sampling deviations brands it as statistically 
significant. Clearly, the decision of signifi- 
cance is arbitrary and discretionary in that 


Significance 


the size of the probability which is deemed 
too small to permit the acceptance of the 
hypothesis is arbitrary and discretionary. 
See HYPOTHESIS—test of hypothesis. 

test of significance. See HYPOTHESIS— 
test of hypothesis. 


SIG-NIF’I-CANT, adj. significant digit or 
figure. See DIGIT. 


SIG’NUM, n. signum function. Signum 
x is defined as that function whose value 
is 1 for x>0, —1 for x<0, and 0 for x=0. 
It is denoted by sgn x or sg x. 


SIM’‘I-LAR, adj. similar ellipses (or hy- 
perbolas). Ellipses (or hyperbolas) which 
have the same eccentricity; ellipses (or 
hyperbolas) whose semiaxes are in the same 
ratio. Ifthe axes of one are a, b and of the 
other a’, b’, then a/b=a’'/b’. 

similar ellipsoids. Ellipsoids whose prin- 
cipal sections are similar ellipses. Thus the 
ellipsoids 


where p is a parameter greater than zero, 
are all similar. 
similar figures in plane geometry. Fig- 
ures having all corresponding angles equal 
and all corresponding line segments (sides) 
proportional. 
similar fractions. See FRACTION. 
similar hyperboloids and _ paraboloids. 
Hyperboloids and paraboloids whose prin- 
cipal sections are similar. The hyper- 
boloids whose equations are 
x2 yp2 22 
A 
with « taking different positive values (dif- 
ferent negative values) are similar. The 
paraboloids whose equations are 
42>, ap2 
gat pane 
with p taking different values, are similar 
elliptic paraboloids. The paraboloids 
whose equations are 
x2 2 
with uw taking different values, are similar 
hyperbolic paraboloids. 
similar matrices. Matrices which are 
transforms of each other by a nonsingular 
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matrix. See TRANSFORMATION—Collinea- 
tory transformation. 

similar polygons. Two polygons having 
the angles of one equal to the corresponding 
angles of the other and the corresponding 
sides proportional; two polygons whose 
vertices are respectively the points of two 
similar sets of points. See below, similar 
sets of points. 

similar sets of points. Points so situated 
on a pencil of lines (two points on each 
line) that all the ratios of the distances 
from the vertex of the pencil to the two 
points (one in each of the two sets) on a 
given line are equal. The set of points 
(one on each line) whose distances from the 
vertex are the antecedents of the ratios, 
and the set of points whose distances are 
the consequents, are called similar sets of 
points, or similar systems of points. Two 
such sets of points are also said to be homo- 
thetic and any figures formed by joining 
corresponding pairs of points in each set 
are said to be homothetic. See SIMILITUDE 
—transformation of similitude. 

similar solids. See SOLID. 

similar surfaces. Surfaces which can be 
made to correspond point to point in such 
a way that the distance between any two 
points on one surface is always the same 
multiple of the distance between the two 
corresponding points on the other. The 
areas of similar surfaces are to each other 
as the squares of corresponding distances. 

similar terms in one (or more) unknowns. 
Terms which contain the same power (or 
powers) of the unknowns. The terms 3x 
and 5x, ax and bx, axy and bxy, are similar 
terms. Syn. Like terms. 

similar triangles. Triangles with corre- 
sponding angles equal. Corresponding 
sides are then proportional. 


SIM’I-LAR’I-TY, 7. The property of be- 
ing similar. 

general similarity transformation. A 
transformation (composed possibly of a 
translation, a rotation, and a homothetic 
transformation), which transforms figures 
into similar figures. 


SI-MIL’I-TUDE, 7. center of similitude. 

See RADIALLY—radially related figures. 
ratio of similitude. See RATIO. 
transformation of similitude. The trans- 

formation x«’=Ax, y’=ky, in rectangular 
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coordinates. It multiplies the distance 
between every two points by the same con- 
stant k, called the ratio of similitude. If k 
is less than one the transformation is said 
to shrink the plane. In the figure, the cir- 
cumference of the larger circle is k times 


the circumference of the smaller, and the 
point P’ is & times as far from the origin as 
the point P. This transformation is also 
called the homothetic transformation. See 
RADIALLY—radially related figures. 


SIM’PLE, adj. simple arc. A _ set of 
points which can be put into one-to-one 
correspondence with the points of the 
closed interval [0,1] in such a way that 
the correspondence is continuous in both 
directions. See TOPOLOGICAL—topological 
transformation. A continuum (of at least 
two points) such that there are not more 
than two points whose omission does not 
destroy the connectedness of the set is a 
simple arc. See below, simple closed curve, 

simple closed curve. A set of points 
which can be put into one-to-one corre- 
spondence with the points of a circle in 
such a way that the correspondence is con- 
tinuous in both directions. See TOPOLOGI- 
CAL—topological transformation. A con- 
tinuum (of at least two points) which is 
no longer connected if any two arbitrary 
points are removed is a simple closed curve. 
Syn. Jordan curve. 

simple cusp. See CUsp—cusp of the first 
kind. 

simple elongations and compressions. 
Same aS ONE-DIMENSIONAL STRAINS. See 
STRAIN. 

simple event. See EVENT. 

simple fraction. See FRACTION. 

simple function of a complex variable. 
A function f(z) 1s simple in a region D if it 
is analytic in D and does not take on any 
value more than once in D. Syn. Schlicht 
function. 

simple harmonic motion. See HARMONIC. 


Simplex 


simple hexagon. See HEXAGON—simple 
hexagon. 

simple integral. A single integral, as 
distinguished from multiple and iterated 
integrals. 

simple interest. See INTEREST. 

simple pendulum, See PENDULUM. 

simple point on a curve. Same as ORDI- 
NARY POINT. See POINT. 

simple polyhedron. See POLYHEDRON. 

simple root. A root of an equation that 
is not a repeated root. If the equation is 
algebraic, f(x)=0, a simple root is a root 
r such that f(x) is divisible by the first 
power of x—r and by no higher power. 
See MULTIPLE—multiple root of an equa- 
tion, 


SIM’PLEX, n. An a-dimensional simplex 
(or simply an a-simplex) is a set which 
consists of m+1 linearly independent 
points Po, P1,° °°, P, Of an Euclidean space 
of dimension greater than together with 
all the points of type 


X=AppotAipit +++ +AnDPns 


where Ay +A,+ --- +A,=1 and OSA; for 
each i (see BARYCENTRIC—barycentric co- 
ordinates). Such a set is sometimes called a 
closed simplex, while the set of all such 
points x for which each A; is positive is an 
open simplex. A set of points of one of 
these two types is sometimes called a 
degenerate simplex if the points po, -- -, p, 
are not linearly independent (or if two or 
more of these points coincide). Each of the 
points Po, --°,P, iS said to be a vertex of 
the simplex, and any simplex whose 
vertices are r+1 of these points is an 
r-dimensional face, or an r-face, of the 
simplex. An n-simplex is its own n-face, 
while faces of dimension less than n are 
called proper faces. A simplex of dimen- 
sion O is a single point; a simplex of 
dimension | has 2 vertices and consists of 
the straight line segment joining these 
vertices (its vertices are its only proper 
faces); a simplex of dimension 2 has 3 
vertices and is a triangle with its interior (its 
l-dimensional faces are its sides and its 
Q-dimensional faces are its vertices); a 
simplex of dimension 3 has 4 vertices and 
is a tetrahedron together with its interior 
(its 2-dimensional faces are triangles). The 
set of all the vertices of a simplex is called 


Simplex 


Simpson’s Rule 


its skeleton. Any 2+ 1 objects can be called 
an abstract n-simplex (see COMPLEX— 
simplicial complex). A topological simplex 
is any topological space (such as a solid 
sphere) which is homeomorphic to a 
simplex. A simplex is oriented if an order 
has been assigned to its vertices. If 
(PoP: *** Pp) 1S an orientation of a simplex 
with vertices po, - +, p,, this is regarded as 
being the same as any orientation obtained 
from it by an even permutation of the 
vertices and as the negative of any orienta- 
tion obtained by an odd permutation of the 
vertices. E.g., a 2-simplex with vertices po 
and p, has the two orientations (pop,) and 
(Pippo). A 3-simplex, or triangle, has the 
two orientations corresponding to the two 
directions for enumerating vertices around 
the triangle. If (pop; ---p,) is an orienta- 
tion of an n-simplex, then this simplex and 
the (7 — 1)-simplex po, - + -, Pi-1, Pitts °° 's Pn 
obtained by discarding the vertex p, are 
coherently (or concordantly) oriented if the 
orientation of the (n—1)-simplex is (— 1)! 
(Po* ++ Pi-1Pit1°*' Dn). FE.g., if (ABC) is 
an orientation of a triangle with vertices 
A, B, C, then this triangle is coherently 
oriented with each of its sides if the sides 
have the orientations (AB), (BC), —(AC), 
(CA). 

simplex method... A_ standard finite 
iterative algorithm for solving a linear 
programming problem by _ successively 
determining basic feasible solutions, if any 
exist, and testing them for optimality. See 
PROGRAMMING—linear programming. 


SIM-PLIC’I-AL, adj. simplicial complex. 
See COMPLEX. 

simplicial mapping. A mapping of a 
simplicial complex K, into a simplicial 
complex K, for which the images of sim- 
plexes of K, are simplexes of K,. If the 
mapping is One-to-one and the image of 
K, is all of K2, then K, and K are said to be 
isomorphic, or combinatorially equivalent. 


SIM’PLI-FI-CA’TION, 1. The process of 
reducing an expression or a statement to a 
briefer form, or one easier to work with. 
See SIMPLIFIED. 


SIM’PLI-FIED, adj. The simplified form 
of an expression, quantity, or equation can 
mean either (1) the briefest, least complex 


form, or (2) the form best adapted to the 
next step to be taken in the process of 
seeking a certain result. Probably the most 
indefinite term used seriously in mathe- 
matics. Its meaning depends upon the 
operation as well as the expression at hand 
and its setting. E.g., if one desired to 
factor x4+2x2+1—.x?, to collect the x? 
terms would be foolish, since it would con- 
ceal the factors. Usually a radical is said to 
be in simplified form when there is no 
fraction under the radical and no factor 
under the radical which possesses the root 
indicated by the index; V2 and 2V3 are in 
simplest form, but V2 and V12 are not. 
A fraction whose numerator and denomi- 
nator are rational numbers is usually said 
to be in simplified form when written so 
that numerator and denominator are 


integers with no common factors other than 
mat 


SIM’'PLY, adv. simply connected region. 
See CONNECTED. 


SIMPSON’S RULE. A rule for approxi- 
mating the area bounded by a curve (whose 
equation is given in rectangular coordi- 
nates), the x-axis, and the ordinate corre- 
sponding to two abscissas, say a and b. 
It assumes that small arcs of the curve are 
very nearly coincident with the arc of the 
parabola through the midpoint and termi- 
nal points of the arc. In algebraic terms, 
it makes use of Taylor’s series, dropping 
all terms after the quadratic term. The 
formula is 


_ (6-4) 


a 6n 


[Yat 4y14+2y2+ 493 
+ 24+ 0+ t4Von-14+Yo) 


where 2” equal subintervals have been laid 
off on the x-axis by 


QA, X15 X25 °° *y X2n—-15 b, 
and 


Yas Vis V29° °°» V2n-15 Vb 


are the respective ordinates of these points. 
The numerical difference between the num- 
ber given by this formula and the actual 
area is known to be less than 


M(b—a)> 
180(2n)4 * 


Simpson’s Rule 


where M is the greatest numerical value of 
the 4th derivative of the function whose 
graph is the given curve. This rule can be 
used to approximate the value of any defi- 
nite integral. If the curve is not of higher 
order than 3, this formula in the form 


b-—a 
a [yat4yi+ yo], 


where n=1, gives the exact area and is 
called the prismoidal formula (for areas). 
See NEWTON—Newton’s three-eighths rule. 


SI'MUL-TA’NE-OUS, adj. simultaneous 
equations. Two or more equations which 
may or may not have common solutions, 
but are conditions imposed simultaneously 
on all the variables. E.g., x+y=2 and 
3x+2y=5, treated as simultaneous equa- 
tions, are satisfied by x=1, y=1, these 
values being the coordinates of the point of 
intersection of the straight lines which are 
the graphs of the two equations. The num- 
ber of solutions of two simultaneous poly- 
nomial equations in two variables is equal 
to the product of their degrees (provided 
they have no common factor), infinite 
values (see homogeneous coordinates) being 
allowed, and equal solutions being counted 
to the degree of their multiplicity. E.g., 
(1) the equations y= 2x2 and y= have the 
two common solutions (0,0) and (4, 3); 
(2) the equations y—2x2=0 and y2?— x=0 
have two real and two imaginary common 
solutions. Simultaneous linear equations 
are simultaneous equations which are linear 
(of the first degree) in the variables (see 
CONSISTENCY—consistency of linear equa- 
tions). 

simultaneous inequalities. Two or more 
inequalities, which may or may not have 
common solutions, but are conditions im- 
posed simultaneously on all the variables. 
The simultaneous inequalities x2+ y?< 1, 
y>O are satisfied simultaneously by the 
points above the x-axis and inside the unit 
circle about the origin. 


SINE, adj., n. exponential values of sin x 
and cos x. See EXPONENTIAL—exponential 
values of sin x and cos x. 

law of sines. For a plane triangle, the 
sides of a triangle are proportional to the 
sines of the opposite angles. If the angles 
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are A, B, C, and the sides opposite these 
angles are a, b, c, this law is 
ab ec 
sin A sinB sinC 
For a spherical triangle, the law of sines 
states that the sines of the sides are propor- 
tional to the sines of the opposite angles. 
sine curve. The graph of y=sinx. 
The curve passes through the origin and 
all points on the x-axis whose abscissas are 
multiples of 7 (radians), is concave toward 
the x-axis, and the greatest distance from 
the x-axis to the curve is unity. 


sine of a number or angle. See TRIGONO- 
METRIC—trigonometric functions. 

sine series. See FOURIER—Fourier’s 
half-range series. 


SIN’GLE, adj. single-address system. A 
method of coding problems for machine 
solution, whereby each separate instruction 
is restricted to telling what to do with a 
single item at a specified address or memory 
position. See MULTIADDRESS. 

single premium. See PREMIUM. 

single-valued function of one or more 
variables. A function which has one and 
only one value corresponding to each value 
(or set of values) of its variable (or vari- 
ables). E£.g., the function x*+ 1 is a single- 
valued function. See MULTIPLE—multiple 
valued function. 


SIN’GU-LAR, adj. singular curve on a 
surface. A curve C ona surface S such that 
every point of C is a singular point of S. 
See below, singular point of a surface. 

singular point of an analytic function. 
A point at which the function (of a com- 
plex variable) is not analytic, but in every 
neighborhood of which there are points of 
analyticity. An isolated singular point is a 
point z) on the Riemann surface of exist- 
ence of the function at which it is not 
analytic, but such that there exists on the 
surface a neighborhood 


|z— Z| <e 


Singular 


Slant 


of Zp) at each point z(42Z 9) of which f(z) is 
analytic. An isolated singular point can be 
of any one of three types. (1) Removable 
singular point. An isolated singular point 
Zo such that f(z) can be defined, or re- 
defined, at zp in such a way as to be analytic 
at Z. E.g., if f(z)=z for 0<|z|<1 and 
f(0)=1, then f(z) has a removable singular 
point at z=0. (2) Pole. An isolated 
singular point zg such that f(z) can be 
represented by an expression of the form 
f(Za= oak ;> where k is a positive integer, 
@(z) is analytic at zp, and 4(z))4#0. The 
integer k is called the order of the pole. 
E.g., f(z)=(z-—1)/(z—2)3 has a pole of 
order 3 at zg=2 with ¢(z)=z—1. (3) Es- 
sential isolated singular point. An isolated 
singular point which is neither a removable 
singularity nor a pole. In any neighbor- 
hood of an essential singular point, and 
for every finite complex number « with the 
exception of at most one number a, the 
equation f(z)—a=0 has an infinitude of 
roots. This is the second theorem of 


Picard. E.g., f (2)=sin + has an essential 


isolated singular point at z)=0. An 
essential singular point is any singular point 
which is not a pole and which is not a 
removable singularity. E.g., for f(z)= 


1 bad 
tan 2 the origin is an essential singular 


point, but is not an isolated singular point, 
since it is a limit point of poles of f(z). 

singular point of a curve. See POINT— 
ordinary point of a curve. 

singular point of a surface. A point of 
the surface S: x=x(u,v), y=y(u, v), 
z=2(u, v), at which H*=EG—F2=0. See 
SURFACE—fundamental coefficients of a 
surface. Since 

H2= [a2 "+ EE y+ FE ae 

O(u, v) C(u, v) ou, v) 

it follows that, for real surfaces and param- 
eters, the quantity H is nonnegative; and 
H? is positive at a point unless all three 
Jacobians vanish there. HH appears in the 
denominator of several important formulas 
in differential geometry. See REGULAR— 
regular point of a surface. 

singular solution of a differential equation. 
See DIFFERENTIAL—Ssolution of a differen- 
tial equation. 


singular transformation. See LINEAR— 
linear transformation. 


SINISTRORSUM [Latin] or SIN’IS- 
TRORSE, adj. Same as LEFT-HANDED. 
See LEFT. 


SINK, 7. A negative source. See SOURCE. 


SINKING FUND. 
fund. 


See FUND—sinking 


SI’NUS-OID, x. The sine curve. See SINE. 


SKEL’E-TON, 7. See COMPLEX—sim- 
plicial complex, and SIMPLEX. 


SKEW, adj. distance between two skew 
lines. See DISTANCE. 

skew lines. Nonintersecting, nonparallel 
lines 1n space. 

skew quadrilateral. The figure formed 
by joining four noncoplanar points by line 
segments, each point being joined to two, 
and only two, other points. 

skew-symmetric determinant. A _ deter- 
minant having its conjugate elements 
numerically equal but opposite in sign. If 
the element in the first row and second 
column is 5, the element in the first column 
and second row would be —5. A skew- 
symmetric determinant of odd order is 
always equal to zero. 

skew-symmetric matrix. A matrix which 
is equal to the negative of its transpose; a 
square matrix such that a;;= —a;;, where 
a;; iS the element in the ith row and jth 
column. Syn. Skew matrix. 

skew-symmetric tensor. See TENSOR. 


SLANT, adj. slant height. The slant 
height of a right circular cone (cone of 
revolution) is the common length of the 
elements of the cone; the slant height of a 
frustum of a right circular cone is the length 
of the segment of an element of the cone 
intercepted by the bases of the frustum. 
The slant height of a regular pyramid is the 
common altitude of its lateral faces; the 
slant height of a frustum of a regular 
pyramid is the common altitude of its faces 
(the perpendicular distance between the 
parallel edges of the faces). 


Slide 


Solid 


i 


SLIDE, adj. slide rule. A mechanical de- 
vice to aid in calculating by the use of loga- 
rithms. It consists essentially of two rules, 
one sliding in a groove in the other, 
containing logarithmic scales by means of 
which products and quotients are calcu- 
lated by adding and subtracting logarithms. 
Detailed explanations of the construction 
and use of any particular slide rule can be 
secured from its manufacturer. 


SLOPE, n. slope angle. Same as angle of 
inclination. See ANGLE—angle of inclina- 
tion. 

point-slope and slope-intercept forms of 
the equation of a line. See LINE—equation 
of a straight line. 

slope of a curve at a point. The slope of 
the tangent line at that point; the deriva- 
tive, dy/dx, evaluated at the point. See 
DERIVATIVE. 

slope of a straight line. The tangent of 
the angle that the line makes with the posi- 
tive x-axis; the tangent of the smallest 
positive angle through which the positive 
axis of abscissas can be revolved in order 
to be parallel to the given line; the rate of 
change of the ordinate with respect to the 
abscissa, i.e. (in rectangular Cartesian co- 
ordinates), 


Y2—Y1 

X27 X. 
where (x1, ¥;) and (x>, y2) are points on the 
line. In calculus the slope at (x;, y;) is the 
derivative of the ordinate with respect to 


the abscissa, 


lim y27)1 or (2) 
x2>x1 X27 X] dx xX=X] 


(which is the same for all points on the 
line). The slope of y= x ts 1; of y=2x, 2; 
of y=3x+1, 3. See DERIVATIVE—deriva- 
tive of a function of one variable. Slope is 
not defined for lines perpendicular to the x- 
axis. 


SMALL, adj., n. group without small sub- 
groups. See under GROUP. 

in the small. In the neighborhood of a 
point. E.g., when studying properties such 
as curvature of a curve at a point, one is 
concerned only with the behavior of the 
curve in the neighborhood of the point. 
Classical differential geometry is a study 
in the small or im kleinen. The study of a 


geometric object in its entirety, or the 
study of definite sections of it, or the study 
of a function in a given fixed interval, is a 
study in the large or im grossen. Algebraic 
geometry is a study in the large. 

small arcs, angles, or line segments. 
Arcs, lines, or line segments, which are 
small enough to satisfy certain conditions, 
such as making the difference between two 
ordinates of a curve less than a stipulated 
amount, or the quotient of the sine of an 
angle by the angle (in radians) differ from 
1 by less than a given amount. 

small circle. See CIRCLE—small circle. 


SN, 7. 
functions. 


See ELLIPTIC—Jacobian elliptic 


SNELL’S LAW. See REFRACTION. 
SO’LAR, adj. solar time. See TIME. 


SO’LE-NOI’DAL, 7. solenoidal vector in 
a region. A vector F such that its integral 
over every reducible surface S in the region 


iS zero; i.é., | F-n da=0, where n is the 
Ss 


unit vector in the direction of the outer 
normal to the element of area da. The di- 
vergence of a vector is zero at every point 
in a region if, and only if, the vector is 
solenoidal in the region, or if, and only if, 
the vector is the curl of some vector func- 
tion (vector potential). See EQUATION— 
equation of continuity. 


SOL’ID, adj., n. 
metric solid. 

frustum of a solid. See FRUSTUM. 

similar solids. Solids bounded by simi- 
lar surfaces; solids whose points can be 
made to correspond in such a way that the 
distances between all pairs of points of the 
one are a constant multiple of the distances 
between corresponding points of the other. 
Volumes of similar solids are proportional 
to the cubes of the distances between cor- 
responding points. All spheres are similar 
solids; so are all cubes. 

solid angle. The solid angle at any point 
P (see figure) subtended by a surface S is 
equal to the area A of the portion of the 
surface of a sphere of unit radius, with 
center at P, which is cut by a conical 
surface with vertex at P and the perimeter 


See GEOMETRIC—geo- 


Solid 


Space 


of S as a generatrix. The unit solid angle 
is called the steradian. The total solid angle 
about a point is equal to 47 steradians. 
See SPHERICAL—Spherical degree. 


P 
solid geometry. See GEOMETRY—Ssolid 
geometry. 

solid of revolution. See REVOLUTION. 


SO-LU’TION, n. (1) The process of find- 
ing a required result by the use of certain 
given data, previously known facts or 
methods, and newly observed relations. 
(2) The result is also spoken of as the 
solution. E.g., a root of an equation is 
called a solution of the equation it satisfies, 
although a solution of the equation may 
refer either to the process of finding a root 
or to the root itself. 

algebraic, analytic and geometric solu- 
tions. See headings under ALGEBRAIC, 
ANALYTIC, and GEOMETRIC. 

solution of a differential equation. Sce 
DIFFERENTIAL—Ssolution of a_ differential 
equation. 

solution of equations. For a single equa- 
tion, solution may mean either (1) the 
process of finding (or approximating) 
a root of the equation, or (2) a root of 
the equation. The solution of a set of 
simultaneous equations is the process of 
finding a set of values of the unknowns 
which satisfy all the equations (this set of 
values of the unknowns is also called a 
solution) (see SIMULTANEOUS—Simultaneous 
equations). The geometric (or graphical) 
solution of an equation f(x)=0 is the 
process of finding the roots by graphing 
y=f(x) and estimating where its graph 
crosses the x-axis (see ROOT—root of an 
equation). A solution by inspection con- 
sists of guessing a root and testing it by 
substitution in the equation. See ROOT— 
root of an equation, and POLYNOMIAL— 
polynomial equation. 

solution of linear programming problem. 
See PROGRAMMING—linear programming. 


solution of a two-person zero-sum game. 
See GAME. 

solution of a triangle. Finding the re- 
maining angles and sides when sufficient of 
these have been given. For a plane right 
triangle, it is sufficient to know any two 
sides, or to know one of the acute angles 
and one side. The unknown parts are 
found by use of trigonometric tables and 
the definitions of the trigonometric func- 
tions (see TRIGONOMETRIC): if a, 6, c repre- 
sent the legs and hypotenuse, respectively, 
and A, Bare the angles opposite sides a and 
b, then a=btan A=csin A, b=c cos A, 
A=tan"! a/b, B=90°—A. For an oblique 
plane triangle, it is sufficient to know all 
three sides, two angles and one side, or two 
sides and one angle (except that when two 
sides and the angle opposite one of them is 
given there may be two solutions; see 
AMBIGUOUS). See SINE—law of sines, 
COSINE—law of cosines, TANGENT—tangent 
law, TRIGONOMETRY—half-angle formulas 
of plane trigonometry, and HERO’S FORMU- 
LA. Fora right spherical triangle, Napier’s 
rules supply all the formulas needed. For 
formulas providing solutions of an oblique 
spherical triangle in cases when solutions 
exist, see COSINE—law of cosines, GAUSS— 
Gauss’ formulas, NAPIER—Napier’s analo- 
gies, SINE—law of sines, TRIGONOMETRY— 
half-angle formulas and half-side formulas 
of spherical trigonometry. Also see QuaA- 
DRANT—laws of quadrants, and SPECIES— 
law of species. 


SOURCE, n. In hydrodynamics, potential 
theory, etc., a point at which additional 
fluid is considered as being introduced into 
the region occupied by the fluid. If fluid is 
being removed at the point, the negative 
source is called a sink. 


SOUTH, adj. south declination. See 
DECLINATION—declination of a celestial 
point. 


SPACE, adj., n. (1) A three-dimensional 
region. See DIMENSION. (2) Any set or 
accumulation of things, the members being 
called elements or points and usually as- 
sumed to satisfy a set of postulates of some 
kind. See EUCLIDEAN—Euclidean space, 
and METRIC—metric space. 

coordinate in space. See CARTESIAN— 


Space 


Cartesian coordinates, CYLINDRICAL— 
cylindrical coordinates, and SPHERICAL— 
spherical coordinates. 

enveloping space. The space in which 
a configuration lies. The configuration is 
then said to be embedded in the enveloping 
space. Thus the circle x=cos 0, y=sin 0 
is embedded in the two-dimensional 
Euclidean (x, y)-space. 

space curves. Curves that may or may 
not be plane curves; the intersection of two 
distinct surfaces is usually a space curve. 
Space curves do not lie in a plane (i.e., they 
are twisted) except when their torsion is 
zero. 


SPAN, 7. span of a roof. The length of 
the plates of the building; the width of the 
building. 


SPE’CIES, n. law of species. (Spherical 
Trigonometry.) One-half the sum of any 
two sides of a spherical triangle and one- 
half the sum of the opposite angles are the 
same species. Two angles, two sides, or an 
angle and a side are said to be of the same 
species if they are both acute or both 
obtuse, and of different species if one is 
acute and one obtuse. 

species of a set of points. Let G’ be the 
derived set of a set G, G’’ the derived set of 
G’, and in general G”) the derived set 
of G'"-1), If one of the sets G’, G’’,--+ is 
the null set (contains no points), then G is 
said to be of the first species. Otherwise 
G is of the second species. The set G of 
all numbers of the form m+1/n with m 
and n integers is of the first species, since 
G’=0. The set of all rational numbers 
is of the second species, since all derived 
sets consist of all real numbers. 


SPE-CIF’IC, adj. specific gravity. The 
ratio of the weight of a given volume of 
any substance to the weight of the same 
volume of a standard substance. The sub- 
stance taken as the standard for solids and 
liquids is water at 4°C, the temperature at 
which water has the greatest density. 
specific heat. (1) The number of calories 
required to raise the temperature of one 
gram of a substance 1°C, or the number of 
B.T.U.’s required to raise one pound of the 
substance 1°F. Sometimes called thermal 
capacity. (2) The ratio of the quantity of 


Spectral 


heat necessary to change the temperature 
of a given mass 1° to the amount necessary 
to change an equal mass of water 1°. 


SPEC’TRAL, adj. spectral measure and 
integral. Let H be a Hilbert space and Sa 
set with a specified o-algebra A of subsets. 
A spectral measure on S is a function which 
assigns a projection PCY) to each member XY 
of A in such a way that P(S) is the identity 


transformation on H and P (U x) = 
1 


co 6) 
> P(X,) for any sequence of pairwise dis- 
I 


joint sets X,, X>,--- belonging to A. It 
follows that if X, Cc X>, then PLY,— X,)= 
P(X,)— P(X); also, P(X;)SPCX,) in the 
sense that the range of P(X,) is contained in 
the range of PCX,), or that P(X,)-P(X2)= 
P(X,). For any two members X, and X, 
of A, P(X, U X,)4+ PCX, 0 X2)= P(X) + 
P(X) and P(X, A X2)= PCX;)-PC(X)). If 
X, and X, are disjoint, then the ranges of 
P(X,) and P(X,) are orthogonal. If S is 
the complex plane (or a subset of the com- 
plex plane) and A is the c-algebra of Borel 
sets, then the spectral measure has the 
additional property that, for XY a member of 
A, the range of P(X) is the union of the 
ranges of projections P(X,) for Xq a 
compact subset of X. The spectrum of a 
spectral measure is the complement of the 
union of all the open sets U for which 
P(U)=0. If the spectrum is bounded and 
f(A) is a bounded (Borel) measurable 
function (real or complex valued), then 


T= { f(A) dP defines a bounded trans- 


formation T in the sense that the approxi- 
mating sums for the integral define 
operators which converge in norm to 7. 
Also, for any two elements x and y of the 
Hilbert space, m(X)=(PCX)x, y) defines a 
complex valued measure on A, and (Tx, y) 


= { f) dm. It follows that { fig dP= 


{ fadP- | g dP and that, if f is continuous, 


|| 40) ap 


for A belonging to the spectrum; the spec- 


is the least upper bound of |A| 


trum of the transformation T= { A dP is 
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Speed 


coincident with the spectrum of the 
spectral measure. If the spectrum is not 
bounded, but f(A) is bounded on bounded 


sets, then | S(A) dP is the unique transfor- 


mation which coincides with | fx(A) dP on 


the range of the projection P(X) for 
each bounded _X of A, where f(A) coincides 
with f(A) on X and is zero on the comple- 
ment of X, 

spectral theorem. For any Hermitian, 
normal, or unitary transformation T defined 
on a Hilbert space, there is a unique 
spectral measure defined on the Borel sets 


of the complex plane for which T= { A aP. 
If 7 is Hermitian, P(Y)=0 if Y does not 
intersect the real line, and i A dP can be 


regarded as an integral along the real line; 
if T is unitary, P(Y)=0 if X does not 


intersect the circle |z|=1 and | A dP can be 


regarded as an integral around this circle. 


SPEC’TRUM, nr. spectrum of a matrix. 
See EIGENVALUE—C¢igenvalue of a matrix. 
spectrum of a transformation. Let T be a 
linear transformation of a vector space L 
into itself and J be the identity transforma- 
tion, [(x)=x. The spectrum of T then 
consists of three pair-wise disjoint sets: 
the point spectrum, which is the set of num- 
bers A for which T—AI does not have an 
inverse (is not one-to-one); the continuous 
spectrum, which is the set of numbers A for 
which T—A/J has an inverse which is not 
bounded (i.e. not continuous) and whose 
domain is dense in L; the residual spectrum, 
which is the set of numbers A for which 
T—AI has an inverse whose domain is not 
dense in L. The set of numbers which do 
not belong to the spectrum is called the 
resolvent set and consists of those numbers 
A for which T—A/ has a bounded inverse 
with dense domain. If Z is a finite- 
dimensional vector space and T is the 
transformation which transforms vectors 
X=(X),.%,°°°,X,) into vectors T(x)= 


(V1, Y2° + Yn) with yj= >, aijx;, then the 
j 


point spectrum is the entire spectrum of T 
and is the set of eigenvalues of the matrix 


(a;;). If Ao is in the point spectrum of T, 


then there is a vector x40 such that 
T(x)=Apx; Ao is called a characteristic 
value of T and x a characteristic element (or 
vector) of 7. The linear set of character- 
istic elements corresponding to Ag is the 
characteristic manifold corresponding to Xo. 
If L is a Banach space, the spectrum is a 
nonempty set. If T is a bounded linear 
transformation and |A| > ||7||, then A belongs 
to the resolvent set and the inverse of T—AJ 


is —>A*"T1, If L is a (complex) 


1 
Hilbert space and A belongs to the residual 


spectrum of 7, then r belongs to the point 
spectrum of T*; if A belongs to the point 


spectrum of 7, then A belongs to either the 
point spectrum or the residual spectrum of 
T*. If J is Hermitian, normal, or unitary, 
then the residual spectrum of Tis empty. If 
T is Hermitian, all numbers in the spectrum 
are real; if 7 is unitary, all numbers in the 
spectrum are on the circle |zZ|=1. E.g., let 
Uj, Uo,*-* be a complete orthonormal 
sequence in Hilbert space, A,,A.,--- a 
sequence of numbers with limit 1 (A, 1), 
and T the linear transformation defined by 


(> aus) = > a;A;u;. Then the numbers 
i i 


A,,A2,°** constitute the point spectrum. 
The transformation 7—J has an inverse 
which is not bounded, but has dense 
domain. Thus 1 belongs to the continuous 
spectrum. All numbers other than | and 
A,(i=1, 2,---) belong to the resolvent set. 
See SPECTRAL—spectral theorem. 


SPEED, 7. Distance passed over per unit 
of time. Speed is concerned only with the 
length of the path passed over per unit of 
time and not with its direction (see VELO- 
city). The average speed of an object 
during a given interval of time is the 
quotient of the distance traveled during this 
time interval and the length of the time 
interval. The speed (or instantaneous speed) 
is the limit of the average speed as the time 
interval approaches zero. If the distance 
the object has traveled at time ¢ is A(‘), then 
the average speed between times fp) and ¢ Is 
the absolute value of the ratio 


h(t)— Ht) 
f— fo 


Speed 


The speed at time fp is the absolute value of 
the limit of this ratio as ¢ approaches fo. 
For instance, if the distance passed over is 
equal to the cube of the time, the speed at a 
time lo is the limit of (t;3- to?)/(y = to) as fy 
approaches fo, which is 3f92. If the 
distance traveled is represented as a func- 
tion of the time, speed is the absolute value 
of the derivative of this function with 
respect to the time. 

angular speed (in a plane). Relative toa 
point O, the average angular speed of a 
point, during a time interval of length f¢, is 
A/t, where A is the measure of the angle 
through which the line joining O to the 
point passes during this interval of time. 
The angular speed (the instantaneous 
angular speed) is the limit of the average 
speed over an interval of time, as that 
interval approaches zero. Tech. If the 
angle between some fixed line through O 
and the line joining O to the point is a 
function of time, the angular speed is the 
absolute value of the derivative of this 
function with respect to time. 

constant speed. See CONSTANT—COn- 
stant speed and velocity. 


SPHERE, n. (1) The locus of points in 
space at a given distance from a fixed point. 
(2) The locus of points in space at a dis- 
tance not greater than a given distance 
from a fixed point. The fixed point is the 
center, the given distance the radius. The 
diameter of a sphere is equal to twice the 
radius (the diameter may be either the 
segment intercepted by the sphere on a line 
passing through the center or the length of 
this segment). The volume of a sphere is 
equal to $7r3, where r is the radius. The 
area of the surface of a sphere is equal to 
four times the area of a great circle of a 
sphere; i.e., 47r2. The set of points 
(x1, X2,°°', Xyti) Of (n+1)-dimensional 
space, for which x12+.%22+ +++ +Xy417=1, 
is said to be an n-sphere. 

celestial sphere. The spherical surface in 
which the stars appear to move. 

chord of a sphere. The segment cut out 
of a secant by the surface of the sphere; a 
line segment joining two points on the 
sphere. 

circumscribed and inscribed spheres. Sec 
CIRCUMSCRIBED. 

equation of a sphere. In rectangular co- 
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ordinates, the equation of a sphere of 
radius r is 
x2+ y2-+ z2= r? 
when the center is at the origin and 
(x—a)?+(y—b)*+(z—0¢)*=r? 

when the center is at the point whose co- 
ordinates are (a, b,c). In spherical coordi- 
nates, p=r when the center is at the 
pole. See DISTANCE—distance between two 
points. 

family of spheres. See FAMILY—one- 
parameter family of surfaces. 

secant of a sphere. Any line cutting the 
sphere. 


SPHER’I-CAL, adj. spherical angle. See 
ANGLE—Sspherical angle. 

spherical cone. See CONE—spherical 
cone. 

spherical coordinates. A system of co- 
ordinates in space. The position of any 
point P (see the figure) is assigned by its 


radius vector OP=r (i.e., the distance of 
P from a fixed origin or pole O), and two 
angles: the colatitude 0, which is the angle 
NOP made by OP with a fixed axis ON, 
the polar axis; and the longitude ¢, which 
is the angle AOP’ made by the plane of 0 
with a fixed plane NOA through the polar 
axis, called the initial meridian plane. A 
given radius vector r confines the point P 
to the sphere of radius r about the pole O. 
The angles @ and ¢ serve to determine the 
position of P on this sphere. The angle @ 
is always taken between O and 7 radians, 
while ¢ can have any value (r being taken 
as negative if ¢ is measured to P’O ex- 
tended). The relations between the spheri- 
cal and Cartesian coordinates are: 


x=rsin 6 cos 4, 
y=rsin @sin 4, 
z=rcos @, 


Spherical 


Spherical 


Sometimes p is used in place of r, and @ 
and ¢@ are often interchanged. Syn. Geo- 
graphical coordinates, polar coordinates in 
space. 

spherical degree. The area of the bDi- 
rectangular spherical triangle whose third 
angle is one degree. The area of the tri- 
angle APB in the figure is one spherical 
degree. See soLip—solid angle. 


spherical excess. Of a spherical triangle: 
The difference between the sum of the 
angles of a spherical triangle and 180° 
(the sum of the angles of a spherical tri- 
angle is greater than 180° and less than 
540°). Of a spherical polygon of 7 sides: 
The difference between the sum of the angles 
of the spherical polygon and (m—2)180° 
(the sum of the angles of a plane polygon 
of n sides). 

spherical harmonic. 
spherical harmonic. 

spherical image (or representation) of 
curves and surfaces. For a curve, see 
various headings under INDICATRIX. The 
spherical image of a point on a surface is 
the extremity of the radius of the unit 
sphere parallel to the positive direction of 
the normal to the surface at the point. 
The spherical representation (or image) of 
a surface is the locus of the spherical images 
of points on the surface. Syn. Gaussian 
representation of a surface. 

spherical polygon. A portion of a spheri- 
cal surface bounded by three or more arcs 
of great circles. Its area is 

wre2E 
180° 

where r is the radius of the sphere and E 
is the spherical excess of the polygon. 

spherical pyramid. See PYRAMID. 

spherical sector and segment. See SECTOR 
and SEGMENT. 

spherical surface. A surface whose total 
curvature K has the same positive value 


See HARMONIC— 


at all its points. See PSEUDOSPHERICAL— 
pseudospherical surface, and suRFACE— 
surface of constant curvature. Not all 
spherical surfaces are spheres, but all are 
applicable to spheres. Hence all spherical 
surfaces have the same intrinsic properties. 
A spherical surface is of elliptic type if its 
linear element is reducible to the form 


ds? = du2+ c? sin? (u/a) dv?, c<a; 


the coordinate system is a geodesic one. 


A spherical surface of revolution of elliptic 
type consists of a succession of congruent 
spindle-shaped zones. A spherical surface 
is of hyperbolic type if its linear element is 
reducible to the form 


ds* = du + c? sin? (u/a) dv2, c> a; 


the coordinate system is a geodesic one. 


—_ 


— ee eee ees ee oe 
—_ 
ome ee aw aw ame we © 


‘ 


A spherical surface of revolution of hyper- 
bolic type consists of a succession of con- 
gruent cheese-shaped zones each of which 
is bounded by parallels of minimum radius. 
A spherical surface is of parabolic type if its 
linear element is reducible to the form 


ds? = du2 + a? sin2 (u/a) dv2; 


the coordinate system is a geodesic polar 
one. The only spherical surfaces of revo- 
lution of parabolic type are spheres. 
spherical triangle. A spherical polygon 
with three sides; a portion of a sphere 
bounded by three arcs of great circles. 
In the spherical triangle ABC (in figure), 
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the sides of the triangle are a=angle 
BOC, b=angle AOC, and c=angle AOB. 
The angles of the triangle are A=angle 
B’A’P, B, and C=angle B’C’P. A spherical 
triangle is a right spherical triangle if it has 
at least one right angle (it may have two or 
three and is birectangular if it has two right 


angles and trirectangular if it has three right 
angles), a quadrantal spherical triangle if 
it has one side equal to 90° (a quadrant), an 
oblique spherical triangle if none of its 
angles are right angles, an_ isosceles 
spherical triangle if it has two equal sides, a 
scalene spherical triangle if no two sides are 
equal. The area of a spherical triangle is 
ar2E/180, where r is the radius of the sphere 
and FE is the triangle’s spherical excess. 
See SOLUTION—solution of a triangle. 

spherical trigonometry. The study of 
spherical triangles—finding unknown sides, 
angles, and areas by the use of trigonomet- 
ric functions of the plane angles which 
measure angles and sides of the triangles. 
See TRIGONOMETRY. 

spherical wedge. A solid the shape of a 
slice (from stem to blossom) of a spherical 
watermelon; the solid bounded by a lune 
of a sphere and the two planes of its great 
circles. Its volume is 


7Tr3A 
270° 
where r is the radius of the sphere and A is 


the dihedral angle (in degrees) between the 
plane faces of the wedge. 


SPHE’ROID, n. Same as ELLIPSOID OF 
REVOLUTION. See ELLIPSOID. 


SPI'NODE, n, Same as CUSP. 
SPI'RAL, adj., n. See HYPERBOLIC—hy- 


perbolic spiral, LOGARITHMIC—logarithmic 
spiral and PARABOLIC—parabolic spiral. 


cornu spiral. The plane curve which has 
parametric equations 


be | ° cos 47762d0, y= [’ sin 42762d6. 
0 0 


The curvature of this curve at a point P is 
as, where s is the length of the curve from 
the origin to P. See FRESNEL—Fresnel 
integrals. 

equiangular spiral. Same as LOGARITHMIC 
SPIRAL. 

spiral of Archimedes. The plane curve 
which is the locus of a point that moves 
with uniform speed, starting at the pole, 
along the radius vector while the radius 
vector moves with uniform angular speed. 
Its polar equation is r=a@. The figure 
shows the portion of the curve for which r 
is positive. See POLAR—polar coordinates 
in the plane. 


spiral surface. A surface generated by 
rotating a curve C about an axis A and 
simultaneously transforming C homotheti- 
cally relative to a point of A in such a way 
that for each point P of C the angle between 
A and the points on the locus described by 
P remains constant. 


SPREAD’ING, adj. spreading method for 
the potential of a complex. See POTENTIAL. 


SPUR, 1. (German.) spur of a matrix. 
The sum of the elements in the principal 
diagonal. Syn. Trace. 


SQUARE, adj.,n. In arithmetic or algebra, 
the result of multiplying a quantity by 
itself. In geometry, a quadrilateral with 
equal sides and equal angles; a rectangle 
with two adjacent sides equal. The area of 
a square is equal to the square of the length 
of a side. 

difference of two squares. See DIFFER- 
ENCE. 

magic squares. See MAGIC. 


Square 


Statistic 
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method of least squares. See METHOD. 

perfect trinomial square. The square of 
a binomial; an expression of the form 
a? + 2ab + b2, which is equal to (a+ b)?. 

square matrix. See MATRIX. 

Square numbers. Numbers which are 
the squares of integers, as 1, 4, 9, 16, 25, 
36, 49, etc. 

square root. See RooT—root of a num- 
ber. 

pooled sum of squares. (Statistics.) See 
POOLED. 


SQUAR’ING, n. squaring the circle. See 
QUADRATURE—quadrature of a circle. 
STA’BLE, adj. stable oscillations. See 
OSCILLATION. 

stable system. A physical system de- 
scribed by a system of differential equations 


ax; ; 
Gp i: a Xn)s x(t) =c;3 i=l, cy A, 


is said to be stable if it returns to a station- 
ary state under perturbations of sufficiently 
small magnitude. It is said to be totally 
stable if it returns to a stationary state from 
arbitrary perturbations. See sTATIONARY— 
stationary state. 


STAND’ARD, adj., n. standard deviate. 
See DEVIATE. 

standard deviation. See DEVIATION. 

standard form of an equation. A form 
that has been universally accepted by 
mathematicians as such, in the interest of 
Simplicity and uniformity. E.g., the 
standard form of a rational integral (poly- 
nomial) equation of the mth degree in x is 


AyX™ + a,x" 14 +++ +a,=0; 
the standard form in rectangular Cartesian 
coordinates of the equation of an ellipse is 
x2 y2 
= ti5= ; 
standard (or primary) infinitesimal and 
infinite quantities. The infinitesimal or in- 
finite quantity relative to which orders are 
defined. If x is the standard or primary 
infinitesimal, then x2 is an infinitesimal of 
higher (second) order with respect to x. 
Similarly if x is infinite, then x2 is an in- 
finite quantity of higher (second) order with 
respect to the standard or primary infinite 
quantity x. See INFINITESIMAL—order of 


an infinitesimal, and INFINITY—order of 
infinities. 
standard time. See TIME. 


STAR, 1. For a member P of a family of 
sets, the star of P consists of all sets which 
contain Pas asubset. The star of a simplex 
S of a simplicial complex K is the set of all 
simplexes of K for which S is a face (the 
star of a vertex P is the set of all simplexes 
which have P as a vertex). E£.g., the star 
of a vertex of a tetrahedron is the set of all 
edges and faces which contain P. 

star-shaped set. A set B in Euclidean 
space of any number of dimensions, or in 
any linear space, is star-shaped with respect 
to a point P of B provided that, for every 
point Q of B, all points of the linear seg- 
ment PQ are points of B. 


STAT’IC, adj. static moment. Same as 
MOMENT OF MASS, 


STATICS, n. The branch of mechanics of 
solids and fluids dealing with those situa- 
tions wherein the forces acting on a body 
are so arranged that the body remains at 
rest relative to a given frame of reference. 
See FRAME—frame of reference. 


STA’TION-AR’Y, adj. stationary point. 
A point on a curve at which the slope (or 
rate of change of the ordinate) is equal to 
zero. 

stationary state. For a physical system 
described at time ¢ by a set of state variables 
x,(t),---,x,(t) that vary with time in 
accordance with a system of differential 
equations 


dx: ; 
Tp Fits ts Xn)s Xt) = C13 T= 1 ns 


a stationary state is a set of values a;,-->, 
a, Of x1,°°°+, xX, such that fi(a;,---, a,)=0 
fori=1,---,n. See STABLE—stable system. 

stationary value of an integral. (Calculus 
of Variations.) See VARIATION. 


STA-TIS’TIC, n. Sometimes refers to a 
quantitative datum. In statistical litera- 
ture, it almost universally means an esti- 
mate of a parameter obtained from a 
sample. See ESTIMATE. 

sufficient statistic. Let f(x, X2,° °°, Xp, 
T) be a frequency function in the n-dimen- 


Statistic 


sional sample space. If there is a statistic ¢ 


such that 
f(*1; X25°° "9 Xny T) =f(t, T)g(x1, X25°° "5 Xn) 


where f(t, 7) is not a function of the 
X14, X2,° °°, X, except in so far as they deter- 
mine ¢, and where g(x1, x2, « - -, X,,) is inde- 
pendent of 7, then ¢ is a sufficient statistic. 
The arithmetic mean of a random sample 
of a normal distribution is a_ sufficient 
estimate of the mean. Roughly, a statistic 
which contains all the information in a 
sample about a population parameter is 
considered sufficient in that no other infor- 
mation can be obtained from the sample to 
improve the estimate of the parameter. 


STA-TIS’TI-CAL, adj. 
See CONTROL. 

statistical graphs. 
tistical graphing. 

statistical independence. 
DENCE. 

statistical inference. See INFERENCE. 

statistical record. A record of many 
events of the same type, such as the num- 
ber of deaths per year at specified age, the 
price of steel at given intervals over a long 
period, or the weights of a large number of 
people of a given height. 

statistical significance. See SIGNIFICANCE. 


statistical control. 
See GRAPHING—sta- 


See INDEPEN- 


STATISTICS, n. 1. Methods of obtaining 
and analyzing quantitative data. The fol- 
lowing aspects are applicable only in ref- 
erence to some phase of the experimental 
logic of quantitatively measured, variable, 
multiple phenomena: (a) Inference from 
samples to population by means of proba- 
bility (commonly called statistical infer- 
ence); (b) characterizing and summarizing 
a given set of data without direct reference 
to inference (called descriptive statistics) ; 
(c) methods of obtaining samples for sta- 
tistical inference (called sampling statistics). 
2. Sometimes used in all three of above 
senses. 3. A set of quantitatively measured 
data (obsolete, technically). 4. Plural of 
Statistic. 

g statistics. The quantities g;=k3/k,°/ 
and g7=k4/k7, where the k; are Kk statistics. 
Used in tests of departure from normality; 
2, is used for measure of skewness, and g> 
for kurtosis. Symmetry implies g;=0 and 
normal curve kurtosis implies g.=0. 


Stieltjes 


k statistics. A system of statistics related 
to moments and used for characterizing the 
distribution function of a variable: 


ky =S,/n, kz=S)/(n— 1), 
nS3 
(n—1)(n—2) 
n(nt+ 1)S4— 3(n— 1)S>2 
(n—1)(n— 2)(n=3) * 


where S; is the sum of the ith powers of 
the differences between the 7 values of the 
variable and the mean of these values of 
the variable. Used for analysis of a dis- 
tribution via moments, e.g., to approximate 
the sampling distribution of certain statistics 
drawn from the parent distribution. 

unbiased statistics. See BIASED. 

vital statistics. See VITAL. 


k3= 


kg= 


STEP, adj.,n. step function. A function 
which is defined throughout some interval 
I and is constant on each one of a finite set 
of nonintersecting intervals whose sum is I. 
see INTERVAL. 


successive steps. See SUCCESSIVE. 


STERADIAN, x. See so_tp—solid angle. 


STERE, 1. One cubic meter, or 35.3156 
cubic feet. Used mostly in measuring 
wood. See METRIC—metric system. 


STER’E-O-GRAPH’'IC, adj. stereographic 
projection. See PROJECTION. 


STIELTJES. Lebesgue-Stieltjes integral. 
Let a summable function f(x) and a mono- 
tonically increasing function ¢(x) be de- 
fined on an interval [a, 6]. Define F(€) for 
d(a) S$ &S¢4(b) by the relations: (1) F(é)= 
f(x) if there is a point x such that €=¢(x); 
(2) if £54 4(x) for any x, then it follows that 
there is a unique point of discontinuity xo 
of d(x) such that 
$(X9— 0) S$ £o S$(xy + 0), 

and F(&9) is denne as f(x). If the Le- 


besgue integral ie. F(€) dé exists, its value 


is defined to pe the Lebesgue-Stieltjes 
integral of f(x) with respect to d(x), written 


b 
| £09 deco. 


If é(x) is of bounded variation, it is the dif- 
ference ¢,-¢2 of monotonic increasing 


Stieltjes 


Stock 


eee eT a Sh yeep? 


functions ¢,; and 2, and the Lebesgue- 
b 

Stieltjes integral | f(x) d(x) is defined as 
a 


b b 
[£00 db.co— [£0 db). It FO as 


defined above is summable on [¢4(a), 4(d)], 
f(x) is summable on [a, 5], and 


d(x) = ) ‘ A(x) dx 


for some summable function 6(x), then 


b b 
[£09009 de= |" £09 4609, 


the former being a Lebesgue integral. 

Riemann-Stieltjes integral. Let a= xX», 
X11, X2,°°*',X,=b be a subdivision of the 
interval [a, b] and let 


$= max |x;—x;-1| @=1, 2, +++, 7). 


Let f(x) and d(x) be bounded real-valued 
functions defined on [a, 6] and 


Sr= y (ENO) —$(;-1)], 
i=T 


where €; are arbitrary numbers satisfying 
x;-1< &<x;. If lim S,, exists as n becomes 
infinite in such a way that s, approaches 
zero, and if the limit is independent of the 
choice of €; and of the manner of the 
successive subdivisions, then this limit is 
the Riemann-Stieltjes integral of f(x) with 
respect to d(x), written 


b 
[£00 dbo. 
b : b 
If f(x) dd(x) exists, then [ d(x) df (x) 


exists and 


b b 
[ £0 600+ | $00 afoo 


=f (b)¢(6) —f(@e(a). 
If f(x) is bounded on [a, 5] and ¢(x) is of 
bounded variation on [a, b], then 


[£00 doe) 


exists if, and only if, the total variation of 
d(x) over the set of points of discontinuity 
of f(x) is zero (i.e., the set of all points d(x) 
on the interval [¢(a), (6)] for which f is 
discontinuous at x is of measure zero, A(x) 
being taken as the interval between 
d(x—0) and ¢(x+0) if ¢ is discontinuous 
at x). 


STIRLING. Stirling’s formula. (1) The 

formula (n/e)”V 27n which is asymptotic to 

n};i.e., lim n!/[(n/e)"V 2an]=1. More pre= 
N--> 2 


cisely, 
n!=(n/e)"V 2an e%/(12n), 


where @,, is a number for which 0<9@,<1. 
(2) Maclaurin’s series, discovered by 
Stirling, but published first by Maclaurin. 

Stirling’s series. Either of the two 
asymptotic expansions: 


log DQ) =(x—- 4) log x-—x+4 = (27) 
+> x —1F TB, 
| 2k(2k — 1)x: 1)x2k-1’ 


1 i 
T(z) = e-*xx—12(2)!/ 
Cer Ae) {ltt + 5ggx2 


139 1 
- sao + (sa) 


ike I(x) is the gamma puECHOR: B,, Bo, 

- are the Bernoulli numbers +, 35, as, - ++: 
afd O(1/x*) is a function such that x4-0(1/x4) 
is bounded as x —> oo (the second series can 
be extended through successive powers of 


x7l), 


STO-CHAS’TIC, adj. stochastic variable. 
Same as CHANCE VARIABLE. See CHANCE. 


STOCK, 1. The capital (or certain assets) 
of a corporation or company which is in the 
form of transferable shares. Preferred 
stock is stock upon which a fixed rate of 
interest (dividend) is paid, after the 
dividends on bonds have been paid and 
before any dividends are paid on common 
stock. If the company fails, the order of 
redemption is the same as the above order 
of payments. Common stock is stock which 
recelves as dividends its proportionate 
share of the proceeds after all other de- 
mands have been met. A stock certificate 
iS a written statement that the owner of the 
certificate has a certain amount of capital in 
the corporation which issued the certificate. 
A stock company is a company composed 
of the purchasers of certain stock. A stock 
insurance company is a stock company 
whose business is insurance. The policies 
they sell are nonparticipating. The profits 
go to the stockholders. However, some 
stock companies, because of the competi- 
tion of mutual companies, write participat- 


Stock 


Strain 


ing policies. Syn. Nonparticipating in- 
surance company. 


STOKES’ THEOREM. Let S be a surface 
which can be oriented by a unit normal 
vector v at each point of S, where v varies 
continuously over S. Let R be a region of 
S, and C be the boundary of R. Then the 
line integral of Pdx+ QO dy+Rdz around 
C, taken in the direction such that the in- 
terior of R is always on the observer’s left 
as he moves around the curve on the posi- 
tive side of S, is equal to the integral over 
Rof 


@R 6Q aP OR 
(= = =)ay dz+ (= _ | de de 
20 aP 
+ [~ - Fax dy, 


provided P, Q, R, and their first partial de- 
rivatives are continuous throughout R and 
C. In vector notation, with F=Pi+ Qj 
+ Rk, this is 


| F.t ds= || VxF-v ds, 
C Ss 


where Tt is the unit vector tangent to ds and 
in the direction of integration on C and 
VxF is the curl of F. It is necessary to 
restrict S and R. Sufficient restrictions are 
that S can be divided into a finite number 
of parts each of which can be represented 
in each of the forms x=f(y, z), y=2@(X, Z), 
z=h(x, y), where f, g, and A are continu- 
ous and single-valued, and that the pro- 
jections on the coordinate planes of the 
portions of R in each of these parts of S 
satisfy the conditions stated for Green’s 
theorem. 


STOR’AGE, adj. storage component. In 
a computing machine, any component that 
is used in storing information for later use. 
The storage might be permanent or tempor- 
ary, of quick or slow access, etc. Magnetic 
drums and tapes, television tubes, mercury 
delay lines, etc., are used for this purpose. 
Syn. Memory component. 


STRAIGHT, adj. Continuing in the same 
direction; not swerving or turning; in a 
straight line. See LINE. 

straight angle. See ANGLE—straight 
angle. 

straight line. See LINE—straight line. 


STRAIN, adj., n. The change in the 
relative positions of points in a medium, 
the change being produced by a deforma- 
tion of the medium as a result of stress. 

coefficient of strain. See below, one- 
dimensional strains. 

homogeneous strains. The concept in 
dynamics represented approximately by 
the homogenous affine transformation; the 
forces acting internally in an elastic body 
when it is deformed. 

longitudinal strain. 
tensor. 

one-dimensional strains. The transfor- 
mations x’=x, y’=Ky, or x’=Kx, y’=y. 
These transformations elongate or com- 
press a configuration in the directions 
parallel to the axes, according as K>1 or 
K<1. The constant K is called the co- 
efficient of the strain. Syn. Simple elonga- 
tions and compressions, one-dimensional 
elongations and compressions. 

principal directions of strain. At each 
point of an undeformed medium there ex- 
ists a set of three mutually orthogonal di- 
rections which remain mutually orthogonal 
after the deformation has taken place. 
These directions are called principal direc- 
tions of strain. 

principal strains. The elongations in the 
directions of the principal directions of 
strain (q.v.). 

shearing strain. Strain due to the dis- 
tortion of the angles between the initially 
orthogonal directions in a medium which 
has been deformed. See below, strain 
tensor. 

simple strains. A general name given to 
simple elongations and compressions, and 
simple shears. 

strain tensor. In the linear theory of 
elasticity, a set of six functions €,,, €yy, @zz 
Cxys Czy, Cxz, related to the displacements u, 
v, w along the Cartesian axes x, y, Z, 


See below, strain 


Ou 
respectively, by the formulas e,,= ae 
Ov ow (x 2 =) 
— Tee ) =o) —ol—_ — i> 
“yy ay ©22~ Gz xy F\ax * By 


l/ow ov _1/eu , ow 
en 35, +z) es= (5 tae) 
These six quantities (or alternatively, the 
set of three principal strains) characterize 
the state of strain of a body. The quanti- 
ties €y,, Cyy, @zz are Called the longitudinal 


Strain 


Strophoid 


strains, and the remaining ones are the 
shearing strains (qg.v.). The integrability 
conditions for the six components of the 
strain tensor (called Saint-Venant’s com- 
patibility equations) are 


(ei dart (Cxdijy — Cindjt— (eDix =, 


where i, j/, k, / take on any of the values x, 
y, z and subscripts on the outside of 
parentheses indicate partial differentiation. 


STRAT’E-GY, n. strategy for a game. A 
pure strategy is any specifically determined 
plan, covering all possible contingencies but 
not involving the use of random devices, 
that a player might make in advance for a 
complete play of a game. Ifa player of a 
game has m possible pure strategies, then 
any probability vector Y=(x,, X%2,- ++, Xm), 
with each x; > O and with Lxi=1, is a 
mixed strategy for the player. Ifthe player 
chooses this mixed strategy, then with 
probability x; as determined by a ran- 
dom device he will employ his ith pure 
Strategy for a given play of the game. 
Similarly, for continuous games a mixed 
strategy is a probability distribution over 
the continuum [0,1] of pure strategies. 
Since, for example, the mixed strategy 
(1,0,---,0) is equivalent to the player’s 
first pure strategy, it follows that any pure 
strategy can be considered as a special 
mixed strategy. The word strategy is often 
used (when the meaning is clear from the 
context) to denote a pure strategy; it is 
also sometimes used to denote a mixed 
strategy. A pure strategy is a dominant 
strategy for one player of a game, relative to 
a second pure strategy for the same player, 
if the first strategy has, for each pure 
strategy of the opponent, at least as great 
payoff as the second (it 1s a strictly dominant 
Strategy if its payoff is always greater than 
that of the second). For a two-person 
zero-sum game having value v, a strategy— 
either a pure strategy or a mixed strategy 
given by a probability vector or a probabil- 
ity distribution function—for the maximiz- 
ing player that will make the expected value 
of the payoff at least v (or for the mininiiz- 
ing player that will make the exrected 
value of the payoff at most v), regardless of 
the strategy chosen by the opponent, is 
said to be an optimal strategy. 


STRAT’I-FIED, adj. 
See SAMPLE. 


Stratified sample. 


STREAM, adj. stream function and stream 
lines. See FUNCTION—stream function. 


STRESS, 7. A material body is said to 
be stressed when the action of external 
forces is transmitted to its interior. The 
average stress Tis the average force F per 
unit area a of the planar element passing 
through a given point in the medium. 
The actual stress at the point is the limit 
of the ratio T= F/a as the area a containing 
the point in question is made to approach 
zero. The magnitude and the direction of 
the stress vector T depend not only on the 
choice of the point in the body but also on 
the orientation of the planar element at the 
chosen point. The component T,, of the 
stress vector T in the direction of the normal 
to the planar element is called the normal 
stress, while the component 7 in the plane 
of the element is the shearing stress. 
internal stress. The resistance of a 
physical body to external forces: the unit 
internal resistance set up by external forces. 


STRETCH’ING, adj. _ stretching and 
shrinking transformations. See sIMILITUDE 
—transformation of similitude. 


STRICTLY, adv. strictly convex space. 
See CONVEX. 

strictly increasing and strictly decreasing. 
see INCREASING—increasing function, DE- 
CREASING—decreasing function. 


STRIC’TION, 7. line of striction of a 
ruled surface. The locus of the central 
points of the rulings on the surface. See 
RULING— central point of a ruling on a ruled 
surface, 


STRONG, adj. strong topology. See 
TOPOLOGY—topology of a space. 


STROPH’OID, n. The plane locus of a 
point on a variable line passing through a 
fixed point when the distance from the 
describing point to the intersection of the 
line with the y-axis is equal to the y-inter- 
cept. If the coordinates of the fixed point 
are taken as (—a,0), the equation of the 
curve 1s y*=x4(x+a)/(a—x). In the 


Strophoid 


Subharmonic 


figure, P’-E=EP=OE, A is the point 


through which the line always passes, and 
the dotted line is the asymptote of the 
curve. 


STUDENT’S t. See T. 


STURM. Sturm-Liouville differential equa- 
tion. A differential equation of the form 


us | p(x) oT + [Ap(x) —q(x)] y=0, 


where p(x) > 0, p(x) and q(x) are continuous 
functions of x, and A is an arbitrary 
parameter. 

Sturm’s functions. A sequence of func- 
tions derived from a given polynomial, f(x); 
explicitly, the sequence of functions fo(x), 
f(x), +--+, fi(x), where f(=f(x), Ai(M= 
f(x), and £00), f(x), etc., are the negatives 
of the remainders occurring in the process 
of finding the highest common factor of 
f(x) and f(x) by Euclid’s algorithm. This 
sequence is called a sequence of Sturm’s 
functions 

Sturm’s theorem. A theorem determin- 
ing the number of real roots of an algebraic 
equation which lie between any two arbi- 
trarily chosen values of the unknown. The 
theorem states that the number of real 
roots of f(x) =0 between numbers a and b 
with f(a) =0 and f(b) =0 is equal to the differ- 
ence between the number of variations of 
sign in the sequence of values of the Sturm’s 
functions [derived from f(x)] when x=a and 
the sequence of values when x =), vanishing 
terms not being counted and each multiple 
root being counted exactly once. See VARIA- 
TION—Vvariation of sign in an ordered set 
of numbers. 


SUB-AD’DI-TIVE, adj. See ADDITIVE— 
additive function, additive set function. 


SUB’BASE, 7. 
topological space. 


See BASE—base for a 


SUB’CLASS’, n. Same as SUBSET. See 
SET. 

subclass numbers. (Sfatistics.) The 
numbers of observations in subclasses. 
Disproportionate subclass numbers exist in 
the analysis of variance when the number 
of observations in each subclass is not pro- 
portional to the row and column marginal 
totals, where a subclass is a cell identified 
by the row and column in which it occurs. 
Also known as nonorthogonality. The ad- 
dition theorem of the analysis of variance 
(Cochrane’s theorem) is annulled by dis- 
proportionate subclass numbers. 


SUB-FAC-TO’RI-AL, x.  subfactorial of 
an integer. If 7 is the integer, subfactorial 
1 1 4 (—1)" ; 
aoatm7 ae | This 
is equal to n! E, where E is the sum of the 
first n+ 1 terms in the Maclaurin expansion 
of ex with x= —1. E.g., subfactorial 4 is 

equal to 


n 1s nix | 


4(y-at+q)=4G-s4+=9, 


iA 


SUB’GROUP’, n. See GROUP. 
invariant subgroup. See INVARIANT-—- 
invariant subgroup. 


SUB’ HAR-MON’IC, adj. subharmonic 
function. A real function u(x, y), defined 
in a domain D, is said to be subharmonic in 
D provided u(x, y) satisfies the following 
conditions in D: (1) -wSu(x,y)<4+&. 
(The condition u(x, y)# — < is sometimes 
added.) (2) u(x, y) is upper semicontinuous 
in D. (3) For any subdomain D’ included, 
together with its boundary B’, in D, and 
for any function A(x, y) harmonic in D’, 
continuous in D’+ B’, and satisfying A(x, y) 
> u(x, y) on B’, we have A(x, y)2u(x, y) 
in D’. A subharmonic function u(x, y) 
which satisfies u(x, y)# — © necessarily is 
summable. If a function u(x, y) satisfies 
u(x, y)#— 0 and is upper semicontinuous 
in its domain D of definition, then u(x, y) 
is subharmonic if and only if it satisfies 
either of the following mean-value in- 
equalities for each circular disc in D: 
u(xo, Yo) S 

1 27 


— u(Xo +p cos 8, yo+p sin 9) dé, 
27 0 


Subharmonic 


Subtend 


U(X, Yo) = 
1 r (2a ¢ 

—; { | u(xy+p cos 8, yotp sin 8) p dp dé. 

Tr 00 

If a function u(x, y) has continuous second 

partial derivatives in its domain D of defi- 

nition, then it is subharmonic in D if, and 


only if, the following differential inequality 
is satisfied at each point of D: 


O2u  02u 


eT =. 


u nj = 
ay2 
The notion of subharmonic function ex- 
tends immediately to functions of n varia- 
bles. See CONVEX—convex function. 


SUB-NOR’MAL, n. The projection on the 
axis of abscissas (x-axis) of the segment of 
the normal between the point of the curve 
and the point of intersection of the normal 
with the x-axis. The length of the subnor- 
mal is y(dy/dx), where y and dy/dx (the 
derivative of y with respect to x) are eval- 
uated at the given point on the curve. See 
TANGENT—length of a tangent. 

polar subnormal. See POLAR—polar 
tangent. 


SUB’RE’GION, 2. 
region. 


A region within a 


SUB’SCRIPT, n. A small number or letter 
written below and to the right or left of a 
letter as a mark of distinction or as part of 
an operative symbol; used on a variable 
to denote a constant value of that variable 
or to distinguish between variables. The 
symbols a), a, etc., denote different 


constants; D,f denotes the derivative of f 


with respect to x; (Xo, Yo), (X1, 41), ete., 
denote coordinates of fixed points; f(x;, 
X2,°°*, X,) denotes a function of 7 variables, 
X1, X2,°°°*, X,3 ,»C, denotes the number of 
possible combinations of 7 things r at a 
time. Double subscripts are used, for 
example, in writing determinants with 
general terms (the general term might be 
denoted by a;;, where the first subscript 
denotes the row number and the second the 
column number). 


SUB-SE’QUENCE, n. A sequence within 
a sequence; 4, $,---, 1/(2),--- is a subse- 
quence of 1, 4, 4, d.--+-, I/n,---. 


SUB’SET, n. A set contained within a set; 
a set whose members are members of an- 
other set. A subset is said to be a proper 
subset of (or contained properly in) another 
set if it is a subset of the set and does not 
contain all the members of it. 


SUB’SINE, adj. subsine function of order 
p. A function f that is dominated by func- 
tions of the form F(x)= A cos px+B sin px 
in the way that convex functions are domi- 
nated by linear functions. Thus for f(x) 
to be a subsine function of order p, if the 
values x1, X2 lie in the interval of definition 
and satisfy 0<x.—x;<7/p, and the above 
function F(x) satisfies F(x,)=f(x;), F(x>) 
=f(x2), we must have f(x)<F(x) for 
X,<X<xX 2. See PHRAGMEN-LINDELOF FUNC- 
TION. 


SUB’STI-TU'TION, x. elimination by 
substitution. See ELIMINATION. 

integration by substitution. See INTE- 
GRATION—Change of variables in integra- 
tion. 

inverse substitution. The substitution 
which exactly undoes the effect of a given 
substitution. For examples, see TRANSFOR- 
MATION— inverse transformation. 

substitution group. Same as PERMUTA- 
TION GROUP. 

substitution of one quantity for another. 
Replacing the one quantity by the other. 
Substitutions are made in order to sim- 
plify equations, simplify integrands (in the 
calculus), and to change (transform) geo- 
metric configurations into other forms or to 
different positions. See TRANSFORMATION. 

trigonometric substitution. See TRIGONO- 
METRIC. 


SUB-TAN’GENT, rn. The projection on 
the axis of abscissas (x-axis) of the segment 
of the tangent joining the point of tangency 
on the curve and the point of intersection 
of the tangent with the x-axis; the segment 
of the axis of abscissas between the foot of 
the ordinate at the point on the curve and 
the x-intercept of the tangent. The length 
of the subtangent is y(dx/dy), where y and 
dx/dy are evaluated at the point on the 
curve. See DERIVATIVE, and TANGENT— 
length of a tangent. 


SUB-TEND’, v. To be opposite to, or 
measure off, as a side of a triangle sub- 


Subtend 


Sum 


tends the opposite angle, and an arc of a 


circle subtends the central angle of the arc. 
The angle is also said to be subtended by the 
side of the triangle or arc of the circle. 


SUB-TRAC’TION, adj.,n. The process of 
finding a quantity which when added to 
one of two given quantities will give the 
other. These quantities are called, respec- 
tively, the subtrahend and minuend, and the 
quantity found is called the difference or 
remainder. £.g., 2 subtracted from 5 is 
written 5—2=3; 5 is the minuend, 2 the 
subtrahend, and 3 the difference or re- 
mainder. Subtraction of signed numbers 
is called algebraic subtraction (this is 
equivalent to changing the sign of the 
subtrahend and adding it to the minuend). 
E.g., 5 minus 7 is equal to 5 plus negative 7, 
written 5—7=5+(-—7), which is —2. See 
SUM—sum of real numbers. 

higher decade subtraction. The process 
of subtracting a one-place number from a 
two-place number to give a_ two-place 
number; also the process of subtracting a 
two-place number from a two-place num- 
ber to give a one-place number. These 
operations are assumed to be done men- 
tally. Examples of higher-decade subtrac- 
tion are 28—4=24, 23-—-7=16, 48-—42=6, 
54-—49=5S. 

subtraction formulas. See TRIGONOMETRY 
—identities of plane trigonometry. 


SUB’TRA-HEND’, n. A quantity to be 
subtracted from another. 


SUC-CES’SIVE, adj. successive terms or 
steps. Terms or steps following one after 
the other. 

successive trials. (Probability.) Succes- 
sive trials (occurrences of a given event) in 
which one is interested in the number of 
times the favorable occurrence of the event 
is likely to take place in a certain number 
of trials. The probability of an event hap- 
pening exactly r times in 7 trials is 


nCeg, 


where p and gq are the probabilities of the 
event happening and failing, respectively, 
in a single trial, and ,C, is the number of 
combinations of things taken r at a time 
(see COMBINATION). By this formula, the 
probability of a six coming up exactly 


once in three throws of a die is 3(4)(2)2= 33, 
the probability of its coming up twice is 
3(4)2(2)=4s, and the probability of its 
coming up three times is (3)3=3+<. 


SUF-FI'CIENT, adj. sufficient condition. 
See CONDITION. 

sufficient statistic. A statistic, derived 
from a set of observations, which contains 
all the information in that set of observa- 
tions relevant to the estimate being made. 
The arithmetic mean is an example of a 
sufficient statistic of observations from a 
population with a normal distribution. 


SUM, n. The sum of two or more objects 
is the object which is determined from these 
objects by a given operation called addition. 
Usually this addition operation is related 
(sometimes remotely) to some process of 
accumulation. E.g.,2+3=5 is equivalent 
to stating that putting together two piles, 
one containing 2 things and the other 
3 things, will yield a pile containing 5; the 
sum of vectors which represent forces is the 
vector which represents a force equivalent 
to all the individual forces operating to- 
gether; the sum of several sets of “‘points”’ 
is the set which is obtained by accumulating 
all the ‘“‘points’’ which are in any of the 
individual sets. See the various headings 
below. 

algebraic sum. The combination of 
terms either by addition or subtraction in 
the sense that adding a negative number is 
equivalent to subtracting a positive one. 
The expression x—y+z is an algebraic 
sum in the sense that it is the same as 
x+(—y)+z. 

arithmetic sum of two quantities. The 
quantity obtained by adding two positive 
quantities. Five is the sum of two and 
three, written 2+3=5. Sometimes arith- 
metic sum is used for the sum of the 
numerical values of signed numbers; the 
arithmetic sum of 5 and —3 is 8. 

limit of a sum. See Limit—fundamental 
theorems on limits. 

partial sum of an infinite series. The sum 
of a finite number of consecutive terms of 
the series, beginning with the first term. If 
the series is aj +a,+a;+ ---, then each of 
the quantities S,, is a partial sum, where 


Sy,=ayt+aot+ amas eo 
is the sum of the first n terms of the series. 


Sum 


sum of angles. Geometrically, the angle 
determined by a rotation from the initial 
side through one angle, followed by a 
rotation, beginning with the terminal side 
of this angle, through the other angle; 
algebraically, the ordinary algebraic addi- 
tion of the same kind of measures of the 
angles (e.g., degrees plus degrees or radians 
plus radians). 

sum of complex numbers. See COMPLEX— 
complex numbers. 

sum of directed line segments. The line 
segment which extends from the initial 
point of the first line segment to the 
terminal point of the last line segment 
when the line segments are placed so that 
the terminal point of each is coincident 
with the initial point of the next. E.g. 
5 miles east plus 2 miles west is 3 miles 
east. This is a special case of the sum of 
vectors; see below. 

sum of an infinite series. The limit of the 
sum of the first 7 terms of the series, as 1 
increases. This is not a sum in the ordinary 
sense of arithmetic, because the terms of an 
infinite series can never all be added term 
by term. The sum of the series 

S444 34 ace +(5)"+ Moa 

is 1, because that is the limit approached 
by the sum of the first of these terms, 
namely 1 — 1/2”, as m becomes infinite. The 
sum of the series is precisely 1, even 
though the actual arithmetic sum of a finite 
number of terms of the series is always less 
than 1. Tech. The sum of the infinite 


series @; +a +a,;+ -°-- IS 
S= lim (a; +a2+a3+ ++-+a,). 
nN— © 


That is, S is the sum of the series if and 
only if it is true that for any positive 
number e there exists a number WN such that, 
whenever n> WN, the partial sum a,+a)+ 
a,+--- +a, differs from S by less than e. 
See SERIES—geometric series. 

sum of like powers of two quantities. A 
sum such as a2+b2 and a3+b6?. Such 
sums are of interest in factoring, because 
when the power is odd the sum ts divisible 
by the sum of the quantities. See DIFFER- 
ENCE—difference of like powers of two 
quantities. 

sum of matrices. The sum A+8 of 
matrices A and B is the matrix whose ele- 
ments are formed by the rule that the 


Sum 


element in row r and column s is the sum of 
the elements a,, and 5,, in rowr and column 
s of A and B, respectively. This sum is 
defined only if A and B have the same 
number of rows and the same number of 
columns. 

sum of order ¢. For positive numbers a,, 
the expression (Xa;‘)'/".. For the definition 
of the analogous mean of order ¢, see 
AVERAGE. 

sum of real numbers. Positive integers 
(and zero) can be thought of as symbols 
used to describe the “‘manyness’’ of sets of 
objects (also see PEANO—Peano’s postu- 
lates). Then the sum of two integers A and 
B is the integer which describes the ‘“‘many- 
ness’’ of the set of objects obtained by com- 
bining a set of A objects with a set of B 
objects. This means that addition of 
integers is the process of finding the 
number class which is composed of the 
number classes denoted by the addends 
(see CARDINAL—cardinal number). The 
sum of fractions is obtained by the same 
process, after a common denominator 
(common unit) has been established. E.g., 
4 and 3 are the same as 3 and @, and 3 sixths 
plus 4 sixths is 7 sixths. In general, 


ai¢ _ad+be 
bd bd 
The sum of mixed numbers can be deter- 
mined by adding the integral parts and 
fractions separately, or by reducing each 
mixed number to a fraction. FE.g., 24+ 
34=2434444=53, or 244+ 34=12+7F= 
23° When the numbers being added have 
been given signs, the addition is done as 
follows (this is sometimes called algebraic 
addition). Two positive numbers are added 
as above; two negative numbers are added 
by adding their numerical values and 
making the result negative; a positive and 
a negative number are added by subtracting 
the lesser numerical value from the greater 
and giving the difference the sign of the 
number which has the greater numerical 
value. E.g., (—2)+(—3)=-—5; (—2)+3 
=1. The significance of this definition 
becomes apparent when we let positive 
numbers denote distances eastward and 
negative numbers distances westward and 
think of their sum as the distance from the 
starting point to the place reached by 
travelling in succession the paths measured 


Sum 


Summation 


by the addends. E.g., an interpretation of 
(—3)+2=-—1 is that one would finish 1 
mile west of the starting point if one 
traveled 3 miles west and then 2 miles east. 
The sum of irrational numbers may be left in 
indicated form, after similar terms have 
been combined, until some specific applica- 
tion indicates the degree of accuracy 


desired. Such a sum as (V2+¥V3)- 
(2V 2—5~3) would thus be left in the form 


6V3—~v2. A sum such as 7+ V2 can be 
approximated as 
3.1416+ 1.4142=4.5558. 

It is necessary to have a specific definition 
of irrational numbers before one can 
specifically define the sum of numbers, one 
or more of which is irrational. See DEDE- 
KIND CUT. 

sum of sets. The set containing all the 
points belonging to at least one of the sets 
forming the sum. The sum of two sets U 
and V is usually denoted by U+V or 
UU V. Syn. Join, Union. 

sum of vectors. Algebraically, the vector 
obtained by the addition of correspond- 
ing components. E.g., 

(2i+ 3j)+ @-—2f)=3i4, 

(2i+ 37+ 5k) + (@—2j4+ 3k) =3i+j+ 8k. 
Geometrically, the sum of two vectors is 
the third side of the triangle of which the 
addends form the other two sides, the 
initial point of one addend being on the 
terminal point of the other, the initial 
point of the latter coinciding with the 
initial point of the sum. In the figure, 
OA+AB=OB. See PARALLELOGRAM— 
parallelogram of forces, and VECTOR—vec- 
tor components. 
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SUM’MA-BLE, adj. absolutely summable 
series. Refers to summability by Borel’s 
integral method. A series a, is said to 
be absolutely summable if the integrals 


(a e-*|a(x)| dx and [ 7 e-*lal)(x)| dx 
0 “0 


all exist, where m=1, 2, 3,--- denotes 
derivatives of these orders, and a(x)= 
Ag t+ ayx+anx?/2!4+ +-- 


summable divergent series. Series to 
which a sum is assigned by some regular 
definition of the sum of a divergent series. 
Better usage is to speak of a series as, e.g., 
Cesaro summable. J.e., indicate the 
method by which the series is summable. 
See SUMMATION—Summation of divergent 
series. 

summable function. A function which is 
Lebesgue integrable, i.e., whose Lebesgue 
integral exists. The function is said to be 
summable over the region of integration. 
See LEBESGUE—Lebesgue integral. 

uniformly summable series. A series of 
variable terms is uniformly summable on 
(a, b) by a given definition of the sum of a 
divergent series if the sequence which de- 
fines the sum converges uniformly on (a, 5). 
The series %(—.x)" diverges for x=1, 
but is uniformly summable for 0S x<1 
by any of the standard definitions, such as 
Holder’s, Cesaro’s, and Borel’s. By 
Holder’s definition, we have for the sum 
lim [1+(1—x)+(1—x+4+ x?) 


-+ 2 (—x)"]/n 
[!- oY 


n 


= lim ) +x? ue) 
n—> oO n 
in ( eae av" 
n 
which evidently converges uniformly, with 


regard to x, on the closed interval (0, 1). 


SUM-MA’TION, adj., n. integration as a 
summation process. See INTEGRAL—defi- 
nite integral. 

summation convention. The convention 
of letting the repetition of an index (sub- 
script or superscript) denote a summation 
with respect to that index over its range. 


E.g., if 6 is the range of the index 7, then 
6 


a;x' stands for > aj;x! = a,x! + anx? + a3x3 
i=| 
+ agx4+asx5+agx®. The superscript i in 
x' is not the ith power of the number x, 
but merely an index which denotes that x! 
is the ith object of the six objects x!, x2, 
--,x®, A repeated index, such as ij in 
ve) is called a dummy index or an umbral 
index, since the value of the expression 
does not depend on the symbol used for 
this index. An index which is not repeated, 
such as / in a;;x/, is called a free index. 


Summation 


Superscript 


a a 


summation of divergent series. Attribut- 
ing sums to divergent series by transform- 
ing them into convergent series, or by other 
devices. E.g., thesum of 1—14+1-—14+--- 
is defined as the sum of 1+ x+ x24 x34 --., 
with x put equal to —1 in the sum (or 
limit) function, or as 
fee Sit S.+ +--+ +S, 
n—>O n 

ao 14+04+1+.--- +30 —(— 1") 
n—>0o n 

where S, denotes the sum of the first n 
terms. In both cases the sum is 4. The 
former method is an illustration of the use 
of convergence factors, in this instance, 1, x, 
x*,+-+-+. The latter method is an illustra- 
tion of the method of arithmetic means. 
See ABEL—Abel’s method of summation, 
BOREL, CESARO—Cesaro’s summation form- 
ula, HOLDER—HoOlder’s definition of the 
sum of a divergent series. 

summation of an infinite series. The 
process of finding the sum of the series. 
See SuM—sum of an infinite series. 

summation sign. Sigma, the Greek letter 
corresponding to the English S, written >. 
When the process of summing includes the 
first to the mth terms of a set of numbers 
a1, Az, A3,°-* +, a,,°* +, the sum 1s written 


n n 
> qj, OF ~ aj. 
i=| I 
When the summation includes infinitely 
many terms, it is written 


[w 6) 7.6) 

> ai, > a;, Or simply > aj. 

i= | I 
SU’PER-AD’DI-TIVE, adj. superadditive 
function. See ADDITIVE—additive function. 


SU’PER-HAR-MON’IC, adj. superhar- 
monic function. A function that is related 
to subharmonic functions in the way that 
concave functions are related to convex 
functions; i.e., a real function f| of any 
number of variables, such that —/ is sub- 
harmonic. See SUBHARMONIC. 


SU-PE’RI-OR, adj., n. limit superior. 
(1) See SEQUENCE—accumulation point of a 
sequence. (2) The limit superior of a 
function f(x) at a point xo is the largest 
number ZL such that for any «>0O and 
neighborhood U of xo there is a point 
x#xq of U for which f(x)> L-e; this 


definition applies to the case L= +00 if 
f(x)> L—e is replaced by f(x)>«, while 
L=— o if for any e>0 there is a neighbor- 
hood U of x9 in which f(x) < —e for each 


x#Xo. This limit is denoted by lim sup 
xX 


F(x) or lim f(x). The limit superior of f(x) 


XX 
at x9 is equal to the limit as «+0 of 
the Lu.b. of f(x) for |x—xo|<e and 
x#Xy, and may be positively or nega- 
tively infinite. (3) The limit superior of a 
sequence of point sets U,;, U2, --+ is the 
set consisting of all points belonging 
to infinitely many of the sets U,. It is 
equal to the intersection of all sums of 


wo ie @) 
the form U,+U,i,;+ +++; ie, | | > U,,. 
p=\ln=p 
For sequences of sets, the limit superior is 
also called the complete limit. See INFERIOR 
—limit inferior. Syn. Upper limit. 


SU’PER-OS’CU-LAT-ING, adj. super- 
osculating curves on a surface. Normal 
sections of a surface which are super- 
osculated by their circles of curvature. See 
below, SUPEROSCULATION. 


SU’PER-OS’CU-LA-TION, z. The prop- 
erty of some pairs of curves or surfaces of 
having contact of higher order than other 
pairs, which are said to osculate. 


SU’PER-POSE’, v. To place one configu- 
ration upon another in such a way that 
corresponding parts coincide. To super- 
pose two triangles which have their corre- 
sponding sides equal is to place one upon 
the other so that corresponding sides coin- 
cide, 


SU’PER-POS’A-BLE, adj. superposable 
configurations. Two configurations which 
can be superposed. Syn. Congruent. 


SU’PER-PO-SI'TION, adj., n. axiom of 
superposition. See AxiIoM—axiom of super- 
position. 

superposition principle for electrostatic 
intensity. See ELECTROSTATIC. 


SU’PER-SCRIPT, ». A number written 
above and to the right or left of a letter, 
usually denoting a power or a derivative, 
but sometimes used in the same sense as 
subscript. See ACCENT, PRIME—prime as a 
symbol, and EXPONENT. 


Supplemental 


Surd 


SUP’PLE-MEN’TAL, adj. supplemental 
chords of a circle. The chords joining a 
point on the circumference to the two ex- 
tremities of a diameter. 


SUP’PLE-MEN’TA-RY, adj. supplemen- 
tary angles. Two angles whose sum is 180°; 
two angles whose sum is a straight angle. 
The angles are said to be supplements of 
each other. 


SUP-PORT"’, adj., n. line of support. 
Relative to a convex region B in the 
plane, a line of support is a line containing 
at least one point of B but such that one of 
the two open half planes determined by the 
line contains no point of B. The equation 
of such a line can be written in the form 


x cos 8+ ysin = S(Q), 


where Q is the point with coordinates 
(cos 8, sin 8) and S(Q) is the normalized 
support function. The function S(Q) is a 
subsine function of the angle 8. For acon- 
vex or concave function, a line of support 
can be defined similarly in terms of the 
graph of the function. 

plane (and hyperplane) of support. Rela- 
tive to a convex body B in three-dimensional 
space, a plane of support is a plane con- 
taining at least one point of B, but such that 
one of the two open half-spaces determined 
by the plane contains no point of B. For 
a normed vector space T and a convex body 
B contained in 7, a hyperplane of support 
is a hyperplane H whose distance from B is 
zero and which is the separating hyperplane 
between two open halves of 7, one of which 
contains no points of B. This means that 
H is a hyperplane of support of B if and 
only if there is a continuous linear functional 
f and a constant c for which f(P)<c if P 
belongs to B and H is the set of all P with 
f(P)=c. A_ separable Banach space is 
reflexive if and only if the distance between 
H and B being zero implies H contains a 
point of B, for any convex body B and 
hyperplane of support H. For a space 
with an inner product, a hyperplane of sup- 
port must contain a point of the convex 
body, and there is a point P for which the 
hyperplane of support consists of all those 
points Q for which (P, Q)=S(P), where 
S(P) is the support function. See below, 
support function. 


support function. Relative to a convex 
body B in any space with a real inner 
product (e.g., a Euclidean space of any 
dimension, or a real Hilbert space), the 
support function S(P) is defined (for all 
points P of the space other than P=0) as 


S(P)= max (P, Q) 


for Q in B, where (P, Q) is the inner 
product of P and Q. Thus for each point 
O of B we have (P, Q) = S(P), with the sign 
of equality holding for some point Qo of 
B. All of B lies in one of the two closed 
half spaces bounded by the hyperplane 
consisting of all points R for which 
(P, R)=S(P). The function S(P) is a 
convex function of P. The support 
function satisfies the relation S(KP)=kS(P) 
for k20. Accordingly, S(P) is completely 
determined by its values S(Q) on the unit 
sphere consisting of all points Q with 
(Q, Q)=1. With its independent variable 
thus restricted, the function S(Q) is called a 
normalized support function of B. See 
MINKOWSKI—Minkowski distance func- 
tion, and above, plane of support. 


SURD, n. A sum of one or more irrational 
indicated roots of numbers. Sometimes 
used for irrational number. A surd of one 
term is called quadratic, cubic, quartic, 
quintic, etc., according as the index of the 
radical is two, three, four, five, etc. It is 
an entire surd if it does not contain a 
rational factor or term (e.g., V3 or 
/2+V3); a mixed surd if it contains a 
rational factor or term (e.g., 2V3 or 
5+ <2); a pure surd if each term is a surd 
(e.g., 3V2+~V5). <A binomial surd is a 
binomial, at least one of whose terms is a 
surd, such as 2+ V3 or W2—V3. Conju- 
gate binomial surds are two _ binomial 
surds of the form aVb+cvd and av b— 
cV d, where a, b, c and d are rational and 
Vb and Vd are not both rational. The 
product of two conjugate binomial surds 
is rational, e.g., (a+ Vb)(a— Vb) =a2—b. 
A trinomial surd is a trinomial at least two 
of whose terms are surds which cannot be 
combined without evaluating them; 2+ V2 
+V73 and 3+V5+W2 are trinomial 
surds. 


Surface 
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SUR’FACE, adj., n. <A surface is the 
geometric figure consisting of those points 
whose coordinates satisfy an equation 
such as z=f(x, y), or F(x, y,z)=0, or 
parametric equations x= x(u, v), y= yu, v), 
z=2(u,v), with conditions such as con- 
tinuity or nonvanishing of a Jacobian 
imposed to insure nondegeneracy. E.g., 
the surface of the sphere of radius 2 with 
center at (0, 0,0) has the equation x?+ y2 
+z2*=4; it also has the parametric equa- 
tions x=2 sind cos 0, y=2sin¢g sin 8, z= 
2cos¢, Tech. Ina rather restrictive sense, 
a closed surface might be defined as a 
connected, compact metric space which is 
homogeneous in the sense that each point 
has a neighborhood which is homeo- 
morphic with the interior of a circle in the 
plane; a surface with boundary curves 
would then be defined by changing the 
neighborhood condition so that each point 
on a boundary curve has a neighborhood 
which is homeomorphic with half of a 
2-cell with the diameter included and lying 
along the boundary curve. An equivalent 
definition is that a surface is a geometric 
figure which can be subdivided into a 
finite number of “triangles” (each of which 
has vertices and edges and is homeo- 
morphic with a plane triangle) such that 
(i) if two triangles intersect, their intersec- 
tion is a side of each of them; (ii) no side 
belongs to more than two triangles; (iii) for 
any two triangles R and S, there is a 
sequence of triangles 7), 7>,---, 7, such 
that 7;=R, 7,=S, and any two adjacent 
triangles, 7; and 7;:,;, have a side in 
common. Such a surface is closed if 
each side of a triangle also belongs to an- 
other triangle; otherwise the surface has a 
finite number of closed boundary curves. 
A surface is orientable if the above tri- 
angles can be oriented so that a direction 
around the perimeter is prescribed in such 
a way that two intersecting triangles 
assign opposite orientations (directions) 
to their common side (this is equivalent 
to requiring that the surface not contain 
a Mobius strip, or that a small oriented 
‘‘circle’’> can not be moved in the surface 
so as to return to its initial position with 
its orientation reversed). See GENUS—genus 
of a surface. 

algebraic surface. A surface which ad- 
mits a parametric representation such that 


the coordinate functions are algebraic func- 
tions of the parameters uy, v. 

applicable surfaces. Surfaces such that 
there exists a length-preserving map of one 
on the other. See ISOMETRIC—isometric 
map. 

canal surface. The envelope of a one- 
parameter family of spheres of equal radii 
having their centers on a given space curve. 
For any point on the curve, the character- 
istic is the great circle in the plane normal 
to the curve at the point. 

curvature of a surface. See various head- 
ings under CURVATURE. 

curved surface. A surface no part of 
which is a plane surface. 

cylindrical surface. See CYLINDRICAL— 
cylindrical surface. 

equation of a surface. See SURFACE, 
EQUATION—equation of a surface, and 
PARAMETRIC—parametric equations. 

fundamental coefficients of a surface. 
The fundamental coefficients of the first 
order of a surface are the coefficients E, 
F, G of the first fundamental quadratic 
form of the surface. Syn. Fundamental 
quantities of the first order of a surface. 
The fundamental coefficients of the second 
order of a surface are the coefficients D, 
D’, D” of the second fundamental quad- 
ratic form of the surface. See below, fun- 
damental quadratic forms of a surface. 

fundamental quadratic forms of a surface. 
The expression FE du*+2F du dv+G dv? is 
the first fundamental quadratic form of a 
surface. Also written g,, du* du® in tensor 
notation. See LINEAR—linear element. 
The second fundamental quadratic form of 
a surface is the expression = D du*+2D’ 
du dv+ D” dv2. Also written 


D=L du2+2M du dv+N av, 


and P=edu*+2fdudv+gdv*, and, in 
tensor notation, d,,g du* du®, See DISTANCE 
—distance from a surface to a tangent 
plane. The third fundamental quadratic 
form of a surface is the fundamental 
quadratic form of the spherical representa- 
tion of the surface. 

fundamental quantities of the first order 
of a surface. See above, fundamental 
coefficients of a surface. 

Gaussian representation of a_ surface. 
Same as spherical representation of a sur- 
face. See SPHERICAL. 


Surface 


Surface 


imaginary surface. See IMAGINARY— 
imaginary curve (surface). 

material surface. See MATERIAL. 

minimal surface. See MINIMAL. 

molding surface. A surface generated 
by a plane curve whose plane rolls without 
slipping over a cylinder. If the cylinder 
is a line, the molding surface is a surface 
of revolution. See below, surface of 
Monge. 

normal to a surface. See NORMAL— 
normal to a curve or surface. 

one-sided surface. A surface which has 
only one side, in the sense that any two 
bugs on the surface can get to each other 
without going around an edge, regardless 
of where put. See mMOsrus—MbObius strip, 
KLEIN BOTTLE, and MINIMAL—double mini- 
mal surface. Tech. A surface is one-sided 
if it is nonorientable; it is nonorientable if 
and only if it contains a Mobius strip (also 
see SURFACE). 

parallel surfaces. See PARALLEL. 

plane surface. A plane. 

principal direction on a surface. See 
DIRECTION. 

pseudospherical surface. 
SPHERICAL. 

quadric surface. See QUADRIC. 

ruled surface. See RULED. 

similar surfaces. See SIMILAR—Ssimilar 
surfaces. 

spherical representation of a surface. See 
SPHERICAL. 

spherical surface. See SPHERICAL. 

surface area. (1) The limit of the sum of 
the areas of the polygons formed by the 
intersections of tangent planes at neigh- 
boring points distributed over the entire 
surface, as the area of the largest of these 
polygons approaches zero. Each of these 
plane tangential areas is obtainable by 
projecting some area lying in one of the 
coordinate planes onto the tangent plane. 
(2) Let a plane P be such that no line per- 
pendicular to P cuts a given surface S$ in 
more than one point, and let A be the pro- 
jection of S into P. Let A be subdivided 
and let each subdivision be projected into a 
tangent plane along lines perpendicular to 
P, where the tangent plane is tangent to S 
at a point on a line perpendicular to P ata 
point of the subdivision. The area of S 
can then be defined as the limit of the sum 
of the areas of these projections as A-—0, 


See PSEUDO- 


where A is the least upper bound (for all 
subdivisions) of distances between points 
belonging to the same subdivision. If P 
is the (x, y)-plane, and if 8 is the angle 
between the tangent plane and the xy-plane, 
the area of S is equal to the integral of 
(sec 8) dx dy (the element of area or dif- 
ferential of area) over the area in the xy- 
plane which is bounded by the projection 
on that plane of the boundary of the given 
surface. If the equation of the surface is 
in the form z=/(x, y), then 


sec B= V(1+ D,2z+ D,?z), 


where D,z and D,z denote the partial de- 
rivatives of z with respect to x and y. It 
is assumed here that sec § is finite, i.e., 
none of the tangent planes are perpendicu- 
lar to the plane on which the surface is 
being projected. In more advanced theory, 
many definitions of area have been given, 
a frequently used one being that given by 
Lebesgue: The area of a surface is the 
smallest value which is the limit of the 
sum of the areas of polyhedrons con- 
verging (in the sense of Fréchet) to the 
surface. 

surface of constant curvature. A surface 
whose total curvature is the same at all its 
points. These are developable surfaces, for 
K=0; spherical surfaces (not just the 
sphere), for K>0O; and pseudospherical 
surfaces, for K<0. See PSEUDOSPHERICAL 
and SPHERICAL. 

surface of Enneper. The real minimal 
surface for which ¢(u)=const. See WEIER- 
STRASS—equations of Weierstrass. If we 
take d(u)=3, and let u=s+it, the para- 
metric curves are the lines of curvature and 
the coordinate functions are 


x=354+3st2—33, 
y= 34+ 3527-273, 
Z= 352-322; 


the map is a conformal one, and the coordi- 
nate functions are harmonic. 

surface harmonic. See HARMONIC— 
surface harmonic. 

surface of Henneberg. The real minimal 
surface for which ¢(wj=1-—I1/ut+. See 
WEIERSTRASS—equations of Weierstrass. 
The surface of Henneberg is a double 
minimal surface. See MINIMAL. 

surface integral. The integral of some 


Surface 


function, f(x, y, z), over a surface. It is 
usually written 


[ fo.» 2 ds. 
S 


If the surface is divided into a number of 
smaller nonoverlapping areas and the sum 
of the products of each of these areas by 
a value of f(x, y, z) at a point in that area 
is formed, then the integral over the surface 
is the limit of this sum as the number of 
subdivisions becomes infinite in such a way 
that the upper bound of all distances be- 
tween two points in the same subdivision 
approaches zero. If the equation of the 
surface is z=g(x, y), then the surface inte- 
gral can be written 


b fx 
| ii * sec BfLx, ¥, a(x, y)] dx dy, 
a “x 


the integration being taken over the pro- 
jection of the surface on the xy-plane. 
Similar forms can be derived for the pro- 
jections on the xz and yz planes. See 
above, surface area, for the value of sec B 
and an example of a surface integral. If 
the surface can be oriented by a unit normal 
vector n at each point, then, for a vector 
function F= F,i+ F,j+ F3k, 


i F-ndS= | (FA+ Fo t+ Fw)dS 
S S 


is the limit of the sum of scalar products 
F-nAS (when the number of subdivisions 
becomes infinite as described above), 
where n is the unit normal vector at a point 
of the subdivision of area AS. The 
numbers A, pz, v are the cosines of the angles 
between n and the positive directions of the 
x, yand z axes. See STOKES’ THEOREM. 

surface of Joachimsthal. A surface such 
that all the members of one of its two fami- 
lies of lines of curvature are plane curves, 
and such that all these planes are coaxial. 

surface of Liouville. A surface which ad- 
mits a parametric representation such that 
the first fundamental quadratic form re- 
duces to 


ds? = [f(u) + g(v) ][du2 + dv2]. 
surface of Monge. A surface generated 
by a plane curve whose plane rolls without 


slipping over a developable surface. See 
above, molding surface. 


Surface 


surface patch. A surface, or part of a 
surface, bounded by a closed curve in con- 
tradistinction to a surface of infinite extent 
or a closed surface such as a sphere. 

surface of revolution. A surface which 
can be generated by revolving a plane 
curve about an axis in its plane. Sections 
of a surface of revolution perpendicular to 
this axis are circles, called parallel circles 
or simply parallels; sections containing the 
axis are called meridian sections, or simply 
meridians. The earth is a surface of revo- 
lution which can be generated by revolving 
a meridian about the line through the 
north and south poles. A surface of revo- 
lution can also be generated by a circle 
moving always perpendicular to a fixed line 
with its center on the fixed line and ex- 
panding or contracting so as to continually 
pass through a curve which lies in a plane 
with the straight line. The element of 
area of a surface of revolution can be taken 
as 2mrds, where r is the distance from the 
axis of revolution of any point in the ele- 
ment of arc, ds, of the curve which is 
rotated to form the surface. If the curve 
y=f(x) is revolved about the x-axis (as in 
the figure), 27rds=2z7f(x) ds and the area 
of the surface of revolution, between the 
values a and b of x, is 


b lp As sw ee, 
i af (x)V 14 (dy/dx)? dx. 


From the figure, it can be seen that 27rAs 
is the area derived by rotating the arc 
BC=<As about the x-axis, and hence 2zrds 
is an approximation to this area (see ELE- 
MENT—element of arc of a curve). 


surface of Scherk. The real minimal 


surface for which ¢(u) = — See WEIER- 


u4 
STRASS—equations of Weierstrass. The 
surface of Scherk is doubly periodic. 
surface of translation. A surface ad- 
mitting a representation of the form x= 


Surface 


Sylvester 


x{(u)+x(v), y=yi(u)t+y2{v), z=z,(u)+ 
z(v). It might be considered as being 
generated by translating the curve C,: 
x=x,(u), y=y,(u), z=2z,(u) parallel to 
itself in such a way that each point of C, 
describes a curve congruent to C,: x= x.(v), 
y=y(v), z=z(v); or equally well by a 
translation of C, parallel to itself in such a 
way that each point of C, describes a curve 
congruent to C,. The loci described by the 
points of C; (or of C2) are called the gen- 
erators of the surface. Syn. Translation 
surface. 

surface of Voss. A surface with a con- 
jugate system of geodesics. 

surfaces of center relative to a given sur- 
face. The loci of the centers of principal 
curvature of the given surface. See CENTER 
—centers of principal curvature of a surface 
at a point. The surfaces of center of S are 
also surfaces of center of any surface parallel 
to S. See above, parallel surfaces, and 
COMPLEMENTARY—surface complementary 
to a given surface. 

traces of a surface. See TRACE—traces of 
a surface. 

Weingarten surface. A surface such 
that each of the principal radii is a func- 
tion of the other. £.g., surfaces of con- 
stant total curvature and surfaces of con- 
stant mean curvature are Weingarten 
surfaces. Syn. W-surface. 


SUR-REN’DER, adj. surrender charge. 
(Insurance.) The deduction that is made 
from the terminal reserve to determine the 
cash surrender value (not over 23°% of the 
terminal reserve is allowed by law in most 
States). 

surrender value of an insurance policy. 
The amount the insurance company is will- 
ing to pay the insured for the return (can- 
cellation) of the policy; the difference be- 
tween the terminal reserve and the sur- 
render charge. 


SUR’TAX’, 2. Tax, additional to the nor- 
mal tax, levied on incomes above a certain 
level. 


SUR-VEY’OR, 7. | surveyor’s measure. 
See DENOMINATE NUMBERS in the appendix. 


SWAC. An automatic digital computing 
machine at Numerical Analysis Research, 


University of California, Los Angeles. 
SWAC is an acronym for Standards Western 
Automatic Computer. 


SYL’LO-GISM, rn. A logical statement 
that involves three propositions, usually 
called the major premise, minor premise, 
and conclusion, the conclusion necessarily 
being true if the premises are true. E.g., 
the three propositions might be: ““Any man 
likes fishing or likes singing’’; “‘John does 
not like fishing’’; “John likes singing.” A 
hypothetical syllogism is a particular type of 
syllogism which relates three implications 
(p,q, r) and states: “If p implies g, and qg 
implies r, then p implies r.” This is 
frequently written as: [(p > qg)A(q > r)] > 
(p—r). <A categorical syllogism relates 
implications with universal quantifiers, an 
example of which is: If the propositions 
‘For any quadrilateral T, if T is a square, 
then T is a rectangle’ and “‘For any quadri- 
lateral T, if T is a rectangle, then T is a 
parallelogram’’ are true, then the proposi- 
tion ‘For any quadrilateral T, if T is a 
square, then T is a parallelogram’ is true. 
See IMPLICATION. 


SYLVESTER. Sylvester’s dialytic method. 
A method of eliminating a variable from 
two algebraic equations. It consists essen- 
tially of multiplying each of the equations 
by the variable, thus getting two more 
equations and only one higher power of the 
variable, doing the same with the two new 
equations, etc., until the number of equa- 
tions is one greater than the number of 
powers of the variable, then eliminating the 
various powers of the variable between 
these equations as if the powers were dif- 
ferent unknowns (see ELIMINATION—elimi- 
nation of 7 variables from n+ 1 equations). 
Sylvester’s method is equivalent to the 
procedure illustrated by the following 
example, which does not require determi- 
nants: It is desired to eliminate x from 


(1) x2+ax+b=0 
and 
(2) x3+cx?+dx+e=0. 


Multiply equation (1) by x and subtract 
the result from equation (2). This results 
in an equation of the second degree. Elim- 
inate x2 between this equation and equa- 
tion (1), and so on. Finally one reaches 


Sylvester 


Symmetric, Symmetrical 


two linear equations, subtraction of which 
eliminates the variable entirely. See 
RESULTANT—resultant of a set of poly- 
nomial equations. 


SYM’‘BOL, n. A letter or mark of any sort 
representing quantities, relations, or opera- 
tions. See the appendix for a list of mathe- 
matical symbols. 

algebraic symbols. Symbols representing 
numbers, and algebraic combinations and 
operations with these numbers. 


SYM-MET’RIC, SYM-MET’RI-CAL, adj. 
Possessing symmetry. See various head- 
ings below and under SYMMETRY. 

cyclosymmetric function. A_ function 
which remains unchanged under a cyclic 
change of the variables. See ABSOLUTE— 
absolute symmetry. 

elementary symmetric functions. For n 
variables x1, X2,°--,x,, the elementary 
symmetric functions are 


Op XA ee PKs 
Onp=XyXatXyXzy4+ 2s +Xy-1Xy, 
On=X1X2N3° °° Xny 


where o;, is the sum of all products of & of 
the variables x),.%.,°°-,x,. Any sym- 
metric polynomial in n variables can be 
written in exactly one way as a polynomial 
in the elementary symmetric functions. 
For a polynomial p(x) of degree n with 
roots @), 4o,-°*, Qn, 


P(X) = (X— a\)(X— an)(x— a3) + + + (X—a,) 
= x"-—g x"! + OxX"-2— 3x34 ae 
2G (— 1)"on, 
where oj,°--,o, are the elementary sym- 
metric functions of a;,°- -, a,. 
skew-symmetric determinants and mat- 
rices. See SKEW. 
symmetric determinant. A determinant 
having all its conjugate elements equal, a 
determinant which is symmetric about the 
principal diagonal. 
symmetric difference. See DIFFERENCE— 
difference of two sets. 
symmetric distribution. 
TION. 
symmetric dyadic. See DYAD. 
symmetric form of the equations of a line 
in space. See LINE—equation of a straight 
line. 


See DISTRIBU- 


symmetric function. A function of two 
or more variables which remains unchanged 
under every interchange of two of the 
variables; xy+xz+yz is a symmetric 
function of x, y, and z. Such a function is 
sometimes called absolutely symmetric; a 
function which remains unchanged under 
cyclic changes of the variables is cyclo- 
symmetric. The word absolute is usually 
omitted, symmetry and _ cyclosymmetry 
being sufficient. The function 


abc+a2+ 62+ c2 


has absolute symmetry, whereas 
(a— b)(b— c)(c—a) 


has only cyclosymmetry. 

symmetric geometric configurations. (1) 
A geometric configuration (curve, surface, 
etc.) 1s said to be symmetric (have sym- 
metry) with respect to a point, a line, or a 
plane, when for every point on the con- 
figuration there is another point of the 
configuration such that the pair is sym- 
metric with respect to the point, line, or 
plane. The point is called the center of 
symmetry; the line, the axis of symmetry; 
and the plane, the plane of symmetry. See 
below, symmetric points. For a plane 
curve, the following are tests for symmetry: 
(1) In Cartesian coordinates, if its equation 
is unaltered when the variables are replaced 
by their negatives, it is symmetric with 
respect to the origin; if its equation is 
unaltered when y is replaced by — y, it is 
symmetric with respect to the x-axis (in this 
case the equation contains only even powers 
of y, if it is rational in y); if its equation 
is unaltered when x is replaced by — x, it 
is symmetric with respect to the y-axis (in 
this case the equation contains only even 
powers of x, if it is rational in x). If it is 
symmetric with respect to both axes, it is 
symmetric with respect to the origin, but 
the converse is not true. (2) In polar co- 
ordinates, (r, 8), a curve is symmetric with 
respect to the origin if its equation is un- 
changed when r is replaced by —r (r2=@ 
is symmetrical with respect to the origin); 
it is symmetric about the polar axis if its 
equation is unchanged when @ is replaced 
by —8@(r=cos @ is symmetrical with respect 
to the polar axis); and it is symmetrical 
about the line 6=47 if its equation is un- 
changed when @ is replaced by 180°-—@ 


Symmetric, Symmetrical 


(r=sin@ is symmetrical about @=47). 
The conditions for polar coordinates are 
sufficient, but not necessary. Similar tests 
for symmetry of other geometric configura- 
tions can be made. A plane figure has 
two-fold symmetry with respect to a point if 
after being revolved, in its plane, about the 
point through 180° it forms the same figure 
as before. If the angle through which it is 
revolved is 120°, it is said to have three-fold 
symmetry ; if the angle is 180°/n, it is said to 
have n-fold symmetry with respect to the 
point. A regular polygon of n sides has 
n-fold symmetry about its center. (2) Two 
geometric configurations are symmetric 
with respect to a point, line, or plane, if 
for each point of either configuration there 
is a point of the other configuration such 
that the pair of points is symmetric with 
respect to the point, line, or plane. One of 
the geometric configurations is then said to 
be the reflection of the other through the 
point, line, or plane. 

symmetric group. See PERMUTATION— 
permutation group. 

symmetric matrix. A matrix which is 
equal to its transpose; a square matrix 
which is symmetric about the principal 
diagonal. See ORTHOGONAL—orthogonal 
transformation. 

symmetric pair of equations. A pair of 
equations which remains unchanged as a 
pair, although the equations may be inter- 
changed, when the variables are inter- 
changed. The equations x?+2x+3y— 
4=0 and y2+2y+3x—4=0 are a sym- 
metric pair. 

symmetric points. (1) Two points are 
said to be symmetric (have symmetry) with 
respect to a third point (called the center 
of symmetry) if the third point bisects the 
line joining the points. (2) Two points are 
said to possess symmetry with respect to a 
line or plane (called the axis or plane of 
symmetry) if the line, or plane, is the 
perpendicular bisector of the line segment 
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joining the two points. The pairs of points 
whose coordinates are (x, y) and(— x, —y), 
or (— x, y) and (x, — y), are symmetric with 
respect to the origin; the points (x, y) and 
(x, —y), or (—x,y) and (—x, —y), are 
symmetric with respect to the x-axis; the 
points (x, y) and (—x, y), or (x, —y) and 
(—x, —y), are symmetric with respect to 
the y-axis. 

symmetric relation. A relation which 
has the property that if a is related to 5b, 
then 5 is related in like manner to a. The 
equals relation of algebra is symmetric, 
since if a=b, then b=a. A relation is 
asymmetric if there are no pairs (a, 6) such 
that a is related to b and b is related to a. 
The property of being older than is asym- 
metric; if a is older than b, then b is not 
older than a. A relation is nonsymmetric if 
there is at least one pair (a, b) such that a 
is related to b, but b is not related to a. 
The relation of /ove is nonsymmetric, since 
if a loves b, b may, or may not, love a. 

symmetric spherical triangles. Spherical 
triangles whose corresponding sides and 
corresponding angles are equal, but appear 
in opposite order when viewed from the 
center of the sphere. The triangles are not 
superposable. 

symmetric tensor. See TENSOR. 

symmetric transformation. A_ transfor- 
mation 7 defined on a Hilbert space H is 
symmetric if the inner products (7x, y) and 
(x, Ty) are equal for every x and y in the 
domain of 7. If, also, the domain of T is 
dense in A, then the second adjoint T** of 
T is a symmetric transformation which is 
also closed. Any bounded symmetric 
transformation has an extension which is 
self-adjoint. A symmetric transformation 
whose domain (or range) is all of A is 
bounded and self-adjoint. For finite- 
dimensional spaces, a transformation 7, 
which transforms vectors x=(%1, %2,°°°, 
Xn) into Tx=(¥1,¥2,°+¢+) Yn) with y= 


> 4X; for each /, is symmetric if and only if 


J 
the matrix (@;;) of its coefficients is a 
Hermitian matrix. See sELF—self-adjoint 
transformation. 

symmetric trihedral angles. 
HEDRAL—trihedral angle. 


See TRI- 


SYM’ME-TRY, adj., 7. 
headings under SYMMETRIC. 


See various 


Symmetry 


axial symmetry. Symmetry with respect 
to a line. See SYMMETRIC—symmetric geo- 
metrical configurations. Syn. Line sym- 
metry. 

axis, center, and plane of symmetry. See 
SYMMETRIC—sSymmetric geometric configu- 
rations. 

central symmetry. Symmetry with re- 
spect to a point. See SYMMETRIC— 
symmetric geometric configurations. 

cyclosymmetry. See SYMMETRIC—sym- 
metric function. 


SYN-THET’IC, adj. synthetic division. 
Division of a polynomial in one variable, 
say x, by x minus a constant (positive or 
negative), making use of detached coeffi- 
cients and a simplified arrangement of the 
work. Consider the division of 2x*—5x 
+2by x—2. Using ordinary long division, 
the process would be written 
2x*—5x+2 x—2 
2x2—4x 2x—-1] 
—x+2 
—x+2 


Noting that the coefficient in the quotient 
is always the coefficient of the first term in 
the dividend, that it is useless to write 
down the —.x, and that by changing the 
sign of —2 in the quotient one could add 
instead of subtract, the process can be put 
in the synthetic division form 


2-5+2 2 
4—2 
2-1+0 


The detached coefficients of the quotient, 
2 and —1, are called the partial remainders, 
while the last term, here 0, is called the 
remainder. 

synthetic geometry. The study of geom- 
etry by synthetic and geometric methods. 
See below, synthetic method of proof. 
Synthetic geometry usually refers to pro- 
jective geometry. Syn. Pure geometry. 

synthetic method of proof. A method of 
proof involving a combining of proposi- 
tions into a whole or system; involving 
reasoning by advancing to a conclusion 
from principles established or assumed and 
propositions already proved; the opposite 
of analysis. Syn. Deductive method of 
proof. 


T 


synthetic substitution. Same as Syn- 
THETIC DIVISION. The latter is more com- 
monly used. 


SYS’TEM, n. (1) A set of quantities 
having some common property, such as the 
svstem of even integers, the system of lines 
passing through the origin, etc. (2) A set 
of principles concerned with a central ob- 
jective, as, a coordinate system, a system of 
notation, etc. 

coordinate system. See COORDINATE. 

decimal system. See DECIMAL—decimal 
system. 

dense system of numbers. See DENSE. 

duodecimal system. See DUODECIMAL. 

logarithmic system. Logarithms using a 
certain base, as the Briggs system (which 
uses 10 for a base), or the natural system 
(which uses e= 2.71828 - - -). 

metric system. Sec METRIC. 

number system. A system of numbers 
distinguished from other numbers by some 
particular characteristic, as the number 
system with base 10, called the decimal 
system, or the binary system, with base 2. 

system of circles. Sometimes used for 
family of circles. See ciRcLE—family of 
circles. 

system of equations. A set of two or 
more equations, which are to be treated 
simultaneously, generally to be solved for 
values of the variables which satisfy all of 
the equations, if there are such values. 

system of linear equations. See SIMUL- 
TANEOUS—Ssimultaneous equations. 


T 


T, n. (Statistics.) The symbol usually as- 
signed to t=(*—u)W/n/s, where X is the 
mean of a random sample of size n from a 
normal population with mean uw; s is the 
estimate of the standard deviation of 
the normal population as estimated from 
the sample. Also known as STUDENT’S ¢. 
Its distribution function is 
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Applicable to the test of the hypothesis 
that a random sample of 1 observations is 
from a normal population with mean u, and 
with the variance unspecified. The para- 
meter n—1 is often called the number of 
degrees of freedom. As n—> , the dis- 
tribution approaches normality. For n 
greater than 30, the normal distribution 
usually gives a sufficiently precise approxi- 
mation. The “t” test and distribution was 
developed by “Student”? (W. S. Gossett), 
although the distribution had been noted 
earlier by Helmert. In general, ‘‘t’’ is the 
ratio of a normally distributed variate with 
mean of zero to an independent estimate of 
the standard deviation of the variable, 
based on m degrees of freedom; ‘‘?’’2= 
x?/m, for m degrees of freedom. See cuHI- 
SQUARE. 

T score. A standardized score or variate 
in which the mean is 50 and the standard 
deviation is 10. Any variable may be con- 
verted to measurements in terms of T 
scores by dividing the deviation of the 
value from the mean by 10, and adding 50. 
Also may be obtained by multiplying the 
standard deviate score by 10 and adding 
50. 


TA’BLE, n. A systematic listing of results 
already worked out, which reduces the 
labor of computors and investigators or 
forms a basis for future predictions. See 
headings under ACCURACY, COMMUTATION, 
CONTINGENCY, CONVERSION, MORTALITY, 
and the tables in the appendix. 


TAB’U-LAR, adj. tabular differences. 
The differences between successive values 
of a function, as recorded in a table. The 
tabular differences of a table of logarithms 
are the differences between successive 
mantissas, usually recorded in a column of 
their own. The tabular differences of a 
trigonometric table are the differences 
between successive recorded values of a 
trigonometric function. 


TAC’NODE, 7. Same as POINT OF 
OSCULATION. See OSCULATION. 


TAC-POINT, 1. A tac-point of a family of 
curves is a point where two different 
members of the family intersect and have a 
common tangent; a tac-locus is a set of tac- 


points. £.g., for the family of circles of 
radius one which are tangent to the x-axis, 
the lines y=1 and y=-—1 are tac-loci. 
See DISCRIMINANT—discriminant of a differ- 
ential equation. 


TAN’GEN-CY, 7. point of tangency. 
The point in which a line tangent to a 
curve meets the curve, or the point in 
which a line or a plane tangent to a surface 
meets the surface. Syn. Point of contact. 


TAN’GENT, adj., n. length of a tangent. 
The distance from the point of contact to 
the intersection of the tangent line with the 
x-axis. In the figure, the length of the 
tangent at P, is 7P,; the length of the 
normal at P; is NP,; the subtangent at P, is 
TM, ; and the subnormal at P, is NM,. 


polar tangent. See POLAR—polar tan- 
gent. 

tangent of an angle. See TRIGONOMETRIC 
—trigonometric functions. 

tangent cone. See CONE—tangent cone 
of a quadric surface. 

tangent curve. The graph of y=tan x. 
The curve has a point of inflection at the 
origin, is asymptotic to the lines x= —47 
and x=47, is convex toward the x-axis 
(except at the points of inflection), and 
duplicates itself in each successive interval 
of length 7. See TRIGONOMETRIC—trigono- 
metric functions. 


tangent formulas of spherical trigonom- 
etry. Same aS HALF-ANGLE and HALF-SIDE 
FORMULAS. See TRIGONOMETRY—half-angle 


Tangent 
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and half-side formulas of spherical trigo- 
nometry. 

tangent law, or law of tangents. A rela- 
tion between two sides and the tangents of 
the sum and difference of the opposite 
angles of a plane triangle, which is adapted 
to calculations by logarithms. If A and B 
are two angles of a triangle, and a and b 
the sides opposite A and B, respectively, 
then the law is 

a—b_tan4(A—B) 


a+b tan}(A+B) 


tangent lines and curves. The tangent 
line to a curve at point P (the point of 
tangency or point of contact) is the line in 
the limiting position, if this exists, of the 
secant line through a fixed point P on a 
curve C and a variable point P’ on C as 
P’ -+ P along C. This means that if there 
is a tangent line at a point P on a curve, 
this is the line L which passes through P and 
has the property that for any positive 
number e there is a positive number 6 such 
that, if O is any point on the curve for which 
the distance from P to Q is less than 6, then 
the angle between the line LZ and the line 
through P and Q is less than e. For the 
plane curve in the figure, the tangent line 
at P; is the limiting position of a secant 
(P,P, in the figure) when two of its points 
of intersection with the curve (P; and P,) 


have moved into coincidence (at P,). The 
tangent is the line P,7. The equation of 
the tangent at a point on a curve is ob- 
tained by substituting the coordinates of 
the point and the slope of the curve at the 
point in the point-slope form of the equa- 
tion of a line. The derivative y’, evaluated 
at the point, is the slope of the tangent. 
Two curves are tangent at a point P if 
the two curves have the same tangent line 
at P. A curve or a line is tangent to a 
surface at a point P if the curve (or line) is 
tangent to a curve on the surface at the 


point P. See conic—tangent to a general 
conic. 

tangent plane. The tangent plane to a 
surface at a point P is the plane which is 
such that each line in the plane which 
passes through P is tangent to the surface 
at P. If the first-order partial derivatives of 
f(x, y, Z) are continuous in a neighborhood 
of (Xo, Yo, Zo), then the direction numbers 
of the normal line of the plane tangent to 
the surface whose equation is f(x, y, z)=0, 
at the point (Xo, Yo, Zo), are the partial 
derivatives of f(x, y, z) with respect to x, y, 
and z, respectively, evaluated at the point. 
Hence the equation of the tangent plane is 


Df (X05 Yo, Z0(X — Xo) 
+ Dy f(X0, Yo, Zo ¥ — Yo) 
+ D.f (X05 Vo, ZoZ— Zo) =0, 


where D,, D, and D, denote partial deriv- 
atives with respect to x, y, and z. See 
PLANE—equation of a plane, and PARTIAL 
—partial derivative. The tangent plane to 
a cone or cylinder at a point is the plane 
determined by the element through the 
point and the tangent to the directrix at 
its intersection with this element. The 
tangent plane to a sphere at a point P is the 
plane through P which touches the sphere 
only at P (the plane which is perpendicular 
to the radius which terminates at P). If 
the equation of a general quadric surface is 
ax* + by*4+ cz*+ 2dxy+ 2exz+ 2fyzt+2ex+ 
2hy+2kz+/=0, then the equation of the 
tangent plane at the point (x, y,, z;) can 
be derived by replacing x? by xx,, y? by 
yy,, ete., 2xy by (xy, +x1,y), etc., 2x by 
(x+ x), etc. 

tangent surface of a space curve. The 
envelope of the family of osculating planes 
of the space curve; the totality of points on 
lines tangent to the space curve. See 
DEVELOPABLE—developable surface, and 
OSCULATING—osculating plane of a space 
curve at a point. 


TAN-GEN’TIAL, adj. tangential acceler- 
ation. See ACCELERATION. 


TAR’IFF, 1. Duties, considered collec- 
tively. Sometimes used in the same sense 
as duty. 


TAUBER. Tauberian theorem. A theorem 
which establishes some type of limit fora 
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specified class of functions, one of the 
assumptions being that the limit can be 
obtained by some stronger limit process. 
E.g., this includes any theorem which 
establishes a sufficient condition for con- 
vergence of a series which is known to be 
summable by some (regular) method of 
summation. Tauber’s theorem of this type 


states that if f(x)= > a,x", where lim na, 


Nn—> 


=0 and f(x)—> S as x—>1 (with x< 1), 
then > a, converges and has the sum S. 
0 


See ABEL—Abel’s method of summation. 


TAX, n. A charge levied for the support 
of the government. 

direct tax. Tax levied upon the person 
who actually pays it, such as tax levied on 
real estate, personal property, etc. 

indirect tax. A tax ultimately paid by a 
person other than the one upon whom it is 
levied, like taxes on industry which are 
paid by the consumer in the form of in- 
creased prices. 

poll tax. Tax levied on _ individuals, 
usually on voters only. 


TAYLOR. Taylor’s formula. The formula 
in TAYLOR’S THEOREM. 

Taylor’s series. See below, Taylor’s 
theorem. 

Taylor’s theorem. A theorem which 
defines a polynomial whose graph runs very 
close to that of a given function through- 
out a certain interval, and a remainder 
which supplies a numerical limit to the dif- 
ference between the ordinates of the two 
curves; the approximate representation of 
a given function on a certain interval (in 
the neighborhood of a certain point) by a 
polynomial. Tech. For a function of one 
variable, say f(x), Taylor’s theorem can be 
written as 


f(x)=fa +f @x—ay+f' (Ox —a)?/2! 
+f’ (a)(x—a)3/3!+ --- 
+f ln-M(ay(x— ay" /(n— It + Ra, 


where &,, is the remainder, or the remainder 
after n terms. The remainder has been put 
in several different forms, the usefulness of 
the particular form depending upon the 
particular type of function being expanded. 


Taylor 


Three of these forms in common use are: 
(1) Lagrange’s form, 


yn 
— fii(a+ 6h); 


(2) Cauchy’s form, 


1—0 
eae a fl"l(a+ Oh): 


(3) Schloemilch’s form, 
hn 
p(n—1)! 


In all of these, @ is some number between 
Q and 1, and A=x-—a. When p=1, or 
p=n, Schloemilch’s form becomes Cauchy’s 
form and Lagrange’s form, respectively. 
If m be allowed to increase without limit in 
the polynomial obtained by Taylor’s 
theorem, the result is called a Taylor’s 
series. The sum of such a series represents 
the expanded function if, and only if, the 
limit of R, as n becomes infinite is zero. 
If a=0 in a Taylor’s series in one variable, 
the series is called a Maclaurin’s series. 
The binomial expansion of (x+a)" is a 
Maclaurin’s series, R,+, being zero when n 
is an integer. In fact, if any function can be 
expressed as a power series, such as 
Cotey(x—a)+c(x—a)*+ +--+ +0¢,(x-a)" 
+ +++, that series is a Taylor’s series. 
Obviously a function cannot be expanded 
in a Taylor’s series which represents the 
function in the above sense unless it 
possesses derivatives of all orders on the 
interval under consideration. For a 
function of two variables, say f(x, y), 
Tavlor’s theorem states that 


f(x, y)=f(a, 5) 
‘leroatono alr bt ee 


n-1 
+|@- a) = = +(y— b) = = fe 7 


where f(a, A following the brackets means 
that the partials within the brackets are to 
operate upon f(x, y) at the point (a, bd), 
and the brackets indicate that the expan- 
sion of the quantity within is to be a 
binomial expansion except that 


a\hio\k 
(=) (5) 
is to be replaced by 


gh+k a\o a\0 
ixhoyk’ and (=) and (5) 


(1 —@)r-Pfle\(a+ 6h). 


+ R,, 


Taylor 


are to be taken as unity; |R,,| is equal to or 
less than the numerically greatest value of 
all the nth partial derivatives, multiplied by 
(jx-—a\|+|y—5|)". Explicitly, 


_ d 81" £(Xns Yn) 
R,= |-a) 2 +(y-B) al err as 


for certain x, and y, such that 
X,=at Ox—a), y,=b+ O(y—b), 


where 0<@<1. If an unlimited (infinite) 
number of terms of the form used above 
is taken [it being necessary that all the 
partial derivatives of f(x, y) exist] the re- 
sult is a Taylor’s series in two variables. 
The series represents the function from 
which it was derived if, and only if, the re- 
mainder approaches zero as the number of 
terms becomes infinite. Similarly, Tay- 
lor’s theorem and series can be extended to 
any number of variables. Taylor’s theo- 
rem is also called TAYLOR’S FORMULA, and 
sometimes the EXTENDED Of GENERALIZED 
mean value theorem, although the latter 
two are sometimes used for the second 
mean value theorem. See LAURENT— 
Laurent series. 


TCHEBYCHEFF. Tchebycheff net of 
parametric curves on a surface. See PARA- 
METRIC—equidistant system of parametric 
curves on a surface. 

Tchebycheff’s differential equation. The 
differential equation 


yn FY _ D 
ee dx? dx 

Tchebycheff’s inequality. Let x be a 
random variable. Then for any non- 
negative real-valued function f(x) and 
every k>0, the probability of f(x)2k Is 
less than or equal to E( f)/k, where E( f) 
is the mean value or mathematical expecta- 
tion of f(x). This general inequality may 
be specialized for particular cases, such as 
in the Bienaymé-Tchebycheff inequality. 

Tchebycheff’s polynomials. The poly- 
nomials defined by 7)(x)=1 and 7,(x)= 
2!-n cos (n arc cos x) for n=1, or by 


+n2y=0, 


(1—2)((1-20x+2)= > T,(x)(20)". 
n=0 
For 122, T,, 1(%) — xT, (x) + 47,,- (x) = 0, 
while T>—x7T,+47 = —4 and T,—xTy)=0. 
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T,(x) is a solution of Tchebycheff’s dif- 
ferential equation. Also, 


(x2—1)'/2 0 dn(x2—1)r-'e 
1-3---(2n—1) dxn 


T,(x) 1s sometimes defined as 2”-! times 
the above value. See JAcosi—Jacobi’s 
polynomials. 

Tchebycheff’s theorem. (Siatistics.) Let 
X1, X2,X3,°°- be any random variables, 
and let m, and a, be the mean and standard 
deviation of x,. Ifo, —>0asn— o, then 
the probability of (|x,—m,|>«) tends to 
zero for any «>0, asn—>oo. E.g., if 
x; is the mean of a random sample of i 
items from a population, the probability 
that the sample mean will diverge from the 
mean of the population by an amount in 
excess of « tends to zero as the size of the 
sample increases. Also called the LAW OF 
LARGE NUMBERS. 


T, (x)= 21-" 


TEM’PO-RAR’Y, adj. temporary annuity. 
See ANNUITY. 

temporary life insurance. Same as TERM 
LIFE INSURANCE. See INSURANCE—life 
insurance. 


TEN, 7. ten’s place. See PLACE—place 
value. 


TEN’SION, n. Any force which tends to 
extend a body lengthwise, in contrast to a 
compression which is a force that tends to 
shorten or compress it. A weight hanging 
on a cord causes a fension in the cord, while 
a weight resting on a stool causes a com- 
pression in the legs of the stool. 

modulus in tension. See HOOKE’S LAW 
and MODULUS—Young’s modulus. 


TEN’SOR, adj., n. An abstract object 
having a definitely specified system of com- 
ponents in every coordinate system under 
consideration and such that, under trans- 
formations of coordinates, the components 
of the object undergo a transformation of a 
certain nature. Explicitly, let 
Apart 

be one of a set of functions of the variables 
x' (i=1, 2,---+,m), where each index can 
take on the values 1, 2,--- and the num- 
ber of superscripts is r, the number of sub- 
scripts s. Then these n't’ quantities are 


Tensor 
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the x-components of a tensor of order r+, 
provided its components in any other 
system 

x G=1,2,-++, 7) 


are given by 


‘pq...t — yabs'd 
A fom Aleph ee ag 


where the summation convention is to be 
applied to the indices a, b,...,d and e,f, 

--,h. (See SUMMATION—summation con- 
vention.) Such a tensor is said to be con- 
travariant of order r and covariant of order s. 
The superscripts are called contravariant 
indices, the subscripts covariant indices. 
See contravariant tensor and covariant ten- 
sor (below) for examples of tensors. When 
it is desired to distinguish between an 
abstract object of the above type whose 
domain of definition is a single point (in 
each coordinate system) and one whose 
domain of definition is a region, it is 
customary to call the former a tensor and 
the latter a tensor field. The above is also 
called an absolute tensor field to distinguish 
it from a relative tensor field. A scalar field 
or invariant is a tensor field which is contra- 
variant and covariant of order zero (i.e., it 
has only one component, and this has the 
same value in all coordinate systems). See 
below, relative tensor field of weight w. 

addition and subtraction of tensors. The 
sum of two tensors Ajiije and Bjt::.j0, 
which have the same number of contra- 
variant indices and the same number of 
covariant indices, is the tensor 


i a aa i a | i ee | 
Tj} ..jo= Apt. je + Bjt...jP, 


and their difference is the tensor 
Spuje=s App — Byun. 
associated tensors. A tensor is said to 
be associated with the tensor Tit:::jp if it 
can be obtained from Tyhisyp by raising or 
lowering any number of the indices by 
means of a series of inner multiplications of 
the form gi?7ji...2..;, or re aoe 
where g;; is the fundamental metric tensor 
and g' is I/g times the cofactor of g,, in 
the determinant g which has g;, in the ith 
row and jth column. 


components of the stress tensor. See 
COMPONENT. 


composition (or inner multipiication) of 


tensors. See INNER—inner product of 
tensors. 

contraction of a tensor. See CONTRAC- 
TION. 


contravariant tensor. A tensor which 
has only contravariant indices. If there 
are r indices, it is said to be a contravariant 
tensor of order r. If the variables are 
x}, x2, x3, the differentials dx!, dx*, and dx} 
are the components of a contravariant 
tensor of order one (i.e., a contravariant 
vector), since 
= dxi 
Ox] 
ox’! 
axl 


for i=1, 2, or 3. 


dx" = 


ox’ ox’ 
ieiaputacd Pais 3 
dx +a dx +53 dx}, 


covariant tensor. A tensor which has 
only covariant indices. If there are s in- 
dices, it is said to be a covariant tensor of 
order s. The gradient of a function is a 
covariant tensor of order one (i.e., a co- 
variant vector). If the function is 


f(x, x2, x°), 


the components of the tensor are 


Ff (=1,2,3), 


ox! 
and we have 
f _ fox! 
Ox axJi ex’ 
_ Of dx! of ax? Of ax} 


~ Ox! Oxi" Ox2 Axi” Ax3 Oxi 

covariant and contravariant derivatives 
of a tensor. See COVARIANT and CONTRA- 
VARIANT. 

divergence of a tensor. See DIVERGENCE. 

Einstein tensor. See RICcI—Ricci tensor. 

fundamental metric tensor. See RIEMANN 
—Riemannian space. 

mixed tensor. A tensor which has both 
contravariant and covariant indices. 

multiple-point tensor field. A generalized 
tensor field whose components depend on 
the coordinates of two or more points. 
E.g., the distance (say in the Euclidean 
plane) between two variable points in the 
plane is a two-point scalar field. 

numerical tensor. A tensor which has 
the same components in all coordinate sys- 
tems. The Kronecker delta 5: and the 
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generalized Kronecker delta are numerical 
tensors. 

product of tensors. The product of two 
tensors Aficin and Bui is the tensor 
Citing ho AGL in Bi tp, This is also 
called the outer product. See InNNER—inner 
product of tensors. 

relative tensor field of weight w. Its 
definition differs from that of a tensor field 


by the presence of the Jacobian to the 


wth power as a factor in the right-hand 
side of the transformation law of the com- 
ponents of the tensor field. A _ relative 
tensor field of weight 1 is called a tensor 
density. The epsilon symbol eé1'2""in is a 
tensor density. The components of a 
scalar field of weight one (a scalar density) 
are related by 


ox! 
ox 


S40 : ox! 
§(x}, see, a= s(x}, eee x"), 


If ¢;; are the components of a covariant 
tensor field and if r=|f,;| is the n-rowed 
determinant with element ¢;; in the ith row 
and jth column, then V7 is a scalar 
density. 

Ricci tensor. See RICCI. 

Riemann-Christoffel curvature tensor. 
See RIEMANN. 

skew-symmetric tensor. When the inter- 
change of two contravariant (or covariant) 
indices changes only the sign of each 
component, the tensor is said to be skew- 
symmetric with respect to these indices. A 
tensor is skew-symmetric if it is skew- 
symmetric with respect to every two contra- 
variant and every two covariant indices. 

strain tensor. See STRAIN. 

symmetric tensor. When the relative 
position of two or more contravariant (or 
covariant) indices in the components of a 
tensor is immaterial, the tensor is said to 
be symmetric with respect to these indices. 
A tensor is symmetric if it is symmetric 
with respect to every two contravariant 
and every two covariant indices. 

tensor analysis. The study of objects 
with components possessing characteristic 
laws of transformation under transforma- 
tion of coordinates. The subject is inti- 
mately connected with the various Rie- 
mannian and non-Riemannian geometries, 
including the theory of surfaces in Euclid- 
ean and non-Euclidean spaces. 


tensor density. See above, relative tensor 
field of weight w. 
tensor field. See above, TENSOR. 


TERM, adj.,n. (1) A term of a fraction is 
the numerator or denominator of the 
fraction (see LOWEST—fraction in lowest 
terms). A term of a proportion is any one 
of the extremes or means. See PROPORTION. 
(2) A term of an equation or an inequality is 
the entire quantity on one (or the other) 
side of the sign of equality or inequality. 
Member is better usage. (3) For an expres- 
sion which is written as the sum of several 
quantities, each of these quantities is called 
a term of the expression, e.g., in xy2+ 


, x+1 
y sin gag a y), the terms are xy?2, 


y sin x, = and —(x+y). 
polynomial x?—5x—2, the terms are x2, 
— 5x, and —2; in x2+(x+ 2)—5S, the terms 
are x*, (x+2), and —5. A constant (or 
absolute) term is a term which does not 
contain any of the variables. An algebraic 
term is a term containing only algebraic 
symbols and numbers; e.g., 7x, x2+ 3ay, 
and V3x2+y. An algebraic term is 
rational and integral if the variable (or 
variables) do not appear under any radical 
sign, in any denominator, or with fractional 
or negative exponents. The terms 2xy and 
2x2y2 are rational and integralin x andy. A 
term which is not algebraic is said to be tran- 
scendental. Examples of transcendental 
terms are trigonometric terms, which con- 
tain only trigonometric functions and 
constants (sometimes a term Is called trigo- 
nometric when it contains algebraic factors, 
also); exponential terms, which contain the 
variable only in exponents (sometimes 
terms are called exponential when they 
contain both exponential and algebraic 
factors); logarithmic terms, which contain 
the variable or variables affected by loga- 
rithms, such as log x, log(x+1) (some- 
times terms are called logarithmic when 
they contain algebraic factors also, as 
x2 log x). Like (or similar) terms are 
terms that contain the same unknowns, 
each unknown of the same kind being 
raised to the same power; 2x2yz and 5x2yz 
are like terms. (4) In finance, term means 
a period of time (see ANNUITY). 


In the 
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general term. A term containing pa- 
rameters in such a way that the parameters 
can be given specific values so that the 
term itself reduces to any special term of 
some set under consideration. See BINO- 
MIAL—binomial theorem. The general 
term in the general algebraic equation of 
the nth degree apx"+a,x"-14 ---+4, 
=(Q would be written a,x"? (i=0, +++, n). 

term life insurance. See INSURANCE—life 
insurance. 


TER’MI-NAL, adj. terminal form of 
commutation columns. See COMMUTATION 
—commutation tables. 

terminal side of an angle. See ANGLE. 


TER’MI-NAT‘ING, adj. Coming to an 
end; limited; expressed in a finite number 
of figures or terms. £.g., the decimal 3.147 
is a terminating decimal, while the repeating 
decimal 7.414141 --- is nonterminating. 
Infinite sequences and series are nontermi- 
nating. 

terminating continued fraction. See FRAC- 
TION—continued fraction. 

terminating plan of building and loan 
association. See BUILDING—building and 
loan association. 


TER’NA-RY, adj. ternary representation 
of numbers. Writing numbers with the 
base 3 (see BASE—base of a system of 
numbers). E.g., the number 383% in the 
decimal system would be 1102.012 when 
written with base 3. 


TER-RES’TRI-AL, adj. terrestrial tri- 
angle. A spherical triangle on the earth’s 
surface (considered as a sphere) having for 
its vertices the north pole and two points 
whose distance apart is being found. 


TES’SER-AL, adj. tesseral harmonic. 
See HARMONIC—surface harmonic. 


TET’RA-HE’DRAL, adj. tetrahedral an- 
gle. A polyhedral angle having four faces. 
See ANGLE—polyhedral angle. 
tetrahedral surface. A surface admitting 

parametric representation of the form 

x= A(u—a)*(v—a), 

y= Blu— b)*(v—b), 

z= C(u—c)*(v—c)8, 


where a, b, c, A, B, C, «, and f are con- 
stants. 


TET’RA-HE’DRON, 7. A __ four-faced 
polyhedron. Syn. Triangular pyramid. A 
regular tetrahedron is a tetrahedron having 
all of its faces equilateral triangles. See 
POLYHEDRON. 


THE’O-REM, zn. (1) A general conclusion 
proposed to be proved upon the basis of 
certain given hypotheses (assumptions). 
(2) A general conclusion which has been 
proved. See BINOMIAL—binomial theorem, 
FUNDAMENTAL—fundamental theorem of 
algebra, fundamental theorem of the inte- 
gral calculus, IMPLICIT—implicit function 
theorem, MEAN—mean value theorems, etc. 


THE’O-RY, 1. The principles concerned 
with a certain concept, and the facts postu- 
lated and proved about it. 

function theory. The theory of functions 
of a real variable, the theory of functions 
of a complex variable, etc. 

group theory, or theory of groups. See 
GROUP. 

linear theory. See ELASTICITY. 

number theory, or theory of numbers 
(elementary). The study of integers and 
relations between them. 

theory of equations. The study of 
methods of solving and the possibility of 
solving algebraic equations, and of the re- 
lation between roots and between roots and 
coefficients of equations. 


THE’TA, n. The eighth letter (©, 0, 3) of 
the Greek alphabet. 

theta functions. Let g=e7!7, where 7 is a 
constant complex number whose imaginary 
part is positive. The four theta functions 
(usually written without explicitly indicat- 
ing the dependence on 7) are 


I(z)=2> (— Ir get? sin (n+ 1)z, 
0 
9(z)=2> g"/2) cos (2n+ 1)z, 
0 
3(z)=14+ 2> gq” cos 2nz, 
if 


B4(z)= 14+ 2 (—1)" q” cos 2nz. 
I 
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Topological 


Other notations are also used for these 
functions (e.g., # for ®, and o(7z) for 
B(z)). It can be shown that #,(z)= 
— (z+ 42) = (— ig) /4e!2)0,(z2 +404 407) = 
(— ig'/se'7)94(z +47). Each of the theta 
functions satisfies a relation analogous to 


B4(z +7) = B4(z) = (— ge2!2)3.4(z+ 77), 


and are said to be quasi doubly-periodic. 
The theta functions are entire functions. 


THOU’SAND, n. Ten hundred (1000). 


THREE, adj., n. rule of three. The rule 
that the product of the means of a propor- 
tion equals the product of the extremes (see 
PROPORTION). This rule enables one to 
find any one of the numbers of a proportion 
if the other three are given. If 3/x=2/5, 
then 2x=15 and x=7}3. 

three-circle theorem. See HADAMARD. 

three-dimensional geometry. The study 
of figures in three (as well as two) dimen- 
sions. See GEOMETRY—solid geometry, 
and DIMENSION. 

three-point form of the equation of a 
plane. See PLANE—equation of a plane. 

three-point problem: Given three collinear 
points, A, B, C, with the distances AB and 
BC known, and a fourth point S, with the 
angles ASB and BSC known, to find the 
distance SB. This is the problem of finding 
the distance from a ship S to a point Bon 
the shore. 


TIME, adj., n. Continuous existence as 
indicated by some sequence of events, such 
as the hours indicated by a clock or the 
rotation of the earth about its axis; the 
experience of duration or _ succession. 
Mean solar time (or astronomical time) is 
the average time between successive pas- 
sages of the sun over the meridian of a 
place, the time that would be shown by a 
sun dial if the sun were always on the 
celestial equator (in the plane of the earth’s 
equator) and moving at a uniform rate. 
Apparent solar time is the time indicated by 
the sun dial, which divides each day into 
24 hours; the hour-angle of the apparent 
or true sun (see HOUR) plus 12 hours. 
The hours are not exactly the same length, 
owing to the inclination of the earth’s axis 
to the plane of the ecliptic (the plane of the 
earth’s orbit) and to the _ eccentricity 
(elliptic shape) of the earth’s orbit. Also 


see SIDEREAL—Sidereal time. Standard time 
is a uniform system of measuring time, 
originated for railroad use in the United 
States and Canada and now in common 
use. The American continent is divided 
into four belts, each extending through 
approximately 15° of longitude, designated 
as Eastern, Central, Mountain, and Pacific. 
The time in each belt is the mean solar time 
of its central meridian. or instance, 
7 a.m. Central Time is 8 a.m. Eastern Time, 
6 a.m. Mountain Time, and 5 a.m. Pacific 
Time. Tech, Standard time is the mean 
solar time of a standard meridian, a 
meridian whose longitude differs by a 
certain multiple of 15° from the longitude 
at Greenwich, 15° being equivalent to one 
hour. 

time discount. See DISCOUNT—time dis- 
count. 

time rate. See SPEED and VELOCITY. 

time series. Data taken at time inter- 
vals, such as the temperature or the rain- 
fall taken at a certain time each day for a 
succession of days. 


TON, 2. See DENOMINATE NUMBERS in the 
appendix. 


TON-TINE’, adj. tontine annuity. An 
annuity purchased by a group with the 
benefit of survivorship (i.e., the share of 
each member who dies is divided among 
the others, the last survivor getting the en- 
tire annuity during the balance of his life). 

tontine fund. A fund accumulated by 
investments of withheld annuity payments. 

tontine insurance. Insurance in which 
all benefits except those due to death, in- 
cluding such as dividends and cash sur- 
render values, are allowed to accumulate 
until the end of a certain period and then 
are divided among those who have carried 
this insurance throughout the period. 


TOP’O-LOG’I-CAL, adj. linear topo- 
logical space. See VECTOR—vector space. 
topological group. An abstract group 
which is also a topological space and in 
which the group operations are continuous. 
Continuity of the group operations means 
that, for any elements x and y, (1) if Wisa 
neighborhood of xy, then there exist 
neighborhoods U and V of x and y such 
that uv belongs to W if uv and v belong to U 


Topological 


Topology 


and V, respectively ; (2) if Vis any neighbor- 
hood of x~! (the inverse of x), then there 
exists a neighborhood U of x such that u7! 
belong to V if u belongs to U. The set of 
all real numbers is a topological group, as 
is also the group of all nonsingular square 
matrices of a certain order with multipli- 
cation as the group operation and a neigh- 
borhood of a matrix A as the set of all 
matrices B such that the norm of A—B is 
less than some fixed number e. 

topological manifold. See MANIFOLD. 

topological property. Any property of a 
geometrical figure A that holds as well for 
every figure into which A may be trans- 
formed by a topological transformation. 
Examples are the properties of connected- 
ness and compactness, of subsets being open 
or closed, and of points being /imit points. 

topological space. A set JT such that 
each of the members (elements or points) 
has associated with it a system of subsets, 
called neighborhoods, such that: (1) a 
point belongs to each of its neighborhoods; 
(2) for any two distinct points x and y of 
T there exist neighborhoods U and V of 
x and y, respectively, such that no point 
of T belongs to both U and V; (3) if neigh- 
borhoods U and V both contain the point 
x, then there exists a neighborhood W of x 
such that all points of W are in both U 
and V. This is called a Hausdorff (or T>) 
topological space. If in place of (2) it is 
only required that there exist a neighbor- 
hood U of x not containing y, the space is 
a Fréchet (or T,) topological space; if it is 
required that there exist either a neighbor- 
hood of x not containing y or a neighbor- 
hood of y not containing x, the space is a 
To topological space. The most general 
topological space is obtained by omitting 
(2), this definition then being equivalent 


to T having associated with it a system of. 


subsets (of 7), called open sets, having the 
properties: (1) the sum of any number of 
open sets is open; (2) the intersection of a 
finite number of open sets is an open set. 
The plane is a topological space if neigh- 
borhoods are taken as the interiors of 
circles in the plane, or as the interiors of 
squares. Other examples are metric spaces 
and Hilbert space, if neighborhoods are 
defined as the interiors of spheres (i.e., as 
sets of all points at less than some fixed 
distance from some given point). 


topological transformation. A  one-to- 
one correspondence between the points of 
two geometric figures A and B which is 
continuous in both directions; a one-to-one 
correspondence between the points of A 
and B such that open sets in A correspond 
to open sets in B, and conversely (or analo- 
gously for closed sets). If one figure can 
be transformed into another by a topologi- 
cal transformation, the two figures are said 
to be topologically equivalent. Continuous 
deformations are examples of topological 
transformations (see DEFORMATION). Any 
two “‘knots’” formed by looping and inter- 
lacing a piece of string and then joining the 
ends together are topologically equivalent, 
but cannot necessarily be continuously 
deformed into each other. Syn. Homeo- 
morphism. 


TO-POL’O-GY, n. That branch of geom- 
etry which deals with the topological 
properties of figures. Combinatorial topo- 
logy is the branch of topology which is the 
study of geometric forms by decomposing 
them into the simplest geometric figures 
(simplexes) which adjoin each other in a 
regular fashion (see COMPLEX—simplicial 
complex, and SURFACE). Algebraic topology 
includes the fields of topology which use 
algebraic methods (especially group theory) 
to a large extent (see HOMOLOGY— 
homology group). Point-set topology is the 
study of sets as accumulations of points (as 
contrasted to combinatorial methods of 
representing an object as a union of simpler 
objects) and describing sets in terms of 
topological properties such as being open, 
closed, compact, normal, regular, connec- 
ted, etc. 

topology of a space. The set of all open 
subsets of the space (the space must be a 
topological space). A set can be assigned a 
topology by specifying a family of subsets 
with the properties that any union and any 
finite intersection of members of the family 
is a member of the family. A given set of 
objects together with a topology is a 
topological space (see TOPOLOGICAL— 
topological space). For a normed linear 
space, the topology defined by the norm is 
sometimes called the strong topology to 
distinguish it from the weak topology (see 
WEAK—weak topology). 

uniform topology. Sce UNIFORM. 


Torque 


TORQUE, n. See MOMENT—moment of 
force. 


TOR’SION, adj., n. geodesic torsion. See 
GEODESIC. 

torsion coefficients of a group. If G isa 
commutative group with a finite set of 
generators, then G is a Cartesian product of 
infinite cyclic groups F\, F>,---, F,, and 
cyclic groups AH, H>,-:--, A, of finite 
order. The number m and the orders r,, ro, 
-- +r, Of H,, H2,---, H, form a complete 
system of invariants. The numbers r, ro, 
- ++) r, are called torsion coefficients of G (G 
is said to be torsion free if 7=0). 

torsion of a space curve at a point. If P 
is a fixed point, and P’ a variable point, on 
a directed space curve C, As the length of 
arc on C from P to P’, and Ad the angle 
between the positive directions of the bi- 
normals of C at P and P’, then the torsion 
1/r of C at P is defined, to within sign, by 
1/7= hm + AY. The sign of 1/7 is chosen 

As—>0 As 

so that we have dy/ds=f/r. See FRENET- 
SERRET FORMULAS. The torsion may be 
taken as a measure of the rate at which C Is 
turning out of its osculating plane relative 
to the arc length s. We have 


x y 2 


tt af 4/ 


Ijr=—ptx” yp 2 |, 


the primes denoting differentiation with re- 
spect to the arc length. The reciprocal of 
the torsion is called the radius of torsion. 
Some authors use the symbol 7 rather than 
1/7 to denote the torsion. 


TO’RUS, 1. Same as ANCHOR RING. 


TO'TAL, adj. total curvature. See CURVA- 
TURE—total curvature. 
total differential. See DIFFERENTIAL. 


TO’TAL-LY, adj. totally bounded and 
totally disconnected. See BOUNDED—boun- 
ded set of points, and DISCONNECTED—dis- 
connected set. 


TO’TIENT, 7. totient of an integer. Same 
as Euler’s $-function of the integer (see 
EULER—Euler’s ¢-function); the number of 
totitives of the integer. 


Trajectory 


TOT'I-TIVE, n. totitive of an integer. An 
integer not greater than the given integer 
and relatively prime to it (having no factor 
in common with it except unity). Each in- 
teger less than a given prime is a totitive 
of the prime; 1, 3, 5, and 7 are the totitives 
of 8. 


TRACE, 7. trace of a line in space. 
(1) A point at which it pierces a coordinate 
plane. (2) Its projection in a coordinate 
plane; the intersection of a projecting plane 
of the line with the corresponding coordi- 
nate plane. When trace is used in the latter 
sense, the point of definition (1) is called 
the piercing point. 

trace of a matrix. The sum of the ele- 
ments of the principal diagonal (German 
“Spur’’). 

traces of a surface. The curves in which 
it cuts the coordinate planes. 


TRAC’ING, n. curve tracing. See CURVE 
—curve tracing. 


TRAC’ TRIX, ». The involute of a cate- 
nary; a curve the lengths of whose tangents 
are all equal; the path of one end (P in the 
figure) of a rod PQ of fixed length a at- 
tached to a point Q which moves along the 
x-axis from 0 to + ©, the initial position of 
the rod being OA and the rod moving in 
such a way as to always be tangent to the 
path described by P. Its equation is 


x=alo 


+ 4/92 — y2) 


TRA-JEC’TO-RY, n. (1) The path of a 
moving particle or a_ celestial body. 
(2) A curve which cuts all curves (or sur- 
faces) of a given family at the same angle. 
An orthogonal trajectory is a curve which 
cuts all the members of a given family of 
curves (or surfaces) at right angles. (3) A 
curve or surface which fits some given law 


Trajectory 


such as passing through a given set of 
points. 


TRAN’SCEN-DEN’TAL, adj. 
dental curves. 
functions. 

transcendental functions. Functions 
which cannot be expressed algebraically in 
terms of the variable (or variables) and 
constants. Contains terms involving trig- 
onometric functions, logarithms, exponen- 
tials, etc. Tech. A transcendental func- 
tion is any function which is not an 
algebraic function. An entire function is 
transcendental if it is not a polynomial. 
See FUNCTION—algebraic function. 

transcendental number. See IRRATIONAL 
—irrational number. 


transcen- 
Graphs of transcendental 


TRANS-FI'NITE, adj. transfinite induc- 
tion. The process of reasoning that, if 
some theorem is true for the first element 
of a well-ordered set S, and the theorem is 
true for an element a of S if it is true for 
each element preceding a, then the theorem 
is true for every element of S. This 
principle follows from the property of well- 
ordered sets that each nonnull subset has 
a first element. Thus the set of all elements 
for which the theorem is not true has a 
first element if it has any. See ORDERED— 
well-ordered set, and ZORN—Zorn’s lemma. 

transfinite number. A cardinal or ordi- 
nal number which is not an integer. See 
CARDINAL. 


TRANS-FORM’, 7. transform of an ele- 
ment of a group. The transform of an 
element A by an element X is the element 
B=X-!AX. The set of all transforms of 
A by elements of the group is the set of con- 
jugates of A and is a conjugate set (or 
class) of elements of the group. The set 
of different subgroups obtained by trans- 
forming a given subgroup by all the ele- 
ments of the group is a conjugate set of 
subgroups; any two of these subgroups are 
conjugate to each other. See GRoup, and 
INVARIANT—invariant subgroup. 

transform of a matrix. A matrix B 
related to a given matrix A by B=P-!AP, 
where P is a nonsingular matrix. 


TRANS-FOR-MA’TION, adj., n. A pas- 
sage from one figure or expression to an- 


Transformation 


other, as: (1) the changing of one algebraic 
expression to another one having different 
form (e.g., see below, congruent transfor- 
mation); (2) the changing of an equation 
or algebraic expression by substituting for 
the variables their values in terms of an- 
other set of variables; (3) a correspondence 
or mapping of one space on another or on 
the same space [e.g., see LINEAR—linear 
transformation (2)]. 

affine transformation. See AFFINE. 

adjoint transformation. See ADJOINT. 

collineatory transformation. (1) A non- 
singular linear transformation of (n—1)- 
dimensional Euclidean space of the form 


n 
yi=>. ayjxj i=1,2,---, 
j=1 


coordinates; a transformation which takes 
collinear points into collinear points. 
(2) A transformation of the form P-!AP 
of a matrix A by a nonsingular matrix P; 
A and B are then said to be similar and 
are transforms of each other. These two 
concepts are closely related. For let the 
coordinates of two points x and y be related 


by y;= pay G= 15.2; 


Bélicdliy 6 y= Ax, where x is thought of 
as a one-column matrix (vector) with ele- 
ments (components) x), X2,---,xX, (and 
likewise for y). If P is the matrix of a 
nonsingular linear transformation, with 
y=Py’ and x=Px’, then Py’=APx’, or 
y’'=P-1\4APx'= Bx’, in the new frame of 
reference introduced by the linear trans- 
formation defined by P. See EQUIVALENT 
—equivalent matrices. Syn. Collineation. 

congruent transformation. A_ transfor- 
mation of the form B=P7AP of a matrix 
A by a nonsingular matrix P, where PT is 
the transpose of P. B is said to be con- 
Eoeat to A. Let the quadratic form 


n) in homogeneous 


-+, nm) or sym- 


OQ= S ajjx;x; be written symbolically as 
i, j=1 

O=(x)A{x}, where (x) is the one-row 

matrix (x,,°-°, X,), {x} is the similar one- 

column matrix, and multiplication is matrix 

multiplication. If 


n 
Xj = > Dis; (i=1,2,-->, n), 
j=1 


or symbolically {x}=P{y}, then 
(x)=(y)PT 


Transformation 


and Q=(y):-PTAP-{y}. Thus the matrix 
A is transformed into a congruent matrix 
under a linear transformation of the 
variables. Every symmetric matrix is con- 
gruent to a diagonal matrix, and hence 
every quadratic form can be changed to a 
form of type 2k;x;* by a linear transforma- 
tion. See DISCRIMINANT—discriminant of 
a quadratic form, and ORTHOGONAL— 
orthogonal transformation. 

conjunctive transformation. See EQUIV- 
ALENT—equivalent matrices. A conjunc- 
tive transformation is related to Hermitian 
forms in the same way that a congruent 
transformation is related to quadratic 
forms except that P? is replaced by the 
Hermitian conjugate of P. See above, 
congruent transformation. Every Her- 
mitian matrix can be made diagonal by a 
conjunctive transformation, and hence 
every Hermitian form can be reduced to 


n 
the form > a;z;z; by a linear transforma- 
i=l 
tion, where a; is real for each i. 
division transformation. Same as LONG 
DIVISION, but rarely used. 


equiangular transformation. Same as 
ISOGONAL TRANSFORMATION. 
Euler’s transformation. See EULER— 


Euler’s transformation. 

factoring of a transformation. See FAC- 
TORIZATION—factorization of a transforma- 
tion. 

Hermitian transformation. See HERMI- 
TIAN—Hermitian transformation. 

homogeneous transformation. A _ trans- 
formation whose equations are algebraic 
and whose terms are all of the same degree. 
Rotation of axes, reflection in the axes, 


stretching, and shrinking are homogeneous . 


transformations. 

homothetic transformation. See SIMILI- 
TUDE—transformation of similitude. 

identical transformation. A_ transfor- 
mation which makes no change in a con- 
figuration (or function); a transformation 
such as x’=x, y’=y. It is trivial in itself 
but is important as the product of a trans- 
formation and its inverse. Syn. Identity 
transformation. See GROUP. 

inverse transformation. The transfor- 
mation which exactly undoes the effect of 
a given transformation. The transforma- 
tion x’=1/x is its own inverse, because 


Transformation 


two reciprocations of a quantity return it 
to its original value. The transformations 
x’=sin x and x=arc sin x’ are inverses of 
each other if the closed intervals [— 47, 47] 
and [—1, +1] are the domain and range of 
sin x, and are the range and domain of arc 
sin x; then sin (are sin x’)=.x’ and arc sin 
(sinx)=x. Tech. If Tis a one-to-one trans- 
formation of a set X onto a set Y, then the 
inverse of J is the transformation 77! 
which maps a point y of Y onto a point x 
of Xif Tmaps x onto y. A transformation 
has an inverse if and only if it is one-to-one. 
However, one speaks of the inverse image 
of a set S in the range of a transformation 
T as the set of all points which map into 
points of S; this inverse image is denoted by 
T-'(S). If 7 is single valued, then 7~-! is 
a one-to-one mapping of the subsets of 
the range of T onto the class of inverse 
images. 

isogonal transformation. See ISOGONAL 
—isogonal transformation. 

linear transformation. 
linear transformation. 

matrix of a linear transformation. See 
MATRIX—matrix of a linear transforma- 
tion. 

normal transformation. See NORMAL. 

orthogonal transformation. See ORTHOG- 
ONAL. 

product of two transformations. The 
transformation resulting from the succes- 
sive application of the two given transfor- 
mations. Such a product may not be 
commutative, i.e., the product may depend 
upon the order in which the transformations 
are applied. E.g., the transformation 
x=x’+aand x=(x’)¢ are not commutative, 
since replacing x by x’+a@ and the new x 
(x’ with the prime dropped) by (x’)? gives 
x=(x’)?+a as the product transformation, 
while reversing the order gives x =(x’+a)?. 

rational transformation. The replace- 
ment of the variables of an equation, or 
function, by other variables which are each 
rational functions of the first. The trans- 
formations x’=x+2, y=y+3 and x’=x2, 
y’=y? are rational transformations. 

reducible transformation. See REDUCIBLE. 

simple shear transformation. A _ trans- 
formation which represents a_ shearing 
motion for which a coordinate axis in the 
plane, or a coordinate plane in space, does 
not move; in a plane, it is a transformation 


See LINEAR— 


Transformation 


Transportation 


of the form x’=x, Y=lx+ y, or xX =ly+x, 
y=\¥. 

symmetric transformation. See SYMMET- 
RIC. 

topological transformation. 
LOGICAL. 

transformation of coordinates. Changing 
the coordinates of a point to another set 
which refer to a new system of coordinates, 
either of the same type or of another type. 
Examples are affine transformations, linear 
transformations, translation of axes, rota- 
tion of axes, and transformations between 
Cartesian and polar or spherical coordi- 
nates. 

transformation group. A set of transfor- 
mations which form a group. Syn. Group 
of transformations. See GROUP, and above, 
product of two transformations, and in- 
verse transformation. 

transformation of similitude. See SIMILI- 
TUDE. 

unitary transformation. See UNITARY— 
unitary transformation. 


See TOPO- 


TRANS‘'IT, 7. (Surveying.) An instru- 
ment for measuring angles. Consists es- 
sentially of a small telescope which rotates 
horizontally and vertically, the angles 
through which it rotates being indicated on 
graduated scales. 


TRAN’SI-TIVE, adj. transitive relation. 
A relation which has the property that if 
A bears the relation to B and B bears the 
same relation to C, then A bears the rela- 
tion to C. Equality in arithmetic is tran- 
sitive, since if A=B and B=C, then 
A=C. A relation which is not transitive is 
intransitive or nontransitive according as 
there does not, or does, exist a set of objects 
A, B, C such that A bears the relation to B, 
B bears the relation to C, and A bears the 
relation to C. The relation of being the 
father of is intransitive, since if A is the 
father of B, and B is the father of C, then A 
is not the father of C. The relation of 
being a friend of is nontransitive, since if A 
is a friend of B, and Bis a friend of C, then 
A may or may not be a friend of C. 


TRANS-LA’TION, adj., . translation of 
axes. Changing the coordinates of points 
to coordinates referred to new axes parallel 


to the old. Used to change the form of 
equations so as to aid in the study of their 
loci; e.g., one may desire to translate the 
axes so that the new origin is on the curve, 
which rids the equation of the constant 
term, or to translate the axes until they are 
coincident with the axes of symmetry when 
these are parallel to the axes, as in the case 
of conics, thus getting rid of the first degree 
terms. Translation formulas are formulas 
expressing a translation of axes analytically. 
In the plane, these formulas are 


x=x'+h, y=y't+k, 


where fA and k are the coordinates of the 
origin of the x’, y’ system with reference to 
the x, y system; i.e, when x’=y’=0, 


x=hand y=k. In space, if the new origin 
has the coordinates (h, k, /) with respect to 
the old axes, and a point has coordinates 
(x’, y’, 2’) with respect to the new axes, and 
coordinates (x, y, z) with respect to the old 
axes, then x=x’+h, y=y’+k, z=2'+1. 

translation and rotation. A transforma- 
tion which both translates and rotates the 
axes. Used, for instance, in the study of 
the general quadratic in x and y to remove 
the xy and x and y terms. The transfor- 
mation formulas are 


x=x’ cos 6—y’ sin 6+h, 
y=x’ sin 0+y’ cos +k, 


where fA and k are the coordinates of the 
new origin relative to the old and @ is the 
angle through which the positive x-axis is 
rotated to be parallel to the positive x’-axis. 

translation surface. See SURFACE—SUI- 
face of translation. 


TRANS’POR-TA’TION, adj., n.  Hitch- 
cock transportation problem. The linear 
programming problem of minimizing the 
total cost of moving ships between ports. 


Transportation 


Trapezoid 


Thus if there are a; ships in port A; (i= 1, 2, 
- ++, n) and it is desired to deliver a total of 
b; of the ships to port B; (j=1, 2,---, m) 


m 
with > aj= > b;, and the cost of moving 
i=1 j=l 


one ship from A; to B; is c;;, then we want 


to choose nonnegative integers x;; that will 
Avm 


minimize > cjjx;;, subject to the con- 
i, j=l 


m n 
straints > xj=a;, > xij=b;. See PRO- 
GRAMMING—linear programming. 


TRANS-POSE’, 7., v. (Algebra.) To 
move a term from one side of an equation 
to the other and change its sign. This is 
equivalent to subtracting the term from 
both sides. The equation x + 2=0 becomes 
x= -—2 after transposing the 2. 

transpose of a matrix. The matrix re- 
sulting from interchanging the rows and 
columns in the given matrix. 


TRANS’‘PO-SI'TION, 7. (1) The act of 
transposing terms from one side of an equa- 
tion to the other. See TRANSPOSE. (2) The 
interchange of two objects; a cyclic permu- 
tation of two objects. See PERMUTATION— 
cyclic permutation. 


TRANS-VER’SAL, adj. (1) A line inter- 
secting a system of lines. See ANGLE— 
angles made by a transversal. (2) See 
TRANSVERSALITY—transversality condition. 


TRANS’ VER-SAL’I-TY, adj. _ transver- 
sality condition (Calculus of Variations). A 
condition generalizing the fact that the 
shortest line segment joining a point 
(x1, ¥;) to a curve C must be orthogonal to 
C at the point (x, y2) where the segment 
meets C. For a curve C with parametric 
equations x= X(t), y= Y(t), the transver- 
sality condition is 


(f— vA IX + hy Y= 9, 


which must be satisfied at the point (x2, y2) 
if the function y=y(x) minimizes the 


integral /= | I(x, ¥, ¥’) dx, where (x1, ¥1) 
x1 


is fixed and (x, y2) is constrained only to 
lie on C. A curve which satisfies the 
transversality condition relative to a curve 


C and an integral J= [° T(x, y, y’) dx and 
x4 


which minimizes this integral for (x, y>) 
on C is called a transversal. See FOCAL— 
focal point. 


TRANS-VERSE’, adj. transverse axis of a 
hyperbola. See HYPERBOLA. 


TRA-PE’ZI-UM, n. A quadrilateral, none 
of whose sides are parallel. 


TRAP’E-ZOID, adj., n. A quadrilateral 
which has two parallel sides. It is some- 
times required that the other sides be non- 
parallel. The parallel sides are the bases 


Trapezoid 


of the trapezoid and the altitude is the 
perpendicular distance between the bases. 
An isosceles trapezoid is a trapezoid in 
which the nonparallel sides are equal. The 
area of a trapezoid is the product of its 
altitude and one-half the sum of the bases, 
written 

(6; +b) 

2 


trapezoid rule. A rule for approximating 
the area between an arc of a curve, a 
straight-line segment, and perpendiculars 
from the extremities of the curve to the 
line segment. The rule is as follows: Divide 


A=h 


the line segment into equal segments and 
draw perpendiculars at each division point 
to intersect the curve, then connect all in- 
tersections of the curve with the perpen- 
diculars (including the bounding perpen- 
diculars), in successive pairs, by straight 
lines. The given area is then approximated 


Trapezoid 


by the sum of the areas of the successive 
trapezoids. The total area of the trape- 
zoids is one-half the sum of the bounding 
perpendiculars (first and last) plus the sum 
of all the intermediate perpendiculars, mul- 
tiplied by the common width of the trape- 
zoids. Syn. TRAPEZOID FORMULA. 


n—1 
area = Et vot Id+ > y:]Ax. 
i=] 


TRE’FOIDL, n. See MULTIFOIL. 


TREND, adj., n. (Statistics.) The general 
drift, tendency, or bent of a set of data; 
such, for instance, as the price of steel over 
a long period of time. Particular data will 
generally fluctuate from the trend. See RE- 
SIDUAL, and LINE—line of best fit. 

trend line. See LINE. 

secular trend. In a time series, the part 
of the variation which is the result of 
slowly changing, long lasting forces. Usu- 
ally characterized by a monotonically in- 
creasing or decreasing function of time. 


TRI’AL, n. uniformity trial. The replica- 
tion of an experiment under the same con- 
trolled condition. Two or more random 
samples from the same population can be 
used for uniformity trials. Also called 
dummy treatments, since the controllable 
conditions of the trial are the same as in the 
other trials. 


TRI’AN’GLE, 7n. (1) The figure formed 
by connecting three points (the vertices) not 
in a Straight line by straight line segments. 


INYO 


Acute Obtuse Scalene 
Isosceles Right Equilateral 


(2) A part (region) of a plane bounded by 
straight-line segments joining three points. 
Six kinds of triangles are illustrated. As 
indicated in the above figures, an acute 
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triangle is a triangle whose interior angles 
are all acute; an obtuse triangle is a triangle 
that contains an obtuse interior angle; a 
scalene triangle is a triangle with no two 
sides equal; an isosceles triangle is a triangle 
with two equal sides (the third side is called 
the base and the angle opposite it the ver- 
tex); a right triangle is a triangle one of 
whose angles is a right angle (the side 
opposite the right angle is called the 
hypotenuse and the other two sides the legs 
of the right triangle); an equilateral triangle 
is a triangle with all three sides equal (it 
must then also be equiangular, i.e., have 
its three interior angles equal). An oblique 
triangle is a triangle which contains no 
right angles. The altitude of a triangle is 
the perpendicular distance from a vertex to 
the opposite side, which has been desig- 
nated as the base. The area of a triangle is 
one-half the product of the base and the 
corresponding altitude. The area is equal 
to one-half the determinant whose first 
column consists of the abscissas of the 
vertices, the second of the ordinates (in the 
same order), and the third entirely of ones 
(this is positive if the points are taken 
around the triangle in counterclockwise 
order). 

astronomical triangle. The spherical 
triangle on the celestial sphere which has 
for its vertices the nearer celestial pole, the 
zenith, and the celestial body under con- 
sideration. See HOUR—hour angle and 
hour circle. 

excenter, incenter, and orthocenter of a 
triangle. See EXCENTER, INCENTER, and 
ORTHOCENTER. 

Pascal’s triangle. See PASCAL. 

pedal triangle. See PEDAL. 

polar triangle. See POLAR—polar tri- 
angle. 

solution of a triangle. See SOLUTION. 

spherical triangle. See SPHERICAL. 

terrestrial triangle. See TERRESTRIAL. 

triangle of plane sailing. The right 
spherical triangle (treated as a plane tri- 
angle) which has for legs the difference in 
latitude and the departure of two places, 
and for its hypotenuse the rhumb line be- 
tween the two places. 


TRI-AN’GU-LAR, adj. Like a triangle; 
having three sides. 


Triangular 


triangular number. ‘See NUMBER—Iri- 
angular numbers. 

triangular prism. A prism with triangu- 
lar bases. 

triangular pyramid. A pyramid whose 


base is a triangle. Syn. Tetrahedron. 


TRI-AN’GU-LA’TION, 7. A triangula- 
tion of a topological space T is a homeo- 
morphism of T onto a polyhedron consisting 
of the points belonging to simplexes of a 
simplicial complex (see COMPLEX—simplicial 
complex). A space ts said to be triangulable 
if it is homeomorphic to a simplicial com- 
plex. E.g., the surface of an ordinary 
sphere is triangulable since it is homeo- 
morphic to the surface of an inscribed 
regular tetrahedron, the homeomorphism 
consisting of projections of points of the 
sphere onto the tetrahedron along radii 
(and of points of the tetrahedron onto the 
sphere along radii). The surface of a 
regular tetrahedron is a simplicial complex 
whose simplexes are triangles. This 
mapping of the tetrahedron onto the sphere 
divides the sphere into four spherical 
triangles corresponding to the four faces of 
the tetrahedron. 


TRIDENT, x. trident of Newton. The 
cubic curve defined by the equation xy= 
ax+bx2+ex+d (a0). It cuts the 
x-axis in 1 or 3 points and is asymptotic to 
the y-axis if d#0. If d=0, the equation 
factors into x=O (the y-axis) and y=ax? 
+bx-+c (a parabola). 


TRIG’O-NO-MET’RIC, adj. inverse trigo- 
nometric function. The multiple-valued 
function whose values for a given value of 
its argument are the numbers (or angles) 
whose trigonometric function is the given 
argument. The inverse sine of x is the 
function whose values for a given value of x 
are the numbers (or angles) whose sine is x. 
The inverse functions of an angle A are 
written either sin’! A, cos! A, tan7! A, 
etc., or arc sin A, arc cos A, arc tan A, etc. 
See VALUE—principal value of an inverse 
trigonometric function, and ARCSINE, ARC- 
COSINE, etc. Syn. Antitrigonometric func- 
tion. The inverse trigonometric curves are 
the graphs in rectangular coordinates of the 
inverse trigonometric functions sin7! x, 
cos"! x, tan“! x, ete.; the graphs of the 
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equations y=sin7—! x, y=cos7! x, y=tan7! 
x,etc. Since these equations may be written 
x=sin y, etc., their graphs are simply 
graphs of the trigonometric functions with 
the positive x-axis and y-axis interchanged, 
or, what is the same, the graphs of the 
trigonometric functions reflected in the line 
y=x. 

trigonometric cofunctions. Trigonome- 
tric functions which are equal when the 
arguments are complementary. The sine 
and cosine are cofunctions, as are also the 
tangent and cotangent, and the secant and 
cosecant, 

trigonometric curves. Graphs of the 
trigonometric functions in rectangular 
coordinates. See sSINE—sine curve, COSINE 
—cosine curve, COTANGENT—cotangent 
curve, TANGENT—tangent curve, SECANT— 
secant curve, and COSECANT—cosecant 
curve. The term trigonometric curve is also 
applied to the graphs of any function 
involving only trigonometric functions, 
such as sin 2x+sin x or sin x+tan x. 

trigonometric equation. An equation that 
states a relation between trigonometric 
functions of the unknown angles (or num- 
bers), such as cos B—sin B=0. 

trigonometric form (representation) of a 
complex number. Same as POLAR FORM. 
See POLAR. 

trigonometric functions. For acute angles, 
the trigonometric functions of the angles 
are certain ratios of the sides of a right 
triangle containing the angle. If A is an 
angle in a right triangle with hypotenuse 
denoted by c, side opposite A by a and side 
adjacent by 5b, the trigonometric functions 
of A are 


They are named, respectively, sine A, co- 
sine A, tangent A, cotangent A, secant A, 
and cosecant A, and written sin A, cos A, 
tan A, ctn A (or cot A), sec A, and csc A. 
Other trigonometric functions not so com- 
monly used are versed sine of A=1-—cos 


B 
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A=versine of A, written vers A; coversed 
sine of A=1—sin A=versed cosine of A, 
written covers A; exsecant of A=sec A 
—1, written exsec A; haversine of A = 4 vers 
A, written hav A. Now let A be any posi- 
tive or negative angle (less than or greater 
than a right angle) described about the 
origin of a system of rectangular coordi- 
nates by a line OP with one end at the origin 
and the other, P, in its final position, 
having the coordinates (b, a), where 5 is 
negative if P is in the second or third 
quadrants and a is negative if P is in the 
third or fourth quadrants. If OP=r, then 


sin Ae, COs A=, tan Paes 
r r b 


b r r 
cin A=-. sec A==— csc A=» 


b 
or 


sin A= (ordinate)/r, 
cos A =(abscissa)/r, 
tan A= (ordinate) /(abscissa), 
ctn A= (abscissa)/(ordinate), 
sec A =r/(abscissa), 
csc A=r/(ordinate), 


and the other functions are defined in terms 
of these as in the case of an acute angle. 
Although each of the above six functions 
has the same algebraic sign in two quad- 
rants, if two functions which are not 
reciprocals are given, the quadrant in 
which the angle lies is uniquely determined; 
e.g., if the sine of an angle is positive and 
the cosine negative, the angle lies in the 
second quadrant. The variation of the 
trigonometric functions as the angle varies 
from 0° to 360° is usually described by 
stating the values for the angles 0°, 90°, 
180°, and 270°, since each function has its 
greatest or least values (or becomes infinite) 
at certain of these points. For the sine 
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they are 0, 1, 0, —1; for the cosine 1, 0, 
—1, 0; for the tangent 0, 0, 0, «; for 
the cotangent, — «©, 0, — ™, 0; for the 
secant, 1, oo, —1, — «©; for the cosecant, 
— 0, 1, co, —1. The signs © and — © 
here mean that the function increases or 
decreases, respectively, without limit as the 
angle approaches the given angle in a 
counterclockwise direction. The opposite 
signs (on ©) would result if the direction 
were clockwise. The following are funda- 
mental relations between the trigonometric 
functions: 


; 1 
sin x=——>» COsx= 5) 
csc x Sec x 


1 sin x 
tan x=——> _ tanx= ’ 
ctn x cCS x 
sin? x+cos? x=1, tan? x+1=sec? x, 
ctn?2 x+ 1=csc? x. 


These can all be derived directly from the 
definitions of the functions and the Pythag- 
orean theorem, and are called the fundamen- 
tal identities, or relations, of trigonometry. 
The latter three are called Pythagorean 
identities. In most fields of mathematics, 
it is customary to speak of trigonometric 
functions of numbers rather than angles. 
A trigonometric function of a number x 
has a value equal to that of the given 
trigonometric function of an angle whose 
radian measure is equal to x. The sine and 
cosine of a number x can also be defined 
by means of the series: 


: x3 x5 

a ay gg 
x2 x4 

cos x=1—s7 +777 °°: 


Then the other trigonometric functions can 
be defined by the above fundamental rela- 
tions. For a complex number z, the sine 
and cosine of z may be defined in terms of 
the exponential function, 


: elZ~—eiz elz4 e lz 
sin z=————>_ cos Z= ——-——> 
2i 2 
or by series, 
ae z> Zz 
sin z= z— 31 + 31 ; 
z2 z4 


The other trigonometric functions of z are 
defined in terms of these in the usual way. 


Trigonometric 
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trigonometric identities. See TRIGONO- 
METRY—identities of plane trigonometry. 

trigonometric integral. An integral in 
which the integrand is a_ trigonometric 
function. 

trigonometric series. A series of the 
form 


Aj t+ (a, cos x +4, sin x) 
+ (a, cos 2x+b, sin 2x)+ --- 
=ag+ X(a, cos nx +b, sin nx), 


where the a’s and b’s are constants. See 
FOURIER—Fourier series. 

trigonometric substitutions. Substitu- 
tions used to rationalize quadratic surds of 
the forms 


Vart—x2, Vx2+a2, Vx2—a?. 


The substitutions x=asinu, x=atanu, 
and x=asecu reduce these surds to 
acos u, asecu, atanu, respectively. The 
quadratic surd Vx2+px+q can always be 
put into one of the above forms by com- 
pleting the square. See INTEGRATION— 
change of variables in integration. 


TRIG’O-NOM’E-TRY, 7. The name 
“trigonometry” is derived from two Greek 
words, combining to mean measurement of 
triangles. While the solution of triangles 
forms an important part of modern 
trigonometry, it is by no means the only 
part or even the most important part. In 
the development of methods for the solu- 
tion of triangles by computation, certain 
trigonometric functions occur (see TRIGONO- 
METRIC). The study of the properties of 
these functions and their applications to 
various mathematical problems, including 
the solution of triangles, constitute the 
subject matter of trigonometry. Trigono- 
metry has applications in surveying, naviga- 
tion, construction work and many branches 
of science. It is particularly essential for 
most branches of mathematics and physics. 
In plane trigonometry, the solution of plane 
triangles is considered; spherical trigo- 
nometry treats of the solution of spherical 


triangles. See various headings under 
TRIGONOMETRY, TRIGONOMETRIC, and 
SPHERICAL. 


half-angle formulas of plane trigono- 
metry. (1) Formulas for the solution of 
plane triangles which give relations be- 
tween the sides and one of the angles of a 


triangle; used in place of the cosine law 
because they are better adapted to calcula- 
tion by logarithms. The half-angle formu- 
las are 


tan $A=r/(s—a), 
tan $B=r/(s— 5), 
tan $C=r/(s—o), 


where A, B, C are the angles of the triangle, 
a, b, c the sides opposite A, B, C, respec- 
tively, s=4(a+b+c), and 


r= V(s—a)(s—b)(s—o)/s. 


(2) See below, identities of trigonometry. 
half-angle and half-side formulas of 
spherical trigonometry. The half-angle 
formulas are formulas giving the tangents of 
half of an angle of a spherical triangle in 
terms of functions of the sides. If a, 6, y 
are the angles, a, b, c, respectively, the op- 
posite sides, and s=}(a+5+c), then 


r 


tan 4a = —————» 
3 sin (s— a) 


where 


_ I= (s—a) sin (s— 6) sin (s—c) 

= sin s : 
Formulas for tan48 and tan4y are ob- 
tained from this formula by a cyclic change 
between a, b,c. The half-side formulas give 
the tangents of one-half of each of the sides 
in terms of the angles. If «, 8, y are the 
angles, a, 6b, c, respectively, the sides 
opposite these angles, and S=4(a+f++y), 
then 


tan 4a= Roos (S— a), 
where 


pe J —cos § 
~ N cos (S'— «) cos (S—) cos (S—y) 
Formulas for tan 46 and 4c are obtained 
by a cyclic change between «, 6 and y. 
identities of plane trigonometry. Equa- 
tions which express relations among 
trigonometric functions that are valid for 
all values of the unknowns (variables) for 
which the functions involved are defined. 
The fundamental relations among the 
trigonometric functions are the simplest 
trigonometric identities (see TRIGONOMETRIC 
—-trigonometric functions). The following 
are some more trigonometric identities : The 
reduction formulas are identities expressing 
the values of the trigonometric functions of 
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angles greater than 90° in terms of functions 
of angles less than 90°. The formulas for 
the sine, cosine, and tangent are: 


sin (90° + A)=cos A, 
sin (180° + A)= Fsin A, 
sin (270° + A)= —cos A, 
cos (90° + A)= F sin A, 
cos (180° + A)= —cos A, 
cos (270° + A)= +sin A, 
tan (90° + A)= Fcot A, 
tan (180° + A)= +tan A, 
tan (270° + A)= ¥cot A, 
where, in each formula, either the upper 
signs, or the lower, are to be used through- 
out. The Pythagorean identities are: 
sin? x+cos? x= 1, 
tan? x+ 1=sec? x, 
1+cot? x=csc? x. 


The addition and_ subtraction formulas 
(identities) are formulas expressing the sine, 
cosine, tangent, etc., of the sum or differ- 
ence of two angles in terms of functions of 
the angles. They answer the need created 
by the fact that functions of sums and 
differences are not distributive; i.e., sin 
(x+y)#sin x+sin y. The most important 
of these formulas are 


sin (x + y)=sin x cos y+cos x sin y, 
cos (x+ y)=cos x cos y#sin x sin y, 
and 


tan x+tan y 


Ve 
tan(xty)=7 Ftan x tan y 


(The upper signs, and the lower signs, are 
to be taken together throughout.) The 
double-angle formulas (identities) are form- 
ulas expressing the sine, cosine, tangent, 
etc., of twice an angle in terms of functions 
of the angle. These are easily obtained by 
replacing y by x in the above addition 
formulas. The most important are 


sin 2x=2 sin x COs x, 
cos 2x=cos? x— sin? x, 
and 
tan 2x=2 tan x/(1 —tan2 x). 


The half-angle formulas (identities) are 
formulas expressing trigonometric func- 
tions of half an angle in terms of functions 
of the angle. They are easily derivable from 
the double angle formulas (with the double 
angle, 2x, replaced by A and x replaced by 
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4A). The most important half-angle 
formulas are 


sin $A = V(1—cos A)/2, 
cos $A = V(1+ cos A)/2, 


and 
tan 4A=sin A/(1+ cos A), 


=(1—cos A)/sin A. 


The product formulas (identities) are the 
formulas 


sin x cos y=4[sin (x+ y)+sin (x— y)], 
cos x sin y=4[sin (x+ y)—sin (x— y)], 

cos x cos y=4[cos (x+ y)+ cos (x—y)], 
sin x sin y=4[cos (x— y)—cos (x+ y)]. 


These can be easily derived from the addi- 
tion and subtraction formulas. 
spherical trigonometry. See SPHERICAL. 


TRI-HE’DRAL, adj., n. A figure formed 
by three noncoplanar lines which intersect 
in a point. A trihedral formed by three 
directed lines is a directed trihedral. The 
trihedral formed by the three axes of a 
system of Cartesian coordinates in space is 
a directed trihedral, called the coordinate 
trihedral. If the three directed lines of a 
directed trihedral are also ordered (i.e., 
designated as the first, second, and third in 
some way), then the directed trihedral is 
left-handed if, when the thumb of the left 
hand extends along and in the positive di- 
rection of the first line, the fingers fold in 
the direction in which the second line could 
be rotated through an angle of 90° (or less 
than 180° if the axes are oblique) about 
the first line to coincide with the third; it is 
right-handed if, when the thumb of the right 
hand extends along and in the positive 
direction of the first line, the fingers fold in 
the direction in which the second line could 
be rotated through an angle of 90° (or less 
than 180° if the axes are oblique) about the 
first line to coincide with the third. A tri- 
rectangular trihedral is a trihedral formed 
by three mutually perpendicular lines. If 
the lines forming a directed trihedral are 
L,, £2, L3, a necessary and sufficient 
condition that the trihedral be trirec- 
tangular is that the value of the determinant 
whose rows are /;, ™,, m3 5, m2, No; and 
l;, m3, n; (in these orders) be equal to +1, 
where /;, 1, 113 [p, m2, N23 and 15, m3, n; 
are, respectively, the direction cosines of 
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the lines L,, L., and L;, the subscripts 
denoting the order in which the lines are 
taken. The positive sign occurs when the 
trihedral is right handed, the negative sign 
when it is left handed, if the coordinate 
axes form a right-handed system. 

moving trihedral of space curves and 
surfaces. The moving trihedral (or tri- 
hedral) of a directed space curve C is the 
configuration consisting of the tangent, 
principal normal, and binormal of C at a 
variable point of C. The moving trihedral 
of a surface relative to a directed curve on 
the surface is defined as follows: For a 
point P of a directed curve C on a surface 
S, let « be the unit vector from P in the 
positive direction of the tangent to C at P, 
let y be the unit vector from P in the 
positive direction of the normal to S at P, 
and let 8 be the unit vector from P in the 
tangent plane to S at P, and such that a, B, y 
have the same mutual! orientation as the x, 
y, zaxes. Then axes directed along the vec- 
tors a, 8, y form the moving trihedral of S 
relative to C. The rotations of the moving 
trihedral of a surface are a certain set of six 
particular functions determining the orien- 
tation of the moving trihedral of the surface, 
but not its position in space. 

trihedral angle. A polyhedral angle hay- 
ing three faces. Two trihedral angles are 
symmetric if they have their face angles 
equal in pairs but arranged in opposite 
order. Such trihedral angles are not super- 
posable. 


TRIL’LION, 7. (1) In the U. S. and 
France, the number represented by one 
followed by 12 zeros. (2) In England, the 
number represented by one followed by 18 
Zeros. 


TRI-NO’MI-AL, 2. A polynomial of three 
terms, such as x*—3x+4+2. 

perfect trinomial square. See SQUARE— 
perfect trinomial square. 


TRI’PLE, adj.,n. Threefold; consisting of 
three. 

number triple. Written (a,b,c). Same 
as the components of a space vector. 
When the vector is localized (has its initial 
point at the origin) the number triple 
denotes the rectangular coordinates of the 
extreme point of the vector. The number 
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triple (a, b, c) can also be used to represent 
any object which can be determined in some 
specified way when three real numbers are 
given; e.g., the point with spherical co- 
ordinates (a, b, c) or the circle with radius a 
and center (8, c). 

triple integral. See INTEGRAL—iterated 
integral, multiple integral. 

triple of conjugate harmonic functions. 
Three functions, x(u, v), y(u, v), z(u, v), har- 
monic in a common domain D and there 
satisfying the relations E=G, F=0. Such 
functions give conformal maps of D on 
minimal surfaces. 

triple root of an equation. A root which 
occurs three times. See MULTIPLE—mul- 
tiple root. 

triple (scalar) product of three vectors. 
The scalar A-(BxC), written (ABC) or 
[ABC]. The dot indicates scalar multipli- 
cation and the cross vector multiplication. 
If A, B, and C are written in the forms 
A=a,i+a,j+ a3k, B= 56,i+ 6,j+ b3k, c= 
Cji+c.j+c3k, the triple scalar product is 
the determinant of the coefficients of i, j, k. 
It is clear from this determinant that any 
cyclic change between the vectors in a triple 
product does not alter its value. The 
numerical value of the product is equal to 
the volume of the parallelepiped of which 
the vectors of the triple product are 
coterminal sides. 


TRI’PLY, adv. Containing a property 
three times; repeating an operation three 
times. 

triply orthogonal system of surfaces. 
See ORTHOGONAL. 


TRI'REC-TAN’GU-LAR, adj. _ trirectan- 
gular spherical triangle. A spherical tri- 
angle having three right angles. 


TRI-SEC’TION, 7. The process of divid- 
ing into three equal parts. 

trisection of an angle. The problem of 
trisecting any angle with straightedge and 
compasses, alone. It was proved impos- 
sible by P. L. Wantzel in 1847. Any angle 
can be trisected, however, in several ways, 
for instance, by the use of a protractor, the 
limagon of Pascal, the conchoid of Nico- 
demes, or the frisectrix of Maclaurin. See 
TRISECTRIX. 


Trisectrix 


Type 


TRI-SEC’TRIX, n. The locus of the equa- 
tion x3+xy*?+ay*—3ax?=0. The curve 
is symmetric with respect to the x-axis, 
passes through the origin, and has the line 
x=—aasanasymptote. It is of interest in 
connection with the problem of trisecting a 
given angle, for if a line having an angle of 
inclination 3A is drawn through the point 
(2a, 0), then the line passing through the 
origin and the point of intersection of this 
line with the trisectrix has an angle of 
inclination A. Also called the trisectrix of 
Maclaurin. 


TRIV’I-AL, adj. trivial solutions of a set of 
homogeneous linear equations. Zero values 
for all the variables, trivial because they are 
a solution of any system of homogeneous 
equations. Solutions in which at least one 
of the variables has a value different from 
zero are called nontrivial solutions. See 
CONSISTENCY—consistency of linear equa- 
tions. 


TRO’CHOID, n. The plane locus of a 
point on the radius of a circle, or on the 
radius produced, as the circle rolls (in a 
plane) on a fixed straight line. If a@ is the 
radius of the rolling circle, b the distance 
from the center of this circle to the point 
describing the curve, and @ the angle (in 
radians) subtended by the arc which has 
contacted the fixed line in getting to the 
point under consideration, then the para- 
metric equations of the trochoid are 


x=a0—bsin@ and y=a—bcos@. 


When 6b is greater than a, the curve has a 
loop between every two arches, nodes at 
6=0,+n7, where 0<6,<z7 and aé,—b 
sin 0, =O; it is then called a prolate cycloid. 
If 5b is less than a, the curve never touches 
the base line; it is then called a curtate 
cycloid (the names prolate and curtate are 
sometimes interchanged). As 5 approaches 
zero, the curve tends to smooth out nearer 
to the straight line described by the center 
of the circle. When b=a the curve is a 
cycloid. 


TROY, adj. troy weight. A system of 
weights having a pound of 12 ounces as its 
basic unit. It is used mostly for weighing 
fine metals. See DENOMINATE NUMBERS in 
the appendix. 


TRUN’CAT-ED, adj. See CONE, DISTRIBU- 
TION, PRISM, PYRAMID. 


TSCHEBYSCHEFF. See TCHEBYCHEFF. 


TURN’ING, adj. turning point. A point 
on a curve at which the ordinates of the 
curve cease increasing and begin decreas- 
ing, or vice versa; a Maximum or minimum 
point. 


TWIST’ED, adj. 
CURVE. 


twisted curve. See 


TWO, adj. two-dimensional geometry. 
The study of figures in a plane. See 
GEOMETRY— plane geometry. 

two-point form of the equation of a 
straight line. See LINE—equation of a 
straight line. 


TYCHONOFF.  Tychonoff space. See 
REGULAR—regular space. 

Tychonoff theorem. See PRODUCT—Car- 
tesian product. 


TYDAC. An imaginary computing 
machine having representative character- 
istics of existing machines. TYDAC is an 
acronym for Typical Digital Automatic 
Computer. 


TYPE, . problem of type. The problem 
of determining the type of a given simply 
connected Riemann surface. See below, 
type of a Riemann surface. 


Type 


type of a Riemann surface. Any simply 
connected Riemann surface can be mapped 
conformally on exactly one of the follow- 
ing: the interior of the unit circle; the 
finite plane (the punctured complex plane, 
excluding the point at infinity); the closed 
complex plane (including the point at 
infinity). In these three cases the surface is 
said to be respectively of hyperbolic, para- 
bolic, or elliptic type. 


U 
UL’TRA-FIL’TER, n. See FILTER. 


UM-BIL’IC, n. Same as UMBILICAL POINT. 


UM-BIL’I-CAL, adj. umbilical geodesic 
of a quadric surface. A geodesic lying on 
the surface S and passing through an um- 
bilical point of 5S. 

umbilical point on a surface. A point ofa 
surface S which is either a circular point 
or a planar point of S. A point of S is an 
umbilical point of S if, and only if, its first 
and second fundamental quadratic forms 
are proportional. The normal curvature of 
S is the same in all directions on S at an 
umbilical point of S&. All points on a 
sphere or plane are umbilical points. The 
points where an ellipsoid of revolution cuts 
the axis of revolution are umbilical points. 
Syn. Umbilic. 


UM’BRA, zn. [p/. umbrae]. The part of the 
shadow of an object from which all direct 
light is excluded. For the sun and the 
earth, the part of the shadow in the cone 
tangent to the earth and sun is in complete 
shadow, and is known as the umbra, while 
the outer region (the penumbra) shades 
from full illumination at A and D, through 
partial illumination at B and C, to com- 
plete shadow at the midpoint. 


UN-BI’'ASED, or UN-BI'ASSED, adj. 
unbiased estimate. See ESTIMATE and 
BIASED. 


Uniform 
unbiased test of hypothesis. See Hy- 
POTHESIS—test of hypothesis. 


UN-BOUND’ED, adj. unbounded func- 
tion. A function which is not bounded; a 
function such that for any number M there 
is a value of the function whose numerical 
value is larger than M. Tech., f is un- 
bounded on the set S if for any number M 
there is a point x,, of S such that |f(x,,)| > 
M. The function 1/x is unbounded on the 
interval O0< x1; tanx is unbounded on 
the interval OS x< 47, 


UN’CON-DI’TION-AL, adj. unconditional 
inequality. See INEQUALITY. 


UN’DE-FINED’, adj. undefined term. A 
term used without specific mathematical 
definition, whatever meaning it has being 
purely psychological; a term which satisfies 
certain axioms, but is not otherwise defined. 


UN’DE-TER’MINED, adj. undetermined 
coefficients. Parameters (unknowns) in- 
serted in terms (usually in algebraic poly- 
nomials) to be determined so as to make 
the terms take certain desired forms. 
E.g., if it is desired to factor x2—3x+2, 
the factors may be taken to be x+a and 
x+b, where a and b are to be determined 
so as to make the product of these two fac- 
tors equal to the original expression; i.e., 


x2+(a+b)x+ ab=x2-3x+4+2, 


whence a+ b= —3 and ab=2, from which 
a=-—1, b=—-2, or a=—-2, b=-—1. See 
PARTIAL—Ppartial fractions. 


U-NI-CUR’SAL, adj. unicursal curve. A 
curve whose equation, /(x, y)=0, and 
some parametric equations x= 6(1), y=¢(t) 
have the same loci, @(t) and (ft) being 
rational functions of f¢. 


U’NI-FORM, adj. uniform acceleration. 
Acceleration in which there are equal 
changes in the velocity in equal intervals 
of time. Syn. Constant acceleration. 

uniform circular motion. Motion around 
a circle with constant speed. 

uniform continuity. For a function de- 
fined on an interval of the real numbers, 
uniform continuity is continuity such that 
it is possible to divide the interval into sub- 


Uniform 


Unique 


intervals such that the greatest numerical 
difference between the largest and the 
smallest values of the function (oscillation 
of the function) in every interval is as small 
as desired. The sine curve is uniformly 
continuous in any interval, while the tan- 
gent curve 1S not uniformly continuous in 
the interval OSx<47, although it is 
continuous in this interval. Tech. A func- 
tion f is uniformly continuous in a given 
interval if for any positive number e there 
exists a number 6 such that | f(x;)—f(x2)| < 
€ whenever |x;—x,|<6, where x, and x, 
are any two numbers in the interval. If the 
interval is closed (if the end points are 
included), then any function which is con- 
tinuous in the interval is also uniformly 
continuous. Let F be a function defined 
on a set S, where S may be a set of real 
numbers, of points in the plane or space, or 
of points in a metric space; let the range of 
F be a set of real numbers, of points in the 
plane or space, or of points in a metric 
space. Then F is uniformly continuous on S$ 
if for any positive number « there exists a 
number 6 such that the numerical distance 
between F(x,) and F(x.) is less than ¢€ 
whenever the numerical distance between 
x, and x2 is less than 6. If S is compact, 
then F is uniformly continuous if it is 
continuous at each point of S. 

uniform convergence of a series. See 
CONVERGENCE. 

uniform convergence of a set of functions. 
Convergence such that the difference be- 
tween each function and its limit can be 
made less than the same arbitrary positive 
number for a common interval of values of 
the argument. Tech. If the set of functions 
is such that each function f; has a limit L,, 
as x approaches xo, then they converge 
uniformly, aS x approaches xo, if for any 
e>0 there can be found a 6 such that 


f(x) —L;| <€ 


for all i, when |x—x9|<5. See Ascou’s 
THEOREM. 

uniform scale. See LOGARITHMIC—loga- 
rithmic coordinate paper. 

uniform speed and velocity. See CON- 
STANT—constant speed and velocity. 

uniform topology. The topology of a 
topological space 7 is said to be a uniform 
topology if there is a family F of subsets of 
the Cartesian product 7x7 such that a 


subset A of T is open if and only if, for any 
x of A, there is a member V of F for which 
the set of all y with (x, y) in Vis a subset of 
A—in addition, the family F must have the 
properties: (i) each member of F contains 
each (x, x) for x in 7; (ii) for each V of F, 
V—! belongs to F(V—! is the set of all (x, y) 
with (y, x) in V); (iii) for each V of F 
there is a V* of F which has the property 
that V contains all (x, z) for which there 
is a y such that (x, y) and (y, z) belong to 
V*; (iv) the intersection of two members of 
F isa member of F; (v) a subset of Tx T is 
a member of F'if it contains a member of F. 
A family of sets which satisfies conditions 
(i)-(v) is said to be a uniformity, or a uni- 
form structure for 7. A family F of subsets 
of Tx T which satisfies (i), (ii), and (iii) is 
sometimes said to be a uniformity (it can be 
shown that the set of all finite intersections 
of members of such a family is a base for a 
uniformity which satisfies (i)-(v), a base B 
of a uniformity U being a subset of U 
which has the property that each member of 
U contains a member of B). A topological 
space with a uniform topology is metrizable 
if and only if it is a Hausdorff topological 
space and its uniformity has a countable 
base. If J is a metric space, then T has a 
uniformity which is the family of all sub- 
sets V of 7x T for which there is a positive 
number e such that V contains all (x, y) for 
which d(x, y)<e. 


U'NI-FORM'I-TY, adj. uniformity trial. 
See TRIAL. 


U’NI-LAT’ER-AL, adj. unilateral sur- 
face. Same as ONE-SIDED SURFACE. See 
SURFACE. 


U’NI-MOD’U-LAR, adj. unimodular ma- 
trix. A square matrix whose determinant 
is equal to 1. 


UN'ION, 7. union of sets. Same as the 
sum of the sets. See suM. 


U-NIQUE’, adj. Leading to one and only 
one result; consisting of one, and only one. 
The product of two integers is unique; the 
square root of an integer is not. 

unique factorization theorem. See FAC- 
TORIZATION. 


Uniquely 


Universal 


U-NIQUE’LY, adv. uniquely defined. A 
concept so defined that it is the only con- 
cept that fits that definition. 


U'NIT, 2. A standard of measurement 
such as an inch, a foot, a centimeter, a 
pound, or a dollar; a single one of a num- 
ber, used as the basis of counting or 
calculating. See COMPLEX—complex unit, 
FORCE—unit of force, and MATRIX. 

unit circle and unit sphere. A circle (or 
sphere) whose radius is one unit (one inch. 
one foot, etc., depending upon what system 
of measurement is being used). The circle 
(sphere) of unit radius having its center at 
the origin of coordinates is spoken of as 
the unit circle (the unit sphere). 

unit fraction. See FRACTION. 

unit square and unit cube. A square 
(cube) with its sides equal to unity (one 
inch, one foot, etc., depending upon what 
system of measurement is being used). 


U'NI-TAR’Y, adj. Undivided; relating to 
a unit or units. 

unitary analysis. See ANALYSIS. 

unitary matrix. See MATRIX. 

unitary space. Same as HERMITIAN VECTOR 
SPACE. See VECTOR—vector space, and 
HILBERT—Hilbert space. 

unitary transformation. (1) A _ linear 
transformation whose adjoint is also its 
inverse. For finite-dimensional spaces, a 
linear transformation, which transforms 
x=(X1, X2,°°°,X,) Into Tx=()1, 2-7, 
yn) for which 


n 
yj=> AjjXj (G= l, 2, we va n), 
j=1 


is unitary if and only if the matrix (q;;) is 
unitary, or if and only if it leaves the 
Hermitian form 
XyXytXoXot 22+ +X, Xp 

invariant. If (x, y) denotes the inner 
product of elements of a Hilbert space H, 
then a transformation TJ of A into A is 
unitary if (Tx, Ty)=(x, y) for each x and y, 
or if Tis an isometric mapping of H into H 
((Tx, Tx)=(x, x) for each x]. A unitary 
transformation is also a normal transforma- 
tion. (2) A unitary transformation of a 
matrix A is a transformation of the form 
P-\AP, where P is a unitary matrix. The 
concepts of unitary transformation of a 


finite-dimensional space and of a matrix 
are related in the same way as for orthogonal 
transformations except that the transpose 
AT is replaced by the Hermitian conjugate 
of A. A Hermitian matrix can be reduced 
to diagonal form by a unitary transforma- 
tion; hence every Hermitian form can be 


ie @) 
reduced to the type D p;x;X; by a unitary 
i=1 
transformation such as described above. 
See ORTHOGONAL— orthogonal transforma- 
tion, and SPECTRAL—spectral theorem. 


UNITED STATES RULE. (Mathematics 
of Finance.) A rule for evaluating a debt 
upon which partial payments have been 
made. The rule is: Apply each payment 
first to the interest, any surplus being de- 
ducted from the principal. If a payment 
is less than all interest due, the balance of 
the interest must not be added to the prin- 
cipal, and cannot draw interest. This is 
the legal rule. 


U'NI-TY, 7. Same as one or 1. 

root of unity. Any complex number z 
such that z”=1 for some positive integer n 
(z is called an nth root of unity). The nth 


roots of unity are the numbers cos (« . 360°) 


+isin (=.360°) for A=0,1,2,---,n—-1 


(see DE MOIVRE—De Moivre’s theorem). 
The set of all mth roots of unity is a group 
with multiplication as the group operation; 
they are ” in number and equally spaced 
around the unit circle in the complex plane. 
A primitive nth root of unity is an nth root 
of unity which is not a root of unity of a 
lower order than n. Primitive roots are 
always imaginary except in the cases n= 1 
and n=2. The primitive square root of 
unity is —1; the primitive cube roots are 


—1+vV3i . 
2 > 
the primitive fourth roots are +i. 


UNIVAC. An automatic digital computing 
machine manufactured by the Sperry Rand 
Corporation. UNIVAC is an acronym for 
Universal Automatic Computer. 


U'NI-VER’SAL, adj. universal quantifier. 
See QUANTIFIER. 


Unknown 


UN-KNOWN’, adj., n. unknown quantity. 
A letter or literal expression whose 
numerical value is implicit in certain given 
conditions by means of which this value is 
to be found. It is used chiefly in connection 
with equations. In the equation x+2= 
4x+5, x is the unknown. In word prob- 
lems, the quantity to be found is called the 
unknown. 


UP’PER, adj. upper bound of a set of 
numbers. See BOUND. 

upper limit of integration. See INTEGRAL 
—definite integral. 


URYSOHN. Urysohn’s lemma. If P and 
Q are two nonintersecting closed sets (in a 
normal topological space 7), there exists a 
real function f(p) defined and continuous in 
T and such that OSf(p)S1 for all p, 
with f(p)=0 for p in P, and f(p)=1 for 
Pin Q. See METRIC—metric space. 

Urysohn’s theorem. See METRIC—metric 
space. 


Vv 


VAL’U-A’TION, n. Act of finding or 
determining the value of. 
valuation of bonds. See BOND. 


VAL’UE, 7. absolute value. See ABSOLUTE 
—absolute value of a real number, 
MODULUS—modulus of a complex number, 
VECTOR—absolute value of a vector. 

accumulated value of an annuity. See 
ACCUMULATED. 

assessed value. See ASSESSED. 

book value. The book value of a bond 
is the purchase price minus the amount 
accumulated for amortization of the 
premium, or plus the amount of the 
accumulation of the discount, according as 
the bond has been bought at a premium or 
discount. When a bond is purchased at a 
premium, each dividend provides both for 
interest on the investor’s principal and for 
a return of part of the premium, the book 
value at a given time being the purchase 
price minus the accumulation of the parts 
of the dividends used for amortization of 
the premium (the book value at maturity is 
equal to the face value). When the yield 


Value 


rate is greater than the dividend rate, the 
bond sells at a discount. The income is 
then greater than the dividend for any 
period, so the difference is added to the 
purchase price of the bond to bring it 
back to par value at maturity. These in- 
creasing values are the book values of the 
bond. The book value of a debt is equal to 
the difference between the face value of the 
debt and the sinking fund set up to pay the 
debt; if the debt is being amortized, the 
book value is the amount which, with 
interest, would equal the amount of the 
debt at the time it is due. The book value 
of depreciating assets (such as equipment) is 
the difference between the cost price and 
the accumulated depreciation charges at 
the date under consideration. 

line value of a trigonometric function. 
A line whose length is numerically equal 
to the value of the function, usually taken 
as the line which is the numerator in the 
definition of the function with the line in 
the denominator drawn of unit length. 
The vertex of the angle is frequently 
placed at the center of a unit circle. 

market value. See MARKET. 

mean value theorems. See headings 
under MEAN. 

numerical value. 
VALUE. 

par value. See PAR. 

permissible value. See PERMISSIBLE. 

place value. See PLACE. 

present value. A sum of money which, 
with accrued interest, will equal a specified 
sum at some specified future time, or equal 
several sums at different times, as in the 
case of the present value (cost) of an an- 
nuity. The present value of a sum of 
money, A,, due in 7 years at interest rate 7 
is, at simple interest, 


P=A,/U+ni). 


Same as ABSOLUTE 


At compound interest, it is 
P=A,/U+i)"=A,0 +i). 
The present value of an ordinary annuity is 


(1+i)"-1 
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where A is the present value, R the periodic 
payment, m the number of periods, and / 
the rate of interest per period. See TABLE 


Value 


vil in the appendix. The present value of an 
annuity due is 


=5 [-+i—(1+i)-"+}], 

principal value of an inverse trigono- 
metric function. For the arc-sine, arc- 
cosine, and arc-tangent, the numerically 
smallest value, the positive angle being 
taken when there are values numerically 
equal but opposite in sign. The principal 
value of arc-cotangent is usually taken in 
the interval O0<arc-cot x<7, but some- 
times in —7/2<arc-cot xS7/2. There is 
no uniformity in definitions of the principal 
values of arc-secx and arc-csc x, the 
most usual choices being OX ySz, or —7 
<y< —4rand0Z)y<4dn, for y=arc-sec x, 
and —47SysS4r, or —7<yS—4a and 
0< ys4n, for y=arc-csc x. For all inverse 
trigonometric functions, the principal values 
of all positive numbers for which the parti- 
cular function has real values then lie in the 
first quadrant. In the case of negative num- 
bers, the principal value of the arc-sine is 
between — 47 and 0; the arc-cosine between 
47 and 7; and the arc-tangent between 
—47 and 0. E.g., the principal value of 
sin-! 4, sin-! (—4), cos-!(—4) and tan"! 
(—1) are, respectively, 47, —37, 47, and 
—ir. 

scrap or salvage value. See SCRAP. 

surrender value of an insurance policy. 
See SURRENDER—Surrender value of an in- 
surance policy. 

value of an expression. The result that 
would be obtained if the indicated opera- 


tions were carried out. The value of V9 is 
3; the value of 


b 
| 2xdx is b*—a?. 


The value of the polynomial x2—5x—7 is 
—1 when x=6. See EVALUATE. 

value of an insurance policy. The differ- 
ence between the expectation of the future 
benefit and the expectation of the future net 
premiums; the difference between the 
accumulated premiums and the accu- 
mulated losses. Syn. Terminal reserve. 

wearing value. Same aS REPLACEMENT 
COST. 


Variance 


VANDERMONDE DETERMINANT. See 
DETERMINANT. 


VAN’ISH, v. To become zero; to take on 
the value zero. 


VAN’ISH-ING, adj. Approaching zero as 
a limit; taking on the value zero. 


VAR’I-A-BIL’I-TY, 1. (Statistics.) Same 
aS DISPERSION. 

measures of variability. The range, 
quartile deviation, average deviation, and 
standard deviation are common usages. 


VAR’I-A-BLE, 1. A quantity which can 
take on any of the numbers of some set, 
such as the set of real numbers, the rational 
numbers, all numbers between two given 
numbers, or all numbers. The set of values 
which a variable may assume is sometimes 
stated explicitly and sometimes only im- 
plied. See FUNCTION. 

chance, random, or stochastic variable. 
See CHANCE—chance variable. 

change of variable in differentiation and 
integration. See CHAIN—chain rule, and 
INTEGRATION—change of variables in inte- 
gration. 

dependent and independent variables. See 
FUNCTION. 

separation of variables. See DIFFERENTIAL 
—differential equation with variables 
separable. 


VAR’I-ANCE, adj., n. The square of the 
standard deviation, denoted by o*. See 
DEVIATION—standard deviation. 

analysis of variance. The statistical 
analysis of the variance of a random vari- 
able to determine if certain factors asso- 
ciated with the variable contribute to that 
variance. Also a method of analyzing dif- 
ferences between means of sets of samples, 
differentiated on the basis of a factor whose 
influence on means of the group is to be 
investigated. For instance, the analysis by 
the Latin square. Here the arrangements 
of data will form a square with one source 
of variability marking the r rows and one 
other source associated with the kA=r 
columns. The third source is assigned at 
random to the various k2 combinations of 
the first two factors with the restriction 
that each value of the third source of varia- 


Variance 


Variation 


SSS es SSE Shs bepcevse 


tion can appear but once in each row and 
column. The analysis of variance yields: 
(1) a measure of the variance due to each 
of the sources of variation; (2) an interac- 
tion which must be used as the error term. 
This interaction cannot be tested for sig- 
nificance. The side of the square should 
usually be between 4 and 10. See BLlock— 
randomized blocks, and VARIANCE—anal- 
ysis of variance. 
variance ratio. 
distribution. 
variance-ratio transformation. The trans- 
formation z= 4 log, (s,2/s22), where s;2 are 
independent estimates of the variance of a 
normal distribution. However, common 
usage is to use the equivalent form F= 
e22=§,2/52, See DISTRIBUTION—F distri- 
bution, and FISHER—Fisher’s z distribution. 


See DISTRIBUTION—F 


VA’RI-ATE, 7. normalized variate. 
(Statistics.) The transformation which 
converts the variate x into a normally 
distributed variate is a normal transforma- 
tion, the new variate being called a nor- 
malized variate. £E.g., if the variate x has 


a Poisson distribution, Vx is approxi- 
mately normally distributed. The sample 
proportions of samples from a binomial 
distribution will be approximately normally 
distributed if the arc-sine of the square root 
of the percentage is used. A distribution 
may be normalized if the variate value is 
converted to the standard deviation score 
which corresponds to the percentile posi- 
tion of the score to be converted. In the 
above, a variate is a random variable 
which is a numerical-valued variable de- 
fined on a given sample space. 


VAR’I-A’TION, 71. (Calculus of Varia- 
tions.) A variation dy(x) of a function y(x) 
is any function dy(x) which is added to y(x) 
to give a new function y(x)+46y(x). The 
name calculus of variations was adopted as 
a result of this notation, introduced by 
Lagrange in about 1760 when comparing 
the value of an integral along an arc with 
its value along a neighboring arc. The 
first variation of an integral 


b / 
I= | f(x, y, y’) dx 
is 
d ; j 
I= =. [ f(x, y+ ed, y+ €¢’) dx), 0, 


if it exists for suitably restricted variations 
d(x) of yx). If d(a=¢(b)=0, then 
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y(x) is said to make J stationary, or J is 
said to have a stationary value, if the first 
variation of J is zero for all admitted vari- 
ations $(x) of y(x) such that d(a)=¢(b) =0, 
a variation (x) being admitted if it satisfies 
certain conditions (e.g., that it be rectifiable, 
or that it have a continuous derivative). A 
necessary condition that y(x) make J have 
a (relative) maximum or minimum is that 
it give a stationary value of J. The nth 
variation 6”/ is given by 


dn fb F 
a aor I f(x, y+ ed, y+’) dx) .—o. 


See CALCULUS—calculus of variations. 
calculus of variations. See CALCULUS. 
coefficient of variation. (Svatistics.) The 

quantity V= 1000/x, where a is the standard 

deviation of the variable x, and x is the 
mean. 

combined variation. One quantity varying 
as some combination of other quantities, 
such as z varying directly as y and inversely 

as X. 
direct variation. When two variables 

are so related that their ratio remains con- 

stant, one of them is said to vary directly 
as the other, or they are said to vary pro- 
portionately; i.e., when y/x=c, or y=cx, 
where c is a constant, y is said to vary 
directly as x. This is sometimes written: 
yor, 

fundamental lemma of the calculus of 
variations. See FUNDAMENTAL. 

inverse variation. When the ratio of one 
variable to the reciprocal of the other is 
constant (i.e., when the product of the two 
variables is constant) one of them is said to 
vary inversely as the other, /.e., if y=c/x, 

or xy=c, y is said to vary inversely as x, 

or x to vary inversely as y. 
joint variation. When one variable varies 

directly as the product of two variables, the 

one variable is said to vary jointly as the 
other two, i.e., when x=kyz, x varies 
jointly as y and z. When x=kyz/w, x is 
said to vary jointly as y and z and inversely 

as w. 
variation of a function in an interval 

(a, b). The least upper bound of the sum of 

the oscillations in the closed subintervals 


A function 


Variation 


(a, x1), (x4, X2), eee, (Xn b) (a<x, <X2< 

- <b) of (a, 5), for all possible such 
subdivisions. A function with finite varia- 
tion in (a, 5) is said to be of bounded varia- 
tion or limited variation in (a, 5). 

variation of a function on a surface. On 
a surface S: x=x(u,v), y=y(u,v), z= 
z(u, v), the rate of change of a given func- 
tion f(u, v) at a point P of S varies with the 
direction from P on S. It vanishes in the 
direction of the tangent to the curve f= 
const., and has its greatest absolute value 
in the direction on S perpendicular to 
f=const.; this latter value is given by 

of\? of of Of \? "12 
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df 
ds 


See SURFACE—fundamental coefficients of 
a surface, and GRADIENT—gradient of a 
function. 

variation of parameters. See DIFFEREN- 
TIAL—linear differential equations. 

variation of sign in an algebraic equation. 
A change of sign between two successive 
terms when arranged in descending order. 
The equation x—2=0 has one variation of 
sign, while x}—x*2+2x—1=0 has three. 
See DESCARTES—Descartes’ rule of signs. 

variation of sign in an ordered set of 
numbers. A change of sign between two 
successive numbers; e.g., the sequence 1, 2, 
— 3, 4, —5, has three variations of sign. 


VEC’TOR, adj.,n. A quantity which has 
magnitude and direction. Its direction is 
defined relative to some fixed directed line 
when it is in a given plane, and relative to 
three fixed directed lines when in space. 
Any set of vectors whose vector sum is a 
given vector are said to be components of 
this vector, although the component of a 
vector in a given direction is understood to 
be the projection of the vector onto a line in 
this direction. If the unit vectors in the 


Vector 


directions of the x, y and z axes are denoted 
by 7,7, and k, then the components parallel 
to the axes are of the form xi, yj, and zk, 
and the vector can be written xi+ yj+ zk, or 
(x,y,z). The vector R=xi+yj+zk is 
shown in the figure. See ACCELERATION, 
FORCE—force vector, VELOCITY, and below, 
vector space. 

absolute value of a vector. The numerical 
length of the vector (without regard to 
direction); the square root of the sum of 
the squares of its components along the 
axes. The absolute value of 2/+3j7+4k 
is “29; in general, the absolute value of 
ait bjt+ck is Va2+b2+c2, Syn. Numeri- 
cal value. 

addition and multiplication of vectors. See 
sUM—sum of vectors, MULTIPLICATION— 
multiplication of vectors. 

contravariant vector field. A contravar- 
iant tensor field of order one. See TENSOR 
—contravariant tensor. 

covariant vector field. A covariant ten- 
sor field of order one. The gradient of a 
scalar field is a covariant vector field, while 
t(x', x2,---, x") 1s locally the gradient of 
some scalar field if the conditions 
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are satisfied for all i and j in a region where 
the partial derivatives of ¢; exist and are 
continuous. See TENSOR—covariant tensor. 

derivative of a vector. See DERIVATIVE— 
derivative of a vector. 

dominant vector. See DOMINANT. 

irrotational vector. See IRROTATIONAL. 

orthogonal vectors. See ORTHOGONAL. 

parallel (contravariant) vector field. See 
PARALLEL—parallel displacement of a vec- 
tor along a curve. 

position vector. A vector from the 
origin to a point under consideration. If 
the point has Cartesian coordinates x, y, 
and z, the position vector is R= xi+ yj+ zk 
(see the illustration under VECTOR). 

radius vector. See POLAR—polar coor- 
dinates, SPHERICAL——spherical coordinates. 

reciprocal systems of vectors. See 
RECIPROCAL, 

solenoidal vector. See SOLENOIDAL. 

vector analysis. The study of vectors, 
relations between vectors, and their appli- 
cations. 


Vector 


Velocity 


vector function of a vector. A _ vector 
F’ = ix’+ jy’ +kz’ is said to be a function of 
F=ix+jy+kz when x’, y’, and z’ are 
functions of x, y, and z. F’ is said to bea 
linear function of F when F’(A+B)= 
F'(A)+F’(B) for all A and B, or when 
x’ =a,x+b, y+ C42, VY =aox+ boy4+ cz, and 
gies ax + b3y+ C3Z, where Qi, b;, and Cc; are 
constants. 

vector potential. See POTENTIAL. 

vector product of vectors. See MULTI- 
PLICATION—multiplication of vectors. 

vector space. (1) A space of vectors, as 
ordinary vectors in three dimensions, or (in 
general) a space of elements called vectors 
described by nm components (x1, X2,° °°, X;,). 
The space is a real vector space if the com- 
ponents are real numbers. The sum of 
vectors x=(Xj, X2,° ++, X,) and y=(1, y2, 
-++, y,) is defined as x+ y=(X1+)1, X2+ Yo, 
-++) X,+y,) and ax as (ax1, AX2,---). The 
scalar product (or inner product or dot 


product) of x and yis > x;y;, and the length 
i=] 


n 1/2 
or norm of the vector x is | > =| . If 
i=] 
the components are complex numbers, then 
the (Hermitian) scalar product of x and y is 


defined as > x;y; and the length or norm 


i=1 


n 1/2 
of x as > Oa . The space is then a 
i=] 
Hermitian vector space (or unitary space). 
The vectors may have an infinite number 
of components, as for Hilbert space. (2) A 
set V of elements, called vectors, such that 
any vectors x and y determine a unique 
vector x+y and any vector x and scalar 
a have a product ax in V, with the proper- 
ties: (1) V is an Abelian group with addi- 
tion as the group operation; (2) a(x+y)= 
ax+ay and (a+ b)x=ax+ bx; (3) (ab)x= 
a(bx) and 1-x=x; properties (2) and (3) 
hold for any vectors x and y and any scalars 
aandb. The scalars may be real numbers, 
complex numbers, or elements of some 
other field. Syn. Linear space, linear 
vector space. A vector space is a linear 
topological space (or topological vector 
space) if it is a topological group and scalar 
multiplication is continuous (i.e., for any 
neighborhood W of a-x there is a neighbor- 
hood U of a and a neighborhood V of x 


such that b-y is in Wif b and y belong to U 
and V, respectively. A vector space is a 
normed vector space (or normed linear space) 
if there is a real number ||x/|| (called the 
norm of x) associated with each ‘“‘vector’ x 
and ||x||>0 if x40, |lax||=a| ||x\l, |Ix+yllS 
|x||+ |lyl|. A normed vector space is also 
a linear topological space. See BANACH 
SPACE and HILBERT SPACE for examples of 
normed vector spaces. Also see BASIS, and 
ORTHOGONAL— orthogonal vectors. 


VEC-TO’RI-AL, adj. vectorial angle. See 
POLAR—polar coordinates in the plane. 


VE-LOC’I-TY, nm. Directed speed. The 
velocity of an object at time ¢ is the limit of 
the average velocity as the time interval 
(At) approaches zero (see below, average 
velocity). Velocity is sometimes called 
instantaneous velocity to distinguish it from 
average velocity. If an object is moving 
along a straight line, its velocity is spoken 
of as linear (or rectilinear) velocity and is 
equal in magnitude to the speed. If an 
object is moving along a curve, its velocity 
is sometimes called curvilinear velocity (its 
direction is that of the tangent to the 
curve, its magnitude the speed of the 
object). Velocity is said to be absolute, or 
relative, according as it is computed relative 
to a coordinate system considered station- 
ary, or relative to a moving coordinate 
system. If the coordinates of a moving 
point are x, y, and z, its position vector is 
R=xi+yj+zk, and its vector velocity is 
AR|dt = (dx/dt)i+ (dy/dt)j + (dz/dt)k. See 
SPEED. 

angular velocity. (1) If a particle is 
moving in a plane, its angular velocity 
about a point in the plane is the rate of 
change of the angle between a fixed line 
and the line joining the moving particle to 
the fixed point. (As far as angular velocity 
is concerned, the particle may as well be 
considered as moving on acircle.) (2) Ifa 
rigid body is rotating about an axis, its 
angular velocity is (is represented by) a 
vector directed along the axis in the direc- 
tion a right-hand screw would advance if 
subject to the given rotation and having 
magnitude equal to the angular speed of 
rotation about the axis (i.e., the number of 
degrees or radians through which the body 
rotates per unit of time). 


Velocity 


average velocity. The difference be- 
tween the position vectors of a body at the 
ends of a given time interval, divided by 
the length of the interval. If R=x(f)i+ 
WOHj+z(Hk is the position vector of a par- 
ticle at time ¢, the average velocity over 
the time interval At is 


x(t+ At)— x(t). 
At : 


y(t + At) — y(t) j 


* At 


z(t+ Ar)—2(2) 

ab sce Sas 7 

At 

or REFAD=~ RO) 
At 

of the average velocities along the x, y, and 

zaxes. See VECTOR. 

constant (or uniform) velocity. See COn- 

STANT—constant speed and velocity. 


» Which is the resultant 


VERSED, adj. versed sine and versed co- 
sine. See TRIGONOMETRIC—trigonometric 
functions of an acute angle. 


VER-SI-E’RA, n. See wITcu. 


VER’TEX, nxn. [p/. vertices]. See ANGLE, 
—polyhedral angle, CONE, CONICAL—conical 
surface, ELLIPSE, HYPERBOLA, PARABOLA, 
PARABOLOID, PENCIL—pencil of lines 
through a point, POLYGON, POLYHEDRON, 
PYRAMID, and TRIANGLE. 

opposite vertex to a side (or vertex) in a 
triangle or polygon. The vertex separated 
from the side (or vertex) by the same num- 
ber of sides in each direction around the 
triangle or polygon, if there is such a 
vertex. 


VER’TI-CAL, adj. vertical angles. Two 
angles such that each side of one is a pro- 
longation through the vertex of a side of 
the other. 

vertical line. (1) A line perpendicular 
to a horizontal line. The horizontal line is 
usually thought of as being directed from 
left to right and the vertical line as being 
directed upward, when they are coordinate 
axes. (2) A line perpendicular to the plane 
of the horizon. (3) A line from the 
observer to his zenith, 7.e., the plumb line. 


Vitali 


VI'BRAT-ING, p. equation of vibrating 
string. The equation 


oy Tory 


Op oe 
where x is the direction in which the string 
is stretched, y denotes displacement, and f 
is the time variable; 7 is the tension in the 
string and p is the density (mass per unit 
length) of the string. The boundary 
conditions are usually taken to be of the 
form y=f(x) at t=O and dy/ér=0 at r=0, 
It is assumed that the string is perfectly 
flexible, that T is constant, and that T is 
large enough that gravity can be neglected 
in comparison with it. 


VI-BRA’TION, 7. A periodic motion; a 
motion which is approximately periodic. 
Syn. Oscillation. See OSCILLATION. 


VIN’CU-LUM, 7. See AGGREGATION. 


VI'TAL, adj. vital statistics. Statistics re- 
lating to the length of life and the number 
of persons dying during certain years, the 
kind of statistics from which mortality 
tables are constructed. 


VITALI. Vitali covering. Let S be a set in 
n-dimensional Euclidean space and J be a 
class of sets such that, for each point x of 
S, there is a positive number a(x) and a 
sequence of sets U;, U2, -- -, which belong 
to J, each of which contains x, and which 
have the properties that their diameters 
approach zero and for each integer n there 
is a cube C,, such that m(U,,) = a(x)m(C,) 
and C,, contains U,, [m(U,,) and m(C,) are 
the measures of U,, and C,,]. Sucha class of 
sets is said to cover S in the sense of Vitali. 

Vitali covering theorem. Let S be a set in 
n-dimensional Euclidean space. The Vitali 
covering theorem states that, if a class J of 
closed sets is a Vitali covering of S, then 
there is a finite or denumerably infinite 
sequence of pairwise disjoint sets belonging 
to J whose union contains all of S except a 
set of measure zero. 

Vitali set. A set of real numbers such 
that no two numbers of the set have a 
difference which is a rational number and 
each real number is equal to a rational 
number plus a member of the set. Such a 
set can be formed by choosing exactly one 


Vitali 


element from each coset of the rational 
numbers, considered as a subgroup of the 
additive group of real numbers. A Vitali 
set is nonmeasurable and an intersection 
of a Vitali set with an interval either is of 
measure zero or is nonmeasurable. See 
SIERPINSKI—Sierpinski set. 


VOLT, n. A unit of measure of electro- 
motive force. (1) The absolute volt is the 
steady potential difference which must exist 
across a conductor which carries a steady 
current of one absolute ampere and which 
dissipates thermal energy at the rate of one 
watt. The absolute volt has been the legal 
standard of potential difference since 1950. 
(2) The International volt, the legal standard 
prior to 1950, is the steady potential dif- 
ference which must be maintained across a 
conductor which has a resistance of one 
International ohm and which carries a 
steady current of one International ampere. 


1 Int. volt = 1.000330 Abs. volts. 


VOLTERRA.  Volterra’s integral equa- 
tions. Volterra’s integral equation of the 
first kind is the equation 


x 
f(x= |" KO, Dv dt, 
and Volterra’s integral equation of the second 
kind is y(x=f(x)+a | * K(x, Oy) dt, in 


which f(x) and K(x, #) are two given func- 
tions, and y(x) is the unknown function. 
The function K(x, f) is called the kernel or 
nucleus of the equation. Volterra’s equa- 
tion of the second kind is said to be 
homogeneous if f(x)=0. For an example, 
see ABEL—Abel’s problem. 

Volterra’s reciprocal functions. Two 
functions K(x, y) and k(x, y; A) for which 


K(x, y)+ k(x, y; =rp k(x, t; A)K(t, y) dt. 


If the Fredholm determinant D(A)#0 and 
K(x, y) 1s continuous in x and y, then 
k(x, y; Ay=— D(x, y; A)/[ADQA)], where 
D(x, y; A) is the first Fredholm minor. If 
g(x) is a solution of 


e@)=S +A” Kx, De dt 
then f(x) is a solution of 


FO=e@)+AY” kx DMO at, 


Ww 


and conversely. The function k(x, y; A) is 
called the resolvent kernel. The above is 
sometimes modified by letting A=1. See 
KERNEL—iterated kernels. 

Volterra’s solution of Volterra’s integral 
equations. If f(x) and K(x, f) are continu- 
ous functions of x inaSx3b and of x and 
¢t in aStSxsb, respectively, then the 
Volterra integral equation of the second 
kind, 


YoO=fa+al” K(x, DO dr, 


has a unique continuous solution given by 
the formula 


Yo=fOD+ |” kOe 5 DFO dt, 


where k(x, y; A) is the resolvent kernel of the 
given kernel K(x, y) and is a continuous 
function of x and ¢ for aStSxb. 
Volterra’s integral equation of the first kind, 


fiy=a | ” K(x, Dy) dt, can be reduced to 


an equation of the second kind by differen- 
tiation, giving 


/ *OK(x, t 
fC)=AK (x, p(x) +A] AP yy at, 
it being assumed that ae exists and is 


continuous. The above is sometimes modi- 
fied by letting A= 1. 


VOL’UME, n. coefficient of volume ex- 
pansion. See COEFFICIENT. 

differential (or element) of volume. See 
ELEMENT—element of integration. 

volume of a solid. The greatest lower 
bound of the sum of the volumes of non- 
overlapping cubes which together com- 
pletely cover the solid, the volume of a cube 
being defined as the cube of the length of 
its sides (see the specific solids for formulas). 
See MEASURABLE—measurable set. 

volumes of similar solids. See SsOLID— 
similar solids. 


VUL’GAR, adj. 
FRACTION. 


vulgar fraction. See 


WwW 


W. W-surface, 7. Same as WEINGARTEN 
SURFACE. See SURFACE. 


Walk 


WALK, n, random walks. See RANDOM. 


WALLIS. Wallis’ formulas. Formulas 
giving the values of the definite integrals 
from 0 to 47 of each of the functions 
sin” x, cos™ x, and sin” x cos” x, for mand 
n any positive integers. 

Wallis’ product for 7. The infinite 
product 


2k-—12k+1 


WARING’S PROBLEM. The problem, 
proposed by Waring, of showing that, for 
any integer vn, there is an integer K(m) such 
that any integer can be represented as the 
sum of not more than K(n) numbers, each 
of which is an mth power of an integer. In 
particular, any integer can be represented 
as the sum of not more than 4 squares, and 
as the sum of not more than 9 cubes. This 
problem was solved by Hilbert (1909). 


WASTING, adj. wasting assets. Same as 
DEPRECIATING ASSETS. 


WATT, nv. A metric unit of measure of 
power; the power required to keep a cur- 
rent of one ampere flowing under a potential 
drop of one volt; about 735 of one horse- 
power (English and American). The inter- 
national watt is defined in terms of the 
international ampere and the international 
volt and differs slightly from the absolute 
watt, which is equivalent to 107 ergs (one 
joule) of work per second. 

watt-hour. A unit of measure of electric 
energy; the work done by one watt acting 
for one hour. It equals 36-10° ergs. 


WAVE, adj. wave equation. The partial 
differential equation 


Gy Grp arb 1 ap 

Ox2 | @y2"z2 ¢2 of 
In the theory of sound, this equation is 
satisfied by the velocity potential (in a 
perfect gas); in the theory of elastic vibra- 
tions, it is satisfied by each component of 
the displacement; and, in the theory of 
electric or electromagnetic waves, it is sat- 
isfied by each component of the electric or 
magnetic (force) vector. The constant c 
is the velocity of propagation of the peri- 
odic disturbance. 


Weak 


wave length of motion as represented by 
trigonometric functions. The period of the 
trigonometric function. See PERIOD— 
period of a function. 


WEAK, adj. weak compactness. A set S 
contained in a normed linear space WN is 
weakly compact provided each sequence of 
elements of S has a subsequence which con- 
verges weakly to a point of S. A Banach 
space has the property that each bounded 
closed subset is weakly compact if and only 
if the space is reflexive. 

weak completeness. A normed linear 
space N is weakly complete provided each 
weakly convergent sequence of elements of 
N is weakly convergent to an element of N. 
A weakly complete normed linear space is 
complete (and is a Banach space). A 
reflexive Banach space is weakly complete, 
but the space /! [of sequences x=(xj, x, 


-++) for which ||x\|=>|x;| is finite] is 


weakly complete and not reflexive. 
weak convergence. A sequence of ele- 
ments x1, X2,:-: of a normed linear space 
N is weakly convergent (or is a weakly 
fundamental sequence) if lim f(x,,) exists for 
each continuous linear functional defined 
on N. If lim f(x,)=/(x) for each f, then 
the sequence is said to converge weakly to x 
(and x is a weak limit of the sequence). A 
continuous linear functional f is a weak* 
limit (or w*-limit) of a sequence f{, fo, --> 
of continuous linear functionals if lim f;(x) 
= f(x) for each x of N. Weak™* is read as 
weak-star. See below, weak topology. 

weak topology. The weak topology of a 
normed linear space N is generated by the 
set of neighborhoods defined as follows: 
For each positive number e, element x of 
N, and finite set /,, fo, -- -,f, of continuous 
linear functionals defined on N, the set U of 
all x for which | f,(x) —f,(%o)| < € for each k 
is a neighborhood of x9. Open sets of the 
topology are then unions of such neighbor- 
hoods. The weak* topology (or w*-topo- 
logy) of the first conjugate space N* of a 
normed linear space N is generated by the 
set of neighborhoods defined as follows: 
For each positive number e, element /o of 
N*, and finite set x), x2, -- -, x, of elements 
of N, the set V of all f for which |f(x,)— 
So(x,,)| < € for each k is a neighborhood of 


Weak 


fo. The unit sphere of N* (the set of all f 
with ||f\|S1) is compact in the weak* 
topology. Fora reflexive Banach space, the 
weak* topology of B* and the weak topo- 
logy of B* are identical. 


WEAR’ING, adj. wearing value of equip- 
ment. The difference between the purchase 
price and the scrap value. Also called 
original wearing value. The difference 
between the book value and scrap value is 
the remaining wearing value. 


WEDDLE’S RULE. An alternative to 
Simpson’s rule for approximating the area 
bounded by a curve y= /(x), the x-axis, and 
the ordinates x=a and x=b. The interval 
(a, b) is divided into 6n equal parts, and the 
formula is 


b-a 
A=>, [Yat 5¥1 + ¥2+ 63+ Yat Sy5 


+Y¥6t ¢+* +5¥6n-1+ Yen. 


See NEWTON—Newton’s three-eighths rule, 
and SIMPSON’S RULE. 


WEIERSTRASS. equations of Weierstrass. 
Integral equations for the coordinate 
functions of all real minimal surfaces in 
isothermic representation: 


v2R | ati) air 
y=R fia + v2)C(u) du, 


Z=R { 2uC(u) du, 


where R denotes the real part of any func- 
tion. £.g., the right helicoid is obtained 
by setting (uv) =ik/2u2, where k is a real 
constant. The equations of Weierstrass 
can be obtained from those of Enneper by 
letting wu and v, and ¢ and yw, be conjugate 
imaginaries. See ENNEPER—equations of 
Enneper. The functions x, y, z are har- 
monic in accordance with a theorem of 
Weierstrass that a necessary and sufficient 
condition for a surface given in isothermic 
representation to be a minimal surface is 
that the coordinate functions be harmonic. 
See SURFACE—surface of Scherk, surface of 
Henneberg, and surface of Enneper. 

theorem of Weierstrass. See above, 
equations of Weierstrass. 


Wedge 


Weierstrass approximation theorem. A 
continuous function may be approximated 
over a closed interval by a polynomial, to 
any assigned degree of accuracy. Tech. 
For every function f(x) continuous on 
[a, b] and any positive number e there exists 
a polynomial P(x) such that 


f(x) — PO) << 


for every x on the closed interval [a, 5]. 
This theorem has been generalized by 
Stone. Let TJ be a compact topological 
space and S be a set of continuous real- 
valued functions defined on 7. Then each 
continuous real-valued function defined on 
T can be uniformly approximated by a 
member of S if S has the following pro- 
perties: (1) if fand g are members of S and 
ais a real number, then af, f+g, and fxg 
are members of S; (2) if x and y are distinct 
points of 7 and a and b and real numbers, 
there is a member f of S for which /(x)=a 
and f(y)=B. 

Weierstrass’ elliptic (or P) functions. 
See ELLIPTIC. 

Weierstrass’ M-test for uniform con- 
vergence: If [f(o|, [AWOI, LAGI --- 
are bounded for x on the interval (a, b) by 
the corresponding terms of the sequence 
M,, M2, M;,---, and XM, converges, then 
uf, (x) converges uniformly on (a, 5). E.g., 
the terms of the sequence x, x2, x3,--- are 
bounded for x on the interval (0, 4) by the 
corresponding terms of 4, (4), 4)3,-->°, 
and X(4)" converges. Hence Xx" con- 
verges uniformly on (0, 4). 

Weierstrass’ necessary condition (Calcu- 
lus of Variations). A condition that must 
be satisfied if the function y is to minimize 


x 
i ‘ S(x,y, ¥’) dx; namely, the condition 
x1 


E(x, y, y’, Y’)20 for all admissible (x, y, 
Y’)#(x, y, y’), where 


E=f(x, Vs Y)—-f(x, ys y)- 
(Y’—y fx, yy’). 


See cCALCULUS—calculus of variations, 
EULER—Euler’s equation, LEGENDRE—Le- 
gendre’s necessary condition. 


WEDGE, 7. elliptic wedge. The surface 
generated by a straight line intersecting a 
given line, remaining parallel to a plane, 
and intersecting an ellipse with its plane 


Wedge 


Witch 


parallel to the given line but not containing 
it. 
spherical wedge. See SPHERICAL. 


WEIGHT, n. (1) The gravitational pull on 
a body. See POUND. (2) See AVERAGE. 

apothecaries’ weight. The system of 
weights used by druggists. The pound 
and the ounce are the same as in troy 
weight, but the subdivisions of the ounce 
are different. See DENOMINATE NUMBERS in 
the appendix. 

avoirdupois weight. The system of 
weights which uses a pound of 16 ounces 
as its basic unit. See the appendix. 

beta weight. See CORRELATION—normal 
correlation. 

pound of weight. See POUND. 

troy weight. The system of weights 
using a pound consisting of 12 ounces. 
Used mostly for weighing metals. See DE- 
NOMINATE NUMBERS in the appendix. 


WEIGHT’ED, adj. weighted mean. Same 
aS WEIGHTED ARITHMETIC AVERAGE. See 
AVERAGE. 


WHIRLWIND. An automatic digital 
computing machine at the Mass. Inst. of 
Tech. 


WHOLE, adj. whole-life insurance. Sce 
INSURANCE—life insurance. 


WIDTH, 1. Same as BREADTH. 


WILSON’S THEOREM. The number 
[((z—1)!+ 1] is divisible by vn if, and only if, 
nisaprime. E£.g.,4!+1=25 is divisible by 
5, but 5!+1=121 is not divisible by 6. 


WIND’ING, adj. winding number. The 
number of times a closed curve in the plane 
passes around a designated point of the 
plane in the counterclockwise (positive) 
direction. Tech. Let C be a closed curve in 
the plane which is the image of a circle for a 
continuous transformation. This means 
that C has parametric equations of type 
x=u(t), y=v(¢) for OS 71, where uw and v 
are continuous functions with u(0)=u(1) 
and v(0)=v(1); or (equivalently) an equa- 
tion of type w=f(z) for |z|=1, where z and 
w are complex numbers and fis a continu- 
uous function. If P is chosen as a point 


which is not on C, the numbers {f;} satisfy 
fy=O0<4<h<--- <t,=1, and Q; is the 
point for which the parameter ¢ is equal to 
f; (@=1,2,---+,n), then there is a positive 


yn 
number EF such that the quantity 8: 
TT 
I 


has a value n(C,P) which is indepen- 
dent of the choice of the numbers {t,} 
provided (¢; — t;- 1) < E for each i, where 6; is 
the angle (in radian measure) from the line 
PQ;-, to the line PQ; for each i. This 
number 7(C, P) is an integer and is called 
the winding number of C relative to P; it is 
also called the index of P relative to C. 
The winding number of a curve is not 
changed by a continuous deformation of 
the curve for which the curve does not pass 
through the point P. E.g., if p(z) is a 
polynomial of degree n with p(0)#0, and 
Cx is the image of the circle |z|=K for the 
mapping w=p(z), then for sufficiently 
large K the winding number of Cx relative 
to the origin is n, and for sufficiently small 
K the winding number of Cx relative to the 
Origin is 0. Since these curves can be 
continuously deformed into each other (by 
letting K vary continuously), there must be 
a value of K for which the curve Cx passes 
through the origin and therefore a value of 
z for which p(z)=0. This gives a proof of 
the fundamental theorem of algebra. If Pis 
the complex number a and the curve C is 
defined by w=/(z), where / is piecewise 
differentiable, then 

1 dz 
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WITCH, n. A plane cubic curve defined 
by drawing a circle of radius a, tangent to 
the x-axis at the origin, then drawing a 
line through the origin and forming a right 
triangle with its hypotenuse on this line 
and one leg parallel to the x-axis, the other 
parallel to the y-axis, and passing, respec- 
tively, through the points of intersection 
of this line with the circle and the line 
y=2a. The witch is then the locus of 
the intersection of the legs of all such tri- 


Witch 


angles. Its equation in rectangular coordi- 
nates is x2y=4a2(2a—y). The witch is 
usually called the witch of Agnesi, . after 
Donna Maria Gaetana Agnesi, who dis- 
cussed the curve. It is also called the 
versiera. 


WORD, 7. In a digital computing 
machine, the content of one storage 
position; an ordered set of digits considered 
as a unit, regardless of whether they 
designate a number, an address code, an 
instruction to the machine, or a combina- 
tion of these. 


WORK, 2. The work W done by the con- 
stant force F in producing a displacement 
s is the product of the component of the 
force F in the direction of displacement by 
the scalar s. Thus, W=Fscos 0, where @ 
is the angle between the direction of the 
force F and the displacement s. If the 
force F is variable, the usual procedures of 
integral calculus lead to the definition 


t 
W= | F S dt, of the work done in the 
to 


dr 
interval of time t—f). The expression F: i 


is the scalar product of the force vector F 


d 
and the vector velocity y= The 


‘ ; di 
element (or differential) of work, F a dt, 1s 
equal to fds, where f is the component of 
the force in the direction of motion and s(f) 
is the distance passed over between time 0 
and time ¢. 


WRON’SKI-AN, 2. The Wronskian of n 
functions 4, 42,-° +, u, 1s the determinant 
of order n which has these functions as the 
elements of the first row, and their kth 
derivatives as the elements of the (K+ 1)st 
row (k=1,2,-°-,n—1). Ifthe Wronskian 
of m functions is not identically zero, the 
functions are linearly independent, while n 
functions are Jinearly dependent on an 
interval (a, b) if their Wronskian is identi- 
cally zero on (a, 6) (it being assumed that 
their first n— 1 derivatives are continuous) 
and they are solutions of a differential 
equation of the form 


d”y dn-ly dy 
Po Fen FPL Foi t ot + Pai Ft Pn =O, 


Year 


where the functions p; are continuous on 
(a,b) and po is not zero at any point of 
(a,b). Indeed, the 7 solutions of this dif- 
ferential equation are linearly dependent 
and their Wronskian is identically zero on 
(a, b), if their Wronskian vanishes at a 
single point of (a, b). 


xX 


X. (1) The letter most commonly used to 
denote an unknown number or variable. 
(2) Used to denote one of the axes in a 
system of Cartesian coordinates. See CAR- 
TESIAN. 

x-axis. See CARTESIAN—Cartesian co- 
ordinates. 


Y 


Y. y-axis. See CARTESIAN—Cartesian co- 
ordinates. 


YARD, 7. A unit of English linear measure 
equal to 3 feet; the distance between two 
lines on a specially prepared and carefully 
preserved bar, at a temperature of 62°F. 
See DENOMINATE NUMBERS in the appendix. 


YATES. Yates correction for continuity. 
(Statistics.) The computed y,* fora 2x2 
table, or for the test of an observed propor- 
tion with one degree of freedom, is biased, 
since y? is continuous and the y,* for the 
one-degree-of-freedom case 2x2 table is 
discrete. The following formula for y* con- 
tains a correction which results in a reason- 
ably close approximation to the continuous 
distribution of y*, even when the expected 
number of cases in a cell of the 2 x 2 table 
is less than 5: 


4 > 
X:;-—- MN; — 
Cor. X¥?= > (| i i| 4) ; 
i=] as 
where x; is the observed frequency and m; 
is the expected frequency in the ith cell. 
See CHI-SQUARE. 


YAW, adj. yaw angle. In exterior ballis- 
tics, the angle between the direction of the 
axis of a shell and the direction of its 
velocity vector. 


YEAR, 1. The year is the longest natural 
unit for measuring time. Several different 


Year 


kinds of years are in use, but all of them 
depend on the revolution of the earth about 
thesun. The sidereal year is the time during 
which the earth makes one complete 
revolution around the sun with respect to 
the stars. (Its length in mean solar days is 
365 days, 6 hours, 9 minutes, 9.5 seconds). 
The tropical year (also called the astro- 
nomical, equinoctial, natural, or solar year) 
is the time required for the earth (or 
apparently the sun) to pass from the vernal 
equinox back to the vernal equinox (its 
length is 365 days, 5 hours, 48 minutes, 46 
seconds). Because of the precession of the 
equinoxes, this is 20 minutes, 23.5 seconds 
shorter than the sidereal year. The tropical 
year is the basis of practically all ancient 
and modern calendars. The anomalistic 
year is the time required for the earth to 
pass from some point in its elliptic orbit 
back to the same point again and is 365 
days, 6 hours, 13 minutes, 53 seconds in 
length, differing from the other two because 
of the fact that the major axis of the earth’s 
orbit is slowly moving at the rate of 11” per 
year. The civil year (also called the 
calendar or legal year) is 365 days (except on 
leap years, when it is 366 days). A com- 
mercial year is 360 days, as used in comput- 
ing simple interest. 


YIELD, n. (Finance.) The rate per cent 
which gives a certain profit. Syn. Rate per 
cent yield, yield rate, investor’s (invest- 
ment) rate. Thus the yield of a bond is the 
effective rate of interest which a person 
realizes on an investment in this type of 
bonds (the approximate yield is the average 
interest per period divided by the average 
capital invested). 


YOUNG’S INEQUALITY. Let the func- 
tion y=f(x) be continuous and strictly 
increasing for x =0, with /(0)=0, let 
x=f(y) be the inverse function, and let 
a>>0O and b=>0 be numbers in the ranges of 
x and y, respectively. Then Young’s 
inequality is 


a b 
ab =< f(x) dx+ I, g(y) dy, 


the sign of equality holding if and only if 
b=f(a). The result, which becomes 
intuitively clear when a figure is drawn 
showing the three cases b</f(a), b=f(a), 


Zeno 


and b>/f(a), has many applications in the 
theory of inequalities. 


YOUNG’S MODULUS. See MoDULUS. 


Z 


Z. Fisher’s z. See FISHER. 
z-axis. See CARTESIAN—Cartesian co- 
ordinates. 


ZE'NITH, n. zenith distance of a star. 
The angular distance from the zenith to 
the star, measured along the great circle 
through the zenith, the nadir, and the star. 
It is the complement of the altitude. See 
HOUR—hour angle and hour circle. 

zenith of an observer. The point on the 
celestial sphere directly above the observer; 
the point where a plumb line, extended up- 
ward, would pierce the celestial sphere. 


ZENO. Zeno’s paradox of Achilles and the 
tortoise. A tortoise has a head start on 
Achilles equal to the distance from a to b 
and both start running, Achilles after the 
tortoise. Although Achilles runs faster 
than the tortoise, he would never catch up 
with the tortoise, since, while Achilles goes 
from a to b, the tortoise goes from b to c, 
and while Achilles goes from b to c, the 
tortoise goes from c to d, etc., this process 
never ending. The explanation of the fal- 
lacy is that motion is measured by space 
intervals per unit of time, not by numbers 
of points. If Achilles takes time f¢), fo, f3 
--- to go from a to b, bto c, c to d, + *., 
then Achilles will catch the tortoise in time 


n 
equal to > #;, if this sum is finite. If the 
i=1 
tortoise travels 10 feet per second and 
Achilles 20 feet and the tortoise starts 10 
feet in advance, Achilles will catch him at 
the end of the first second, since then 
-+,t,=1/2",---and4+ 4+} 
++++-=1]1. However, if Achilles always 
runs faster than the tortoise, but the 
tortoise gradually increases his speed so 
that 4h=1, f=4, B=4,---, t,=1/n,---, 


ace 1} 
N=, [s=4, j 


fn 
then > t; becomes large beyond all 
i=] 
bounds as # increases and Achilles will 
never catch the tortoise. 


Zermelo 


ZERMELO. Zermelo’s axiom. See 
CHOICE—axiom of choice, and zZORN— 
Zorn’s lemma. 


ZE’RO, adj., n. (1) The cardinal number 
denoting the absence of any of the units 
that have been under consideration. 
(2) The ordinal number denoting the initial 
point, or origin. Tech. The quantity which 
when added to another quantity does not 
alter the former; if a+ b=a, bis called zero. 
See ANGLE—zero angle, and EXPONENT. 

division by zero. See DIVISION. 

division of zero. The quotient of zero 
and any other number is zero; 0/k=0 for 
all kK not zero, since O=kx0O. (We can’t 
say 0/0=0, for 0/0 would also be 1, or 5, 
or any number, since 02=0x 1=0 5, etc.) 
See DIVISION. 

factorial zero. Defined as equal to 
unity. See FACTORIAL. 

multiplication by zero. The product of 
zero and any other number is zero, i.e., 
Ox k=kx0=0 for all k. See MULTIPLICA- 
TION—multiplication of two integers. 

zero of a function. A value of the argu- 
ment for which the function is zero. A real 
zero is a real number for which the function 
is zero. If the function f(x) has only real 
number values for real number values of x 
(e.g., if f(x) is a polynomial with real 
numbers as coefficients), then the real zeros 
of f(x) are the values of x for which the 
curve y=/f(x) touches the x-axis. See ROOT 
—root of an equation. If z9 is a zero (also 
called zero point) of an analytic function 
f(z) of a complex variable, then there is a 
positive integer k such that f(z)= 
(z—2Zp)kb(z), where $(z) is analytic at z) and 
(Zo) #0. The integer x is called the order 
of the zero. 

zero-sum game, See GAME. 


ZE’TA, adj., n. The sixth letter of the 
Greek alphabet, written ¢; capital, Z. 

Riemann zeta function. The zeta function 
C(z)=C(x+iy) is defined for x>1 by the 
series 


20 ©. 
C(z)= > nz= >, eZ log n, 
n=1 n=] 


where log is real. The function can be 
defined by analytic continuation for all 
finite z. It is a meromorphic function hav- 
ing a simple pole at z=1. 


ZON’AL, adj. zonal harmonic. See HAR- 
MONIC—zonal harmonic. 


ZONE, n. A portion of a sphere bounded 
by the two intersections of two parallel 
planes with the sphere. One of the planes 
may be a tangent plane, in which case one 
of the circular intersections is a point and 
the zone is said to be a zone of one base. 
A base of a zone is an intersection with the 
sphere of one of the planes forming the 
zone. The altitude of a zone is the perpen- 
dicular distance between the planes cutting 
the zone out of the sphere. The area of a 
zone is equal to the product of its altitude 
and the perimeter of a great circle of the 
sphere, i.e., 27rh, where r is the radius of 
the sphere and h the altitude of the zone. 
zone of a surface of revolution. The 
portion of the surface contained between 
two planes normal to the axis of revolution. 


ZORN. Zorn’s lemma. The maximal 
principle: If T is partially ordered and each 
simply ordered subset has an upper bound 
in 7, then 7 contains at least one maximal 
element (an element x such that there is no 
y of T with x<y). Other alternative forms 
of this principle are: (1) A partially ordered 
set contains at least one maximal simply 
ordered subset (a simply ordered subset S 
such that there is no y not in S for which 
x<yforeachxof S$). (2) Ifacollection A 
of sets has the property that for each nest 
in A there is a member of A which contains 
each member of the nest, then there is a 
maximal member of A (a member of A 
which is not contained in any other 
member of A). (3) A collection of sets 
which is of finite character has a maximal 
member. (4) Any set can be well-ordered 
(see ORDERED—Wwell-ordered set). (5) The 
axiom of choice (see CHOICE). If the finite 
axiom of choice is assumed, all of the 
above principles are logically equivalent. 


APPENDIX 
TABLE I 


COMMON LOGARITHMS* 


To get a natural logarithm, multiply the common logarithm by 2.302585 (=log, 10). 
(See LOGARITHM.) 


N oO 1 2 3 4 5 6 yf 8 9 Prop. Pts, 
100 00000 00043 00087 00130 00173 00217 00260 00303 00346 00389 

101 432 475 518 S561 604 647 689 732 775 817 

102 860 903 945 988 01030 01072 01115 01157 01199 01 242 

103 01284 01326 01368 01410 452 494 536 578 620 662 41 42 43 
104 703 #745 787 828 870 912 953 995 02036 02078 , ‘tl ee *s 
105 02119 02160 02202 02243 02284 02325 02366 02407 02449 02490 3 12.3 12.6 12.9 
106 531 572 612 653 694 735 776 $16 857 898 4 16.4 16.817.2 
107 938 979 03019 03060 03100 03141 03181 03222 03 262 03302 5 20.5 21.0 21.5 
108 =—s_-« 03. 342: 03383) = 423s 463s“ 543 583 «= 623s 663s 703-—- © 24.6 25.2 25.8 
109 743 782 822 862 902 941 981 04021 04060 04100 / 28.7 29.4 30.1 


8 32.8 33.6 34.4 
110 =04:139 04179 04218 04258 04297 04336 04376 04415 04454 04493 9 36.9 37.838.7 


111 532 571 610 650 689 727 766 805 844 883 4 49 gg 
112 922 961 999 05038 05077 05115 05154 05192 05231 05269 3% 3° 9 
113. 05308 05346 05385 423 461 S00 538576 61+ 652} FB 38 40 
114 690 729 67 805 $43 S81 918 956. «994 06032 2 76 TS 80 
115 06070 06108 06145 06183 06221 06258 06296 06333 06371 06408 +4 15.2 15.6 16.0 
116 446 483 521 558 595 633 670 707 744 781 > 19-0 19.5 200 
117 819 856 893 — 930 967_—:07 004: 07 041 07078 OT 11S O7 ISL F228 208 AO 
118 07188 07225 07262 07298 07335 372 408 «445 4825188 40.4 31.9 370 
119 555 591 628 664 700 737-773 «= 809 846.882 «4g 34-2 351 360 
120 07918 07954 07990 08027 08063 08099 08135 0S171 08207 08243 35 36 37 
121 08279 08314 08350 386 422 458 493 529. S65 600 133 36755 
122 636 672 707 743 1778 S14 819 SSt 920 955 5 79 72 74 
123 991 09026 09061 09096 09132 09167 09202 09237 09272 09307 3105108111 
124 09342 377° 412 447 «482 517 552.» «587s G2Ls«SG_ 4.14.0 14.4 14.8 
125 09691 09726 09760 09795 09830 09.864 09899 09934 09968 10003 251 oar 6 505 
126 10037 10072 10106 10140 10175 10209 10243 10278 10312 346 745 252.2859 
127 380 415 449 483 517 551 585 619 653 687 8280288 296 
128 721 755 789 823 857 $00 924 958 992 11025 931.5 32.4 333 
129 11059 11093 11126 11160 111938 11.227 11261 11294 11327 36l gg 
130 11394 11428 11461 11494 11528 11561 11594 1162S 11661 11694 433733 34 
131 727 760 793 826 860 893 926 959 992 12024 2 64 66 68 
132 12057 12090 12123 12156 12189 12222 12254 12287 12320 352 396 99102 
133 385 418 450 483 516 548 581 613. G46 7B «4.12.8 13.2 13.6 
134 710 743 775 808 840 $72 905 937 969 13001 516.0165 17.0 


6 19.2 19.8 20.4 
135 13033 13066 13098 13130 13 162 13 194 13226 13258 13290 13322 722.4 23.1 23.8 


136 354 386 418 450 481 $13. 545. = «577. 609.-—s—s« HHO 8 25.6 264 27.2 
137 672 704 735 767 799 830 862 $93 925 956 9288297 30.6 
138 988 14019 14051 14082 14114 14145 14176 14208 14239 14270 99 39 3 
139 14301 333 364 395 426 457 489 520. SSL 582 3555 
140 14613 14644 14675 14706 14737 14768 14799 14829 14860 14891 2 58 60 62 
141 922 953 983 15014 15045 15076 15106 15137 15168 15198 3 87 90 93 
142 15229 15259 15290 320 351 381 412 442 473 503 Ste tee 124 
143 534 S64 594 «62S—s«O5S 685715746 776 806. FINE ISO ee 
144 836 866 897 927 957 987 16017 16047 16077 16107 4593310 917 
145 16137 16167 16197 16227 16256 16286 16316 16346 16376 16406 8 232 240 24.8 
146 435 465 495 524 554 584 613.—(isé43.—(is«*73—s QP 26-8. 27.0 27.9 
147 732 761 +1791 820 850 879 909 938 967 997 

1448 17026 17056 17085 17114 17143 17173 17202 17231 17260 17289 

149 319 348 377 406 435 464 493 522 551 580 


160 = 17609 17638 17667 17696 17725 3917. 754 17-782 17811 17840 17869 


parguapted from Mackie and Hoyle’s Elementary College Mathematics, by permission of the publishers, Ginn and Come 
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17 638 
926 
18 213 
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780 


19 061 
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618 
893 

20 167 
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710 
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25 066 
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26 031 
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669 
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29 026 
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21 005 
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846 

25 091 
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27 231 
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692 
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601 
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29 048 
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948 
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22 089 
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608 
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25 115 
358 
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26 079 
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26 788 
27 021 
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715 


27 944 
28 171 
398 
623 


847 


29 070 
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917 = 943 
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426 452 

679 704 
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24428 24452 
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25 164 25188 
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364 387 
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28217 240 
443 466 
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17 811 
18 099 
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667 
949 


19 229 
507 
783 

20 058 
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20 602 
871 
21 139 
405 
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21932 
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453 
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380 
601 
820 

30 038 
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811 
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28 058 
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458 
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393 
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16.8 17.4 
19.6 20.3 
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557 
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32.035 
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654 
858 

33 062 
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35 044 
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578 
792 
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675 
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38 057 
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39 129 
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31 027 


31 239 
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869 

32 077 


32 28+ 
490 
695 
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33 102 


33 304 
506 
706 
905 

34 104 


34 301 
498 
694 
889 

35 083 


35 276 
468 
660 
851 

36 040 


36 229 
418 
605 
791 
977 


37 162 
346 
530 
712 
894 


38 075 
256 
435 
614 
792 


38 970 
39 146 
322 
498 
672 


30 190 
406 
621 
§35 

31048 


31 260 
471 
681 
890 

32 098 
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510 
715 
919 

33 122 


33 325 
526 
726 
925 
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31069 31091 31112 
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32118 32139 32160 
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33 143 33163 33183 
33 345 33365 33385 
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34143 34163 34183 
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332 


45 484 
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47 129 
276 
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847 
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991 


43 152 
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175 
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363 
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42029 
193 


42 357 
521 


47 741 


3 


nT 


39 846 
40019 
192 
364 
535 


40 705 
$75 


47 756 


TABLE I 


COMMON LOGARITHMS 


4 


39 $63 
40 037 


47770 


5 6 
39 881 39898 
40 054+ 40071 

226 = 243 
398 = 41 
569 586 
40739 40756 
909-926 
41078 41095 
246 = 263 
414 = 430 
41581 41597 
747 764 

913 929 

42078 42095 
243-259 
42406 42423 
570 = $86 
7322 «749 
894 911 
43.056 43072 
43217 43 233 
377 =. 3393 
$37 5553 
696 712 
854 870 
44012 44028 
170 =—s «185 
326 342 
483 498 
638 654 
44793 44809 
48 963 
45102 45117 
255 271 

408 423 

45 561 45 576 
712 = (728 
864 879 

46015 46030 
165 180 

46315 46330 
464 479 
613 627 
761 776 
909 = 923 

47056 47070 
202217 
349 = 3363 
494 509 
6&0 654 


47 784. 47 799 


428 


39 915 
40 088 
261 
432 


47 813 


8s 9 
39933 39950 
40106 40123 

278 295 

449 466 

620 637 
40790 40807 

90 976 
41128 41145 

296 = 313 

464 481 
41631 41647 

197 814 

963 979 
42127 42144 

292 308 
42455 42472 

619 635 

781 797 

943. 959 
43 104 43120 
43265 43 281 

425 44] 

58¢ 600 

743 «(759 

902 917 
44.059 44075 

217 232 

373 389 

529-545 

685 700 
44.840 44855 

994 45010 
45148 163 

301 317 

454 469 
45606 45621 

758 1773 

909 924 
46060 46075 

210 225 
46359 46374 

509 523 

657. 672 

805 §20 

953 967 
47100 47114 

246 261 

392 407 

538 553 

683 698 
47828 47 842 


Prop. Pts. 
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TABLE I 
COMMON LOGARITHMS 


nee foe eee Gee ee 


47 727 
871 
48015 
159 
302 


48 444 
586 
728 
869 

49010 


49.150 
290 
429 
568 


54419 


2 83 
47741 47 756 
885 900 
48029 48044 
173 187 
316 330 
48458 48473 
601 615 
742 756 
883 897 
49024 49038 
49164 49178 
304 318 
443 457 
582 596 
721 734 
49859 49872 
996 50010 
50133 147 
270 284 
406 420 
50542 50556 
678 691 
813 826 
947 961 
51081 51095 
51215 51228 
348 362 
481 495 
614 627 
746-759 
51878 51891 
52009 52022 
140 153 
270 284 
40l 414 
52530 52543 
660 673 
789 802 
917 930 
53046 53058 
53173 53186 
301 314 
428 441 
$55 S67 
681 694 
53807 53820 
933 945 
54058 54070 
183 195 
307 320 
54432 54444 


47770 
914 
48 058 
202 
344 


48 487 


629 


770 
911 
49 052 


49 192 
332 
471 
610 
748 


49 886 
50 024 
161 
297 
433 


50 569 
705 
840 
974 

51 108 


51 242 
375 
508 
640 
772 


51904 
$2 035 
166 
297 
427 


52 556 
686 
815 


54 456 


wee Eee lee eee 


47 784 
929 


47 799 
943 
48 087 
230 
373 


48 515 
657 
799 
940 

49 080 


49 220 
360 
499 
638 
776 


49914 
50 051 
188 
325 
461 


50 596 
732 
866 

51001 
135 


51 268 
402 
534 
667 
799 


51930 
52 061 
192 
323 
453 


52 582 
711 
840 
969 

53 097 


53 224 
352 
479 
605 
732 


53 857 
983 
54 108 
233 
357 


47 813 
958 
48101 
244 
387 


48 530 
671 
813 
954 

49094 


49 234 
374 
513 
651 
790 


49 927 
50 065 
202 
338 
474 


50610 
745 
§80 

51014 
148 


51 282 
415 
548 
680 
$12 


51943 
52075 
205 
336 
466 


52 595 
724 
853 
982 

53 110 


53 237 
364 
491 
618 
744 


53 870 
995 
54120 
245 
370 


47 828 
972 
48 116 
259 
401 


48 544 


54469 54481 54494 54506 54518 


429 


OW ONTWA KH ih GN me 
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1 P| 
54419 54432 
543. 555 
667 679 
790 = 802 
913-925 
55035 55 047 
157 169 
279 = - 291 
400 413 
522 534 
55 642 55 654 
763,775 
883 895 
56003 56015 
122 134 
56 241 56253 
360 372 
4738 490 
597 60S 
714 726 
56832 56844 
949 = 961 
57066 $7078 
183 194 
299s 310 
57415 57 426 
530 = 5542 
646 657 
761 772 
875 = 887 
57990 58001 
58 104 115 
218 229 
331 343 
444 456 
58557 58 569 
670 = 681 
782794 
894 906 
59006 59017 
59118 59129 
229 = 240 
340 = 335] 
450 461 
561 = 572 
59671 59682 
780791 
§90 901 
999 60010 
60108 119 
60217 60228 


54 444 
568 
691 
814 
937 


55 060 
182 
303 
425 
546 


55 666 
787 
907 

56 027 
146 


56 265 
384 
502 
620 


TABLE I 
COMMON LOGARITHMS 


54 456 
580 
704 
827 
949 


55 072 
194 
315 
437 
558 


55 678 
799 
919 

56 038 
158 


56277 
396 
514 
632 
750 


56 867 
984 
57 101 
217 
334 


57 449 
565 
680 
795 
910 


58 024 
138 
252 
365 
478 

58 591 
704 
$16 
928 

59 040 


59 151 
262 
373 
483 
594 


59 704 
813 
923 

60 032 
141 


60 249 


————— Te ee Ee | eee 
ol 


5 6 rf 
54469 54481 54494 
593 605 = 617 
7160 728 741 
839 «9851 = «864 
962 974 986 
55 084 55096 55108 
206 218 230 
328 340 352 
49 461 473 
570 582 594 
55691 55703 55715 
811 823 835 
931 943 955 
56050 56062 56074 
170: 182s«d1984 
56289 56301 56312 
407. 419 431 
526 538 549 
644 656 667 
761 «773 785 
56879 56891 56902 
996 57008 57019 
57113 124 ~— 136 
229, 241252 
345 357 = 368 
57461 57473 57484 
576 588 600 
692 703 715 
807. 818 —s 830 
921 933 944 
58035 58047 58058 
149s 161 172 
263 274 286 
377-388 3399 
490 501 512 
58602 58614 58 625 
718° 726 737 
827 = 838—s 850 
939 «6950 91 
59051 $9062 59073 
59162 59173 59184 
273. 284 295 
384 395 406 
494 506 517 
605 616 627 
59715 59726 59737 
§24 835 S46 
934 945 956 
60043 60054 60065 
152. 163—s:173 
60 260 60271 


430 


54 506 
630 
753 
876 
998 


55 121 
242 
364 
485 
606 


55 727 
847 
967 

56 086 
205 


56 324 
443 
561 
679 
797 

56.914 

57 031 
148 
264 
380 


57 496 
éll 
726 
841 
955 


5§ 070 
184 
297 
410 
52+ 


53 636 
749 
861 
973 

59 0S+ 


59 195 
306 
417 
528 
638 


59 748 
857 
966 

60 076 
184 


54 518 
642 
765 
§88 

55 011 


55 133 
255 
376 
497 
618 


55 739 
859 
979 

56 098 
217 


56 336 
455 
373 
691 
808 


56 926 
57 043 
159 
276 
392 


57 507 
623 
738 
852 
967 


58 O81 
195 
309 
422 
535 


58 647 
760 
872 
984 

59 095 


59 207 
318 
428 
539 
649 


59 759 
868 
977 

60 086 
195 


60 282 60293 60304 
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TABLE I 
COMMON LOGARITHMS 


Ee 0 ee eee 0 ee 


65 331 


2 3 
60 228 60239 
336 347 
444 455 
552 = 563 
660 670 
60 767 60778 
874 885 
981 991 
61087 61098 
194 204 
61300 61310 
405 416 
511 521 
616 627 
721 731 
61826 61836 
930 941 
62 034 62045 
138 =: 149 
2420-252 
62 346 62 356 
449 459 
552 562 
655 665 
757-767 
62 859 62870 
961 = 972 
63 063 63073 
165 175 
266 276 
63 367 63377 
4638 478 
568 579 
669 679 
769° 89779 
63 869 63 879 
969 979 
64068 64078 
167 177 
266 276 
64 365 64375 
464 473 
562 572 
660 670 
758 = 768 
64 856 64 865 
953 963 
65 050 65 060 
1470157 
244 = 254 


65 341 65 350 


60 249 
358 
466 
574 
681 


60 788 
895 
61 002 
109 
215 


61 321 
426 
532 
637 
742 


61 847 
951 
62 055 
159 
263 


62 366 
469 
572 
675 
778 

62 880 
982 

63 083 
185 
286 


63 387 
488 
589 
689 
789 


63 889 
988 
64 088 
187 
286 


64 385 
483 
582 
680 
717 


64 875 
972 
65 070 
167 
263 


65 360 


5 6 
60 260 60 271 
369 379 
477 487 
584 595 
692 703 
60 799 60810 
906 917 
61013 61023 
119130 
225 236 
61331 61342 
437 = 448 
542 = 5553 
648 658 
752-763 
61857 61868 
962 972 
62 066 62076 
170 ~=180 
273-284 
62377 62 387 
480 490 
583 593 
685 696 
788 = 798 
62 890 62900 
992 63002 
63094 104 
195 = 205 
296 306 
63 397 63 407 
498 508 
599 ~—s- 609 
699 709 
799 = 809 
63 899 63909 
998 64008 
64098 108 
197s 207 
296 ©3306 
64 395 64 404 
493 503 
591 ~=601 
689 699 
787-797 
64885 64 895 
982 992 
65 079 65 089 
176 =: 186 
273-283 


60 282 
390 
498 
606 
713 


60 821 
927 
61 03+ 
140 
247 


61 352 
458 
563 
669 
773 


61878 
982 
62 0S6 
190 
294 


62 397 
500 
603 
706 
803 


62 910 
63 012 
114 
215 
317 


63 417 
518 
619 
719 
819 


63 919 
64 018 
118 
217 
316 


64 414 
513 
6ll 
709 
807 


64 904 
65 002 
099 
196 
292 


60 293 
401 
509 
617 
724 


60 831 
938 
61045 
151 
257 


61 363 
469 
574 
679 
784 


61 888 
993 
62 097 
201 
304 


62 408 
511 
613 
716 
818 


62 921 
63 022 
124 
225 
327 


63 428 
523 
629 
729 
829 


63 929 
64 028 
128 
227 
326 


64 424 
523 
621 
719 
$16 


64 914 
65 O11 
108 
205 
302 


65 369 65379 65389 65398 65408 


431 
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TABLE I 
COMMON LOGARITHMS 
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65 321 65331 65 341 65350 65 360 
418 427 437 447 456 
514 «86523 5533. 5543s 5552 
610 619 629 639 648 
706 «71S 72507340 744 


65 801 65811 65820 65 830 65 839 
896 906 916 925 935 
992 66001 66011 66020 66030 

66087 096 106 115 124 
181 4619106200 ss 210—ss 219 


66276 66285 66295 66304 66314 
370 380 389 398 408 
464 474 483 492 502 
558 567 577 586 596 
652 661 671 680 689 


66745 66755 66764 66773 66783 
839 848 857 867 876 
932 941 950 960 969 

67025 67034 67043 67052 67 062 
WZ 12700 «6136145154 


67210 67219 67 228 67 237 67 247 
302 «311 860321 0S 330 339 
394 403 413 422 431 
486 495 504 514 523 
578 587 596 605 614 


67669 67679 67688 67697 67706 
761 770 86779788 797 
852, 861 870 879 888 
943 952 961 970 979 

68 034 68043 68052 68061 68070 


68 124 68133 68142 68151 68160 
215-224) 233) 242 251 
305 «3140S 3323 3332S 3341 
395 404 413 422 431 
485 494 502 511 520 


68 574 68583 68592 68601 68610 
664 673 681 690 699 
753° 7620S 771 780 = 789 
842 851 860 869 878 
931 90 99 958 966 


69020 69028 69037 69046 69055 
108 =«117)0 1260 135s «144 
197-205. 214 2223 232 
285 294 302 311 320 
373 381 390 399 408 


69461 69469 69478 69487 69496 
548 557 S66 574 583 
636 644 653 662 ~ 671 
723, «7320— 7400 7490 758 
$10 819 §&27 836 845 


69897 69906 69914 69923 69932 


5 6 yf 
65 369 65 379 65 389 
466 475 485 
562 571 S581 
658 667 677 
753° 763-7772 
65 849 65 853 65 86S 
44 954+ 963 
66039 66049 66058 
134 = 143153 
229, 238)~—S 247 
66 323 66332 66342 
417 427 436 
$11 $21 530 
605 614 624 
699 708 717 
66792 66801 66811 
885 894 904 
978 987 997 
67071 67080 67089 
16¢ 173 = 182 
67 256 67268 67 274 
348 357 367 
440 449 459 
532 541 550 
624 633 642 
67715 67724 67 733 
806 815 825 
897 906 916 
988 997 68006 
68079 68088 097 
68 169 68178 68187 
260 269 278 
350 359 368 
440 449 458 
529. 38547 
68619 68628 68 637 
708 717) 726 
797 = 806—s 815 
886 895 904 
975 984 993 
69 064 69073 69082 
152. 161 ~=:170 
241 249 8258 
329 = 338 )— 346 
417 4250 434 
69 504 69513 69522 
592, 601 609 
679 688 697 
767 775 784 
854 862 871 


S$ 9 
65 398 65 408 
495 $04 
591 600 
686 696 
782 = =—792 
65 877 65 887 
973 982 
66068 66077 
162 38172 
257 = 266 
66351 66361 
445 455 
539 5549 
633 642 
7270 736 
66 820 66829 
913-922 
67006 67015 
099 =108 
191 201 
67 284+ 67 293 
376 385 
468 477 
560 569 
651 660 
67 742 67 752 
$34 843 
925 934 
68015 68 024 
106s 115 
68196 68 205 
287 =. 296 
377 386 
467 476 
556-565 
68 646 68655 
735-744 
824 833 
O13. 922 


69002 69011 
69 090 69099 


179s «188 
267 276 
355 364 
443 452 
69 531 69539 
618 627 
705s 714 
793 = 801 
880 888 


69940 69949 69958 69966 69975 


432 
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TABLE I 
COMMON LOGARITHMS 


—eeEe eee ee Oe eee 


69914 69923 69932 
70001 70010 70018 


088 
174 
260 


70 346 
432 
518 
603 
689 


10 774 
859 
944 

71029 
113 


71198 
282 
366 
450 
533 


71617 
700 
784 
867 
950 


72 032 
115 
198 
280 
362 


72.444 
526 
607 
689 
770 

72 852 
933 

73 014 
094 
175 


73 255 
336 
416 
496 
576 


73 656 
735 
815 
894 
973 


096 
183 
269 


70 355 
441 
526 
612 
697 


70 783 
868 
952 

71 037 
122 


71 206 
290 
374 
458 
542 


71 625 
709 
792 
875 
958 


72 041 
123 
206 
288 
370 


72 452 
534 
616 
697 
779 


72 860 
941 
73 022 
102 
183 


73 263 
344 
424 
504 
584 


73 664 
743 
823 
902 
981 


105 
191 
278 


70 364 
449 
535 
621 
706 


70 791 
876 


74052 74060 74068 


— ORS 0 QE 20 nee 


69940 69949 


70027 70036 
114-122 
200 209 
286 295 

70372 70381 
458 467 
544 552 
629 = 638 
7140-723 

70800 70808 
885 893 
969 = 978 

71054 71063 
139s: 147 

71223 71 231 
307. 315 
391 399 
475 483 
559s 5567 

71642 71650 
725 734 
809 817 
$92 900 
975 983 

72057 72 066 
140 148 
222 =. 230 
304 = 3313 
387 3395 

72469 72477 
550 = 58 
632 640 
713 722 
795 = 803 

72876 72 884 
957 = 965 

73 038 73 046 
119 127 
199 = 207 

73 280 73 288 
360 368 
440 448 
520 = 5528 
600 608 

73 679 73 687 
759-767 
838 846 
918 926 
997 74005 


74076 74 084 


433 


69 958 
70 044 
13] 
217 
303 


70 389 
475 
561 
646 
731 


70 817 
902 
986 

71071 
155 


71 240 
324 
408 
492 
575 


71659 
742 
825 
908 
991 


72 074 
156 
239 
32] 
403 


72 485 
567 
648 
730 
8ll 


72 892 
973 
73 054 
135 
215 


73 296 
376 
456 
536 
616 


73 695 
775 
854 
933 

74013 


74 092 


$ 9 
69 966 69975 
70053 70062 

140 = «148 

226 234 

312 321 
70 398 70406 

484 492 

569-5578 

655 663 

740 2-749 
70825 70834 

910 8919 

995 71003 
71079 = =088 

164 39172 
71248 71257 

332 =. 3341 

416 9425 

500 508 

584 592 
71667 71675 

750-759 

834 842 

917 925 

999 72008 
72082 72090 

165 173 

247 255 

329-337 

411 419 
72493 72501 

975 583 

656 665 

738 = 746 

819 = 827 
72.900 72908 

981 989 
73062 73070 
143 151 
223-231 
73 304 73312 
384 392 
464 472 
544 = 552 
624 632 
73 703 73711 
783 791 
862 870 

941 949 
74020 74028 
74.099 74107 
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TABLE I 
COMMON LOGARITHMS 


N oO 1 2 3 4. 5 6 yf $ 9 Prop. Pts. 
B50 = 74.036 74.044 74052 74060 74068 74076 74084 74092 74099 74107 

551 11S 123) «131.-—s—«a239”St—é«*24 165 162 170 178 186 

552 194% 202 210 218 225 233. «2410 249257 (265 

553 273. 280 «=: 288-—S («296 ~—Ss«304 312 320 327 335 343 eae 
554 351 359 367 374 382 390 398 406 414 421 { 08 
B55 = 74.429 74.437 74445 74453 74461 74468 74476 74484 74492 74.500 ; a 
556 507 515 523 531 539 547, 554 5562, —s«570—S—«OS578 4 3.2 
557 586 593 61 609 617 624 632 640 648 656 5 40 
558 663 671 679 687 695 7022 710 718 726 733 6 48 
559 741 #749 #757 764 772 730 788 796 803 &8il : 
BGO 74819 74827 74834 74842 74850 74858 74865 74873 74881 74889 9 72 
561 896 904 912 920 927 935 943 950 958 966 

562 974 981 989 997 75005 75012 75020 75028 75035 75043 

563 75051 75059 75066 75074 082 089 097. #105 2113 ~# 120 

564 128 136 143 «151 159 166 174 182 189 497 
565 75.205 75213 75220 75228 75236 75243 75251 75259 75266 75 274 

566 282 289 297 305 312 320 328 335 343 351 

567 358 366 374 381 389 397 40% 412 420 427 

568 435 442 450 458 465 473 481 488 496 504 

569 511 519 526 534 542 549 557 565 572 580 
B70 75587 75595 75603 75610 75618 75626 75633 75641 75648 75656 7 
571 664 671 679 686 694 702 709 717 724 732 i or 
572 740 #747 #755 762 770 778 785 793 800 808 a 4h 
573 815 823 831 838 846 853 861 868 876 884 3 24 
574 891 899 96 914 92) 929 937 944 952 959 4 28 
BTS =. 75.967 75974 75982 75989 75997 76005 76012 76020 76027 76035 : he 
576 176042 76050 76057 76065 76072 080 087 095 103 110 7 49 
577 118 125 133 140 ~= 148 155 163 170 178 185 8 56 
578 193 200 208 215 223 230 238 245 253 260 9 63 
579 268 275 283 290 298 305 313 320 328 335 
B80 76343 76350 76358 76365 76373 76380 76388 76395 76403 76410 

581 418 425 433 440 448 455 462 470 477 485 

582 492 SOO 507. S15 522 530 537 S45 552 559 

583 567. 574 =582~—Ss«589—Ss«597 604 612 619 626 634 

584 641 649 656 664 671 678 686 693 701 708 
B85 76716 76723 76730 76738 76745 76753 76760 76768 76775 76782 

586 790 797 805 $812 819 827 834 842 849 856 

587 864 871 879 886 9893 9011 908 916 923 930 

588 938 945 953 960 967 975 982 989 997 77004 


589 77012 77019 77026 77034 77041 77048 77056 77063 77070 078 
690 = =(77085 77093 77100 77107 77115 77.122 77129 77137 77144 77151 


591 159s: 166—Ss«-173 181 188 195 203 210 217 ~~ 225 
592 2320 240 2470 254 262 269 276 283 291 298 
593 305 = 313.3320. 327) 335 342 «349 357) 3640 371 
594 379 §= 3386-3393) «40S 408 415 422 430 437 444 
595 = =77452 77459 77466 77474 77481 77488 77495 77503 77510 77517 
596 525 532 $39 S46 554 S61 568 576 583 590 
597 597 65 612 619 627 634 641 648 656 663 
598 670 677 685 692 699 706 7140S 721 728 = 735 
599 7430 «7500 757) 7640 772 779, 786s 7793-'s—s«8—— é$ss« 808 


600 77815 77822 77830 77837 77844 77851 77859 77866 77873 77 880 


434 


TABLE I 
COMMON LOGARITHMS 


N O 1 2 B34 4. 5 6G yf 8 9 Prop. Pts. 
GOO =-77815 77822 77830 77837 77844 77851 77859 77866 77873 77880 

601 887 895 902 909 916 924 931 938 945 952 

602 960 967 974 981 988 996 78003 78010 78017 78025 

603 78032 78039 78046 78053 78061 78068 075 082 089 097 eh. 
604 104 lll 118 125 ~~ 132 1440 147 154 161 168 : 0 
605 18176 78183 78190 78197 78204 78211 78219 78226 78233 78240 3 24 
606 247 «254 «= 262s 269—Sss 276 283 290 297 305 312 4 32 
607 319 326 333 340 347 355 362 369 376 383 5 4.0 
608 390 398 405 412 419 426 433 440 447 455 6 48 
609 462 469 476 483 490 497 504 512 519 526 ; s 
G10 78533 78540 78547 78554 78561 78569 78576 78583 78590 78597 9 7.2 
611 60¢ 611 618 625 633 640 647 654 661 668 

612 675 682 689 696 704 711 718 725 732 739 

613 746 753 760 767 1774 781 789 796 803 810 

614 817 824 «831 838 ~=— 845 852 859 866 873 880 
613 78888 78895 78902 78909 78916 78923 78930 78937 78944 78951 

616 958 965 972 979 986 993 79000 79007 79014 79021 

617. 79029 79036 79043 79050 79057 79064 O71 078 085 092 

618 099 «#4106 «#61130=«6120.~—~Ss:1277 134 141 148 155 162 

619 169 176 183 190 197 204 «211 2«218 Ss 225—Ss«232 
620 79239 79246 79253 79260 79267 79274 79281 79283 79295 79302 9 
621 309 316»«=— 323s 330—S—s:3337 344 351 358 365 372 : Sage 
622 379 386 393 400 407 414 421 428 435 442 > 44 
623 449 456 463 470 477 484 491 498 505 511 3°24 
624 518 525 532 539 546 553 560 567 574 582 4 28 
G25 79583 79595 79602 79609 79616 79623 79630 79637 79644 79650 2 45 
626 657 664 671 678 685 692 699 706 713 720 7 49 
627 727 34 ‘741 «748 754 761 768 775 ‘782 789 8 56 
628 796 803 810 817 824 831 837 844 851 858 9 63 
629 865 872 879 886 893 900 906 913 920 927 


630 79934 79941 79948 79955 79962 79969 79975 79982 79989 79996 
631 80003 80010 80017 80024 80030 80037 80044 80051 80058 80065 


632 072 O79 #2085 092 099 106 113 4120 127 ~ = 134 

633 140 147 421154 161 #168 175 182 188 195 202 

634 209 216 223 229 236 243 «250s 257. 264—s 2:71 

635 80277 80284 80291 80298 80305 80312 80318 80325 80332 80339 

636 346 «353359 366—Ss 3373 380 387 393 400 407 

637 414 421 428 434 441 448 455 462 468 475 

638 482 489 496 502 509 516 523 530 536 543 6 

639 550 557 564 570 577 58¢ 591 598 604 6ill re 
640 80618 80625 80632 80638 80645 80652 80659 80665 80672 80679 2 12 

641 686 6933 699 706 713 720 726 733 740 747 a 
642 754 760 767 1774 ‘81 "87 794 801 808 814 a 
643 821 828 835 S841 848 855 862 868 875 882 & 56 
644 889 895 902 909 916 922 929 936 943 949 7 42 

G45 80956 80963 80969 80976 80983 80990 80996 81003 81010 81017 : Ey 


616 81023 81030 81037 81043 81050 81057 81064 070 O77 084 


647 090 O97 104 ill 117 124 131 137) «+14 =~) 151 
648 158 «164 Ss 171-178 ~—Ss«d184 191 198 204 211 218 
649 224 231 238 245 ~~ 251 258 265 271 278 285 


650 81291 81298 81305 81311 81318 81325 81331 81338 81345 81351 


435 


TABLE I 
COMMON LOGARITHMS 


N Oo 1 2 8 4. 5 6 7 $ 9 Prop. Pts, 
650 81291 81298 81305 81311 81318 81325 81331 81338 81345 8135] 

651 358 365 371 378 385 391 398 405 411 418 

652 425 431 438 445 451 458 465 471 478 485 

653 491 498 505 511 518 525 531 538 544 551 7 
654 558 564 571 578 584 591 598 60t «61s 61s HT 
G55 81624 81631 $1637 81644 81651 $1657 81664 81671 81677 81684 2 14 
656 690 697 704 710 717 723 730 «737 «743780 3 
657 757 763 1710 776 1783 790 796 803 809 816 ¢§ 3’. 
658 823 829 836 842 9849 856 862 869 875 882 § 45 
659 839 895 902 908 915 921 928 935 941 948 7 49 
660 81954 81961 81968 81974 8198L 81987 81994 82000 82007 szo14 8 OS 
661 82020 $2027 $2033 82040 82046 82053 82060 066 073 079 ' 
662 086 092 099 #105 112 119 «125 «132)0=««138—Ss«*2:4S 

663 151 158 164 171 178 184 191 197 204 210 

664 217 223 «230s 236—Ss243 249 256 263 269 2% 

G65 82282 82289 82295 82302 82308 82315 82321 82328 $2334 82342 

666 347 354» «= 3360S 3367—Sts«:33:73 380 387 393 400 406 

667 413 419 426 432 439 445 452 458 465 47] 

668 478 484 491 497 504 510 517 523 530 536 

669 543 549556 s«S62—ts«S 575 582 588 595 601 

G70 82607 82614 82620 82627 82633 82640 82646 82653 82659 82666 

671 672 679 685 692 698 705 711 718 724 730 2°. 
672 737 #743 #750 756 763 769 776 782 789 795 1 0.6 
673 802 808 814 821 827 834 840 847 853 860 2 1.2 
674 866 872 879 885 892 898 905 911 918 924 : ae 
GTB 82930 82937 82943 82950 82956 82963 82969 $2975 82982 92988 S$ 3.0 
676 995 $3001 83008 83014 83020 83027 83033 83040 83046 83052 6 3.6 
677 83059 = (06S-—i(iéi7~—«é<‘iTGCO'S 091 097 #10¢ #no 17 «+7 42 
678 123 129 136 2142 ~«2149 155 161 168 174 181 
679 187 193 200 206 213 219 225 232 238 245 
G80 83251 83257 83264 ‘83270 83276 83283 83289 83296 83302 $3308 

681 315 321 327 334 340 347.353. 359s: 366——«C3'72 

682 378 385 391 398 404 410 417 423 429 436 

683 442 448 455 461 467 474 480 487 493 499 

684 506 512 518 525 532 $37 544 550 556 563 

G85 83569 83575 83582 83588 83594 83601 83607 83613 83620 83626 

686 632 63° 645 651 658 664 670 677 683 689 

687 696 702 708 718 721 727 734 740 746 753 

688 9 #965 771 «1778 784 790 797 803 809 816 

689 822 828 835 841 847 853 860 866 872 879 

690 83885 83891 83897 83904 83910 83916 83923 83929 83935 83942 

691 948 954 960 967 973 979 985 992 998 84004 

692 84011 84017 84023 84029 84036 84042 84048 84055 84061 067 

693 073 O80 086 092 098 105 ll 117. 123 ~# 130 

694 136 142 «#148 185 161 167 173 4180 186 192 

695 84198 $4205 84211 84217 84223 84230 84236 84242 84248 84255 

696 261 267 273 280 286 292 298 305 311 317 

697 323 330 336 342 348 354 361 367 373 379 

698 386 392 398 404 410 417 423 429 435 442 

699 448 454 460 466 473 479 485 491 497 504 


ZOO =. 84.510 84516 84522 84528 84535 84541 84547 84553 84559 84566 
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TABLE I 
COMMON LOGARITHMS 


N t 1 2 3 4 5 6 T 8 9 Prop. Pts. 
TOO 84510 84516 84522 84528 84535 84541 84547 84553 84559 84566 

701 572 578 584 590 597 603 609 615 621 628 

702 634 640 646—«CSZ_——«éSB 665 671 677 683 689 

703 696 702 708 714 720 726 733 739 «745 7751 

704 157 763 1770 76 782 788 794 800 807 813 

TO 84819 84825 84831 84837 84844 84850 84856 84862 84868 84874 7 
706 880 887 $893 899 905 911 917 924 930 936 1 07 
707 942 948 954 960 967 973 979 985 991 997 2 14 
708 85003 85009 85016 85022 85028 35034 85040 85046 85052 85058 3 2.4 
709 065 O71 077 083 089 095 101 107 114 ~#& 120 - ar 
710 85126 85132 85138 85144 85150 85156 85163 85169 85175 85181 6 4.2 
711 187 193 199 205 211 217 224 230 236 242 7 49 
712 248 254 260 266 272 278 285 291 297 303 : 7 
13 309 315 321 4 ©6327'S 333 339 345 352 358 364 

714 370 376 382 388 394 400 406 412 418 425 

F165 85431 85437 85443 85449 85455 85461 85467 85473 85479 85485 

716 491 497 503 509 516 522 528 534 540 546 

"17 552 558 564 570 576 582 588 594 600 606 

718 612 618 625 631 637 643 649 655 661 667 

719 673 679 685 691 697 703 #709 715 721 727 

720 85733 85739 85745 85751 85757 85763 85769 85775 85781 85788 

721 "94 800 806 812 818 824 830 836 842 848 

722 854 860 866 872 878 884 890 896 902 908 

9723 914 920 926 932 938 944 950 956 962 968 6. 
724 974 980 986 992 998 86004 86010 86016 86022 86028 ! 0.6 
T25 86034 86040 86046 86052 86058 86064 86070 86076 86082 86088 3 i 
726 09¢ 100 106 112 ~#« 118 124 130 136 2141+ «4147 4 24 
927 153. 159 165 471 177 183 189 195 201 207 5 3.0 
728 213 219 225 231 237 243. -249°««255 261267 6 3.6 
729 273. +279 «29285 291 297 303 308 «69314 320 326 : ve 
%30 86332 86338 86344 86350 86356 86362 86368 86374 86380 86386 9 S4 
731 392 398 404 410 415 421 427 433 439 445 

732 451 457 463 469 475 481 487 493 499 504 

733 510 516 522 528 534 540 S546 552 558 564 

"734 570 576 S58l 587 593 599 605 611 617 623 

735 86629 86635 86641 86646 86652 86658 86664 86670 86676 86682 

736 688 694 700 705 711 717 «-723'~«C7229.—2S'=—«s73S-—SsT74z2L 

"737 747 753 759 64 770 "76 82 788 794 800 

738 806 $812 817 823 829 835 841 847 853 859 

739 864 870 876 882 888 894 900 906 911 917 

740 86923 86929 86935 86941 86947 86953 86958 86964 86970 86976 P 
741 982 988 994 999 87005 87011 87017 87023 87029 87035 = 
742 87040 87046 87052 87058 064 070 O75 O81 087 093 Sea 
743 099 105 lll 116~= 122 128 134 WO M6 151 3 45 
744 157 163 169 175 ~ 1821 18% 192 198 204 210 4 29 
74% 87216 87221 87227 87233 87239 87245 87251 87256 87262 87 268 7 oF 
746 274 280 286 291 297 303 309 315 320 32 + 3s 
747 332 338—Ctéisi344(iti849 3855 361 367 373 379 384 8 40 
748 390 396 402 408 413 419 425 431 437 442 «9 48 
749 448 454 460 466 471 477 483 «489'-=Ss«495~— 500 


750 = 87506 87512 87518 87523 87529 87535 87541 87547 87552 87558 


437 


TABLE I 
COMMON LOGARITHMS 


759 88024 88030 83036 88041 8$047 88053 058 064 070 076 
760 88081 88087 88093 8809S 88104 88110 88116 88121 88127 88133 


N 0 1 2 3 4 5 6 vf 8 9 Prop. Pts. 
Z5O = 87506 87512 87518 87523 87529 87535 87541 87547 87552 87558 
751 5644 570 «= 557%6—S—s«S81—Ss«S37 593 599 604 610 616 
752 622 628 633 639 645 651 656 662 668 674 
753 679 685 691 697 703 708 714 720 726 931 6 
754 737 «-7430=«o749s«*754~—Ss«760 766 772 777 + 783 789 1 06° 
TSB 87795 87 800 87 806 87812 87818 87823 87 829 87835 s7EH1 S786 62 A 
7156 852 858 864 869 875 8S1 887 892 898 904 4 24 
"57 910 915 921 927 933 938 944 950 955 961. S 3.0 
758 967 973 978 98+ 990 996 8$001 88007 88013 88018 6 3.6 
7 
§ : 
9 SA 
761 138 144 150 156 161 167. 173 «178 +«=69184 ~=—.:190 
162 195 201 207 213 ~°& 218 224 «230s «235.s«24tsi247 
763 252 258 264 270 275 281 287 292 298 304 
764 309 315 321 326 332 338 343) 349 355) 360 
765 88366 88372 88377 8$383 88389 $8395 $8400 88406 88412 88417 
766 423 429 434 440 446 451 457 463 468 474 
767 480 485 491 497. 502 50S 513 519 =525~—Ss« 530 
768 536 542 547 553 559 56+ 570 576 SSL S87 
769 593 598 604 610 615 621 627 632 638 643 
770 88649 88655 88660 88666 88672 88677 88683 88689 88694 88700 < 
771 705 711 717 722 ~ # 728 734 739 #745 750 56 
772 762 767 #1773 #779 ~ 784 790 795 801 807. 812 ; ca 
773 818 824 829 835 840 816 852 857 863 868 a ae 
774 874 880 885 891 9897 902 908 913 919 925 i 56 
%75 88930 88936 88941 88947 88953 88958 8896+ 88969 88975 88981 7 - 
716 986 992 997 89003 89009 89014 89020 89025 89031 89037 ae 
777° ~—« 89.042 89048 89053 059 += 064 070 076 OSL O87 092 ae 
778 098 10¢ 109 115 120 126 131 137 «2143 = 148 9 45 
779 1544 159 165 170 176 182 187 193 198 204 
%8O 89209 89215 89221 89226 89232 89237 89243 89248 89254 89260 
781 265 271 276 282 287 293 298 304 310 315 
782 321 326 332 337 343 348 354 360 365 371 
783 376 382 387 393 398 404 409 415 421 426 
784 432 437 443 448 454 459 465 470 476 481 
JS 89487 89492 89498 89504 89509 89515 89520 89526 89531 89537 
786 542 548 553 559 S64 570 575 S81 586 592 
987 597 603 609 614 620 625 631 636 642 647 
588 653 658 664 669 675 680 686 691 697 702 
989 708 713 719 724 730 735 741 746 752 57 
790 89763 89768 89774 89779 89785 89790 89796 89801 89807 89812 
791 818 823 829 834 840 845 851 856 862 867 
792 873 878 883 889 894 900 905 911 916 922 
793 927 933 938 944 949 955 960 9966 971 977 
794 982 988 993 998 90004 90009 90015 90020 90026 90031 
%95 9037 90042 90048 90053 90059 90064 90069 90075 90080 90086 
7196 091 097 102 108 + # 113 119 124 129 135 140 
797 146 151 187 162 168 173 179 «+184 189 195 
798 200 206 211 217 #222 227 «-233-=:i«i«23Ssi«iCtit«iKD 
799 255 260 266 271 276 282 287 293 298 304 


800 90309 90314 90320 90325 90331 90336 90342 90347 90352 90358 
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TABLE I 
COMMON LOGARITHMS 


ee EA ee 0 oe 


1 2 
90314 90320 
369 374 
423 428 
477 482 
531 536 
90585 90590 
639 «644 
693 698 
747-752 
800 806 
90 854 90859 
907 913 
961 966 
91014 91020 
068 073 
91121 91126 
174 180 
228 233 
281 286 
334 339 
91 387 91392 
440 445 
492 498 
545 55) 
598 603 
91651 91656 
703 709 
756 761 
808 814 
861 866 
91913 91918 
965 971 
92018 92023 
070 075 
122. 127 
92174 92179 
226 231 
278 283 
330 335 
381 387 
92 433 92 438 
485 490 
536.542 
588 593 
639 «645 
92691 92 696 
742747 
793 799 
845 850 
§96 901 


90 325 
380 
434 
488 
542 


90 596 
650 
703 
757 
811 


90 865 
918 
972 

91 025 
078 


91 132 
185 
238 
291 
344 


91 397 
450 
503 
556 
609 


91 661 
714 
766 
819 
871 


91 924 
976 
92 028 
080 
132 
92 184 
236 
288 
340 
392 


92 443 
495 
547 
598 
650 


92 701 
752 
804 
855 
906 


90 331 
385 
439 
493 
547 


90 601 
655 
709 
763 
816 


90 870 
924 
977 

91 030 
084 


91 137 
190 
243 
297 
350 


91 403 
455 
508 
561 
614 


91 666 
719 
772 
824 
876 


91929 
981 
92 033 
085 
137 


92 189 
241 
293 
345 
397 


92 449 
500 
552 
603 
655 


92 706 
758 
809 
860 
911 


92947 92952 92957 92962 


5 6 Y f 8 9 
90 336 90342 90347 90352 90358 
390 396 401 407 412 
445 450 455 461 466 
499 504+ 509 515 520 
99305558) i563 S569 574 
90607 90612 90617 90623 90628 
660 666 671 £677 ~~ 682 
714 #720 = 725 730 ©6736 
768 773 #779 784 789 
822 827 832 838 843 
90875 90881 90886 90891 90897 
929, 934 940 945 950 
982 988 993 998 91004 
91036 91041 91046 91052 057 
089 09+ 100 105 ~~ 110 
91142 91148 91153 91158 91164 
196 =. 201 206 212 217 
249, 254 259) 265s 270 
302 307) 312) 3318 323 
355 360 365 371 376 
91408 91413 91418 91424 91429 
461 466 471 477 482 
514 519 «524 = $29 5835 
566 572 577 £582 587 
619 624 630 635 640 
91672 91677 91682 91687 91693 
724 730 735 740 39745 
7770 782 787 793 798 
829 834 840 845 850 
882 887 892 897 903 
91934 91939 91944 91950 91955 
986 991 997 92002 92007 
92038 92044 920419 054 059 
091 096 =: 101 106—ss 1121 
1430 «1482S 153) sd158 «163 
92195 92200 92205 92210 92215 
2470 2520S 257 262 ~~ 267 
298 304 309 314 # 319 
350 355 361 366 371 
402 407 412 418 423 
92 454 92459 92464 92469 92474 
505 511 516 521 526 
557 562) 567) 572 578 
609 614 619 624 629 
660 665 670 675 681 
92711 92716 92722 92727 92732 
763 768 773 778 = =§=—783 
814 819 824 829 834 
865 870 875 881 886 
916 921 927 932 937 
92967 92973 92978 92983 92988 
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WOOnNA HT & W OK 


OONA UO BW N = 


TABLE I 
COMMON LOGARITHMS 


N oO 1 2 3 4 5 6 % S$ 9 Prop. Pts. 
850 92942 92947 92952 92957 92962 92967 92973 92978 92983 92988 

851 993 998 93003 93008 93013 93018 93024 93029 93034 93039 

852 93044 93049 054 059 064 069 075 080 O85 090 

853 095 = 100-Ss 105) salt——s_—7215 120 125 131 136~=«141 6 
854 1446 151 156 161 166 171 176 IS 186 192 1 06. 
855 93197 93202 93207 93212 93217 93222 93227 93232 93237 93242 : i: 
856 247 «-252)~—S—«258)~—S«263—Ss« 268 273 «6278 ~S 283. «288BSs«éB 4 24 
857 298 303 308 313 318 323 328 «334 «©6339-3544 5 3.0 
858 349 354 359 364 369 374 379 384 389 394 6 3.6 
859 399 404 409 414 420 425 430 435 440 445 7 4.2 
860 93450 93455 93460 93465 93470 93475 93480 93485 93490 93 495 : 7 
861 500 505 510 515 520 526 531 536 541 546 

862 551 556 S61 566 571 576 581 S586 591 59% 

863 601 606 611 616 6212 626 631 636 641 646 

864 651 656 661 666 671 676 682 687 692 697 
865 93702 93707 93712 93717 93722 93727 93732 93737 93742 93747 

866 752 %S7 762 767 1772 777 782 G7 792 497 

867 802 807 812 817 822 827 832 837 842 847 

868 852 857 862 867 872 877 882 $87 892 897 

869 9022 907 912 917 922 927 932 937 942 947 
870 93952 93957 93962 93967 93972 93977 93982 93987 93992 93997 5 
871 94002 94007 94012 94017 94022 94027 94032 94037 94042 94047 —_—— 
872 052 057 062 067° «072 077 082 «086 «COk:siHsi—‘“(Q YS 
873 101 106 211 2116 = 121 126 131 4136 141 146 3 15 
874 151 156 161 166 171 176 181 18 191 196 4 20 
S875 94201 94206 94211 94216 94221 94226 94231 94236 94240 94245 A rr 
876 250 255 260 265 270 275 280 285 290 295 7 35 
877 300 305 310 315 320 325 330 335 340 345 8 40 
$78 349 354 359 364 369 374 379 384 389 394 9 45 
879 399 404 409 414 419 424 429 433 438 443 
S80 94448 94453 94458 94463 94468 94473 94478 94483 94488 94493 

881 498 503 507 512 517 522 527 532 537 542 

882 547 552 557 562 567 571 576 SSl 586 591 

883 5966 601 606 611 616 621 626 630 635 640 

884 645 650 655 660 665 670 675 680 685 689 
885 94694 94699 94704 94709 94714 94719 94724 94729 94734 94738 

$86 743 #748 +1753 758 763 768 773 778 +183 1787 

$87 792 797 802 807 812 817 822 $827 832 836 

888 841 846 851 856 861 866 871 876 880 885 4 
859 890 895 900 905 910 915 919 924 929 934 Pe es 
S90 94939 94944 94949 94954 94959 94963 94968 94973 94978 94983 2 08 
$91 988 993 998 95002 95007 95012 95017 95022 95027 95032 3 12 
892 95036 95041 95046 051 056 061 066 071 #4075 #080 4 16 
893 085 090 095 100. 105 109 114 # +119 «+124 129 a 
894 13¢ 1239 'ssd443s—i248sid2533 158 163 168 173 «#4177 ee 
895 95182 95187 95192 95197 95202 95207 95211 95216 95221 95 226 8 3.2 
896 231 236 240 245 250 255 260 265 270 274 9 3.6 
$97 279 «284 «= 289294: 299 303 «308)«=— 313s 3318S 323 

898 328 332 337 342 347 352 357 361 366 3721 

899 376 381 386 390 395 400 405 410 415 419 


900 95424 95429 95434 95439 95444 95448 95453 95458 95463 95468 


440 


TABLE I 
COMMON LOGARITHMS 


N oO 1 2 3 4 5 6 vf 8 9 Prop. Pts. 
900 95 424 95 429 95434 95439 95444 95448 95453 95458 95463 95468 

901 472 477 «+482 «487 +~«492 497. 501 506 S11 516 

902 521 528 530 535 540 545 550 554 559 564 

903 569 574 578 583 588 593 598 602 607 612 5 
904 617 622 626 631 636 641 646 650 655 660 1 057 
905 95.665 95.670 95 674 95679 95684 95.689 95.694 95698 95703 95708 2 Te 
906 713.«718~=—«722~=St«*S7277'”~=S«=«*WT38D 737 «742 +«746~=C*T7S—“‘é‘zTSO OCs 
907 761 766 770 778 780 785 789 794 799 804 5§ 25 
908 809 813 818 823 $28 832 837 842 847 852 6 30 
909 856 861 866 871 875 880 885-890-895 899735 
910 95904 95909 95914 95918 95923 95928 95933 95938 95942 95947 9 45 
911 952 957 961 966 97/1 976 980 985 990 995 

912 999 96.004 96009 96014 96019 96.023 96028 96033 96038 96042 

913 96047 052 057 061 066 071 076 080 085 090 

914 095 099 10¢ 109 114 118 123 128 4133 137 
915 96142 96147 96152 96156 96161 96166 96171 96175 96180 96185 

916 190 194 199 204 209 213 218 223 227 © 232 

917 237 242 «©9246 «251 ~=—«256 961 265 270 275 280 

918 284 289 294 298 303 308 313 317 322 + «© 327 

919 332 336 4341 «346.350 355 360 365 369 374 
920 96379 96384 96388 96393 96398 96402 96407 96412 96417 96421 , 
921 426 431 435 440 445 450 454459464468 
922 473 478 483 487 492 497 501 506 Sil sis 1 04 
923 520 525 530 534 539 544 548«5535S8:«S6Rs—“‘’:CSOOS 
924 567 572 577 «581 «586 sol 595 4-600 60S,'—iD—iagC's 
925 96614 96619 96624 96628 96633 96.638 96642 96647 96652 96656 20 
926 661 666 670 675 680 685 689 «69 —99s—s0B——‘ ws 
927 708 713 717 «722 «727 731 736 741 «745 «+750 9 35 
928 "SS 150.64 769—Ss«774 "78 783 #44788 +92 197 «»9 36 
929 802 806 8ll 816 820 $25 830 83¢ 839 844 
930 96 848 96853 96858 96862 96867 96872 96876 96881 96886 96890 

931 895 900 904 909 914 918 923 928 932 937 

932 942 946 951 956 960 965 970 974 979 984 

933 988 993 997 97002 97007 97011 97016 97021 97025 97030 

934 97035 97039 97044 049 053 058 063 067 «072 ~«077 
935 97081 97086 97090 97095 97100 97104 97109 97114 97118 97123 

936 128 132 137 142 146 151 155 160 165 169 

937 174 179 «+2183 ~«=«188—S—«d92 197 -202:««206.—Sté«éd'(C(tsé«d'G 

938 220 225 230 234 239 243 «-248«=o253—Si«ST~—S(«éR 

939 267 271 276 280 285 990 294 299 304 308 
940 97313 97317 97322 97327 97331 97336 97340 97345 97350 97354 

941 359 364 368 373 377 382 387 391 396 400 

942 405 410 414 «419 «(424 498 433° 437 «442 «447 

943 451 456 460 465 470 474 479 «483+=«é8BSC«COD 

944 497 502 506 S11 516 520 525 529 534 539 
945 97543 97548 97552 97557 97562 97566 97571 97575 97580 97585 

946 589 594 598 603 607 612 617. 621.~«—«626.~—«630 

947 635 640 «644s 49s«SB 658 663 667 672 676 

948 681 685 690 695 699 "04 «708~«=C713.—t—«*T‘T.'~Si‘(‘é‘éO 

949 "27 «'731=—o7386—s740.745 "49 754 ««759.~«««*63—s«768 


950 97772 97777 97782 97786 97791 97795 97800 97804 97809 97813 
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TABLE I 
COMMON LOGARITHMS 


N 0 1 2 3 4 5 6 7 § 9 Prop. Pts. 
950 97772 97777 97782 97786 97791 97795 97800 97804 97809 97813 

951 818 823 827 832 836 841 845 850 855 859 

952 864 868 873 877 882 886 891 89% 900 905 

953 99 914 918 923 928 932 937 941 46 950 

954 955 959 + 68 973 978 982 987 991 996 et 
955 98000 98005 98009 98014 98019 98023 98028 98032 98037 98041 ; re 
956 046 050 055 059 064 068 073 078 082 O87 «23 15 
957 091 096 100 108 = 109 114 #118 123 «127 «+132 «44 20 
958 137 141 +146 150 155 199 164 168 173 U7 S$ 25 
959 182 186 191 195 200 204 209 214 218 223 : ae 
96O 98227 98232 98236 98241 98245 98250 98254 98259 98263 98268 8 4.0 
961 272 277 281 286 290 295 299 304 308 313 9 45 
962 318 322 327 331 336 340 345 349 354 358 

963 363 367 «9372 +~= 376 ~— 381 385 390 39% 399 403 

964 408 412 417 421 426 430 435 439 444 448 
965 98453 98457 98462 98466 98471 98475 98480 98484 98489 98493 

966 498 S02 S07 S11 S16 §20 525 529 534 538 

967 543 547 552 556 S61 565 570 574 579 583 

968 588 592 597 601 605 610 614 619 623 628 

969 632 637 G41 646 650 655 659 664 668 673 
G70 98677 98682 98686 98691 98695 98700 98704 98709 98713 98717 

971 722 726 731 735 + 740 744 #9749 1753 758 762 4 
972 167 771 ‘1776 ‘780 784 739 793 798 802 807 a7 
973 811 816 820 825 829 834 838 843 847 851 08 
974 856 860 865 869 874 878 883 887 892 89% 3 49 
975 98900 98905 98909 98914 98918 98923 98927 98932 98936 98941 o 
976 945 949 954 958 963 967 972 976 981 985 ae 
977 989 994 998 99003 99007 99012 99016 99021 99025 99029 7 28 
978 99034 99038 99043 047 = 052 056 061 065 069 O07 8 32 
979 078 083 087 092 09% 10 105 109 114 #2118 #=9 36 
980 99123 99127 99131 99136 99140 99145 99149 99154 99158 99162 

981 167. 171 «17%6—s«d180—S—s«*d1:SSS 189 193 198 202 207 

982 211 216 220 224 229 233 238 242 247 252 

983 255 260 264 269 273 277 282 «286. 291295 

984 300 304 308 313 317 322 326 330 335 339 
O85 99344 99348 99352 99357 99361 99366 99370 99374 99379 99383 

986 388 392 396 401 405 410 414 419 423 427 

987 432 436 441 445 449 454 458 463 467 471 

988 476 480 484 489 493 498 502 506 SIL 515 

989 520 524 528 533 537 542 546 550 555 559 
990 99564 99568 99572 99577 99581 99585 99590 99594 99599 99603 

991 607 612 616 621 625 629 634 638 642 647 

992 651 656 660 664 669 673. 677 «+682 «686—i«CQ 

993 695 699 704 708 712 717. 721 «#4726 «©9730 ~=—734 

994 739 #743 «97472 «752~—S756 760 765 769 1774 778 

995 99782 99787 99791 99795 99800 99804 99808 99813 99817 99822 

996 826 830 835 839 843 848 852 856 861 865 

997 870 874 878 883 887 891 896 900 904 909 

998 913 917 922 926 930 935 939 944 948 952 

999 957 961 965 970 974 978 983 987 991 996 


1000 00000 00004 00009 00013 00017 00022 00026 00030 00035 00039 
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TABLE II 


TRIGONOMETRIC FUNCTIONS AND THEIR LOGARITHMS 


ANGLE Sine Tangent Cotangent Cosine 
Radians Degrees! Value Log Value Log | Value Log Value Log 
.0000 0°00’ .Q0000 — .0000 — _ — 1.0000 .0000 90°00’ 1.5708 
.0029 10 .0029 .4637 .0029 .4637 343.77 .5363 1.0000 .0000 50 1.5679 
.0058 20 .0058 .7648 .0058 .7648 171.89 .2352 1.0000 .0000 40 1.5650 
.0087 30 .0087 .9408 .0087 .9409 114.59 .0591 1.0000 .0000 30 1.5621 
0116 40 .0116 .0658 .0116 .0658 85.940 .9342 .9999 .0000 20 1.5592 
.0145 50 .0145 .1627 .0145 .1627 68.750 .8373 .9999 .0000 10 1.5563 
0175 1°00’ .0175 .2419 .0175 .2419 57.290 .7581 .9998 .9999 89°00’ 1.5533 
.0204 10 .0204 .3088 .0204 .3089 49.104 .6911 .9998 .9999 50 1.5504 
.0233 20) = .0233 .3668 .0233 .3669 42.964 .6331 .9997 .9999 40 1.5475 
.0262 30 .0262 .4179 .0262 .4181 38.188 .5819 .9997 .9999 30 1.5446 
.0291 40 .0291 .4637 .0291 .4638 34.368 .5362 .9996 .9998 20 1.5417 
.0320 50 .0320 .5050 .0320 .5053 31.242 .4947 .9995 .9998 10 1.5388 
.0349 2°00’ .0349 .5428 .0349 .5431 28.636 .4569 .9994 .9997 88°00’ 1.5359 
.0378 10 .0378 .5776 .0378 .5779 26.432 .4221 .9993 .9997 50 1.5330 
.0407 20 .0407 .6097 .0407 .6101 24.542 .3899 .9992 .9996 40 1.5301 
.0436 30 © .0436 .6397 .0437 .6401 22.904 .3599 .9990 .9996 30 1.5272 
.0465 40 .0465 .6677 .0466 .6682 21.470 .3318 .9989 .9995 20 1.5243 
0495 50 .0494 .6940 .0495 .6945 20.206 .3055 .9988 .9995 10 1.5213 
0524 3°00’ .0523 .7188 .0524 .7194 19.081 .2806 .9986 .9994 87°00’ 1.5184 
.0553 10 .0552 .7423 .0553 .7429 18.075 .2571 .9985 .9993 50 1.5155 
.0582 20 .0581 .7645 .0582 .7652 17.169 .2348 .9983 .9993 40 1.5126 
.0611 30 .0610 .7857 .0612 .7865 16.350 .2135 .9981 .9992 30 1.5097 
.0640 40 .0640 .8059 .0641 .8067 15.605 .1933 .9980 .9991 20 1.5068 
.0669 50 .0669 .8251 .0670 .8261 14.924 .1739 .9978 .9990 10 1.5039 
.0698 4°00’ .0698 .8436 .0699 .8446 14.301 .1554 .9976 .9989 86°00’ 1.5010 
.0727 10 .0727 .8613 .0729 .8624 13.727 .1376 .9974 .9989 50 1.4981 
0756 20 .0756 .8783 .0758 .8795 13.197 .1205 .9971 .9988 40 1.4952 
.0785 30 .0785 .8946 .0787 .8960 12.706 .1040 .9969 .9987 30 1.4923 
.0814 40 .0814 .9104 .0816 .9118 12.251 .0882 .9967 .9986 20 1.4893 
.0844 50 .0843 .9256 .0846 .9272 11.826 .0728 .9964 .9985 10 1.4864 
.0873 5°00’ .0872 .9403 .0875 .9420 11.430 .0580 .9962 .9983 85°00’ 1.4835 
.0902 10 .0901 .9545 .0904 .9563 11.059 .0437 .9959 .9982 50 1.4806 
0931 20 .0929 .9682 .0934 .9701 10.712 .0299 .9957 .9981 40 1.4777 
.0960 30 .0958 .9816 .0963 .9836 10.385 .0164 .9954 .9980 30 1.4748 
.0989 40 .0987 .9945 .0992 .9966 10.078 .0034 .9951 .9979 20 1.4719 
.1018 50 .1016 .0070 .1022 .0093 9.7882 .9907 .9948 .9977 10 1.4690 
.1047 6°00’ .1045 .0192 .1051 .0216 9.5144 .9784 .9945 .9976 84°00’ 1.4661 
.1076 10 .1074 .0311 .1080 .0336 9.2553 .9664 .9942 .9975 50 1.4632 
.1105 20 .1103 .0426 .1110 .0453 9.0098 .9547 .9939 .9973 40 1.4603 
.1134 30 .1132 .0539 .1139 .0567 8.7769 .9433 .9936 .9972 30 1.4573 
.1164 40 .1161 .0648 .1169 .0678 8.5555 .9322 .9932 .9971 20 1.4544 
1193 50 .1190 .0755 .1198 .0786 8.3450 .9214 .9929 .9969 10 1.4515 
1222 7°00’ .1219 .0859 .1228 .0891 8.1443 .9109 .9925 .9968 83°00’ 1.4486 
.1251 10 .1248 .0961 .1257 .0995 7.9530 .9005 .9922 .9966 50 1.4457 
.1280 20 .1276 .1060 .1287 .1096 7.7704 .8904 .9918 .9964 40 1.4428 
.1309 30 .1305 .1157 .1317 .1194 7.5958 .8806 .9914 .9963 30 1.4399 
.1338 40 .1334 .1252 .1346 .1291 7.4287 .8709 .9911 .9961 20 1.4370 
.1367 50.1363 .1345 .1376 .1385 7.2687 .8615 .9907 .9959 10 1.4341 
1396 8°00’ .1392 .1436 .1405 .1478 7.1154 .8522 .9903 .9958 82°00’ 1.4312 
1425 10 .1421 .1525 .1435 .1569 6.9682 .8431 .9899 .9956 50 1.4283 
1454 20 .1449 .1612 .1465 .1658 6.8269 .8342 .9894 .9954 40 1.4254 
. 1484 30 .1478 .1697 .1495 .1745 6.6912 .8255 .9890 .9952 30 1.4224 
~1513 40 .1507 .1781 .1524 .1831 6.5606 .8169 .9886 .9950 20 1.4195 
~1542 50.1536 .1863 .1554 .1915 6.4348 .8085 .9881 .9948 10 1.4166 
1571 9°00’ .1564 .1943 .1584 .1997 6.3138 .8003 .9877 .9946 81°00’ 1.4137 
Value Log Value Log Value Log Value Log {Degrees Radians 
Cosine Cotangent Tangent Sine 
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TABLE II 
TRIGONOMETRIC FUNCTIONS AND THEIR LOGARITHMS 


ANGLE Sine Tangent Cotangent Cosine 
Radians Degrees| Value Log Value Log Value Log Value Log 
1571 9°00’ .1564 .1943 .1584 .1997 6.3138 .8003 .9877 .9946 81°00’ 1.4137 
.1600 10.1593 .2022 .1614 .2078 6.1970 .7922 .9872 .9944 50 1.4108 
.1629 20 .1622 .2100 .1644 .2158 6.0844 .7842 .9868 .9942 40 1.4079 
-1658 30 .1650 .2176 .1673 .2236 5.9758 .7764 .9863 .9940 30 1.4050 
.1687 40 .1679 .2251 .1703 .2313 5.8708 .7687 .9858 .9938 20 1.4021 
1716 SO .1708 .2324 .1733 .2389 5.7694 .7611 .9853 .9936 10 1.3992 
-1745 10°00’ .1736 .2397 .1763 .2463 5.6713 .7537 .9848 .9934 80°00’ 1.3963 
.1774 10 .1765 .2468 .1793 .2536 5.5764 .7464 .9843 .9931 °§0 1.3934 
- 1804 20 .1794 .2538 .1823 .2609 5.4845 .7391 .9838 .9929 40 1.3904 
.1833 30 .1822 .2606 .1853 .2680 5.3955 .7320 .9833 .9927 30 1.3875 
.1862 40 .1851 .2674 .1883 .2750 5.3093 .7250 .9827 .9924 20 1.3846 
1891 50 .1880 .2740 .1914 .2819 5§.2257 .7181 .9822 .9922 10 1.3817 
-1920 11°00’ .1908 .2806 .1944 .2887 5.1446 .7113 .9816 .9919 79°00’ 1.3788 
.1949 10 .1937 .2870 .1974 .2953 5.0658 .7047 .9811 .9917 50 1.3759 
.1978 20 .1965 .2934 .2004 .3020 4.9894 .6980 .9805 .9914 40 1.3730 
.2007 30.1994 .2997 .2035 .3085 4.9152 .6915 .9799 .9912 30 1.3701 
.2036 40 .2022 .3058 .2065 .3149 4.8430 .6851 .9793 .9909 20 1.3672 
.2065 90 = .2051 .3119 .2095 .3212 4.7729 .6788 .9787 .9907 10 1.3643 
.2094 12°00’ .2079 .3179 .2126 .3275 4.7046 .6725 .9781 .9904 78°00’ 1.3614 
2123 10 .2108 .3238 .2156 .3336 4.6382 .6664 .9775 .9901 50 1.3584 
2153 20) .2136 .3296 .2186 .3397 4.5736 .6603 .9769 .9899 40 1.3555 
.2182 30.2164 .3353 .2217 .3458 4.5107 .6542 .9763 .9896 30 1.3526 
2211 40 .2193 .3410 .2247 .3517 4.4494. .6483 .9757 .9893 20 1.3497 
.2240 50.2221 .3466 .2278 .3576 4.3897 .6424 .9750 .9890 10 1.3468 
.2269 13°00’ .2250 .3521 .2309 .3634 4.3315 .6366 .9744 .9887 77°00’ 1.3439 
2298 10 .2278 .3575 .2339 .3691 4.2747 .6309 .9737 .9884 50 1.3410 
2327 20 .2306 .3629 .2370 .3748 4.2193 .6252 .9730 .9881 40 1.3381 
2356 30.2334 .3682 .2401 .3804 4.1653 .6196 .9724 .9878 30 «1.3352 
2385 40 .2363 .3734 .2432 .3859 4.1126 .6141 .9717 .9875 20 1.3323 
2414 50.2391 .3786 .2462 .3914 4.0611 .6086 .9710 .9872 10 1.3294 
-2443 14°00’ .2419 .3837 .2493 .3968 4.0108 .6032 .9703 .9869 76°00’ 1.3265 
2473 10 .2447 .3887 .2524 .4021 3.9617 .5979 .9696 .9866 50 1.3235 
2502 20 .2476 .3937 = .2555 .4074 3.9136 .5926 .9689 .9863 40 1.3206 
2531 30 .2504 .3986 .2586 .4127 3.8667 .5873 .9681 .9859 30 1.3177 
2560 40 .2532 .4035 .2617 .4178 3.8208 .5822 .9674 .9856 20 1.3148 
2989 $0 .2560 .4083 .2648 .4230 3.7760 .5770 .9667 .9853 10 1.3119 
.2618 15°00’ .2588 .4130 .2679 .4281 3.7321 .5719 .9659 .9849 75°00’ 1.3090 
2647 10 .2616 .4177 .2711 .4331 3.6891 .5669 .9652 .9846 50 1.3061 
.2676 20 .2644 .4223 .2742 .4381 3.6470 .5619 .9644 .9843 40 1.3032 
2705 30) .2672 .4269 .2773 .4430 3.6059 .5570 .9636 .9839 30 1.3003 
2734 40 .2700 .4314 .2805 .4479 3.5656 .5521 .9628 .9836 20 1.2974 
2763 50 .2728 .4359 .2836 .4527 3.5261 .5473 .9621 .9832 10 1.2945 
.2793 16°00’ .2756 .4403 .2867 .4575 3.4874 .5425 .9613 .9828 74°00’ 1.2915 
2822 10 .2784 .4447 .2899 .4622 3.4495 .5378 .9605 .9825 50 1.2886 
2851 20 .2812 .4491 .2931 .4669 3.4124 .5331 .9596 .9821 40 1.2857 
2880 30.2840 .4533 .2962 .4716 3.3759 .5284 .9588 .9817 30 1.2828 
2909 40 .2868 .4576 .2994 .4762 3.3402 .5238 .9580 .9814 20 1.2799 
.2938 50 .2896 .4618 .3026 .4808 3.3052 .5192 .9572 .9810 10 1.2770 
.2967 17°00’ .2924 .4659 .3057 .4853 3.2709 .5147 .9563 .9806 73°00’ 1.2741 
.2996 10 .2952 .4700 .3089 .4898 3.2371 .5102 .9555 .9802 SO 1.2712 
3025 20 .2979 .4741 .3121 .4943 3.2041 .5057 .9546 .9798 40 1.2683 
.3054 30 =.3007 .4781 .3153 .4987 3.1716 .5013 .9537 .9794 30 1.2654 
.3083 40 .3035 .4821 .3185 .5031 3.1397 .4969 .9528 .9790 20 1.2625 
3113 50 .3062 .4861 .3217 .5075 3.1084 .4925 .9520 .9786 10 1.2595 
.3142 18°00’ .3090 .4900 .3249 .5118 3.0777 .4882 .9511 .9782 72°00’ 1.2566 
Value Log Value Log Value Log Vaiue Log |Degrees Radians 
Cosine Cotangent Tangent Sine 
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TABLE II 


TRIGONOMETRIC FUNCTIONS AND THEIR LOGARITHMS 


ANGLE 


Radians Degrees 
.3142 18°00’ 
3171 10 
.3200 20 
.3229 30 
3258 40 
3287 50 
.3316 19°00" 
3345 10 
3374 20 
3403 30 
3432 40 
3462 50 
.3491 20°00’ 
3520 10 
«3549 20 
3578 30 
. 3607 40 
. 3636 50 
.3665 21°00’ 
3694 10 
3723 20 
3752 30 
.3782 40 
3811 50 
3840 22°00’ 
3869 10 
. 3898 20 
3927 30 
. 3956 40 
3985 50 
.4014 23°00’ 
4043 10 
4072 20 
4102 30 
4131 40 
4160 50 
.4189 24°00’ 
.4218 10 
4247 20 
4276 30 
4305 40 
4334 50 
4363 25°00’ 
4392 10 
4422 20 
4451 30 
4480 40 
4509 50 
4538 26°00’ 
4567 10 
4596 20 
4625 30 
4654 40 
4683 50 
4712 27°00’ 


| 


. 3090 
.3118 
.3145 
.3173 
.3201 
.3228 


.3256 
.3283 
3311 
3338 
. 3365 
.3393 


. 3420 
3448 
3475 
3502 
»3529 
13557 


3584 
.3611 
. 3638 
. 3665 
. 3692 
3719 


.3746 
3773 
. 3800 
3827 
3854 
3881 


.3907 
3934 
.3961 
3987 
.4014 
.4041 


.4067 
.4094 
-4120 
4147 
4173 
-4200 


-4226 
»4253 
.4279 
.4305 
4331 
-4358 


4384 
.4410 
-4436 
.4462 
.4488 
04514 
-4540 


S 
Value 


Value 


ine 
Log 


.4900 
.4939 
4977 
.5015 
.9052 
. 9090 


.5126 
.9163 
.9199 
9235 
.5270 
. 9306 


.9341 
.5375 
. 5409 
. 5443 
9477 
.9510 


.5543 
.5576 
. 5609 
.5641 
.5673 
75704 


.5736 
9767 
.5798 
. 9828 
.5859 
.9889 


.9919 
. 9948 
.5978 
.6007 
. 6036 
.6065 


6093 
.6121 
6149 
6177 
6205 
6232 


.6259 
.6286 
.6313 
.6340 
.6366 
.6392 


6418 
6444 
6470 
6495 
6521 
6546 
6570 


Log 


Cosine 


Tangent 


Value 


.3249 
3281 
.3314 


.3346 
. 3378 
3411 


3443 


. 3476 
. 3508 
.3541 
3574 
.3607 
. 3640 
. 3673 
. 3706 
3739 
.3772 
. 3805 


3839 
3872 
.3906 
3939 
.3973 
-4006 


.4040 
.4074 
-4108 
.4142 
.4176 
.4210 


04245 
4279 
4314 
.4348 
.4383 
4417 


4452 


4487 


04522 


4557 


.4592 


.4628 


-4663 
.4699 
.4734 
.4770 


.4806 
4841 


4877 
.4913 


.4950 
.4986 
.9022 
. 9059 
.909§ 


Value 


Log 


.5118 
.5161 


. 5203 


.5245 
.5287 


9329 


.5370 
0411 
29451 


.5491 
.9931 
971 


.5611 
.5650 
. 5689 
9727 
. 5766 
.5804 


5842 
.5879 
9917 
.5954 
.9991 
.6028 


.6064 
.6100 
.6136 
.6172 
.6208 
.6243 


.6279 
.6314 
.6348 
.6383 
.6417 
.6452 


.6486 


.6520 


.6553 


.6587 
.6620 
.6654 


.6687 
.6720 
.6752 
.6785 
.6817 


.6850 


.6882 


.6914 
.6946 
.6977 
. 7009 
. 7040 
7072 


Log 


Cotangent 


| 


Cotangent 


Value 


.0777 
.0475 
.0178 
-9887 
-9600 
9319 


.9042 
.8770 
8502 
.8239 
. 7980 
7725 


7475 
.1228 
.6985 
.6746 
6511 
.6279 


.6051 
. 9826 
.5605 
. 9386 
.5172 
.4960 


4751 
-4545 
4342 
.4142 
3945 
.3750 


.3559 
. 3369 
.3183 
.2998 
.2817 
.2637 


.2460 
.2286 
.2113 
"1943 
01775 
.1609 


. 1445 
.1283 
.1123 
.0965 
.0809 
.0655 


.0503 
.0353 
.0204 
.0057 
9912 
.9768 


mr DDD DN NDM DDN DD HDHD ND HDD DDD PND DN DS HDHD HDD NH ND DND NH DNDOHD DH dD GW WW 


ps 
Ko) 
On 
bo 
On 


Value 


Log 


.4882 
-4839 
4797 
4755 
.4713 
.4671 


.4630 
-4589 
.4549 
.4509 
.4469 
.4429 


.4389 
-4350 
4311 
4273 
4234 
-4196 


-4158 
-4121 
.4083 
-4046 
.4009 
.3972 


. 3936 
. 3900 
. 3864 
. 3828 
3792 
3757 


3721 
. 3686 
3652 
.3617 
.3583 
3548 


.3514 
. 3480 
3447 
.3413 
. 3380 
. 3346 


.3313 
. 3280 
. 3248 
.3215 
.3183 
.3150 


.3118 
. 3086 
.3054 
. 3023 
.2991 
. 2960 
»2928 


Log 


Tangent 


445 


Cosine 


Value 


9511 
.9502 
.9492 
.9483 
.9474 
.9465 


.9455 
.9446 
.9436 
.9426 
.9417 
.9407 


.9397 
.9387 
9377 
.9367 
.9356 
.9346 


.9336 
.9325 
9315 
.9304 
.9293 
.9283 
.9272 
.9261 
.9250 
.9239 
.9228 
.9216 


.9205 
.9194 
.9182 
9171 
.9159 
9147 


.9135 
.9124 
9112 
.9100 
.9088 
.9075 


.9063 
.9051 
.9038 
.9026 
.9013 
-9001 


.8988 
.8975 
.8962 
.8949 
.8936 
.8923 
.8910 


Value 
Sin 


Log | 


Log 
e 


.9782 72°00’ 
.9778 
.9774 
.9770 
.9765 
-9761 


9757 
9752 
9748 
.9743 
.9739 
.9734 


.9730 
9725 
9721 
.9716 
9711 
.9706 


.9702 
.9697 
.9692 
.9687 
.9682 
9677 


.9672 
.9667 
.9661 
-9656 
.9651 
.9646 


-9640 
.9635 
.9629 
.9624 
.9618 
.9613 


.9607 
.9602 
.9596 
-9590 
.9584 
.9579 


.9573 
.9567 
-9561 
.9555 
.9549 
.9543 


.9537 
.9530 
.9524 
.9518 
.9512 
.9505 
-9499 


10 


10 


Degrees 


.2566 
2537 
.2508 
.2479 
. 2450 
2421 


2392 
.2363 
2334 
.2305 
.2275 
.2246 


.2217 
.2188 
.2159 
.2130 
.2101 
.2072 


1 
1 
1 
1 
1 
1 
1 
| 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1.2043 
1.2014 
1.1985 
1.1956 
1.1926 
1.1897 
1.1868 
1.1839 
1.1810 
1.1781 
U; 
1 
1 
1 
i 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


1752 


.1723 


. 1694 
- 1665 
. 1636 
. 1606 
1577 
.1548 


.1519 
. 1490 
.1461 
»1432 
. 1403 
1374 


1345 
.1316 
.1286 
~1257 
1228 
-1199 


.1170 
.1141 
~1112 
.1083 
.1054 
.1025 
.0996 


Radians 


TABLE II 


TRIGONOMETRIC FUNCTIONS AND THEIR LOGARITHMS 


ANGLE Sine 
Radians Degrees) Value Log 


4712 27°00’ 


4741 10 
A771 20 
.4800 30 
.4829 40 
.4858 50 
.4887 28°00’ 
4916 10 
4945 20 
4974 30 
5003 40 
.5032 50 
.5061 29°00’ 
5091 10 
5120 20 
5149 30 
5178 40 
5207 50 
.5236 30°00’ 
5265 10 
5294 20 
5323 30 
5352 40 
5381 50 
5411 31°00’ 
5440 10 
5469 20 
5498 30 
5527 40 
5556 50 
.5585 32°00’ 
5614 10 
5643 20 
5672 30 
.5701 40 
.5730 50 
.5760 33°00’ 
5789 10 
5818 20 
5847 30 
5876 40 
5905 50 
.5934 34°00’ 
5963 10 
5992 20 
6021 30 
6050 40 
6080 50 
.6109 35°00’ 
6138 10 
6167 20 
.6196 30 
6225 40 
6254 50 
.6283 36°00’ 


-4540 
.4566 
.4592 
.4617 
.4643 
.4669 


-4695 
.4720 
.4746 
4772 
4797 
-4823 


.4848 
.4874 
.4899 
.4924 
-4950 
4975 


. 5000 
.5025 
.5050 
.5075 
.5100 
.5125 


.5150 
-5175 
.5200 
.5225 
.9250 
.5275 


.5299 
.5324 
. 9348 
.5373 
.5398 
.5422 


.5446 
9471 
.5495 
5519 
.5544 
.5968 


.5592 


Value 


.6570 
.6595 
.6620 
.6644 
.6668 
.6692 


.6716 
.6740 
.6763 
.6787 
.6810 
.6833 


.6856 
.6878 
.6901 
.6923 
.6946 
.6968 


.6990 
1012 
.7033 
7055 
.1076 
.71097 


.7118 
.7139 
.7160 
7181 
.7201 
t222 


1242 
. 7262 
.7282 
. 7302 
.71322 
1342 


7361 
. 7380 
. 7400 
7419 
.7438 
1457 


7476 
9616 . 
.9640 . 
.5664 . 
.5688 . 
UTZ \ 


.5736 . 
.9760 . 
.5783 . 
.5807 . 
.59831 . 
.5854 . 
.5878 . 


Log 


Cosine 


Cc ent 
| Vaias Loe Value Lee 
.5095 .7072 1.9626 .2928 
5132 .7103 1.9486 .2897 
5169 .7134 1.9347 .2866 
.5206 .7165 1.9210 .2835 
5243 .7196 1.9074 .2804 
9280 .7226 1.8940 .2774 
9317 .7257 1.8807 .2743 
5354 .7287 1.8676 .2713 
.5392 .7317 1.8546 .2683 
.5430 .7348 1.8418 .2652 
.5467 .7378 1.8291 .2622 
.5505 .7408 1.8165 .2592 
.5543 .7438 1.8040 .2562 
5581 .7467 1.7917 .2533 
5619 .7497 1.7796 .2503 
5658 .7526 1.7675 .2474 
.5696 .7556 1.7556 .2444 
5735 .7585 1.7437 .2415 
.5774 .7614 1.7321 .2386 
5812 .7644 1.7205 .2356 
.§851 .7673 1.7090 .2327 
.5890 .7701 1.6977 .2299 
.5930 .7730 1.6864 .2270 
.5969 .7759 1.6753 .2241 
.6009 .7788 1.6643 .2212 
.6048 .7816 1.6534 .2184 
.6088 .7845 1.6426 .2155 
£6128 .7873 1.6319 .2127 
.6168 .7902 1.6212 .2098 
.6208 .7930 1.6107 .2070 
.6249 .7958 1.6003 .2042 
.6289 .7986 1.5900 .2014 
.6330 .8014 1.4798 .1986 
.6371 .8042 1.5697 .1958 
.6412 .8070 1.5597 .1930 
.6453 .8097 1.5497 .1903 
6494 .8125 1.5399 .1875 
.6536 .8153 1.5301 .1847 
.6577 .8180 1.5204 .1820 
.6619 .8208 1.5108 .1792 
.6661 .8235 1.5013 .1765 
.6703 .8263 1.4919 .1737 
.6745 .8290 1.4826 .1710 
.6787 .8317 1.4733 .1683 
.6830 .8344 1.4641 .1656 
.6873 .8371 1.4550 .1629 
.6916 .8398 1.4460 .1602 
.6959 .8425 1.4370 .1575 
.7002 .8452 1.4281 .1548 
7046 .8479 1.4193 .1521 
7089 .8506 1.4106 .1494 
7133 .8533 1.4019 .1467 
7177 .8559 «1.3934 .1441 
7221 .8586 1.3848 .1414 
7265 .8613 1.3764 .1387 
Value Log Value Log 
Cotangent Tangent 


446 


ie 


Cosine 
ue Log 
.8910 .9499 63°00’ 
.8897 .9492° 50 
8884 .9486 40 
8870 .9479 30 
8857 .9473 20 
.8843 .9466 10 
.8829 .9459 62°00’ 
8816 .9453 50 
.8802 .9446 40 
.8788 .9439 30 
8774 .9432 20 
.8760 .9425 10 
.8746 .9418 61°00’ 
.8732 .9411 50 
8718 .9404 40 
.8704 .9397 30 
.8689 .9390 20 
8675 .9383 10 
.8660 .9375 60°00’ 
.8646 .9368 50 
.8631 .9361 40 
8616 .9353 30 
.8601 .9346 20 
8587 .9338 10 
8572 .9331 59°00’ 
.8557 .9323 50 
28542 .9315 40 
8526 .9308 30 
8511 .9300 20 
.8496 .9292 10 
.8480 .9284 58°00’ 
.8465 .9276 50 
.8450 .9268 40 
.8434 .9260 30 
8418 .9252 20 
8403 .9244 10 
.8387 .9236 57°00’ 
.8371 .9228 50 
8355 .9219 40 
.8339 .9211 30 
.8323 .9203 20 
8307 .9194 10 
.8290 .9186 56°00% 
8274 .9177 50 
.8258 .9169 40 
.8241 .9160 30 
8225 .9151 20 
.8208 .9142 10 
.8192 .9134 55°00’ 
8175 .9125 50 
.8158 .9116 40 
.8141 .9107 30 
.8124 .9098 20 
.8107 .9089 10 
.8090 .9080 54°00’ 
Value Log _ /|Degrees 
Sine 


oe ar ee eS ee Se 
e ° ci e cf ee rf e e ° e es e . cy e cd e e ° 


.0385 
.0356 
.0327 


.0297 
.0268 
.0239 
.0210 
.0181 
.0152 


.0123 
.0094 
.0065 
.0036 
.0007 
.9977 


9948 
.9919 
.9890 
9861 
9832 
.9803 


9774 
9745 
.9716 
.9687 
.9657 
-9628 


.9599 
.9570 
.9541 
.9512 
9483 
9454 
9425 


Radians 


TABLE II 


TRIGONOMETRIC FUNCTIONS AND THEIR LOGARITHMS 


ANGLE | 
Radians Degrees 
.6283 36°00’ 
.6312 10 
.6341 20 
.6370 30 
.6400 40 
,6429 50 
.6458 37°00’ 
.6487 10 
.6516 20 
,6545 30 
.6574 40 
.6603 50 
.6632 38°00’ 
.6661 10 
.6690 20 
.6720 30 
.6749 40 
.6778 50 
.6807 39°00’ 
6836 10 
.6865 20 
. 6894 30 
.6923 40 
6952 50 
.6981 40°00’ 
.7010 10 
. 1039 20 
. 7069 30 
. 1098 40 
7127 50 
7156 41°00’ 
7185 10 
7214 20 
1243 30 
1272 40 
.7301 50 
7330 42°00’ 
1359 10 
. 1389 20 
7418 30 
. 7447 40 
7476 50 
7505 43°00’ 
7534 10 
7563 20 
.7592 30 
.7621 40 
. 7650 50 
.7679 44°00’ 
.7109 10 
1738 20 
.71767 30 
1196 40 
.7825 50 
7854 45°00’ 


| 


447 


Sine Tangent Cotangent 
Value Log Value Log Value Log 
.5878 .7692 .7265 .8613 1.3764 .1387 
.5901 .7710 .7310 .8639 1.3680 .1361 
.9925 .7727  .7355 .8666 1.3597 .1334 
.5948 .7744 .7400 .8692 1.3514 .1308 
9972 .7761 = .7445 .8718 1.3432 .1282 
.9995 .7778 .7490 .8745 1.3351 .1255 
.6018 .7795 .7536 .8771 1.3270 .1229 
6041 .7811 .7581 .8797 1.3190 .1203 
.6065 .7828 .7627 .8824 1.3111 .1176 
6088 .7844 .7673 .8850 1.3032 .1150 
6111 .7861 .7720 .8876 1.2954 .1124 
-6134 .7877 .7766 .8902 1.2876 .1098 
6157 .7893  .7813 .8928 1.2799 .1072 
.6180 .7910 .7860 .8954 1.2723 .1046 
.6202 .7926 .7907 .8980 1.2647 .1020 
6225 .7941 .7954 .9006 1.2572 .0994 
.6248 .7957 .8002 .9032 1.2497 .0968 
.6271 .7973 .8050 .9058 1.2423 .0942 
.6293 .7989 .8098 .9084 1.2349 .0916 
.6316 .8004 .8146 .9110 1.2276 .0890 
.6338 .8020 .8195 .9135 1.2203 .0865 
.6361 .8035 .8243 .9161 1.2131 .0839 
.6383 .8050 .8292 .9187 1.2059 .0813 
.6406 .8066 .8342 .9212 1.1988 .0788 
.6428 .8081 .8391 .9238 1.1918 .0762 
.6450 .8096 .8441 .9264 1.1847 .0736 
.6472 .8111 .8491 .9289 1.1778 .O711 
.6494 .8125 .8541 .9315 1.1708 .0685 
.6517 .8140 .8591 .9341 1.1640 .0659 
.6539 .8155 .8642 .9366 1.1571 .0634 
.6561 .8169 .8693 .9392 1.1504 .0608 
.6583 .8184 .8744 .9417 1.1436 .0583 
.6604 .8198 .8796 .9443 1.1369 .0557 
.6626 .8213 .8847 .9468 1.1303 .0532 
.6648 .8227 .8899 .9494 1.1237 .0506 
.6670 .8241 .8952 .9519 1.1171 .0481 
.6691 .8255 .9004 .9544 1.1106 .0456 
.6713 .8269 .9057 .9570 1.1041 .0430 
.6734 .8283 .9110 .9595 1.0977 .0405 
.6756 .8297 .9163 .9621 1.0913 .0379 
.6777 .8311 .9217 .9646 1.0850 .0354 
.6799 .8324 .9271 .9671 1.0786 .0329 
.6820 .8338 .9325 .9697 1.0724 .0303 
.6841 .8351 .9380 .9722 1.0661 .0278 
.6862 .8365 .9435 .9747 1.0599 .0253 
.6884 .8378 .9490 .9772 1.0538 .0228 
.6905 .8391 .9545 .9798 1.0477 .0202 
.6926 .8405 .9601 .9823 1.0416 .0177 
.6947 .8418 .9657 .9848 1.0355 .0152 
.6967 .8431 .9713 .9874 1.0295 .0126 
.6988 .8444 .9770 .9899 1.0235 .0101 
.7009 .8457 .9827 .9924 1.0176 .0076 
.7030 .8469 .9884 .9949 1.0117 .0051 
.7050 .8482 .9942 .9975 1.0058 .0025 
.7071 .8495 1.0000 .0000 1.0000 .0900 
Value Log Value Log Value Log 

Cosine Cotangent Tangent 


Cosine 


Value 


.8090 
.8073 
.8056 
.8039 
.8021 
.8004 


. 7986 
. 1969 
7951 
.8934 
.7916 
7898 


. 7880 
. 7862 
. 7844 
7826 
7808 
.7790 


7771 
1753 
7735 
7716 
. 7698 
.1679 


. 7660 
. 7642 
. 7623 
. 7604 
7585 
.7566 


7547 
.7528 
. 7509 
. 7490 
.7470 
7451 


7431 
7412 
. 7392 
71373 
7353 
1333 


7314 
1294 
7274 
7254 
7234 
7214 


. 7193 
7173 
.7153 
7133 
7112 
. 7092 
7071 


Log 


-9080 
.9070 
.9061 
.9052 
.9042 
9033 


.9023 
.9014 
.9004 
.8995 
.8985 
.8975 


.8965 
.8955 
.8945 
8935 
.8925 
.8915 


.8905 
8895 
8884 
8874 
.8864 
8853 


8843 
.8832 
-8821 
.8810 
.8800 
.8789 


.8778 
.8767 
.8756 
8745 
8733 
8722 


8711 
.8699 
.8688 
.8676 
.8665 
-8653 


.8641 
.8629 
.8618 
. 8606 
8594 
.8582 


.8569 
.8557 
.8545 
.8532 
.8520 
.8507 
.8495 


| Value Log 
Sine 


54°00’ 


10 


10 


10 


10 
45°00’ 


Degrees 


.9425 
.9396 
.9367 
.9338 
.9308 
9279 


.9250 
9221 
.9192 
.9163 
9134 
.9105 


.9076 
-9047 
-9018 
.8988 
.8959 
.8930 


.8901 


8872 


8843 
8814 
.8785 
.8756 


8727 
'8698 
.8668 
8639 
8610 
(8581 


~8552 
8523 
.8494 
.8465 
8436 
.8407 


.8378 
.8348 
.8319 
.8290 
8261 
.8232 


.8203 
.8174 
8145 
.8116 
.8087 
.8058 
.8029 
.7999 
.7970 
7941 
7912 
7883 
«1854 


Radians 


WOOOWA uPwhryre | ® 


: BO KO BDO DO BO BO BO DO BAO BO BD BD BD BD et eet et bet rh pre eh et pte et eee pee pete peed pee fet fete pee feet pre fh peek eh fee fh pepe fem eh fee eh 
a e e e a e ° e e e ag e e a e e e C2 e e e e e e 
a 
— 
a 


23% 


.0250 
.0506 
.0769 
.1038 
.1314 


.1597 
1887 
.2184 
.2489 
.2801 


3121 
3449 
.3785 
.4130 
.4483 


-4845 
.5216 
.5597 
.5987 
.6386 


.6796 
1216 
. 7646 
.8087 
8539 


.9003 
.9478 
.9965 
.0464 
.0976 


. 1500 
.2038 
.2589 
3153 
3732 


4325 
.4933 
9557 
.6196 
.6851 


1522 
.8210 


to HY W® DODD DODO BODO DO DO DD DO DD DD £9 BDO BD DS prt et ree et rt re eh eh pret ret eke pet free eh peek pee peek pet fk pe fet feeb ek feed ps 


PD Poh G Go ww W& GWAR 8959 Nb DO HD DO BD BO AD BO BD DD pet ret ket et eh pet ptf reek fh pet eek peek eh fet feet peek fee fk et pets pet 
e s e e e e ° . to e e a * . e a e e e ry a e e a e 
cn 
nN 
Oo 


TABLE II 


Amount of One Dollar at Compound Interest for 2 Years 


s=(1-+r)" 
33% 4% 
1.0350 1.0400 
1.0712 1.0816 
1.1087 1.1249 
1.1475 1.1699 
1.1877 1.2167 
1.2293 1.2653 
1.2723 1.3159 
1.3168 1.3686 
1.3629 1.4233 
1.4106 1.4802 
1.4600 1.5395 
1.5111 1.6010 
1.5640 1.6651 
1.6187 1.7317 
1.6753 1.8009 
1.7340 1.8730 
1.7947 1.9479 
1.8575 2.0258 
1.9225 2.1068 
1.9898 2.1911 
2.0594 2.2788 
2.1315 2.3699 
2.2061 2.4647 
2.2833 §=2.5633 
2.3632 2.6658 
2.4460 2.7725 
2.5316 2.8834 
2.6202 2.9987 
2.7119 3.1187 
2.8068 3.2434 
2.9050 3.3731 
3.0067 3.5081 
3.1119 3.6484 
3.2209 3.7943 
3.3336 3.9461 
3.4503 4.1039 
3.5710 4.2681 
3.6960 4.4388 
3.8254 4.6164 
3.9593 4.8010 
4.0978 4.9931 
4.2413 35.1928 
4.3897 5§.4005 
4.5433 5.6165 
4.7024 5.8412 
4.8669 6.0748 
5.0373 6.3178 
§.2136 6.5705 
5.3961 6.8333 


5.5849 
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43% 


.0450 
.0920 
.1412 
.1925 
.2462 


.3023 
.3609 
4221 
4861 
.9530 


.6229 
.6959 
std 22 
.8519 
.9353 


0224 
.1134 
-2085 
.3079 
4117 


.5202 
.6337 
1522 
.8760 
.0054 


. 1407 
.2820 
4297 
.5840 
7453 


.9139 
.0900 
.2740 
.4664 
.6673 


.8774 
.0969 
.3262 
.5659 
.8164 


.0781 
3516 


COMTI ATIAAAHA inninkh PPP PD DOW WG WED DAD 899 DODO ID let ret et ek eet ek eet pet ek fee eet et pe 
OO COCOA TAA KA PP PW W Ww W&wDh DD DOB DO DS BD DO be pet pet ee et et et pee pe eet eet et et et 


57% 


.0500 
.1025 
.1576 
.2155 
.2763 


3401 
4071 
4775 
.9513 
.6289 


.7103 
.7959 
.8856 
.9799 
.0789 


.1829 
.2920 
.4066 
.5270 
.6533 


. 7860 
.9253 
.0715 
.2251 
.3864 


.5557 
1335 
.9201 
.1161 
.3219 
.5380 
7649 
.0032 


.2533 


.5160 


.7918 
.0814 
.3855 
. 7048 
.0400 


.3920 
.7616 
.1497 
5572 
.9850 


.4343 
.9060 
.4013 
.9213 
4674 


67% 


.0600 
.1236 
.1910 
.2625 
.3382 


4185 
.5036 
.5938 
.6895 
1908 


8983 
.O122 
.1329 
.2609 
.3966 


.5404 
.6928 
.8543 
.0256 
.2071 


.3996 
.6035 
.8197 
.0489 
.2919 


5494 
.8223 
.1117 
4184 
7435 


.0881 
4534 
.8406 
.2510 
.6861 


.1473 
.6361 
.1543 
7035 
10.2857 


10.9029 
11.5570 
12.2505 
12.9855 
13.7646 


14.5905 
15.4659 


OO CO 660 STSIAAA UAtnin hm BR G ww WWD AD BO DD DDD eo ee et et ek et et me et et 


18.4202 


OOO WIA ANH AP wih G Go GW NOD DO DOA bt et ee eet et et pt 


27 
29 


7% 


.0700 
. 1449 
.2250 
.3108 
.4026 


.5007 
.6058 
7182 
.8385 
.9672 


.1049 
2522 
-4098 
.5785 
7590 


9522 
.1588 
.3799 
.6165 
.8697 


. 1406 
.4304 
7405 
0724 
4274 


.8074 
.2139 
.6488 
.1143 
.6123 


1451 
7153 
.3253 
9781 
.6766 


4239 
.2236 
.0793 
.9948 
.9745 


.0227 
. 1443 
.3444 
.6285 
.0025 


.4726 
.0457 
.7289 
.5299 
.4570 


TABLE IV 


Present Value of One Dollar Due at End of n Years 
p=1/(i-+r) 


3 


1 
2 
3 
4 
5 
6 
7 
8 
9 


449 


9 


OOnNNA Gi hWN— 


WCONITA Un Gh -— 
BK = 
S& 
i 
com) 


84.5794 


O COIN Cn G) bo me 


94 
97 


.0000 
.0250 
.0756 
21525 
2563 


3877 
5474 
7361 
.9545 
.2034 


4835 
.1956 
.1404 
.5190 
9319 


.3802 
8647 
.3863 
.9460 
5447 


. 1833 


.8629 
.5844 
.3490 


1578 


.O117 
.9120 
.8598 
.8563 
.9027 


.0003 


. 1503 


.3540 
.6129 
.9282 


.3014 


1339 


.2273 


. 7830 
.4026 


0876 
8398 
66038 
5523 
.5161 


.55940 
.6679 
.8596 
1311 
.4843 


3% 


.0000 
.0300 
.0909 
. 1836 
3091 


.4684 
.6625 
.8923 
1591 
.4639 


.8708 
.1920 
.6178 
.0863 
.5989 


. 1569 
.1616 
.4144 
. 1169 
.8704 


.6765 
.5368 
4529 
.4265 
4593 


.5530 
. 1096 
.9309 
.2189 
5754 


.0027 
. 5028 
.0778 
1302 
4621 


.2759 
.1742 
.1594 
2342 
4013 


.6633 
.0232 
4839 
.0484 
7199 


.9015 
.3965 
.4084 
.5406 
7969 


TABLE V 


Amount of an Annuity of One Dollar Per Year for » Years 


Sa]c = 


125.6018 
130.9979 


(1+2)*—1 
ry 


47% 


.0000 
.0400 
.1216 
.2465 
.4163 


1 

Z 

3 

4 

5 

6.6330 

7.8983 

9.2142 
10.5828 
12.0061 
13.4864 
15.0258 
16.6268 
18.2919 
20.0236 


21.8245 
23.6975 
25.6454 
27.6712 
29.7781 


31.9692 
34.2480 
36.6179 
39.0826 
41.6459 


44.3117 
47 .0842 
49.9676 
52.9663 
56.0849 


59.3283 
62.7015 
66.2095 
69.8579 
73.6522 


77.5983 
81.7022 
85.9703 
90.4091 
95.0255 


99 .8265 
104.8196 
110.0124 
115.4129 
121.0294 
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2% 


.0000 
.0450 
.1370 
.2782 
4707 


.7169 
.0192 
.3800 
.8021 
2882 


.8412 
.4640 
.1599 
.9321 
7841 


7193 
.7417 
8551 
.0636 
.3714 


7831 
3034 
.9370 
.6892 
.9652 


.5706 
7113 
9933 
.4230 
.0071 


1524 
.6662 
7562 
.0303 
.4966 


. 1640 
.0413 
1382 
.4644 
.0303 


8467 
9248 
2764 
9138 
8500 


198 
209 


57% 


.0000 
.0500 
1525 
3101 


.9256 


.8019 
. 1420 


5491 
.0266 
5779 


. 2068 
9171 
.7130 


.5986 


.5786 


.6575 
.8404 
.1324 
.5390 
.0660 


7193 
.9052 
-4305 
.5020 
7271 


.1135 


.6691 
.4026 
so221 


.4388 


. 7608 
. 2988 
.0638 
.0670 
.3203 


.€363 


£6281 
.7095 
.0950 
. 7998 


8398 
2318 
9933 
1430 
7002 


6852 
1194 
0254 
4267 


.3480 


256 


6% 


.0000 
.0600 


. 1836 
.3746 


.6371 


.9753 
.3938 


.8975 
4913 
. 1808 


.9716 
.8699 
.8821 


0151 


.2760 


.6725 
.2129 
.9057 
. 7600 
7856 


9927 
.3923 
.9958 
.8156 
.8645 


.1564 
1058 
.5281 
.6398 


.0582 


.8017 
.8898 
3432 
. 1838 
4348 


.1209 


.2681 


.9042 


.0585 
. 7620 


0477 
9505 
5076 
7580 
7435 
5081 
0986 
5645 


329 
353 


272.9584 378 
290.3359 406 


7% 


.0000 


.0700 
.2149 
.4399 
71587 


1533 
.6540 
2598 
.9780 
.8164 


1836 
8885 
. 1406 
.5505 
.1290 


8881 
.8402 
.9990 
.3790 
.9955 


.8652 
.0057 
.4361 
. 1767 
. 2490 


.6765 
-4838 
.6977 
3465 
.4608 


.0730 
.2182 
.9334 
2588 
. 2369 


.9135 
3374 
.5610 
.6403 
.6351 


6096 
6322 
7765 
1209 
7493 


TABLE VI 


Present Value of an Annuity of One Dollar Per Year for » Years 
_1—(i+4)~* 


Gals : 


.9615 ; 9346 
.8861 1.8080 
1751 2.6243 
6299 3.3872 
.4518 4.1002 


2421 4.7665 
.0021 5.3893 
1327 5.9713 
4353 6.5152 
.1109 7.0236 


. 7605 7.4987 
3851 7.9427 
.9856 8.3577 
.5631 8.7455 
1184 9.1079 


.6523 : . : 9.4466 
.1657 : ‘ ; 9.7632 
.6593 : : : 10.0591 
. 1339 : : ; 10.3356 
.5903 ‘ ; , 10.5940 


Oo COONAG PoNe 

OO contr aw WN ee 

OO CONIAAw He Go DO bee 
O08 CNIAAM PONE 
ODOM VIA Poh 
WOWONTINIAAUS PWN 


.Q292 ; : 10.8355 
4511 : : : .0612 
.8568 : : : s2iz2 
.2470 ‘ : .4693 


.6221 ‘ .6536 


.9828 ; : : .8258 
.3296 é .9867 
.6631 ' i : .1371 
.9837 : ' 2777 
.2920 : -4090 


5885 16. ' 5318 
(8736 16. | 6466 
1476 17. | 7538 
ALI? 17, 8540 
6646 17. 9477 


.9083 : : : .0352 
. 1426 : : .1170 
.3679 ‘ ; .1935 
. 5845 : ; : . 2649 
1928 ; : ‘ 3317 


.9931 : : ; 3941 
. 1856 : : : 4524 
.3708 ; , : .5070 
. 9488 : i ‘ 5579 
. 7200 : : .6055 


8847 , ; ; .6500 
.0429 : ; , .6910 
.1951 : : é . 7305 
3415 ; : . . 1668 
21.4822 : : ; 8007 
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TABLE VII 
AMERICAN EXPERIENCE TABLE OF MORTALITY 


beh ay > Dy 
te me = a = an a = = 
2D v6 S32 pes 8 3 - a3 pak Dae 
o &s EL Oo tO w Es ES oO ESD 
&0 25 aes ve” veo ba a 2 vo oO= 
gq A: Zo ~ asd ~ ao <q ie Zo ~ as >~ ad 
x ls d, Qz Pz x l, d; Qz Pe 
10 100,000 749 0.007 490 0.992 510 | 53 66,797 1,091 0.016 333 0.983 667 
11 99,251 746 0.007 516 0.992 484 | 54 65,706 1,143 0.017 396 0.982 604 
12 98,505 743 0.007 543 0.992 457 | 55 64,563 1,199 0.018 571 0.981 429 


13. 97,762 740 0.007 569 0.992 431 | 56 63,364 1,260 0.019 885 0.980 115 
14 97,022 737 0.007 596 0.992 404 | 57 62,104 1,325 0.021 335 0.978 665 


IS 96,285 735 0.007 634 0.992 366 | 58 60.779 1,394 0.022 936 0.977 064 
16 95,550 732 0.007 661 0.992 339 | 59 59,385 1,468 0.024 720 0.975 280 
.17) «94,818 729 0.007 688 0.992 312 | 60 57,917 1,546 0.026 693 0.973 307 
18 94,089 727 0,007 727 0.992 273 | 61 56,371 1,628 0.028 880 0.971 120 
19 93,362 725 0.007 765 0.992 235 | 62 54,743 1,713 0.031 292 0.968 708 


20 92,637 723 0.007 805 0.992 195 | 63 53,030 1,800 0.033 943 0.966 057 
21 91,914 722 0.007 855 0,992 145 | 64 51,230 1,889 0.036 873 0.963 127 
22 91,192 721 0.007 906 0.992 094 | 65 49,341 1,980 0.040 129 0.959 871 
23 90,471 720 0.007 958 0.992 042 | 66 47,361 2,070 0.043 707 0.956 293 
24 89,751 719 0.008 011 0.991 989 | 67 45,291 2,158 0.047 647 0.952 353 


25 89,032 718 0.008 065 0.991 935 | 68 43,133 2,243 0.052 002 0.947 998 
26 88,314 718 0.008 130 0.991 870 | 69 40,890 2,321 0.056 762 0.943 238 
27 87,596 718 0.008 197 0.991 803 | 70 38,569 2,391 0.061 993 0.938 007 
28 86,878 718 0.008 264 0.991 736 | 71 36,178 2,448 0.067 665 
29 86,160 719 0.008 345 0.991 655 | 72 33,730 2,487 0.073 733 


30 85,441 720 0.008 427 0.991 573 | 73 31,243 2,505 0.080 178 
31 84,721 721 0.008 510 087 028 
32 84,000 723 0.008 607 094 371 
33 83,277. 726 0.008 718 102 311 
34 82,551 729 0.008 831 "111 064 


0 

0 

0 0 

0 0 

0 0 

0 0 

0 0 

35 81,822 732 0.008 946 0.120 827 0 

36 81,090 737 : 0.131 734 O. 
37 80,353 742 990 776 | 80 14,474 2,091 0.144 466 0.855 534 

38 79,611 749 0.158 605 0 

39 78,862 756 0.174 297 0O 

0 0 

0 0 

0 0 

0 0 

0 

0 

0 

0 


0 
0 
0 
0 
40 78,106 765 0 191 561 
41 77,341 774 0 211 359 
42 76,567 785 0. 235 552 
43 75,782 797 0.010 517 | 265 681 
44 74,985 812 0 989 171 | 87 3,079 933 0.303 020 
0 988 837 | 88 2,146 744 0.346 692 
0 988 438 | 89 1,402 555 0.395 863 
0 988 000 | 90 847 385 0.454 545 0. 
0 987 491 | 91 462 246 0.532 468 0.467 532 
0 986 894 | 92 216 137 0.634 259 0.365 741 
0. 986 219 | 93 79 58 0.734 177 0.265 823 
51 68,842 1,001 0.014 541 0.985 459 | 94 21 18 0.857 143 0.142 857 
52 67,841 1,044 0.015 389 1.000 000 0.000 000 
De a NS 


45 74,173 828 
46 73,345 848 
47 72,497 870 
48 71,627 896 
49 70,731 927 


50 69,804 962 


O 
— 

= 

=) 

S 

oo 

SO 0C0SCCO COOCOCO COOCCO COCO 

Oo . * . 
oO 

O 

Na) 

o 

tK\ 

60 

if 

an 

0 

tn 

nm 

b— 

ns 

~J 
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© 
oO 
oo 
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— 
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ur 
Gn 
w 


452 


im 
- 


OONTOA UhWH 


BO BD BO BD DD BD et ee re et ee et et et et et et et 


TABLE VIII 


Squares, Cubes, Square Roots, and Cube Roots of Integers 


OD OAM Rm QN hee he 


125 000 


Square 
root 


.0000 
4142 
7321 
.0000 
.2361 


4495 
.6458 
8284 
.0000 
. 1623 


.3166 
4641 
.6056 
7417 
.8730 


.0000 
.1231 
.2426 
.3589 
4721 


. 9826 
.6904 
.7958 
.8990 
.0000 


.0990 
.1962 
2915 
3852 
4772 


.5678 
.6569 
. 7446 
.8310 
9161 


.0000 
.0828 
. 1644 
2450 
.3246 


.4031 
.4807 
.5574 
.6332 
. 7082 


1823 
.8557 
.9282 
.0000 
7.0711 


1 
1 
1 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
7 


Cube 
root 


1.00000 
1.25992 
1.44225 
1.58740 
1.70998 


1.81712 
1.91293 
2.00000 
2.08008 
2.15443 


2.22398 
2.28943 
2.35133 
2.41014 
2.46621 


2.51984 
2.57128 
2.62074 
2.66840 
2.71442 


2.75892 
2.80204 
2.84387 
2.88450 
2.92402 


2.96250 
3.00000 
3.03659 
3.07232 
3.10723 


3.14138 
3.17480 
3.20753 
3.23961 
3.27107 


3.30193 
3.33222 
3.36198 
3.39121 
3.41995 


3.44822 
3.47603 
3.50340 
3.53035 
3.55689 


3.58305 
3.60883 
3.63424 
3.65931 
3.68403 
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970 299 


Square 


WOOO COW UY OWOW WN OOO OW 0 00 00 00 00 00 00 00 00 00 0000 000000 COOo Naa STS Sass 


root 


.1414 
2111 
.2801 
3485 
-4162 


4833 
0498 
.6158 
6811 
. 7460 


.8102 
.8740 
.9373 
.0000 
.0623 


. 1240 
.1854 
.2462 
.3066 
. 3666 


4261 
.4853 
.9440 
.6023 
.6603 


1178 
1750 
.8318 
8882 
9443 


.0000 
.0554 
.1104 
.1652 
.2195 


.2736 
.3274 
. 3808 
.4340 
.4868 


.5394 
5917 
6437 
.6954 
. 1468 


. 7980 
.8489 
.8995 
.9499 


PALL LPL LLL PP ALL AD AHA LA PALL PL PPP AE PEP PP PRWWW WWWWW WWWWW& 


Cube 
root 


. 10843 
713251 
15629 
.77976 


.80295 


.82586 


84850 
.87088 
.89300 
.91487 


.93650 
.95789 
.97906 
.00000 
.02073 


.04124 
.06155 
.08166 
.10157 
.12129 


. 14082 
. 16017 
.17934 
. 19834 
.21716 


.23582 
25432 
.27266 
. 29084 
30887 


.32675 
.34448 
.36207 
.37952 
.39683 
.41400 
.43105 
.44796 


.46475 


.48140 


.49794 
.51436 
.53065 
.54684 


.56290 


.57886 
.59470 
.61044 


.62607 


DENOMINATE NUMBERS 


LENGTH 
1 hand =4 inches 
1 palm =3 inches (sometimes 4 in.) 
1 span=9 inches 
12 inches (in.) =1 foot (ft.) 
1 (military) pace =2} feet 
3 feet=1 yard (yd.) 
163 feet =53 yards=1 rod (rd.) 
40 rods=1 furlong 


5280 feet =320 rods=1 mile (mi.) 


METRIC LINEAR MEASURE 
myr’i-a-me’ter = 10,000 m. = 6.214 miles 
kil’o-meter = 1,000 m. =0.6214 mile 
hec’to-me’ter = 100 m. = 328 feet, 1 inch 
dec’a-me’ter = 10 m. = 393.7 inches 
me’ter=1 m.=39.37 inches 
dec'i-me’ter=1/10 m. =3.937 inches 
cen’ti-me’ter = 1/100 m. =0.3937 inch 
mil’li-me’ter = 1/1000 m. =0.03937 inch 
mi’cron = 1/1,000,000 m. =.00003937 inch 


SURVEYORS’ MEASURE 
7.92 inches = 1 link (1i.) 
25 ~—silinks==1 rod (rd.) 
4  rods=1 (Gunter’s) chain 
links =1 (Gunter’s) chain 
66 feet=1 (Gunter’s) chain 
80 chains=1 mile 
(An engineers’ chain, or measuring 
tape, is usually 100 feet long). 
square links=1 square rod 
16 square rods=1 square chain 
10 square chains=1 acre 
36 square miles=1 township 


MARINER'S MEASURE 


6 feet=1 fathom 
120 fathoms=1 cable lgth. (or cable) 
74 cable Igths.=1 mile 
5,280 feet=1 statute mile 
6,080.27 feet=1 nautical mile (U. S. Coast 
Survey) 
3 nautical miles =1 marine league. 


AREA 


144 square inches=1 square foot 
9 square feet =1 square yard 
303 square yards=1 square rod 
40 sq. rods=1 rood 
43,560 square ft.=160 square rds.=1 acre 
640 acres=1 square mile 


CUBIC MEASURE 


1728 cubic inches=1 cubic foot 
27 cubic feet =1 cubic yard 
244 cubic feet =1 perch 


METRIC VOLUME MEASURE 


kil’o-li’‘ter (stere) = 1,000 liters 

hec’to-li’ter = 100 liters 

dec’a-li’ter = 10 liters 

li‘ter=1 cu. dm. 

dec’i-li’‘ter = 1/10 liter 

cen’ti-li’‘ter = 1/100 liter 

mil’li-li’ter = 1/1000 liter 

(One liter equals .908 qt. dry measure and 
1.0567 qt. liquid measure.) 


DRY MEASURE 


2 pints=1 quart 

8 quarts=1 peck 

4 pecks=1 bushel 

In the United States one bushel contains 
2150.42 cubic inches; in Great Britain, 
2218.2. 

One bushel of: 
corn, shelled = 56 Ibs. 
corn on cob=70 Ibs. 
wheat, beans, peas, Irish potatoes =60 tbs. 
barley =48 Ibs. 
oats=32 Ibs. 
sweet potatoes =55 Ibs. 


LIQUID MEASURE 
4 gills=1 pint 
2 pints=1 quart 
4 quarts=1 gallon 
1 gallon = 231 cubic inches 
313 gallons=1 barrel 
63 gallons=1 hogshead 


APOTHECARIES' FLUID MEASURE 


60 minims=1 fluid dram 

8 fluid drams=1 fluid ounce 
16 fluid ounces=1 pint 

8 pints=1 gallon 


WOOD MEASURE 
16 cubic feet = 1 cord foot 
8 cord feet or 128 cubic feet =1 cord 
A cord of wood is 8 ft. long, 4 ft. wide, and 
4 ft. high. 


BOARD MEASURE 
1 ft. B. M.=1 piece 1 ft. square and 1 inch, 
or Jess, thick. For pieces more than 1 inch 
thick, the B. M. is the product of the area 
in feet by the thickness in inches. 


AVOIRDUPOIS WEIGHT 


(used in weighing all articles except drugs, 
gold, silver, and precious stones). 
2744 grains (gr.) =1 dram (dr.) 
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16 drams=1 ounce (0z.)=28.3495 grams 
16 ounces=1 pound (fb) 
14 pounds=1 stone (English) 
25 pounds=1 quarter 
4 quarters=1 hundredweight (cwt.) 
20 hundredweight =1 ton (T.) 


2000 pounds=1 ton 
2240 pounds=1 long ton, or gross ton. 
2352 pounds=1 Cornish mining ton. 


2204.6 pounds=1000 kilograms=1 metric 
ton 


TROY WEIGHT 
24 grains=1 pennyweight 
20 pennyweight = 1 ounce 
12 ounces=1 pound 
1 pound =5760 grains 
1 carat =3.168 grains 


APOTHECARIES’ WEIGHT 


20 grains=1 scruple 
3 scruples=1 dram 
8 drams=1 ounce 
12 ounces=1 pound 
The pound, ounce and grain have the same 
weight as those of Troy Weight. 


METRIC WEIGHT 
mil ‘lier’ = 1,000,000 gr, =2,204.6 Ibs. 
quin’tal = 100,000 gr. =220.46 Ibs. 
myr’i-a-gram = 10,000 gr. =22.046 Ibs. 
kil’o-gram = 1,000 gr. =2.205 tbs. 
hec’to-gram = 100 gr. =3.527 ozs. 
dec’a-gram = 10 gr. =0.353 oz. 
gram=1 gr.=15.432 grains=0.035 oz. 
dec’i-gram = 1/10 gr. =1.543 grs. 
cen’ti-gram = 1/100 gr. =0.154 gr, 
mil’li-gram = 1/1000 gr. =0.015 gr. 


PAPER MEASURE 


24 sheets=1 quire 
20 sheets=1 quire of outsides 
25 sheets=1 printers’ quire 
20 quires=1 ream 
213 quires=1 printers’ ream 
2 reams=1 bundle 
4 reams=1 printers’ bundle 
10 reams=1 bale 
60 skins=1 roll of parchment 
480 sheets=1 short ream 
500 sheets=1 long ream 


TIME 


60 seconds=1 minute 
60 minutes=1 hour 
24 hours=1 day 
7 days=1 week 
365 days=1 common year 
366 days=1 leap year 
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12 months=1 year 
360 days=1 commercial year 
1 sidereal year = 365 days, 6 hrs., 9 min., 9.5 
sec. 
1 tropical (equinoctial) year =365 days, § 
hrs., 48 min., 45.7 sec. 
100 years =1 century 
10 years=1 decade 


UNITED STATES MONEY 


10 mills (m.) =1 cent (ct. or ¢) 
10 cents=1 dime (di.) 
10 dimes=1 dollar ($) 
10 dollars=1 eagle 
5 cents =1 nickel 
5 nickels =1 quarter 
2 quarters = 1 half-dollar 


ENGLISH MONEY 


(the left column consists of the coins in actual 

use), 

farthing (copper) =} penny 

halfpenny (copper) =4 penny 

penny (copper) = x shilling’ 

pence (silver) = 3 shilling 

shilling (silver) =12 pence 

florin (silver) =2 shillings 

crown (silver)= 23 shillings 

crown (silver) =5 shillings 

pound sterling (gold) =20 shillings 

The pound (£) is normally about $5, the 
shilling 25¢. 


CIRCULAR MEASURE 


60 seconds (")=1 minute (’) 
60 minutes=1 degree (°) 
360 degrees = 1 circumference 

1 radian =57° 17’ 44”.806 
1 degree = .01745329 radians 
1 mil =1/6400 of a circumference 

69 miles=1 degree of latitude, approxi- 

mately. 


MISCELLANEOUS 


12 units=1 dozen 
12 dozen=1 gross 
12 gross=1 great gross 
20 units=1 score 
1 teaspoonful =} tablespoonful (medical) 
= 1 tablespoonful (cooking) 
1 tablespoonfull= 4 fluid ounce 
1 bushel = 2150.42 cu. in. or $ cu. ft. 
1 U.S. gallon=231 cu. in. 
1 gallon =231 cu. in. 
1 cu. ft.=7.48 gal. 
1 cu. ft. water = 62.425 tbs. (max. density) 
1 gallon water = 8.337 Ibs. 
1 cu. ft. air=0.0807 fb. (at 32° F.) 
1 liter = .264178 gallon (U. S.) 
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1 inch= 2.54 centimeters 
g (acceleration of gravity) =32.16 feet per 
sec. per sec. 

g (legal) = 980.665 cm./sec.? 

1 horse power= 550 ft. lb per sec. (legal) 
= 745. 70 watts (legal) 

e = Naperian Base=2.71828 18284 

w =3,14159 26535 89793 23846 

M =logie =0.43429 44819 03251 


1/M =2.30258 50929 94045 68402 

1 astronomical unit =93,000,000 miles (ap: 
prox.) =the mean distance between the sun 
and the earth. 

light year=59X10" miles=the distance 
traveled by light in 1 year. 

parsec =the distance of a star at which the 
angle subtended by the radius of the earth’s 
orbit is 1” (about 3.3 light years). 


DIFFERENTIATION FORMULAS 


(See DERIVATIVE) 


In the following formulas, wu, v and y are functions of x which possess derivatives 
with respect to x, the other letters are constants and log u =log. u. 


— xn os nxnni 
x 


dy dy du 


ens Se see ¢ oes © 


dx du dx 


nany number (positive or negative, integral 
or fractional), 


e (sin u) = co ye 
- sin 4 Suse 


: ( ) = —sinz 
dx — dx 
d du 
oan b- -4 2 awe © 
- (tan «) = sec? iE 


d du 
Cd } -- ad 2 omen 
tn (cot «) csc? 4 Tn 


om 3 


f (sec «) = sec 4 tan % 
exe Uu 
ax dx 


a ) i du 
re CSC t csc 4 Cot 4 =~ 
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du 


d d 
— (log u) = =; 
ax tt 


du 


d d 
— (logs u) = loga e- a ’ 
dx u 


d du 
on (e“) = ais ° 
= (a“) = log i 
du 
d ; dx 
an (arc sin u) = Wea . 
du 
d dx 
Fy (are 608 4) = Sn 
du 
d ax 
re (arc tan u) = rar 
du 
d dx 
re (arc cotu) = — Tea 
du 
d dx 
on (arc sec u) = ea ? 


wT va 
~r<sectu< a 0 < sec™! x Sg 
du 
dx 


: (arc csc u) & -———=——= * 
dx ~ ur/urt — 1 


vg T 
ie i i ie ae O<cschu <> 


INTEGRAL ‘'TABLES* 


In the following tables, the constant of integration, C, is omitted but should be added to the result of every in- 
tegration. The letter x represents any variable; u represents any function of x; the remaining letters represent arbi- 
trary constants, unless otherwise indicated; all angles are in radians. Unless otherwise mentioned Ing. u = log u. 


Short Tahle of Integrals. 
1. f df(c) = f(z). 


2. d@ [sear = f(z)dr . 
3, ‘ford =o. 
4. foszde=a S(z) dr. 
5. frnds = fudsa foie. 
6. [rtm - fod, 
[UB ernw - fot ae. 
ws fly)dy 
8 Jivri= [Qe 
dz 
Ms yrtt 
9. f* dus say awk 
10. [Ba reg uw. 
11. fesce. 
Oe es 
2 fod=a25. 


13. [souge= — cosu. 


* 


7 


14, [cosa da = sin 


15, fanned = log secu = — log cosu. 


16. fonds = log sinu = — log cscu . 


7. fe udu = log (secu-+tanu) =log tan (: ae *) 2 


u 
38. fecuda = log (cscu — ctnu) = log tang « 
2 je 28 eon a 
19. sin? u 5 3 = 
1 ] 
20. [cost eda = gutssinucosu . 
21. (frtuda= tna ° 
22. fosuda= anu ° 
23. firmtuda = tana —u ; 


24. fomteda = —ctnu-u, 


du 1 = e 
s. free a‘ .@ 


26. 7 1 log (=) = enh (<),it u? > a, 


Flog (s)* — 2 tanh (2 c) + if ut< ate 
27, f. re = sin (2). 
* fasta (orn 
ae errr ano ore 


du 1 u 
30. ——————— ae Sf Ff me Bg 
(ars a sec™!(=) 


e 
31. du ea 23 a + 4/a? x u* 
uva?  u? qe u ) ° 


32, [vere du=}- (uvat =u + a? sin-) =) ° 

33. [Vint in at [urate log (u+ vize)] . 
34. ff sinh udu = coshu . 

35. f cosh u du = sinhu « 

36. f tanh u du = log (cosh u). 

37. f ctnh udu = log (sinh u) « 

38. f sech u du = sin-! (tanh u) e 

39. fos udu = log ( tanh > )- 

40. _ffsech + tanb w > du = — sech u « 


41, foewha- ctnh u-du = — eschu . 


Expressions Containing (ax + b)« 


42. fcoctbyee = WED of. b)**}, Nn x —ji. 


dz 1 
43. ao =e log, (az + b) « 
0 f ee | ee eee 
. (ax + 6)? a(az + 6) 
1 
45. us 


Gz +b ~ da@z+ 6) 
1 
46. fo + b)* dz = ened) (az + 6)? 
~aa ey ton 2 


* log (eee Vig =sinh7! (5 ); log (aes) =sech! (3): 
log (gt vit=a) =cosh7! (5) tog (stvieteet) = ¢sch7! (5) 


* These tables were taken, with permission, from “HANDBOOK OF MATHEMATICAL TABLES AND Formutas,” Handbook Publishers, Inc., Sandusky, Ohio, edited 
by Ricwano S. Bunincton, Associate Professor of Mathematics, Case School of Applied Science. 
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dz b — 
41. f ae = — Flog (az +b). edt 2 fw EE RY eres 


dz _ 6b 
48. IS et= = = A log (az + b). /az+b— vb 
(az +b)? a (az + 5B) 72. —=——— =" ——————-——=, ford >0. 
ie )* footie: vb ea Prarey a ae 
of rdr ib 1 
. 3) Dnt(ny OAD” ©60OCcntline LY dz 
(az + 6)) ~ Satz + by ataz +b) ses f ee te nia[ 2248 op =2 og ah [A24, neg, 
n+s zVazr+b /=6 b Vb b 
(ax + b) 
so, falar + byrde = Lf tbe | 
we" te Mot HO ce _ de 
~ 9p (2 (os + zy iz ot by pier + bye iF Roped ae Le 4. J Var +b br zVozr +b + b 
dr I xt _ Var +), Savor tb, ai f- 
a. f FFs az+b ap (az + b)* — 2b(az + b) + Blog (az + ») | 15. J siv/az+6 ~~ 2b + ae ta 2 /ar Wart 
dr (u— onde ar+6 
aide 1 fae = IY se errs 
GeEDF 7 al (2 + 1) 2b log(oz + b) - 5]. 76. J x"(axr+ b) ~~ eta=i z 
Zar +b) 2 + 5) as 
x dr B Jf + by ? dz 
53. = + by? = a[ locos + b) + — az = az+b serch |: 77. ~a(2an) sx: n) ss 
2 b)?_ 
ee [rw ee ag, J rior +b) Pde = 2 [or 51 - bas + I, 


sae — + | en (or+ bye —mb ip Fa (az+8yrde f dr = 1 f dz _@ f dz 
719 : = . 
1 Ee (ar+b)* + nb f 2" (ae +yae], z(az + b) z(az + b) (az + b) 


” - 2 : ss : bead me m— 
m>0,m+n+1%0. _ "dr _ 22"Jazr +b mb z™—\dr 
d. 1, $0. Var +b (2m + l)a (2m+1l)aJf Var +b 
55. I xfay-! log — 
x(ax + b) az +b dx aes Tee (on —3)a os 
56 lata _ 1 a ax +b 81. Iw +b ~ (n—1)b2 (2n— 2)b Vaz +b 
“J #(axr + b) BR °8 ‘ _ as 
= 2 
fetes wa fae t vite 4s ft d. 
57 | eee 82. z z 
‘ x(ax + b) 26222 Bax +b 
ree. eran, Ope coms (rps. ds Vee Ey 
ss, (——#—- =-—_1___1),, az +4 3, J Gaz t+datd  b—ad Sar+b 
* J sz+by bar+b) # 8s 
dz ——_i1f Nfar+2b\) 34. Soucettecs 
a: I <a + 6) fa az +b + log az + =| + Mic + d) 
d b+ 2 2 +b = : Se SE e__ tos( +4) be — ad 0 
See, we eg Oh SEES. ae ad d az +b) jr — : 
m S xe + 6)? Ba(az + 6) + & log z az +b —a 
ax +b Tar kb) 8 = 1 att " 
a. f var t bas = 2 VETO a, f (ortey eetayn de = tf (er + 8" (cota) 


—— = —ad s mi dr | 
62. [vet as = SE” Vary m (be ad) f (az +) (cx + d) ‘de | 


aaa 2(15atx? — 12abr + 8b) /(ax + 6) L 1 
63. J oar Fb dz = USER ae 6. wim aT O GFA "Gerad | GDS 


; dx oye a 
64. fe faz +b dz -~a(m+n— Dy | m>1, n>0, be — ad7@. 
_ 2(35a%s* — 30a% rt + 24ab2r — 16b*)/(az + by (az + b)* 4 
aaa | ceereanies are 
a/ + b)*tt (ax +- b)*dz 

65. fr ax +bdzx = — u*(u? — b)"du, u = Jaz + 6. ~ G=l Tez " ad) [<2 ay pet (—n—2)a ie 

b oe —1 (ax + 6)" a [Gee + by! 
66. | cea? de = war Fb +b f Sim Te. im—n—L)e Cer faye +h (be ad) (cz ay* @ 

dz xdx 1 [= 

oh S Var +b aa : | OS Ge bce aid eed q eee ©) 


d: 26 2b) pai eee — ad x Q, 
razr ar— 

68. = + 6. 
Sve Var + 6 3a? ve we b 
(ES) + ETD 7 +d) be — ad [- a(az + 0) 


xde 2(3a%z* — 4abr + 8b*) 
Vaz +6 ae = - tain Sf) ane 


dz 2(Sa'z* — 6a*bz? + Babte — 169 2 ——— 
J ay 2S ere — Salhe t Sable — 180) ar +b, 90. EA s dz = 35 (Sad — 2be + acz) Vaz + 6. 
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91. Vaz +6 dx ~ ?ae +6 111. v8 dz = sin-'(5) or — cort(2), 
cz+d VP -2 - y 
_ 2 ee _ ante [ez + 6) 
9 [vatt , 2arts + 56 log (eva + var ¥), «> 0 
? ce -+d dz = eaaey eek 2Va 


1 ES —_ad Vc(ar + b) — +/be — ad f en : -—— c . ( F) 
+ — ———. | es , ’ . . =o = i . 
: a og VeGr eta Nias be> ad. 113 Jaz? + ¢dz g Vortec +o aint z\~ ,a< 0. 


By hag Oa tet ee fe(az +b). dr. 1 oa 
Ge Cavern (eva ok 5 en ada be” it Vie log(zV/a + Vaz? +c), a> 0, 


c>0,ad> be. 
dz ___ 115. [-=- ! sin-(z, =) <0 
(cr + d) Vax +6 Var+e V—a c a 
pay eer Ieee nes «Velaz + 6) — Vbe = ad_ c > 0, be> ad. is 1 se inas 
Vcvbc ~ad  WVe(azr +b) + Vbe — ad 116. [vie F ie: de = 3 (at Heh 


Expressions Containing ax* +c, ax" + ¢, x* = p*, and p* — x*. 


11%. [evar Fide = EVES - Ever 
95. awe = tan =, or — : ctn~(2), 
eB fi . =o he (sve + Vit Fi),a>0. 
dr 1 p+z_1 _(z a 
96. Bra on eo =z OF tanh} 
118. [eve Fide = EV ETE - EVE Fe 


d 
97. atte = oe tant (24/* ) aande> 0. a af =) 
= sin™'| xz La <0. 
8aV/—-a ¢ 

98 dz _ 1 tog Y= = ves = a>0, e<0. zdz l= 

. az? +c Wr Vat Vv ns, fot =) var Fe. 

ax? +c 
1 Ve +2V—a —a 


eS ——s < 0, > 0. 
So ee Sa es 
; 120. {[#=- a Vaz? +e= Lf Vaz +e dz. 


66s EO ee Ye 
: (az?>+¢)®" 2(n—l)c (azr?+c)™"' 


dz 


2n — 3 tees ante 
+ of Cae oy" n a positive integer. 121. [es dz = v/az? +c + Vc log Yorten ve, ¢> 0. 


100. fee +c)* dr = cE ala 2 ng —1, 
122. fee de m= Jas Pe — Ve tant Yt Lc <0, 
= = 


1 
101. f airs dt = 5 log (az? +). 


| dz p+ ve + 2 
dr 1 az® 123. fos ~ 1 tog (Pt VP ee ), 
dr 1 a dz 
103. Its = cr. ed atte 124. Is = cos(2), or — 5 sin-'(2). 
104 f OE ae eet | aes 
: 2 + 2 a -_ 
pote ye gets 125. f te = Atog ME TE“ VE eo 0, 
xd gt pes xx eVati+e Ve * 
ve S8t.- ey aJ ape") 
xtdz ah et 1 126. lw ox —L. secm! (« —°), «<0. 
iN: (a?7-+c)”  £2(n—1l)a (az c)*-! zVart +e Vac Vie 
1 dr lees 
+ St -—l)a le +¢)*"' 197, wes = Vari +e 
zvaz? + ¢ ad 
dz 1 dz d ~\/az? + —l)e f _r*de 
01. foot: ae - wee mdz _ Brive be _ (n=1e Pt ag: 
Pate cel Parte  cJ Gere 8 Jf Go na nar) anne? 
sg 4(az? + ¢)t 
2 = Oe 
108. Siva tpidr=s ve sk p? + p? log (rx + V2? =P | i feve eee (n+ 2)a 
: : nae f alae Fee desn> 0. 
109. 2 a 72? dz = ~ 2 ww gz? Zoinwi [ — 
[ve az? dz [+ P + p* sin G) | sa [Fae - (az? + ¢)% 
de Fi 2 e(n—1)2- 
10. f FSS = be e+ VED. - foe ma A)a [VOTE as n> 
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Vaz? + ¢ 
i fo Se Se a oi doe 
2Vari+e c(n — 1)z** De IS mim 2az+6' ae ae: 
(n = 2) ae dz n>1 
“oie | mv “150. dz 2ar +b 
ee tar ee 12.) Ge F ta Fert ~ nGac — W) (ea? be Fey 
132. fics te dz = -— (2az* + 5c) Vaz? + ¢ 4 2(2n = 1a dz 
3c8 _ n(4ac — U) J (az? + be Fee 
+ BE log (eva + Var Ee), a > 0. al ae 
+ £ i 153. f ae a log (az? +- bz-+e)— of dt 
133, ff (a2 + ¢) dr = 7 (2az* + 5¢) Vaz? +e az’ bz +e az? + br +e 
_ wde  _& b 
2 154. m= — — —— log(az? + br + ¢) 
ae car in (, a es) a<0, apts =e a i eae dr 
134. Joes 2a? ax? + br +e 
(az? + et cv Vaeke +e 155 xdz at x"—*dr 
: avz+br+e (n—lja ax? + bz +e 
135. J saz +4. cf dz = = (as* + ot. _b r—Idr 
ar?+ort+e 
136. Jee + oe dr = = (az! + ot + fave +c dr. 156. — (2c + br) 
i wti(az? + ot oe \wiw (az? + ati + e)tt ” nace — b) (az? + br +c)" 
137. fr +o dew POT | 8 foyarte dz. — b(2n ~ 1) de 
n+4 n+ re n(4ac — 6) (ax? + br + c)* 
zdz 1 
138. ——— a 2" dr gut 
(az? + ¢)# aVax +e 157. (ax* + bz + ¢)*+! ~~ a(an — m + 1) (az? + Or + e)* 
- atdz : Pe eh in ol 2g) 
D eres ay pe ra 2Za—-m+l1 a (az? + bx + c)*t 
1 _ —=— m-l e 2™—dr 
Mapa ne Ty Yeh Rae, atria ges te 
dz 2? b dr 
140. Sess == i. 138: z(az+bz+c) Pie 2c (az? + br +c) 
(ax* + c) a e 
“ig 159. leet oe ee ye 
Vez sin e< 0. SEES -or z cz 
dr 
xidr 2 ; 7 (3 ~$) (ax? | ba Pe) 
ae pea eee ae PO 
7 Sette avaste @YO TS ae ! 
a - 160. | Ge pba bet ™ ~ Una la ast pbs boy 
w. fo 5-3 ne ae _(rnt+m—1) 5 dr 
m- 1 ef z™ (az? + bz + c)**! 
ae ee a ae | _f xdz _ Q@n+m-—1) a dz 
: | Ge pe) (az* $ 5 cJ (ax* +c)" m-l cJ 2 Ge +62 +c)" 
1 
dz 1 Var te- Ve 161. SER ce ae ee 
144. f[—=-2 =e lo ’ > 0. amine 2 % s = Be -1 ? b sam 
See ave jem ae ¢ z(a Sa pie (n nwa z +e) 
-%; (az? -+ bz +c)" Fbepey t J vei +e)" 
dz 2 ae 
145. [== = ———-. sec~! , < 0. 
zrVax"+e nV—e ad dz 


162, 7 ans See a 
Vea Ee a log (2ar-+6+-2/a/azr?+6z+c), a>0. 
146. f xz"! (ax* + c)?dz 


163. ee ek = ie et 2: ae 
Vart+obr+e  V-—a V bt — 4ac 


[= (ax* +c)? + npe f 2 (az* + yids | 


"im + np 


wvaritbrte b dz 
—2"(ax*-++-c)*!-+- (m+np+n) f sm-l(az"+e)Pide | 


64. ——— —————_—_————=a* 
Vaz + br +e a dad Vaz + bz +e 
. xdr asa 
165. —— = ae+obr+e¢ 
L [ fom dr {- Ime an 
= ——_—— | r™* (ar® pti. (m—n)e J = (az + eydr| 
a(m+np) kL” (az* + c) (m—n) _ b(2n — 1) alr _ sa = ey en eee 

om a. [ entoat + eye (m np +n) f ammrcant + epee} Zan Vazri+ br+ec Jar + or +e 

6 J vat F te Fees a tat nee 


147. _ 2dzr 8 ee a | ae z™—"dr 
(ax* +c)? (a +c)! a J (ax" +c)? i: <= — 3 


00 fot! faetiga - teeta Swarr 
z™(ax" + ¢)? z"(az*" +c)? oc Jf z™"*(ar*+c)* 
: 167, [verter dz = leseete: ry men 


“apr 


eae tenet Containing (ax? + bx +c). 


140. fp tte Gm og MEH VEE, 
aa be Fe </b! — dac 2ar-+b+Vb'—4ac en fe ay ear (2 - sb) (ost te + ot 


az 2 2azr + b 5h? — dac) 
150. Iz +br +e Vi oe er eeaaag | P< fac, + ae ad Jar + bz +c dx 
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dz 1 ex 1 
of de nd, (vertieree ve, b_), 0 my Sas ig eg @ gee eres ania): 
Wetkae vale z 2Ve =f csctaz és = —} 
170 {=== Ly t — Ozh 2e <0 191. — az = — 7 ctu az. 
2Vaz+bzr+e Vc zVP — 4ac : = f dz __.1__cosar_  n~2 dz 
d 2 FS : sin*az =O a(n — 1) sin az ' n—1/ sin az 
V1. I n2= = br J/ax? + bz, c= 0. n integer > 1. 
dx 1 © 
ee Sexticg= hun (F=%) 
172 Oe ie Ve 193. J Taosinaz + 5 tan (7 = 3) 
7S aJar? + brte a dz ce b— 
b(3 — 2n) dz + a(2 — n) dz 14 Six sinaz aV/P—e tan Fp auan oz =) P>ct. 
+ 2e(n — 1)J wr vfazr?+br te Cn 1) xr-t+/azr? + br +c 
dx 2(2ar + b) (ae te 1 e+bsinar ++/c?—b?.cosaz 
13 ee 195. J b+csinaz gVaap °  o+cesmar °° 
; (az? + br + c)3 (b? — 4ac)+/az? + br +e re sede) 
d 1 fai : _ sin(a— b)z _ sin (a x 
ono eee fac. Ss) eS ge Bere. 8 
SS os ‘ 
Miscellaneous Algebraic Expressions. 197. f Vi + sin z de = +2(sin 5 3) i a 
1 when (8k — 1)5 <zs (8k + 3)5" otherwise —, k an integer. 
108. f Jape =F ae= 3] (e—pyVEpa= w+ pt sin(e—p)/o1 
; 198. [vi —sinzdr = 2(sin 5 + cos 5)i use +.sign 
-1{ P-~ z 
176. Lye = cos (222) when (8k — 3)5 <zs (8k + 1)> otherwise —, & an integer. 
= 1 > a 
17, S——_—_*— —— = 2h. ae ee . ee. pirat Involving cos ax CL S aX 
ax+6-Ver+d —ac 199 ffcosaz de = } sin az. 
2 b-! fe(az +6) : 
OF Vac a(czr-+d) 200. feos ar dr = 3 + Sn 2 ae 
178. | ieee f Gael 1 
eds ab Ol ogee 
Gis beady ae Cae 201. cos? ax q Sin az ~ 5 sin’ az 
4ac ° ° 
fd pda «feeder de = BF Sener, as sno 
| ————— —_—_—_—_—_—EE 
8ac Vazr+b-Ver+d 203. i 
—— ———E n . 
179. f 0 ee ee (n pos. integer). 
ar a 
_ dz 
= (ad — CE] geen 204. ra 7 fog tan (22 +7) = = log (tan az -+ sec az). 
Vaz ++ Vez +d dr 1 
7 cae eee 205. cost az ~ g ‘0% 
10. f tt dre vitd- verb 


sin az + n-—2 dz 
+ (b — d) logl Vz Fdtvz+b), 206. ae ce — 1) cos™' ax © an— lJ cos*?* az 
_ n integer > 1. 
z ae a i, — af 
i. f Tor @ =aate v1 x’. dr | ar 


dr 1 az 
207. ifjasa a 2 210. S ate be 


(ewe eee int (tt @. | 
2. f ae Vp-z q+z+(p+4q) sin” P+ 208. f /\ + cos z-dz = ++/2 cos 5 dz = 24/2 sin 5 


; Use + when (4k — 1)x¥ <2 S (4k + 1)x, otherwise —» k an integer. 
183. [apatite “AF Vq—-zt+ (p + q) sin-"4/2 rar 
209. [Virwte- avi f sin de = 2VE cos 


184. /{——= = 2 sin-'4 fe=p. Use top signs when 4kx < x S$ (4k + 2)x, otherwise bottom signs, 
Vz—p- 7 ~ Zz qI-pP 
Sree he (OSE 5s 
210. b+ccosar gq e-a c+ bcosar : 


Expressions Containing sin ax., S IR Gk 
185. fines de = £ cos az. 


‘ xz sin 2az 
186. ff soos de = Rae eas 


_ de ne [VERB sla 
211. I vxtaz Wasa: seh Cosa. > bs, 


sin (a — b)x , sin (a+ b)zr 
212, Jf cos ax - 008 bz de =“2a-b) a+b) 1° "=? 


Expressions Containing sin ax and cos ax. 


‘: 1] 1 

187. ff st os ds = = 5 cos az + 35 cos? az. ie fea Pen oe ee [costex bie 4. costo), aint BY 
ae 32 3sin2azr__ sin* ar cos ar 

388. J sinter dz =F - 6g aa 


214. f sin* az cos az dz = oi az, nx —1, 


in! n-1 ee 
189. fist eae = — Sees 4 I fain 2 az dz, 


: (n pos. integer) 215. cos" az sin az dz = — cost! az, nx —L, 


at. 
a(n + 1) 
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1 sin” OF oe uy — Oe 
216.. sin a de = ¢ 108 coe ax. 236. cos" az = a(n — 1)cos*~' az 
m-n+2 7 sin" ar 
217. fis ae = Mog sin as, n-1l cos? az 2 m, n> 0,n ps I. 
237. cos* ar Bite —cos*t! az 
218. J +e sin az)" cos ar drm} (bbe sin ar )*4 ns —1. sin™ az a(m — 1) sin™"' az 
m-n—2 cos* ar 
G1) S antag 2 2, > 0m ws 1. 
219. f (b-+ecosaz)* sinazdr= = mae +i w(nF i) Otecosaz)™, nwt =]. 
eS i 1 
238. f a ax cos" az a(n ~ 1) sin" az cos*“' az 
cos az dr 1 : mtn—-2 
220. b+ csinaz ~ ae 106(6 + ¢ sin az), “(a= Ty) 1) J aararorre sin™ az cos"? ag. 
ay oe nee: a 
21 sin az d 1 "J sin” az cos* az a(m—1) sin” -' az Sra ar 
* J D+ c cos az? ™ ~ ae 08 (6 + ¢ cos az), fr ae Sees. ance 
(m —1) sin™~? az cos" az 
mn” z n 
dx 1 2 on dre ue ron 2) dz. (Expand, divide 
lor -1£\1, cos ar , : 
sinaz + ecosat g/t [0 tans (a2 Han ) ] eres and use 203). 
241. J cos" oz gy f {= sin’ az a, (Expand, divide, 
sin az sin az 
293. dr . -1 dint U and use 189). 
b+ccosar+dsinaz g./pog-@ . ; E> fn 
242. J sone dr = f 0 = cosa) sin az dr. (Expand, divide, 
U [ ci + & + O(c cos ar + a sin ar) i oe 1 log and use 21S). 
ae ——- Fi ‘ = = co 2+} _ 
Vet + d?(b + ¢ cosar + dsinaz) ove +a ~o 243. vi oS = dz = (1 — sin’ az)" Saas az) cos az dx. (Expand, divide, 


Ve Gee +VVe+d?- GICELE 
Ve+d (b + ecosar + dsinar) 


Pa ci+d,—9 <ar <x. 


dr 
6 + ¢ cos az + dsinazr 


Bete eae ese) init | pe 
ali eee aee Bm ch + a. 


226. pat 008 OF Dale =D eo b log (6 cos? az + ¢ sin? az), 

227. dr Sree oy b cos ar + ¢ sin ax 
Ucostazr—csintar abe ° bcosar —c sin az 

208. f cearaaaaras 7 ten (NY). 

229. f sin? az cos? az dr = ; - one — 

230. J —— = * tog tan az. 


dr = 1 
sin? az cos*az a 


— (tan az ~ ctn az). 
sin? az 1 ; ae 
fz ara? ae [ -sin az + log tan es 4 AD} 


cos? az 1 
fee ae dr = - = [cos az + log tan =| 


231. 


232. 


233. 


sin™—' ar cos"t! az 


234. [sia az cost az dz = — Gen) 
qo) sin”? az cos" az dz, m,n>0 
m+n . 


sin™+! ar cos*~! ex 


Uf is a2 coe oz dz = a(m +n) 


235. 
n- 


m+-n 


+ 


sin" az cos*"* az dz, m, n> Q 254. 


and use 214), 


Expressions Containing tan ax or ctn ax (tan az= 1/ctn az). 


244. foun ardr = - log cos az, 


268. f tant az dz = tan az — 2. 


246. f tan? ez dz = ss tan? az + - hog COs az. 


247. f tan* az dr = 
248. f 
de ctn’ az dr = 


1 l ? 
3 z= —_ — 2 — — . 
fon ur dr 2a ctn? ar a log sin ar 


feist az de -f 


deesicdl fen Ld | n=? 
cor) tan az f tan ar dz, 
ninteger> 1. 


ctn u du = Jog sin u, or —log csc u, where uw is any func- 
tion of z. 


249, 


dr 1 
fant ae a ctn ar — z. 


290. 


dr ee 
tan" az 


ctn*-! az 


251, i 


a(n — 
= J ctn*~ az dz, n integer > 1, 


ctn ar dr 
bctnazt+e 


ants I ivi =f sSiner tc 


ree 
_tanardz 
| sxSue- eae 


= ae [ be -* log (¢ cos az + 6 sin az) |. 


—— sin"! (V7 sin az), b pos., F> 3. 


[ b2 i “log (b cos az + csin az) |. 


253. 


_ dz 
Vbt+e fatae 


iz -¢ 
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Expressions Containing sec ax=1/cos ax or csc ax = 1/ein ax. 27 f unless - —!)__ sinar eae _cos az dz 
9 (m-—1) 2 ay a 
1 oF 
255. ff secaz de = 2 tog tan oF 4). 
a (F+ 7) 200 fx cos ar ds = Zoos ax + 5 2 sin a. 


1 
281. 2x 2. z., 
Jf # cos a2 de = % cos az ~ 2, sin ax + © sin as 


1 (2 z)| 
257, f sec’ ax dr = 1D tan ax sec az + log tan\-5 + 4 239. ve cos az dz = Gaz = 6) cosaz , (a's — 6r) sin as 
4 _ 
_sinar ar : . 
258, f sec" ar dz = ot tos"—az 283. f z cos? az dr = z 42 sin Zaz + ee 
a igi if wert az dr, ninteger > 1. 
n —_ 


x cos 2ar 
284. fa cs? oz de = 4 (Z i) sin 2az + £208 2, 


259. f csc ar dz = * tog tan > - 
285. ff cost az de = 2+ 32) sin oar 


: oe 38 3 
260. Jf ctazde = ~Zetnee + (35 - 35) cos 2az. 
261. if ese! az de = 3] - ctn az csc ar + log tan 22 286. | eet pee ee eee 
262. f coc ards = “aD eae 287, ff teosards = Zesinar—2 f 2+einazde, npoo. 
+ ELF f coer ads, ninteger >1. 288. [SES a loner - + oe 


Expressions Containing tan ax and sec ax of ctn ax and esc ax. cos ax 1 cos az a sin ar dr 
209, f ~~ MDS 


263. fon az sec ax dr = i sec az. 
Expressions Containing Exponential and Logarithmic 


264, f tan* az seclardr = PC; eh 1 tan**! az, nx — 1, Functions. 
1 290, fet de = Lew, [wee SF = 
265. tanarsec"ardzr = an Sec" aren =. a log 6° 
no. f set dz = & (az - 1D), f 2 de = gle 
266. foe az cscardr = —* ese az. alogb — a*(log 5)* 
267 ctn"* az csc? ar dr = eee Ser ctn“*' az, nwt —1 292. f revdr = (atz? — 2ar + 2). 
° a(n + 1) on : a 
1 n Vas 
268. feta eset az dz = — 1 eset az, nx. 293. feed nlee 2 fe 'e# dz, nt pos. 
csc? ar dr 1 ‘ 
269. f SiGe a log ctn az. 294. f zettdr Cae — n(az)""' + n(n — 1)(az)"* 
Expressions Containing Algebraic and Trigonometric —..-+(- reat} n pos. integ. 
Functions. 
‘ 1 .. 1 pan Apel a aw} —] ( a-8 
270. xsinazdz = qt Sin az — 5 z cos az. 295, | xtedx = aan (ax)* + n(az)*-' + n(n — 1)(az) 


+... +n} n pos. integ. 


‘ PS ae 2 2 
271. z’ sin ax dz = — sin ar + — cos az — — cos az. 
a a a hee 
ve aw fetter 
296, f rds = 5 aol dz, Nn pos. 


. 3x* . 6. r 6z 
ain. Jf # sin az dr = % sin ar ~ § sin ax ~ © cosaz + © c0s az 


ar)® ar)? 
ss | siteee? 2 cee eye f[He- = logs + ar +3 at +¢ ap rote 
4 4a 8a? 
oll er ; 
274 ff 2 sint ar dz = © — (# — JL) sin dan — E20 2A2, 298. [Fern —4[-% ~+a az |, ninteg> 1. 
15. fe sin'ar de ~ $ i (= 5 35) sin 2az 299- fore = J faz — log (6 + ce**)]. 
Z (= 3 ) cos is 
8a? 16a‘ z _ et dr = i log (b “f- ce**). 
f ‘or dr 2 2 £% Sar sin3ar  3rcosar rs 3 sin ar a b + ce Ge 
976. J x sin’ az dz io age ge : ; : 
= -1 
: 301. lwte = — tan (e-/®), b and ¢ pos, 
arr, f Psinazds = ~Zreosar tz f x! cos az de, n>0 be" + ¢¢ av tc ¢ 
et 
(218 f sina gp — SO + orh tees 302. Jf erin bs de = Ty (a sin bz — b cos bz). 
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203. fos cin besin ce de = T1O= I sinh— oe tac etl sy9, siVopl ieee. 


2(a? + (6 — ¢)*] 


_ @7{(6 +c) sin (6 +.¢)z + @ cos (b + ¢)z] seu. f° dr 1 
2[a? + (6 + ¢)*] x (log ax)" (n — 1) (log ax) *-* 


x log az 


304. Se et cu . xtdr — nt n+l 2 dr 
f 008 be de = (a cos be + sin be), 325+ f qe een te) ge mm. 
305. J e** 068 b dz w= © (> — ¢) sin (6 — c)z + a cos (6 — ¢)z] 
aa 2(a? + (6 — c)?] 326. fee’ ev dy y = (n + 1) log az. 
4 SG + 6) sin (b + c)e + a cos (b + ¢)r} logaz ant y ” 
2(a? + (6 + ¢)*] 
Si e{asin (b — cx — (6 —c) cos (b — eee 
306. J e** sin bz cos cz dt = ee EPO 327+ J iog-ag = arti log | log ax | + (n + 1) log az | 
+ e**[a sin (b + c)z — (b + €) cos (b + ¢)z} + (n + 1)? (log az)? +1)? (log az)? + as) log az)". +)? (log az)? . nel 
2[a? + (6 + 0)*] aca 2-2! 3:3! 
307. f e* sin be sin (br +0) de = 
panels else) Ce | Ss dr. 2[ tog (log ax) + log ax + (ogc) 
es cose _ et [a cos (2bz +c) + 2b sin (2br + c)] of ae. Ss 
2a 2(a? + 46%) =o Ss 4. (og oe) Sate ) fe J}. 


308.7 e** cos bz cos (bz + ¢) dz = 


econ , [acon (the +e) + 2bsin (he HA] aaq, fs = 26 : 
~ 2a 2(a® + 40°) 329. f sin (log az) dz = 5 [sin (log az) — cos (log az) J. 


309. | ¢** cos br sin (bz + ¢) dz = 
Tine 4 ola sin Che +2) — 20 cos (Bhs + 0) 330. I cos (log az) dz = 5 [sin (log az) + cos (log az) | 


2(a? + 46*) 
310+ f ex sin be cos (be +) de = f . 2. 
_etsing , ot [asin he + 6) ~ 2b cos (she + o)} 88h J EMME gee a “ee 
2a 2(a* + 40?) 


Expressions Containing Inverse Trigonometric Functions 


suf sin bz dx = z = ae (a sin br — b cos br) 


~ (@ eee {(at — 8) sin bx — 2.abcos bz]. 332: i sertaz de = x sin~ az rm. iv T— @z, 


xze** : 
2. xe** cos bz dr = eLe (a cos bx + b sin br) 333. f (sin! az)? dz = x (sin~! ax)? — 22 + av l — a?z? sin az, 
e7* 
= Cat bel — b*) cos bz + 2 ab sin bz]. 


= GP hen. | eee = 
e* cos*—! bx (a b b sin b 334. fs siort az de = ® sin-t az — 2 sin ee ae Vs — oF. 
813. fe cot be de = ost be (a cos be + nb sin br) 2 4a 
n(n — 1)P 
+ “ai ay e** cos*-? bx dz. 
A ons -_ al pees 
sis, fe ent be de = £7 site (asin ba. nb cos be) 208, fa sion de m sin a 
. a? + nb? __a f ert! dr care 
n(n — 1) : n+l}/ .j ant 
+ Spar fo sin be de, : 
ax dz 1-3 
336 . jee GEE ae A _ 
315,_ flog az de = z log az — 2 z zs ay a) + o4-5.5 (az)* 
1-3-5 
sis, f : , + ge 7y Ga bes oy ater, 
° t log az dx = 5 log ax — F- . 
i 337 fee ar dr are Lint dee lop L-+ Yl — az 
317, fe log az dr = 3 log ax — gz x az 
318. f (log ax)? dr = x(log ax)? — 2z log ax + 2z. 338, J cost ax dx = x cos“ ar — : J 1 — az, 


319, f (log az)" dz = x (log ax)" — a (log ax)"-t dz, n pos. 339. f (cos~! ax)? dr = z(cos~' ar)? — 2x — ay, 1 — a’zx? cos! az. 
a 


2 log az 1 ——> 
Oe log az de = arvi| 08 00 way |: ne—l. 340, Af 2008" a2 de = © 005-1 a2 Gb coe! oz — ZT Ia 


gt m 
e F oo 8 dep oe mo nm A 
$21 ve (log az)" dz Aer j foe a=) h4 rf # (og az) ‘dz, 341. fe epschne ds = aa eeatige 
(log az)" (log ax)**! Shi ok atti dr _ iné—L 
nae, f Glog 02)" gy = Gogaz)™, nxs~1, r+1 Vi-aa 
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cos"! ar dr 


sin? a 
d z, 


og ee 


342. ene mF hog | az | — a2 — 53 (a2) - agg (an) 
1-3-5 
“S699 (az)'’ ~ +++, Q@tzt<). 


sis, f coctazae =} cost ar + a log | + VI ae vie a | 
sis. f tant az de = 2 tan! az ~ 5 log (1 + a*z*), 


345 Lf 2 ar-az de = 2°" tan~ ar — 


atl n+1J 1+aiz 


a 1 + az? 
g's ( a*z? } 
a47.f tar! as de = zctn az + Z log (1 + a*z*), 


= gat! dr 
24g. fz" etn ar de = 2" 1 [ere 


, fctattarde 1 a ie?) 
sig. f Starter de = cto ‘ar + 4 log ( aay 


$46. frewterds 1 tart gs — 
z 


5 etn! az + 


— (az + /aizt —1). 


351 fe sec-taz de = = -_———- 
ye 


Use + sign when = < sec az <x; — sign when 0 < sec“ az <F 


2 


a (ar + V a'z — 1). 


353° Lf © eset ar de = ese =s 


Use + sign when 0 < csc“ az <= 


Feo at 


2 ’ 
Definite Integrals 


© adz : : —r., 
354. f SE = Fite>o; 0, ifa = 0; Srife<0, 


oo a oe! 
355. I zle-tde = f [loge ]dz = I'(n). 
r(n+l)=n-P(n), ifn >0, T(2) = T(1) = 1. 


P(n+1)=nil, ifnisaninteger. YF (4) =x. 


356. fet: at de = T(n), 7>0. 
Q 


357° fi 2°11 — 2) dz = Sf 7 ee 


— rim)r (nr) 
+x)" 


r'(m +n) 


Opel 


rT 
358 « _l+z dz = Ta 0 <n. 
¥ if 
z Fy 
359. f sint sds = ff cost 2 de 
° Q 
r 
m= hr BUai G +2) ifn>-1; 
r(#+1) 
1-3-5... (n—1) 7s ‘ : 
"—9°4-6---tn) 5 if nis an even integer; 
2-4-6---(n- 
© Soe if n is an odd integer. 


Me fc eee rae A 


na — I. 


— i, i 
verat nz 372. 


— sign when — 7 < csc az <0, 


sar. ff BELA de = 0 0, ifa< -1era>ts 


=5 ifa = —l,ora=]; 


= : if -l1<a<l. 


+ Tt 
sint az dz =f cost az ds = F 
r 


Tr 
fia az+cosardz = 0, 


T/e 
364, f sin or cos az dz = 
9 


T 
365,_f sin az sin bz dz = Lf e042 €0s brdr=0, azth, 
t Q 


Tr 
a6e,_f, sin ax cos be dz = ay if a — b is odd; 


1 = @, if a — b is even. 


sor. f sn a7 inte . 1a, if a<b. 


d = 
368+ Jf cosa dr ~ f sin (edz = a 


° i,t awvt_ dl 
369 dr 3a oa r(5), if a>0a. 


1. 5 T'(n +1) 
og 


oo wz if n is a positive integer, a> 0. 


» (2n—1) 


aA 


371. f[vetas =} 8 


374. de ef-2—28 7) de 7 | nt Vx, ifa>0. 


go oe 
f erreoste a ~ FR 


oe 
2 gj & b * 
fe sin be dz = ao if a>0, 


ry ‘ 
e “sing 
f eee dr = cto“ a,a> 0. 
r) 


of 


= Se ae 
Jf 0 008 br de EE, if a> 


375. » ifa>d, 


376. 


377. 


378. 


1 
f (log z)" dz = (— 1)*-nl, n pos. integ. 


379. 
i 1 
380. Jf log tom 381. [ loge 
6 l—z 6 o i+z 
382, [zen -8 sus, fez pa = ds = 


se. 147) dz 
r log (i= zx 


t 
dr 
386. f Viogday 


Lf of 

2 t . 

387. [ log sin z desl log cos zr dz = — 3 
C) Qo 


¥ 2 
388. Jf 2 lee sin 2 de = — 5° log.2. 
e 
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385. fi log (SS 


Pe 
4 


‘log. ra 


sa, f Bettas Ease 
6 z 2 


f- veto aN Pete =r 


ay 
12 


T 


+) dre 


1 
389. f log (log x) dx = l e* log z dz = y = 0.5772157---. 


x 


\ 
1\3 
391. f (tog ine dz = +/x. 


= 1\" T(n+1) 
392. dee log (:) dz = myer 


rT f ‘ a 
303. f log (ab cos x) dr = xlog (Gaaee Za - — B) azb. 


de 


’ if m+1 >0, 


log (I1-+-sin a cos 2) on 


cos x mms 


1+ 6 


22 
= dz = log 7-5 


x dr 

al ~aihtea 7 asp ere 
-1 

a ne = al 
aot. ff atbcssz go ; 

~ cos ar d 

cet, Sane Ra : 
soa. f a ee ,ifa> 0; xe ifa <0. 
399 © cos x coszrdr _ “sin r dz _ fe 
; e we 0 Vz 2° 


evar — ent b 
400. f oe oe dr = log = 


“tan-! ar—tané br _™), 
401. f Ee eee eS dz = 9 log b 
oe 
402. J cos az—0os bry. _ jog b 
0 z a 
ial 
3 dr ¥ 
ae: f a'cos's + b’sin’r 2a 
T 
404 dz _ x (at+5*) 
. (a? cos? +0? sin? zr)? 4a*b? 
(a-—b cos x)dr l 
405. fiiesheseie Gi oab cos Se =0 ifa< 8 


n+1> 0, 


1 
log (14-2) 11.1 1 a 
4 . ee ss = oe — — = ee Ss =~ 
aL f dea i ae i 13 
i e™ Pe 2 
oa i ect tara t+ou ~ satan. 


where y w= jim (+5424 ee , —log t) = 0.5772157---, 


t 
cos xu x? x xs 
409. [2 du.= y + logz — sort sary eit tte 


where y = 0.5772157---. 


1 
410. ea Ai ee 
f ZT de = 2 (2 +5 31 tes ate -). 
{ 
l=¢-* x* + iy 
411. f f- 4 — — a ee : seo 
: dau=sz—-sataa- gato 


T 
> dr 
ole z:€£: =5n+Q) e+(E 1) K+(G33 2) Kt. } 
if K?<l, 


: 
=, or ly? 
as. {Via J? sin? zx dz=5[1-(5) k 
1-3)? K¢ 1.3-5\? Ké * 
~ (55) 3 - 8) Hr eRe 


»a>0, ab. 


© 
414. f e-* cosh br dr = — 
t) 


b 


eo 
as. f e~* sinh br dr = = we ara Br a>, a’, 
2ab 


(a? + bP a>0. 


fee] 
as. f re sin bz dr = 
Cy 


az. [- ee nas0 
uP xe cos br dz = (py a>. 


2h(3a? — 5*) 


Yate’ a>0. 


i++) 
418. f ae sin br dz = 
e 


2a(a? — 36°) 


© 
as. f we cos bx dz = — Ca 


»a>0. 


24ab(a? — 5?) 


(a? + 6) »a>0. 


co 
420. f ze~™ sin bx dr =. 


© 
aa. f ea oe ee) 
: xe cos br dr (a? + by 


mia a> 0. 

422, f ” ate sin br de = ERE Ma = ibe — (a + iby) 
0 2(a? + b*)**! 

iby (ade ab)" 


wo 
423. f : nl ((a — 
. | Fe * Cos br dz = a? f bye 


GREEK ALPHABET 


Epsilon 
Zeta 
Eta 


OmNMpP 4 wW> 
Hohize>m 


Letters NAMES 


- 


K 
x 
" 
y 
g 

0 

z 


Tota P p Rho 
Kappa Zoos Sigma 
Lambda T +r Tau 
Mu T v Upsilon 
Nu 4 Phi 

Xi X x Chi 
Omicron Vy Psi 

Pi Qw Omega 
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MATHEMATICAL SYMBOLS 
Arithmetic, Algebra, Number Theory 


Plus; positive. 
Minus; negative. 
Plus or minus; positive or negative. 
Minus or plus; negative or positive. 
ab,a-b,axb atimes b; a multiplied by b. 
alb,a~+b,a:b a divided by b; the ratio of 
a to b. 
,:: Equals (the symbol :: is practically 
obsolete). 
alb=c/d or a:b::c:d A proportion: a is 
to b as ¢ is to d (the second form is 
seldom used). 
Identical; identically equal to. 


sy es 


# Does not equal. 

~ or £& Congruent; approximately equal 
(not common). 

~ or“ Equivalent; similar. 

> Greater than. 

< Less than. 

= or > Greater than or equal to. 

< or < Less than or equal to. 

a" aaa::- ton factors. 


Va, a2 The positive square root of a, for 
positive a. 

Wa,ailn nth root of a, usually means the 
principal nth root. 

a" The reciprocal of a”; 1/a". 

() Parentheses. 

[] Brackets. 

{} Braces. 

~ Vinculum (used as a symbol of 
aggregation). 

e The base of the system of natural loga- 
rithms; 

lim (1+ 1/n)"=2.7182818285- - 


log a, log;g a Common (Briggsian) loga- 
rithm of a; logais used for logi9 a 
when the context shows that the 
base is 10. 

In a, log a, log, a Natural (Napierian) log- 
arithm of a. 

antilog Antilogarithm. 

colog Cologarithm. 

exp x e*, where e is the base of the natural 
system of logarithms (2.718 - - +). 

ax 6 a varies directly as 5; a is directly 
proportional to b (seldom used). 
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i(orj) Square root of —1; V—1; jf is 
used in physics, where i denotes 
current, but 7 is almost universally 
used in mathematics. 


W1, W2,w30rl,w,w* Thethree cube roots 


of unity. 

n! (or \7) Factorial n; n factorial; 
1-2-3+--n. 

a’ a prime. 

a’ adouble prime; a second. 


al] q with n primes. 

a, asubn, a subscript x. 

f(x), F(x), 6), etc. Function of x. 

|z| Absolute value of z; numerical value 
of z; modulus of z. 

Zor conjz Conjugate of z. 

arg z Argument, amplitude, 
of z. 

R(z), 9(z), Re(z) Real part of z; R(z)=~x, 
if z=x+iy and x and y are real. 

I(z), S(z), Im(z) Imaginary part of z; 
I(z)=y, if z=x+iy and x and y are 
real. 

i,j,k Unit vectors along the coordinate 
axes. 

a-b, (a, b), Sab, (ab) Scalar product, or 

dot product, of the vectors a and A. 
ax bh, Vab, [ab] Vector product, or cross 
product, of the vectors a and b. 

[abc] The scalar triple product of the vec- 
tors a, b and c: (ax b)-c, a-(6x ce), 
or 5-(c xa). 

P(n,r), ,P, The number of permutations 
of n things taken r at a time; 
n!/(n—r)!=n(n—1)\(n—2) - - + (n— 
r+1). 

nCr> it, Cy, or C(n, r) The number of com- 

binations of m things taken r at a 

time; v!/[ri(m—r)!]; the (r+1)st 

binomial coefficient. 

The determinant whose element in 

the ith row and jth column is a;;. 

lla; ;|| or (a;;) The matrix whose element in 
the ith row and the /th column is q;;. 


bb} 


or phase 


|a;;| 


labc---| The determinant |b, b,--- 


llabc-++|| or (abc---) The matrix 
ee 
or (3 b, 74 | 
' ) or (abcd---) The permuta- 
tion which replaces a by b, b by c, c 
by d, etc. 
adj A, [4;;],(A) Adjoint of the matrix 
: A= [aj]. 
A Complex conjugate of the matrix A. 
I An identity matrix. 
A-1 Inverse of the matrix A. 
A* Hermitian conjugate of the matrix A. 
A’, A? Transpose of the matrix A. 
A;; Cofactor of the element a;; in the ma- 
trix [a;;]. 
||A|| The norm of the matrix A. 
G@ An operation in a postulational alge- 
braic system, with x @ y called the 
sum of x and y. 
® An operation in a postulational alge- 
braic system, with x ®& y called the 
product of x and y. 
An operation in a postulational alge- 
braic system, with xc y,orx*ya 
third element of the system. 


Oo, * 


G.C.D. or g.c.d. Greatest common divi- 


Sor. 
L.C.D. or l.c.d. Least common denomi- 
nator. 
L.C.M. or I.c.m. Least common mul- 
tiple. 


(a,b) The G.C.D. of a and b; the open 
interval from a to b. 

[a,b] The L.C.M. of a and b; the closed 
interval from a to b. 

alba divides b. 

x=a(modp) x-—ais divisible by p, read: 
x 1S congruent to a modulus p, or 
modulo p. 

[x] The greatest integer not greater than 
x. 

d(n) Euler’s ¢-function (the number of 
positive integers prime to n and not 
greater than 7). 


p(n) The number of partitions of x. 
d(n) The number of divisors of n. 
v(x) The number of different primes which 


divide n. 

The number of primes which are not 
greater than x. 

Liouville’s function. 

Mobius’ function. 


m™7(n) 


A(n) 
(1) 


Trigonometry and Hyperbolic Functions 


a° a degrees (angle). 
a’ a minutes (angle). 
a’ aseconds (angle). 
a”) qradians, unusual. 


s One-half the sum of the lengths of the 
sides of a triangle (plane or spheri- 
cal). 

S,oa One-half the sum of the angles of a 
spherical triangle. 


E Spherical excess. 
sin Sine. 
cos Cosine. 


tan Tangent. 

ctn (or cot) Cotangent. 

sec Secant. 

csc Cosecant. 

covers Coversed sine or coversine. 
exsec Exsecant. 


gd (or amh) Gudermannian (or hyper- 
bolic amplitude). 

hav Haversine. 

vers Versed sine or versine. 

sin-!x (or are sin x) The principal value 
of the angle whose sine is x (when x 
is real); antisine x; inverse sine x. 

sin? x, cos? x, etc. (sin x)?, (cos x)?, etc. 

sinh Hyperbolic sine. 

cosh Hyperbolic cosine. 

tanh Hyperbolic tangent. 

ctnh (or coth) Hyperbolic cotangent. 

sech Hyperbolic secant. 

csch Hyperbolic cosecant. 

sinh-! x (orarcsinh x) The number whose 
hyperbolic sine is x; antihyperbolic 
sine of x; inverse hyperbolic sine of 
x. 


Elementary and Analytic Geometry 


Z. Angle. 

4 Angles. 

|. Perpendicular; is perpendicular to. 
ts Perpendiculars. 
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| Parallel; is parallel to. 

(is Parallels. 

Congruent; is congruent to. 
Therefore; hence. 


= 9 — 


Triangle. 
Triangles. 
Parallelogram. 
Square. 
Circle. 
Circles. 

The ratio of the circumference of a 
circle to the diameter, the Greek 
letter pi, equal to 3.1415926536-. 

(x,y) Rectangular coordinates of a point 

in a plane. 

(x,y,z) Rectangular coordinates of a 

point in space. 

(r,9) Polar coordinates. 

yx The angle from the radius vector to the 

tangent to a curve. 

(p, 8, 6) or (r, 8,6) Spherical coordinates: 

¢=colatitude (or longitude), 
= longitude (or colatitude). 

(r, 8, z) Cylindrical coordinates. 

cos «, cos 8, cosy Direction cosines. 


1@ooQePe 


l,m,n_ Direction numbers. 

e Eccentricity of a conic. 

p Half of the latus rectum of a parabola 
(usage general in U. S.). 

m_ Slope. 

P(x, y) or P:(x, y) Point P with coordi- 
nates x and y in the plane. 

P(x, y, z) or P(x, y,z) Point P with co- 
ordinates x, y, z in space. 

(AB, CD) or (AB| CD) Thecross ratio of 
the elements (points, lines, etc.) A, 
B, C, and D, the quotient of the ratio 
in which C divides AB by the ratio 
in which D divides AB. 

[A]ZX[B] Indicates that there is a perspec- 
tive correspondence between the 
ranges [A] and [8]. 

[A]A[B] Indicates a _ projective corre- 
spondence between ranges [A] and 
[B]. 


Calculus and Analysis 


(a,b) The open interval a<x<b. 
[a,b] The closed interval aSx<b. 
(a, b] The interval a< xb. 

[a,b) The interval aSx<b. 


{ay}, [ay], (@,) The sequence a), a2,---, 
Any * 


n 
> or ~ Sum to m terms, one for each 
[ i= 

positive integer from | to 7. 
> Sum of certain terms, the terms being 


indicated by the context or by added 


notation, as in > X; or As 
[=] acA 


n 
Il or Il Product of m terms, one for 
1 i= 


each positive integer from 1 to 7. 
| [| Product of certain terms, the terms 
being indicated by the context or by 


added notation, as in = X; or > X is 
=] acA 
I Moment of inertia. 
k Radius of gyration. 
X, y, Z Coordinates of the center of mass. 
s (ora) Length of arc. 
p Radius of curvature. 
« Curvature of a curve. 
+ Torsion of a curve. 
lu.b. or sup Least upper bound. 
g.l.b. or inf Greatest lower bound. 
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lim y=b, or _ y=b The limit of y 


Xa 


as x ap roaenes ais b, 


The greatest of the limits of the se- 
quence (/,); the largest number 
which is a limit point of the set of 
numbers (¢,,); limit superior of (t,). 

The least of the limits of the se- 
quence (f,); the smallest number 
which is a limit point of the set of 
points (7,); limit inferior of (1,). 

— Approaches, or implies. 


lim ¢, 


no 


lim ¢,, 


n—- 


lim sup or lim Limit superior. 
lim inf or lim Limit inferior. 
f(a+0), flat), tin f(x), or J I) The 


xla 


limit on the right of ft (x) af x=. 
f(a—0), f(a—), in f(x), or lim f(x) The 


Xd 


limit on the left of f(x) at x=a. 

f'(a+) The derivative on the right of fat 
x=a. 

f(a—) The derivative on the left of f at 
x=a 

Ay An increment of y. 

oy A variation in y; an increment of y. 

dy Differential of y. 

S$, ds/dt, v The derivative of s with respect 

to ¢; speed. 

§, dv/dt, d*s/dt?,a The second derivative 
of s with respect to the time ¢; ac- 
celeration. 


w,a Angular speed and angular accelera- 
tion, respectively. 


——> y’, f(x), D,y The derivative of 
y pasta respect to x, where y=f(x). 
——» Xo, f(x), D."y The nth derivative 

of y=f(x) with respect to x. 


0 
= ux, f(x, y), D,u The partial deriva- 


Ox 
tive of u=f(x, y) with respect to x. 
> Uxys Sxy(X, ¥), Dy(D,u) 


partial derivative of u=f(x, y), 
taken first with respect to x, and 
then with respect to y. 


02u 


Byax om The second 


dx 
Partial differentiation opera- 


D_ The operator 
Dj, Di;, etc. 
a2 
tors (e.2., Dies ae): 
D,f Directional derivative of f in the 
direction s. 
E The operator defined by Ef(x)=f(x+ A), 
for a specified constant A. 
A The operator defined by A/f(x)= 
f(x+h)—f(x), for a specified con- 
stant h (also see below, V2 or A). 
V_ Del: the iat 
ra) 
tke) 


B45 

ay" 
Vu or grad u Caan of u: 

.ou , ou Ou 

(i ee oy 7) 
V-v or div vy Divergence of v. 
VxF Curl of F. 
V2or A. The Laplacian operator: 


o2 o2 2 
axa Byh Gz? 
6} Kronecker delta. 
Sty j3,.219k The generalized Kronecker 
delta. 
efi fas A, €i,,i2:--i The epsilon sym- 
bols. 
8ij,g/' The components of the fundamen- 


tal metric tensor of a Riemannian 
space, ds? = g;;dx'dx/ = g'idxjdx;. 
E, F,G_ The coefficients in the first funda- 
mental quadratic form of a surface. 
F(x)\a F(b)— F(a). 


( I(x) dx Integral of f(x) with respect to 
x, the primitive of f(x). 


b 
f(x) dx The definite integral of f(x) be- 
? tween the limits @ and b. 
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The upper Darboux integral. 
The lower Darboux integral. 
mS), ee, u*(S) Exterior measure of 
mS), a(S), ttx(S) Interior measure of 


mS), #(S) Measure of S. 

a.e. Almost everywhere; except for a set 
of measure zero. 

G; set; F, set See BOREL—Borel set. 

BV Of bounded variation. 

TU), V~QZ), or V(f,1) Total variation of f 
on the interval J. 

Q-UZ), w,(Z), or of) Oscillation of fon I. 

w(x), of(x) Oscillation of fat the point x. 

(f,g) Inner product of the functions fand 


&.- 
fll Norm of the function f; i.e., (f, f)"/2. 
f*g pone of fand g. 


W (uy, Has” -,U,) Wronskian of uy, wo, 
OS), fr, ° ae Di, fay ++» Sn) | or 
AX, X2,°° Xn) D(x, X25 °° "5 Xn) 
paar dn Jacobian of the func- 
Xi; 2s "ty Xp 
tions f(%1, X25 °° "5 Xi): 
C,, C™ See FUNCTION—function of class 
cn, 
L,, L® See FUNCTION—function of class 


Pp 


f (x)~> A, The series is an asymptotic 
0 


expansion of -the function f(x). 
Limit x,/y,=1; x, and y, are 
asymptotically equal. 
Upn=OW,;) Un is of the order of v, (u,/v, is 
bounded). 
u,=O(v,) lim u,/v,=9. 
n> 


or (Ck) Summable by 


Xn™ Yn 


summable Cx, 


Cesaro’s method of summation of 
order k. 

y Euler’s constant. 

B,, Bo, B;,--- The Bernoullian numbers. 
The Bernoullian numbers are also 
sometimes taken as B,, B3, Bs, --- 

|z| Absolute value of z. 


Z or conj z Conjugate of z. 

arg z Argument of z. 

R(z), ‘(z), Re(z) Real part of z. 

I(z) <(z), Im(z) Imaginary part of z. 
Res f(z) Residue of fat a. 


z=a 


I(z) The Gamma function. 


(va, x); ['(a, x) Incomplete gamma func- 
tions. 

B,(x) The Bernoulli polynomial of degree 
n. 

F(a, b; c; z) A hypergeometric function. 

HI, (x) The Hermite polynomial of degree 
n 


J(p,q; x) A Jacobi polynomial. 

J,(x) The nth Bessel function. 

Iz); K,(z) Modified Bessel functions. 
H(z); H(z) Hankel functions. 
N,(z); Y,(z) Neumann’s functions. 
B(m, n), B(m, n) The beta function. 
B,(m,n) Incomplete beta function. 
ber(z), bei(z), ker(z), kei(z) See BER. 


J(r); (7), f(r), ¢(e), A(v) Modular func- 
tions. 

#,(z), etc. Theta functions. 

D,,2,°°°; %,--- Theta functions and 
their derivatives with zero argument. 


¢(z) Riemann’s zeta function. 

Erf (x) {" e~? dt=4(4, x2); see ERROR— 
Siro} function. 

Erfc(x) i” e-? dt=Aml2— Erf (x)= 
iT, x2). 

Erfi(x) |” e? d= i Erf (ix). 

Lx) The Laguerre polynomial of de- 


gree n. 

L,K(x) An associated Laguerre poly- 
nomial. 

P,(x) The Legendre polynomial of de- 
gree 7. 


P,™(x) An associated Legendre function. 

T, (x) The Tchebycheff polynomial of de- 
gree 7. 

ce, (x), sé,(x) Mathieu functions. 

snz,cnz,dnz The Jacobian elliptic func- 
tions. 

P(z), p'(z) The Weierstrass elliptic func- 
tions. 


Mathematical Logic and Set Theory 


Therefore. 

> Such that. 
~P, —P, Pp, p’ Not p. 

PAq,p:q,p&q Bothp and q; p and gq. 

PVq,pVq_ Atleast one of pandgq;p org. 

P\q, pig. Not both p and g; not p or not gq. 

Pt\q,pAq Neither p nor g. 

P—q,pq_ If p, then g; p only if gq. 

, ~, iff If and only if. 

I,1 The universal class (containing 
all the members of some specific 
class, such as the set of all real 
numbers). 

¢, A, A,9 The null class; the class con- 

taining no members. 

- 3, 3, etc. Dots used in place of paren- 

theses, ” dots being stronger than 
n—1 dots, and » dots with a sign 
such as V, —>, or «> being equivalent 
to n+1 dots. 

(x), IT,, Ay, Wy For all x. 

Ay gsi Pegeoes Oral xX, y,=>*. 

3 There exists. 

(3x), (Ex), &, There is an x such that. 

E.,y,..,. There exist x, y, +--+ such that. 

E,, X, Cy, [x| ] The class of all objects x 

which satisfy the condition stated 
after the symbol (or after the vertical 
bar of the last symbol). 


V, V, 
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xeM,xeEM _ The point x belongs to the 
set M. 

M=N _ The sets M and N coincide. 

McwN _ Each point of M belongs to N; 
M isa subset of VN. Sometimes (but 
rarely) understood to mean that M 
is a proper subset of N. 

McN _ Each point of M belongs to N; 
M is a subset of N. 

M2DN_ Each point of N belongs to M; 
M contains N as a subset. Some- 
times (but rarely) understood to 
mean that N is a proper subset of M. 

M2N _ Each point of N belongs to M; 
M contains N as a subset. 

MaON,M-N_ The intersection of M and 
N. 

MUWN,M+N_ The join (or sum) of M 
and N. 

VeoueaM a, UeeaM, The set of all points 
which belong to M, for all « of A. 

UoeaM a, <aeaM, The set of all points 
which belong to M, for some a of A. 

~M,C(M),M,M The complement of 
M. 

M-—N,M~N_ The complement of N in 
M; all points of M not in N. 
M~WN_ The sets M and N can be put into 

one-to-one correspondence. 


X= Aleph, the first letter of the Hebrew 
alphabet. 

Aleph-null, or aleph-zero. The car- 
dinal number of the set of positive 
integers. 

c The cardinal number of the set of all 

real numbers. 

XN, An infinite cardinal number, the least 
being Xo, the next &,, the next N,, 
etc. The first cardinal number 
greater than &, is denoted by 
Roa 

M~N M and N are of the same ordinal 
type. 


Xo 


w The ordinal number of the positive in- 
tegers in their natural order. 

w*,*a The ordinal number of the nega- 
tive integers in their natural order. 

a The ordinal number of all integers in 
their natural order. 

7 The ordinal number of the rational 
numbers in the open interval (0, 1). 

@ The ordinal number of the real numbers 
of the closed interval [0, 1]. 

a*,*a The ordinal number of a simply 
ordered set whose ordering is ex- 
actly reversed from that of a set of 
ordinal type «. 


Topology and Abstract Spaces 


M The closure of M. 

M’ The derived set of M. 

d(x, y), (x, y), p(x, y), (x, y) Distance from 
x to y. 

MxN_ The Cartesian product of spaces 
M and N. 

M/N_ The quotient space of M by N. 

<,<;>,> Symbols denoting an order 
relation. 

To-space A topological space such that 
for distinct x and y there is either a 
neighborhood of x not containing y 
or a neighborhood of » not contain- 
ing x. 

T,-space A topological space such that 
for distinct x and y there is a neigh- 
borhood of x not containing y. 

T>-space A Hausdorff topological space. 

T3-space A 7>-space which is regular. 

T4-space <A 7>-space which is normal. 

E,, E", R,, R" Real n-dimensional Eucli- 
dean space. 

Zn C, Complex n-dimensional space. 

H,S Hilbert space. 

(x, y) Inner product of the elements x and 

y of a vector space. 

Norm of x (see VECTOR—Vector 

space). 

(B)-space A Banach space. 

(C),C The space of all continuous real- 
valued functions on some specified 
compact set, as on the closed inter- 
val [0, 1] (then sometimes denoted 
by C[0,1]), with ||fj| defined as 
sup|f(x)|. 

(M), M_ The space of bounded functions 
on some set (particularly the interval 
[0, 1]), with ||f|| defined as sup| f(x)|. 


[lc|| 
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(m),m The space of all bounded se- 
quences x=(X,, Xo,:--), with [|x| 
defined as sup |.x;j. 
The space of all convergent se- 
quences x=(X), X2,°--), with x de- 
fined as sup |x;|. 

The space of all sequences x= 
(x1, X2,° °°) with lim x,=0 and ||x| 


n—>0O 
defined as sup |x;|. 

[,, {?) The space of all sequences x= 
(x1, X2,°°+) with &]x;|? convergent 
(p= 1) and ||x|| defined as [=|x,|?]!/. 

L,, LL‘) The space of all measurable func- 
tions f on a specified set S with 
if(x)|? integrable (p21) and |If\|= 


fi 
| soo/? dx| "; S is frequently 


taken as the interval [0, 1]. 

p The genus of an orientable surface 
(sometimes the number of 
‘handles,’ whether the surface is 
orientable or not—see SURFACE). 

q The number of cross-caps on a non- 
orientable surface (see SURFACE). 

r The number of boundary curves on a 
surface. 

xy Euler characteristic. 

0S, AS, d(S) Boundary of the set S. 

Bs, Ans-dimensional] Betti group modulo 
m(ma prime). 


(c),¢ 


(Co), Co 


Bs An s-dimensional Betti group relative 
to the group of integers. 

Rs, An s-dimensional Betti number 
modulo m (m a prime). 

Rs An s-dimensional Betti number rela- 


tive to the group of integers. 


Mathematics of Finance 


Yo Per cent. nP, Premium for a limited payment life 
$ Dollar, dollars. pohcy of $1 with a term of n years 
¢ Cent; cents. at age x. 

@ At. Vx Terminal reserve, at the end of n 


P Principal; present value. years after the policy was issued, on 
J(py) Nominal rate (p conversion periods an ordinary life policy of $1 for a 


per year). life of age x. 
i,j,r Rate of interest. 


rE, The present val f é 
s Compound amount of $1 for 7 periods; present value of a pure endow 


ment to be paid in vn years to a per- 


s=(1+i)". son of age x. 
n Number of periods or years, usually 
years. R_ Annual rent. 
v" Present value of $1 (n_ periods); Sqj OF sii Compound amount of $1 per 
yor=1/(1+i)". annum for m years at interest rate 
l. Number of persons living at age x is (1 +i)"—1)/i. 
(mortality table). st or so Amount of $1 per annum for 


d, Number of deaths per year of persons 
of age x (mortality table). 

Px Probability of a person of age x living 
one year. 

q, Probability of a person of age x dying 
within one year. 


n years at interest rate i when pay- 
able in p equal installments at inter- 
vals of (1/p)th part of a year. 


a; OF ay; Present value of $1 per annum 
for m years at interest rate /; 


(-(+2)~V/i. 


x 
ee icon a® or a> Present value of $1 per annum 
N, Dyt Dysit Dyiot +++ to table limit. for n years at interest rate / if pay- 
M, Cyt Cysrit Cyant +++ to table limit. able in p installments at intervals of 
a, Present value of a life annuity of $1 (1/p)th part of a year. 

at age x; N,,1/Dy,. Am Net single premium for an endow- 
a,,a, Present value of a (life) annuity due ment insurance for $1 for ” years at 

of $1 at age x; 1+a,. age x. 
ux D,/Dy44. Pz Net annual premium for an n-year 
ky C,/Dy41.- endowment policy for $1 taken out 
A, Net single premium for $1 of whole- at age x. 


life insurance taken out at age x. 


1 P p 
— Net single premium for an 
P, Net annual premium for an insurance Az or |p4, Net single p 


of $1 at age x on the ordinary life endowment policy of $1 for ” years 
plan. taken out at age x. 
nA, Net single premium for $1 of term P— or|,P, Net annual premium for a 
insurance for m years for a person term insurance of $1 for 7 years at 
aged x. age x. 
Statistics 
x2 Chi-square. rio-34---, Partial correlation coefficient 
d.f. Degrees of freedom. between variables | and 2 in a set of 
F F ratio. n variables. 


i Width of a class interval. 
k Coefficient of alienation. 
P.E. Probable error (same as probable de- 


r1-234-++, Multiple correlation coefficient 
between variable 1 and remainder of 
a set of n variables. 


viation). re 

r Correlation coefficient (Pearson pro- s Standard deviation (from a sample). 
duct moment correlation coefficient c, Standard deviation of the population 
between two variables). of x. 
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oy.» Standard error of estimate; also 
standard deviation of an x array for 
given value of y. 

t Students’ “‘?’ statistic. 

V Coefficient of variation. 

x Arithmetic average of the variable x 
(from a sample). 

uw Arithmetic mean of a population. 

p2=0% Second moment about the mean. 

ty The rth moment about the mean. 


= a3 Coefficient of skewness. 
2 
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B= bas Coefficient of kurtosis. 
pe 


812-34 Multiple-regression coefficient in 
terms of standard-deviation units. 

7 Correlation ratio. 

z  Fisher’s z statistic. 

Q, First quartile. 

Q; Third quartile. 

E(x) Expectation of x. 

P(x;) Probability that x» assumes the 
value x;. 


French—English Index 


Abaque. Abacus 

Abscisse. Abscissa 

Accélération. Acceleration 

Accélération angulaire. Angular accelera- 
tion 

Accélération centrifuge. 
tion 

Accélération tangentielle. 
tion 

Accolade. 

Accolade. 

Accumulateur. Accumulator 

Accumulateurs. Cumulants 

Acnode. Acnode 

Acre. Acre 

Action centrifuge. Centrifugal force 

Action d’arondir des nombres. Rounding off 
numbers 

Action réciproque. 

Actives. Assets 

Addende. Addend 

Addition. Addition 

Adiabatique. Adiabatic 

Adjoint d’une matrice. 

Agent de... Broker 

Agnésienne. Witch of Agnesi 

Aire. Area 

Aire-conservateur. 
preserving) 

Aire de superficie. Surface area 

Aire de surface. Surface area 

Aire latérale. Lateral area 

Ajouteur. Adder 

Ajustement des courbes. Curve fitting 

Aleph-nul. Aleph-null (or aleph zero) 

Aleph zéro. Aleph-null (or aleph zero) 

Algébrique. Algebraic 

Algébre. Algebra 

Algorisme. Algorithm 

Algorithme. Algorithm 

Allongement. Dilatation 

Altitude. Altitude 

Amortissement. Amortization 

Amortisseur. Buffer (in a 
machine) 

Amplitude d’un nombre complexe. 
of a complex number 


Centripetal accelera- 
Tangential accelera- 


Brace 
Bracket 


Interaction 


Adjoint of a matrix 


Equiareal (or area- 


computing 


Amplitude 


An. Year 
Analogie. Analogy 
Analyse. Analysis 


Sensitivity analysis 
Factor analysis 
Vector analysis 

Infinitesimal analysis 
Tensor analysis 
Vector analysis. 


Analyse de sensitivité. 
Analyse des facteurs. 
Analyse des vecteurs. 
Analyse infinitesimale. 
Analyse tensorielle. 
Analyse vectorielle. 
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Analysis situs combinatoire. Combinatoria 
topology 

Analyticité. Analiticity 

Analytique. Analytical 

Angle. Angle 

Angle aigu. Acute angle 


Angle central. Central angle 

Angle diédre. Dihedral angle 

Angle directeur. Direction angle 

Angle excentrique d’un_ ellipse. 
angle of an ellipse 

Angle extérieur. Exterior angle 

Angle horaire. Hour angle 

Angle intérieur. Interior angle 

Angle obtus. Obtuse angle 

Angle parallactique. Parallactic angle 

Angle polyédral. Polyhedral angle 

Angle polyédre. Polyhedral angle 


Eccentric 


Angle polyédrique. Polyhedral angle 
Angle quadrantal. Quadrantal angles 
Angle rapporteur. Protractor 


Angle réflex. Reflex angle 

Angle relatif. Related angle 

Angle rentrant. Reentrant angle 

Angle solide. Solid angle 

Angle tétraédral. Tetrahedral angle 

Angle triédre. Trihedral angle 

Angle vectoriel. Vectorial angle 

Angles alternes. Alternate angles 

Angles complémentaires. Complementary 
angles 

Angles conjugués. Conjugate angles 

Angles correspondants. Corresponding angles 

Angles coterminals. Coterminal angles 

Angles supplémentaires. Supplementary 
angles 

Angles vertical. 

Anneau circulaire. 

Anneau de cercles. 

Anneau de mesure. 

Anneau de nombres. 

Année. Year 

Annihilateur. Annihilator 

Annuité. Annuity 

Annuité abregée. Curtate annuity 

Annuité contingente. Contingent annuity 

Annuité différée. Deferred annuity 

Annuité diminuée. Curtate annuity 

Annuité fortuite. Contingent annuity 

Annuité suspendue. Deferred annuity 

Annuité tontine. Tontine annuity 

Anomalie dun point. Anomaly of a point 

Anse sur une surface. Handle on a surface 

Antilogarithme. Antilogarithm 

Antisymmétrique. Antisymmetric 

Aplomb. Plumb line 


Vertical angles 
Annulus 
Annuluse 
Measure ring 
Ring of numbers 


Apothéme 


Apothéme. Apothem 
Appareil chiffreur. Digital device 
Approximation. Approximation 
Arc-cosécante. Arc-cosecant 
Arc-cosinus. Arc-cosine 
Arc-cotangens. Arc-cotangent 
Arc gothique. Ogive 
Arc gradué. Protractor 
Arc-sécante. Arc-secant 
Arc-sinus. Arc-sine 
Arc-tangens. Arc-tangent 
Aréte d’un solide. Edge of a solid 
Argument d’un nombre complexe. 
of a complex number 
Argument d’une fonction. 


Amplitude 


Argument of a 


function 
Arithmétique. Arithmetic 
Arithmomeétre. Arithmometer 
Arpenteur. Surveyor 
Ascension. Grade of a path 
Assurance. Insurance 
Assurance a vie entiére (toute). Whole life 
insurance 
Assurance de vie. Life insurance 
Astroide. Astroid 
Asymeétrique. Asymmetric 
Asymptote. Asymptote 


Automorphisme. 
Avoir-dupoids. 


Automorphism 
Avoirdupois 


Axe. Axis 
Axe mineur. Minor axis 
Axe principale. Major axis 


Axe radicale. Radical axis 

Axe transverse. Transverse axis 

Axes rectangulaires. Rectangular axes 
Axiome. Axiom 

Azimut. Azimuth 


Barycentre. 
Base. Base 
Base. Basis 
Bei-fonction. 
Bénéficiaire. Beneficiary 
Ber-fonction. Ber function 
Bicompactum. Bicompactum 
Biennal. Biennial 
Bilinéaire. Bilinear 

Billion. Billion 

Bimodale. Bimodal 
Binaire. Binary 

Bindme. Binomial (n) 
Binormale. Binormal 
Biquadratique. Biquadratic 
Biréctange. Birectangular 
Bissecteur. Bisector 

Bon. Bond 
Bon de série. 
Borne. Bound 


Barycenter 


Bel function 


Serial bond 
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Centre 


Borne d’un ensemble. 
Borne d’une suite. 
Borne inferieure. Lower bound 
Borne superieure. Upper bound 
Borne superieure la moindre. 
bound 

Borné essentiellement. 
Bout d’une courbe. 


Boundary of a set 
Boundary of a set 
Least upper 


Essentially bounded 
End point of a curve 


Brachistochrone. Brachistochrone 
Brachystochrone. Brachistochrone 
Branche de la courbe. Branch of a curve 
Bras de levier. Lever arm 

Brasse. Cord 

But. Exercise 

Calcul. Calculus 


Calcul automatique. Automatic computation 

Calcul des variations. Calculus of variations 

Calcul intégral. Integral calculus 

Calculateur analogique. Analogue 

Calculateur arithmetique. Arithmometer 

Calculation. Computation 

Calculatoir. Calculating machine 

Calorie. Calory 

Cancellation. Cancellation 

Cap-croix. Cross-cap 

Caractére. Digit 

Caractéristique de logarithme. 
of a logarithm 

Cardioide. Cardiod 

Carré. Square 

Carré magique. Magic square 

Carré parfait. Perfect square 

Carte de flux du procedé technologique. 
chart 

Carte profile. Profile map 

Cas indépendents. Independent events 

Cas mutuels et exclusives. Mutually exclusive 
events 

Catégorie. Category 

Catégorique. Categorical 

Caténaire. Catenary 

Caténoide. Catenoid 

Cathéte. Leg of a right triangle 

Céleste. Celestial 

Cent. Hundred 

Centaine. Hundred 

Centiéme part d’un nombre. 
of a number 

Centi¢me partie d’un nombre. 
part of a number 

Centigramme. Centigram 

Centimetre. Centimeter 

Centre de cercle circonscrit a triangle. 
cumcenter of a triangle 

Centre de cercle inscrit dans un triangle. 
Incenter of a triangle 

Centre de conversion. Fulcrum 

Centre de group. Central of a group 


Characteristic 


Flow 


Hundredth part 


Hundredth 


Cir- 


Centre 


Congruence 


Centre de gravité. Barycenter 

Centre de gravité. Centroid 

Centre de masse. Center of mass 

Centre de rayon. Ray center 

Centre d’un cercle. Center of a circle 

Centre d’une droite. Midpoint of a line 
segment 

Cercle. Circle 

Cercle auxiliaire. Auxiliary circle 

Cercle circonscrit. Circumcircle 

Cercle circonscrit. Circumscribed circle 

Cercle de convergence. Circle of convergence 

Cercle des sommets d’une hyperbole. Auxili- 
ary circle of an hyperbola 

Cercle exinscrit. Excircle 

Cercle inscrit dans un triangle. Incircle 

Cercle vertical. Auxiliary circle 

Cercles coaxials. Coaxial circles 

Cercles concentriques. Concentric circles 

Cercles écrits. Escribed circle 

Chaine des simplexes. Chain of simplexes 

Chainette. Catenary 

Chaleur spécifique. Specific heat 

Chances. Odds 

Change de base. Change of base 

Charge de dépréciation. Depreciation charge 

Cheval-vapeur. (C.V. ou H.P.) Horsepower 

Chi-carré. Chi-square 

Chiffre. Cipher 

Chiffre. Digit 

Chiffre signifiant. Significant digit 

Chiffre significatif. Significant digit 

Cinématique. Kinematics 

Cinétique. Kinetics 

Cing. Five 

Circonférence. Circumference 

Circonférence. Girth 

Circonvolution de deux fonctions. Convolu- 
tion of two functions 

Circuit flip-flop. Flip-flop circuit 

Circulant. Circulant 

Ciseau contrainte. Shearing strain 

Ciseau transformation. Shear transformation 

Classe d’équivalence. Equivalence class 

Cloture d’ensemble. Closure of a set 

Cloture de suite. Closure of a set 

Coder a calculateur. Coding for a com- 
puting machine 

Coefficient. Coefficient 

Coefficient binomial. Binomial coefficients 

Coefficient de corrélation. Correlation co- 
efficient 

Coefficient de corrélation bisériale. Biserial 


correlation coefficient 
Coefficient de régression. Regression  co- 


efficient 
Coefficient principal. Leading coefficient 
Coefficients détachés. Detached coefficients 
Coefficients indéterminés. Undetermined co- 
efficients 
Cofacteur. Cofactor 


Cofonction. Cofunction 

Coin. Wedge 

Coincident. Coincident 

Collineation. Collineation 

Cologarithme. Cologarithm 

Combinaison des ensembles. Join of sets 

Combinaison des suites. Join of sets 

Combinaison d’ensemble d’objets. Combina- 
tion of a set of objects 

Combinaison d’une suite d’objets. Combina- 
tion of a set of objects 

Combinaison linéaire. Linear combination 

Commensurable. Commensurable 

Commissionnaire. Broker 

Commutateur. Commutator 

Commutatif. Commutative 

Compact faiblement. Weakly compact 

Compact localement. Locally compact 

Compactification. Compactification 

Compas. Compass 

Compas. Dividers 

Complement d’ensemble. Complement of a 
set 

Complément de facteur. Cofactor 

Complément de latitude. Colatitude 

Complement de suite. Complement of a set 

Compleéter un carré parfait. Completing the 
square 

Complex simplicieux. Simplicial complex 

Composant d’inclusion. Input component 

Composant d’une force. Component of a 
force 

Composant de productivité. Output com- 
ponent 

Compte. Score 

Compter par deux. Count by twos 

Compteur du calculateur. Counter of a com- 
puting machine 

Computation. Computation 

Comultiple. Common multiple 

Concavité. Concavity 

Conchoide. Conchoid 

Conclusion statistique. Statistical inference 

Concorde. Union 

Condition nécessaire. Necessary condition 

Condition suffisant. Sufficient condition 

Cone. Cone 

Cone circulaire. Circular cone 

Céne d’ombre. Umbra 

Céne directeur. Director cone 

Cone tronque. Truncated cone 

Confiance. Reliability 

Configuration. Configuration 

Configuration en deux variables. Form in 
two variables 

Configurations superposables. Superposable 
configurations 

Confondu. Coincident 

Conformité. Parity 

Congru. Coincident 

Congruence. Congruence 


Conicoide 


Crible 


Conicoide. Conicoid 

Conique. Conic 

Conique dégénérée. Degenerate conic 

Coniques confocales. Confocal conics 

Conjonction. Conjunction 

Connexion. Bond; connectivity 

Conoide. Conoid 

Consistance des equations. Consistency of 
equations 

Constant d’intégration. Constant of integra- 
tion 

Constant essentielle. Essential constant 

Constant littéral. Literal constant 

Contenance d’ensemble. Content of a set 

Contenance de suite. Content of a set 

Contenu d’ensemble. Content of a set 

Contenu de suite. Content of a set 

Contigue d’une matrice. Adjoint of a matrix 

Continu. Continuum 

Continuation de signe. Continuation of sign 

Continuité. Continuity 

Continuité uniforme. Uniform continuity 

Contour. Contour lines 

Contraction de tenseur. Contraction of a 
tensor 

Convergence absolue. Absolute convergence 

Convergence conditionnelle. Conditional con- 
vergence 

Convergence de progression. Convergence of 
a series 

Convergence de série. Convergence of a 
series 

Convergence de suite. Convergence of a 
series 

Convergence faible. Weak convergence 

Convergence uniform. Uniform convergence 

Convergent de fraction continue. Convergent 
of a continued fraction 

Converger a limite. Converge to a limit 

Conversion d’un théoréme. Converse of a 
theorem 

Coopérative. Cooperative 

Coordonnées barycentriques. Barycentric co- 
ordinates 

Coordonnées__ cartésiennes. 
ordinates 

Coordonnée d’un point. Coordinate of a 
point 

Coordonnées géographiques. Geographic co- 
ordinates 

Coordonnées polaires. Polar coordinates 

Coordonnées _ spheriques. Spherical co- 
ordinates 

Corde. Chord 

Corde; cordage. Cord 

Corde focale. Focal chord 

Cordes supplémentaires. Supplemental chords 

Corollaire. Corollary 

Corps convex d’ensemble. Convex hull of a 
set 

Corps convex de suite. Convex hull of a set 


Cartesian co- 


Correspondance uniforme. One-to-one corres- 
pondence 

Cosécante d’angle. Cosecant of angle 

Cosinus d’angle. Cosine of angle 

Cotangente d’angle. Cotangent of angle 

Cété d’un polygone. Side of a polygon 

Coté d’un solide. Edge of a solid 

Coté initiale dun angle. Initial side of an 
angle 

Coté terminale d’un angle. Terminal side of 
an angle 

Cétés opposés. Opposite sides 

Coup en jeu. Move of a game 

Coup personnel. Personal move 

Coupe de deux ensembles. Meet of two sets 

Coupe de deux suites. Meet of two sets 

Courbe caractéristique. Characteristic curves 

Courbe close. Closed curve 

Courbe convexe. Convex curve 

Courbe croisée. Cruciform curve 

Courbe de fréquence. Frequency curve 

Courbe de la probabilité. Probability curve 

Courbe de secans. Secant curve 

Courbe de sinus. Sine curve 

Courbe des valeurs cumulaires. Ogive 

Courbe du quatriéme ordre. Quartic 

Courbe émpirique. Empirical curve 

Courbe épitrochoide. Epitrochoidal curve 

Courbe d’espace. Space curve 

Courbe exponentielle. Exponential curve 

Courbe fermée. Closed curve 

Courbe filetée a gauche. Left-handed curve 

Courbe logarithmique. Logarithmic curve 

Courbe logarithmique a base quelconque. 
Logistic curve 

Courbe logistique. Logistic curve 

Courbe méridienne. Meridian curve 

Courbe ogive. Ogive 

Courbe pédale. Pedal curve 

Courbe quartique. Quartic curve 

Courbe rectifiable. Rectifiable curve 

Courbe réducible. Reducible curve 

Courbe serpentine. Serpentine curve 

Courbe simple. Simple curve 

Courbe supérieure plan. Higher plane curve 

Courbe tordue. Twisted curve 

Courbe torse. Twisted curve 

Courbe unicursale. Unicursal curve 

Courbes superosculantes sur une surface. 
Superosculating curves on a surface 

Courbure. Kurtosis 

Courbure d’une courbe. 
curve 

Course (distance) entre deux points. Run 
between two points 

Courtier. Broker 

Couverture d’ensemble. Coverage of a set 

Couverture de suite. Covering of a set 

Covariance. Covariance 

Coversinus. Coversed sine (coversine) 

Crible. Sieve 


Curvature of a 


Crochet 


Dispersion 


Crochet. Brace 

Crochet. Bracket 

Croisé de référence. Frame of reference 
Crunode. Crunode 

Cube. Cube 

Cubique bipartite. Bipartite cubic 
Cumulateurs. Cumulants 

Cuspe. Cusp 

Cycle. Cycle 

Cyclides. Cyclides 

Cycloide. Cycloid 

Cylindre. Cylinder 

Cylindre hyperbolique. Hyperbolic cylinder 
Cylindre parabolique. Parabolic cylinder 
Cylindroide. Cylindroid 


De six mois. Biannual 

Décagone. Decagon 

Décameétre. Decameter 

Décimale répétante. Repeating decimal 

Décimale terminée. Terminating decimal 

Décimétre. Decimeter 

Déclinaison. Declination 

Déclinaison norde. North declination 

Déclinaison sud. South declination 

Décomposable aux facteurs. Factorable 

Décomposer aux facteurs. Factorization 

Décomposition — spectrale. Spectral  de- 
composition 

Dédoubler. Bisect 

Déduction statistique. Statistical inference 

Defini uniquement. Uniquely defined 

Déformation d’un objet. Deformation of an 
object 

Degré d’un polynéme. Degree of a poly- 
nomial 

Degré d’une trajectoire. Grade of a path 

Del. Del 

Demi-angle formules. Half-angle formulas 

Démonstration indirect. Indirect proof 

Démontrer une théoréme. Prove a theorem 

Dénombrabilité. Countability 

Dénombrer par deux. Count by two 

Dénominateur. Denominator 

Dense localement. Locally compact 

Densité. Density 

Dépdt composant. Storage component 

Dérivée d’ordre supérieur. Derivative of 
higher order 

Dérivée d'une fonction. Derivative of a func- 
tion 

Descent. Grade of a path 

Dessiner par composition. Graphing by 
composition 

Désunion. Disjunction 

Déterminant. Determinant 

Déterminant symetriquement oblique. Skew- 
symmetric determinant 

Deux. Two 

Deuxiéme différentielle. Second derivative 

Développante d’une courbe. Involute of a curve 


Développée d’une courbe. Evolute of a 
curve 

Développement. Evolution 

Développement asymptotique. 
expansion 

Devenir égaux. Equate 

Déviation. Deviation 

Déviation probable. Probable deviation 

Déviation quartile. Quartile deviation 

Déviation standarde. Standard deviation 

Devoir. Exercise 

Diagonal d’un déterminant. Diagonal of a 
determinant 

Diagonal principal. Principal diagonal 

Diagonal secondaire. Secondary diagonal 

Diagramme. Diagram 

Diagramme de barres. Bar graph 

Diagramme de dispersement. Scattergram 

Diagramme de dispersion. Scattergram 

Diagramme d’une équation. Graph of an 
equation 

Diagramme des rectangles. Bar graph 

Diamétre d’un cercle. Diameter of a circle 

Différence de deux quadrats. Difference of 
two squares 

Difference tabulaire. Tabular differences 

Différencer une fonction. Differencing a 
function 

Différentiation d’une fonction. Differentia- 
tion of a function 

Differentiation implicite. Implicit differentia- 
tion 

Différentielle complete. Total differential 

Différentielle covariante. Covariant derivative 

Differentielle directrice. Directional derivative 

Différentielle d'une fonction. Differential of a 
function 

Différentielle enti¢re. Total differential 

Différentielle normale. Normal derivative 

Différentielle partielle. Partial derivative 

Differentielle totale. Total differential 

Dilatation. Dilatation 

Dimension. Dimension 

Dipole. Dipole 

Dipole. Doublet 

Direction asymptotique. Asymptotic direc- 
tion 

Direction d’aiguille. Clockwise 

Direction de montre. Clockwise 

Directrice d'une conigue. Directrix of a 
conic 

Discontinuité. Discontinuity 

Discontinuité amovible. Removable  dis- 
continuity 

Discontinuité insurmontable. Nonremovable 
discontinuity 

Discontinuité pas écartante. Nonremovable 
discontinuity 

Discriminant d’un polynome. Discriminant 
of a polynomial 

Dispersion. Dispersion 


Asymptotic 


Dispersiongramme 480 


Ensembles 


Dispersiongramme. Scattergram 

Disproportionné. Disproportionate 

Disséminé également. Homoscedastic 

Distance de deux points. Distance between 
two points 

Distance de zenith. Coaltitude 

Distance polaire. Codeclination 

Distribution leptocurtique. Leptokurtic dis- 
tribution 

Distribution mésocurtique. Mesokurtic dis- 
tribution 

Distribution par courbure haute. Leptokurtic 
distribution 

Distribution par une courbe aplatie. Plati- 
kurtic distribution 

Distribution par une moyenne courbure. 
Mesokurtic distribution 

Distribution platicurtique. Platykurtic dis- 
tribution 

Divergence d’une série. Divergence of a 
series 

Diverger a partir d’un point. Radiate from a 
point 

Dividende aux un bon. Dividend on a bond 

Diviser. Divide 

Diviser en deux parties égales. Bisect 

Diviseur. Divisor 

Diviseur exact. Exact divisor 

Divisibilité. Divisibility 

Division. Division 

Division bréve. Short division 

Division synthétique. Synthetic division 

Dix. Ten 

Dodécaédre. Dodecahedron 

Dodécagone. Dodecagon 

Domaine. Domain 

Domaine connecté multiplement. Multiply 
connected region 

Domaine conservative de pouvoir (force). 
Conservative field of force 

Domaine de nombres. Field of numbers 

Domaine de recherche. Field of study 

Domaine d’examen. Field of study 

Domaine d’investigation. Field of study 

Domaine du nombre. Number field 

Domaine préservative de pouvoir (force). 
Conservative field of force 

Douze. Twelve 

Dualité. Duality 

Dualité. Dyad 

Duel muet. Silent duel 

Duel silencieux. Silent duel 

Duel tumultueux. Noisy duel 

Duplication du cube. Duplication of the cube 

Dyade. Dyad 

Dyadique. Dyadic 

Dynamique. Dynamics 

Dyne. Dyne 


Echangeur. Alternant 
Echantillon. Sample 


Echelle des imaginaires. Scale of imaginaries 

Ecliptique. Ecliptic 

Ecrancher. Cancel 

Effacer. Cancel 

Fgaler. Equate 

Fgaliser. quate 

Fegalité. Equality 

Fgalité. Parity 

Eigenfonction. Eigenfunction 

Eigenvaleur d’une matrice. Eigenvalue of a 
matrix 

Eigenvecteur. Eigenvector 

Elargissement. Dilatation 

Flasticité. Elasticity 

Elément d’intégration. Element of integra- 
tion 

Elément linéaire. Lineal element 

Flévation. Altitude 

Elévation entre deux points. Rise between 
two points 

Eliminant. Eliminant 

Elimination par substitution. Elimination by 
substitution 

Ellipse. Ellipse 

Ellipsoide. Ellipsoid 

Ellipsoide aplati. Oblate ellipsoid 

Ellipsoide étendu. Prolate ellipsoid 

Elongation. Elongation 

Emaner a partir d’un point. Radiate from a 
point 

Emprunt. Loan 

Endomorphisme. Endomorphism 

Energie cinétique. Kinetic energy 

Ensemble. Manifold 

Ensemble borné. Finite set 

Ensemble close. Closed set 

Ensemble compact. Compact set 

Ensemble compact. Dense set 

Ensemble continue. Connected set 

Ensemble denombrable. Countable set 

Ensemble dénombré. Denumerable set 

Ensemble dense. Compact set 

Ensemble dense. Dense set 

Ensemble désunie. Disconnected set 

Ensemble detaché. Disconnected set 

Ensemble discret. Discrete set 

Ensemble énombrable. Enumerable set 

Ensemble énumérable. Countable set 

Ensemble fermé. Closed set 

Ensemble limité. Bounded set 

Ensemble limité. Finite set 

Ensemble mesurable. Measurable set 

Ensemble ordonné. Ordered set 

Ensemble ordonné par série. 
ordered set 

Ensemble secondaire de sous-groupe. Coset 
of a group 

Ensemble separé. Disconnected set 

Ensemble suivie. Connected set 

Ensembles disjoints. Disjoint sets 

Ensembles isolés. Disjoint sets 


Serially 


Ensembles 


Faire 


Ensembles séparés. Disjoint sets 

Enumeérabilité. Countability 

Enumeérer par deux. Count by twos 

Enveloppe d’une famille des courbes. Envelope 
of a family of curves 

Eparpillé également. Homoscedastic 

Epicycloide. Epicycloid 

Epitrochoide. Epitrochoid 

Epreuve de rapport. Ratio test 

Epreuve rapport généralisé. Generalized ratio 
test 

Epuisement de la correlation. Attenuation of 
correlation 

Equateur. Equator 

Equateur célestiel. Celestial equator 

Equation aux différences. Difference equa- 
tion 

Equation charactéristique de matrice. Charac- 
teristic equation of a matrix 

Equation cubique réduite. Reduced cubic 
equation 

Equation cyclotomique. Cyclotomic equation 

Equation d’ondulation. Wave equation 

Equation d’une courbe. Equation of a curve 

Equation dépressée. Depressed equation 

Equation dérivée. Derived equation 

Equation différentielle. Differential equation 

Equation différentielle exacte. Exact  dif- 
ferential equation 

Equation homogéne. Homogeneous equation 

Equation intégrale. Integral equation 

Equation monique. Monic equation 

Equation polynomiale. Polynomial equation 

Equation quadratique. Quadratic equation 

Equation quarrée. Quadratic equation 

Equation sextique. Sextic equation 

Equations consistantes. Consistent equations 

Equations différentielles complétes. Exact 
differential equations 

Equations paramétrals. Parametric equations 

Equations réciproques. Reciprocal equations 

Equations simultanées. Simultaneous equa- 
tions 

Equi-aire. Equiareal (or area-preserving) 

Equidistant. Equidistant 

Equilibre. Equilibrium 

Erg. Erg 

Erreur de rond. Round-off error 

Erreur d’échantillonner. Sampling error 

Erreur par cent. Per cent error 

Escompte. Discount 

Espace. Space 

Espace bicompact. Bicompact space 

Espace compact. Compactum 

Espace complet. Complete space 

Espace conjugué. Adjoint (or conjugate) 
space 

Espace contigu. Adjoint (or conjugate) space 

Espace uniformément convex. Uniformly con- 
vex space 

Espace dense. Compactum 


Espace lacunaire. Lacunary space 

Espace métrique. Metric space 

Espace métrizable. Metricizable space 

Espace normé. Normed space 

Espace paracompacte. Paracompact space 

Espace paradense. Paracompact space 

Espace qui on peut mettre métrique. Metrici- 
zable space 

Espace quotient. Quotient space 

Espace séparable. Separable space 

Espéce d’un ensemble des points. Species of 
a set of points 

Espéce d’une suite des points. Species of a set 
of points 

Essais successives. Successive trials 

Estimation impartiale. Unbiased estimate 

Estimation. Evaluation 

Estimation d’une quantité. Estimate of a 
quantity 

Estimatien. Evaluation 

Etendu. Width 

Etendu d’un variable. Range of a variable 

Eternité. Perpetuity 

Etoile d’un complex. Star of a complex 

Evaluation. Evaluation 

Evaluation impartiale. Unbiased estimate 

Evaluer. Evaluate 

Evasement. Dilatation 

Evolute d’une courbe. Evolute of a curve 

Evolution. Evolution 

Excentre. Excenter 

Excentricité d’une hyperbole. Eccentricity of 
a hyperbola 

Excés des neuves. Excess of nines 

Exercise. Exercise 

Expansion d’un déterminant. Expansion of a 
determinant 

Expectation de la vie. Expectation of life 

Exposant. Exponent 

Exposant fractionel. Fractional exponent 

Exsecans. Exsecant 

Extension. Dilatation 

Extirper. Cancel 

Extrapolation. Extrapolation 

Extrémes. Extreme terms (or extremes) 

Extrémité d’un ensemble. Bound of a set 

Extrémité d’une courbe. End point of a curve 

Extrémité d'une suite. Bound of a set 


Face d’un polyédre. Face of a polyhedron 

Facteur d’un polynéme. Factor of a poly- 
nomial 

Facteur intégrant. Integrating factor 

Factorielle d’un nombre entier. Factorial of 
an integer 

Faculté de caractére finite. Property of finite 
character 

Faculté de réflexion. Reflection property 

Faire facteur uniquement. Unique factoriza- 
tion 

Faire la preuve de théoreme. Prove a theorem 


Faire 


Générateur 


Faire la programme dynamique. Dynamic 
programming 

Faire une carte d’un espace. Mapping of a 
space 

Faire une programme. Programming 

Faire une programme linéaire. Linear pro- 
gramming 

Faire une programme non-linéaire. Non- 
linear programming 

Faisceau des cercles. Pencil of circles 

Faisceau des plans. Sheaf of planes 

Famille des courbes. Family of curves 

Figure plane. Plane figure 

Figure symétrique. Symmetric figure 

Figures affines radialement. Radially related 
figures 

Figures congruentes. Congruent figures 

Figures homothétiques. Homothetic figures 

Figures homotopes. Homotopic figures 

Filtre. Filter 

Focale d’une parabole. Focus of a para- 
bola 

Folium de Descartes. Folium of Descartes 

Fonction additive. Additive function 

Fonction agrandante. Increasing function 

Fonction strictement agrandante. Strictly in- 
creasing function 

Fonction analytique. Analytic function 

Fonction analytique monogéne. Monogenic 
analytic function 

Fonction arc-hyperbolique. 
function 

Fonction automorphe. Automorphic function 

Fonction bessélienne. Bessel functions 

Fonction complémentaire. Cofunction 

Fonction composée. Composite function 

Fonction continuée. Continuous function 

Fonction continuée en partie. Piecewise con- 
tinuous function 

Fonction bei. Bei function 

Fonction ber. Ber function 

Fonction de classe C®. Function of class 
Cn 

Fonction kei. Kei function 

Fonction ker. Ker function 

Fonction de payement. Payoff function 

Fonction diminuante. Decreasing function 

Fonction discontinue. Discontinuous function 

Fonction disparaissante. Vanishing function 

Fonction distributive. Distribution function 

Fonction entiére. Entire function 

Fonction explicite. Explicit function 

Fonction Gamma. Gamma function 

Fonction holomorphe. Holomorphic function 

Fonction illimite. Unbounded function 

Fonction implicite. Implicit function 

Fonction intégrable. Integrable function 

Fonction méromorphe. Meromorphic function 

Fonction modulaire. Modular function 

Fonction monotone. Monotone function 

Fonction multiforme. Many valued function 


Arc-hyperbolic 


Fonction ortogonale. Orthogonal functions 

Fonction positive. Additive function 

Fonction potentielle. Potential function 

Fonction presque periodique. Almost periodic 
function 

Fonction propositionnelle. Propositional func- 
tion 

Fonction sans bornes. Unbounded function 

Fonction semi-continue. Semicontinuous 
function 

Fonction sommable. Summable function 

Fonction sous-additive. Subadditive function 

Fonction sous-harmonique. Subharmonic 
function 

Fonction Théta. Theta function 

Fonction trigonométrique inverse. Inverse 
trigonometric function 

Fonction univalente. Schlicht function 

Fonction univoque. Single valued function 

Fonction Zéta. Zeta function 


Fonctions équicontinues. Equicontinuous 
functions 

Fonctions trigonométriques. Trigonometric 
functions 


Fond d’un homomorphisme. Kernel of a 
homomorphism 

Fonds. Capital stock 

Fonds d’amortissement. Sinking fund 

Force centrifuge. Centrifugal force 

Force de mortalité. Force of mortality 

Force électromotrice. Electromotive force 

Forme canonique. Canonical form 

Forme en deux variables. Form in two 
variables 

Forme indéterminée. Indeterminate form 

Formule. Formula 

Formule de prismoide. Prismoidal formula 

Formule par réduction. Reduction formula 

Formules par soustraction. Subtraction for- 
mulas 

Fraction. Fraction 

Fraction continue. Continued fraction 

Fraction ordinaire. Common fraction 

Fraction partielle. Partial fraction 

Fraction propre. Proper fraction 

Fraction pure. Proper fraction 

Fraction simplifiée. Simplified fraction 

Fraction vulgaire. Common fraction 

Fraction vulgaire. Vulgar fraction 

Fréquence cumulative. Cumulative frequency 

Fréquence de classe. Class frequency 

Friction. Friction 

Frontiére d’un ensemble. Frontier of a set 

Frontiére d’une suite. Frontier of a set 

Frustrum d’un solide. Frustrum of a solid 


Gamma fonction. Gamma function 

Garantie complementaire. Collateral security 

Garantie supplémentaire. Collateral security 

Générateur (génératrice) d’une surface. Gene- 
rator of a surface 


Générateurs 


Intégrale 


Générateurs rectilignes. Rectilinear generators 

Génératrice. Generatrix 

Genre d’un ensemble des points. Species of a 
set of points 

Genre d’une suite des points. Species of a set 
of points 

Genre d’une surface. Genus of a surface 

Géométrie. Geometry 

Géométrie a deux 
dimensional geometry 

Géométrie a trois dimensions.  Three- 
dimensional geometry 

Géomeétrie projective. Projective geometry 

Gradient. Gradient 

Gradient. Grade of a path 

Gramme. Gram 

Grandeur d’une étoile. Magnitude of a star 

Grandeur inconnue. Unknown quantity 

Grandeur scalair. Scalar quantity 

Grandeurs égales. Equal quantities 

Grandeurs identiques. Identical quantities 

Grandeurs proportionnelles. Proportional 
quantities 

Gravitation. Gravitation 

Gravité. Gravity 

Grillage. Lattice 

Groupe alternant. Alternating group 

Groupe alterné. Alternating group 

Groupe commutatif. Commutative group 

Groupe contréle, -lant. Control group 

Groupe de homologie. Homology group 

Groupe des nombres. Group of numbers 

Groupe des transformations. Transformation 
group 

Groupe homologue. Homology group 

Groupe topologique. Topological group 

Groupement des termes. Grouping terms 

Gudermanienne. Gudermannian 

Gyration. Gyration 


dimensions. Two- 


Harmonique tesséral. Tesseral harmonic 
Harmonique zonal. Zonal harmonic 

Haut oblique. Slant height 

Hauteur. Altitude 

Hélice. Helix 

Hélicoide. Helicoid 

Hémisphere. Hemisphere 

Heptagone. Heptagon 

Hexaédre. Hexahedron 

Hexagone. Hexagon 

Histogramme. Histogram 

Hodographe. Hodograph 
Homeomorphisme de deux _— ensembles. 
Homeomorphism of two sets 
Homeomorphisme de deux suites. Homeo- 
morphism of two sets 

Homogénéité. Homogeneity 

Homologique. Homologous 

Homologue. Homologous 
Homomorphisme de deux ensembles. Homo- 
morphism of two sets 


Homomorphisme de deux suites. Homo- 
morphism of two sets 

Homoscedastique. Homoscedastic 
Horizon. Horizon 

Horizontal, -e. Horizontal 

Huit. Eight 

Hyperplan. Hyperplane 

Hyperbole. Hyperbola 

Hyperboloide a4 une nappe. Hyperboloid of 
one sheet 

Hypocycloide. Hypocycloid 

Hypoténuse. Hypotenuse 

Hypothése. Hypothesis 

Hypotrochoide. Hypotrochoid 


Icosaedre. Icosahedron 

Idéal contenu dans un anneau. Ideal con- 
tained in a ring 

Idemfacteur. Idemfactor 

Identité. identity 

Image d’un point. Image of a point 

Implication. Implication 

Impot. Tax 

Imp6t supplémentaire. Surtax 

Impot sur le revenue. Income tax 

Inch. Inch 

Inclinaison. Grade of a path 

Inclinaison d’une droite. Inclination of a line 

Inclinaison d’un toit. Pitch of a roof 

Incrément d°’une fonction. Increment of a 
function 

Indicateur, -trice d’un nombre. Indicator of 
an integer 

Indicateur d’un nombre entier. Totient of an 
integer 

Indicatrice d’une courbe. Indicatrix of a 
curve 

Indice d’un radical. Index of a radical 

Induction. Induction 

Induction incomplete. Incomplete induction 

Induction mathématique. Mathematical in- 
duction 

Induction transfini. Transfinite induction 

Inégalité. Inequality 

Inégalité sans condition. Unconditional in- 
equality 

Inégalité sans réserve. Unconditional in- 
equality 

Inertie. Inertia 

Inférence. Inference 

Infinité. Infinity 

Insérer dans un espace. Imbed in a space 

Insertion d’un ensemble. Imbedding of a set 

Insertion d’une suite. Imbedding of a set 

Instrument chiffreur. Digital device 

Intégrale définie. Definite integral 

Intégrale d’énergie. Energy integral 

Intégrale de surface. Surface integral 

Intégrale double. Double integral 

Intégrale d'une fonction. Integral of a func- 
tion 


Intégrale 


Lemme 


Intégrale impropre. Improper integral 

Intégrale indéfinie. Antiderivative 

Intégrale indéfinie. Indefinite integral 

Intégrale itérée. Iterated integral 

Intégrale multiple. Multiple integral 

Intégrale particuliére. Particular integral 

Intégrale simple. Simple integral 

Intégrand. Integrand 

Intégraphe. Integraph 

Integrateur. Integraph 

Intégrateur. Integrator 

Intégration mécanique. Mechanical integra- 
tion 

Intégration par parties. Integration by parts 

Intercalation d’un ensemble. Imbedding of a 
set 

Intercalation d’une suite. Imbedding of a set 

Intercaler dans un espace. Imbed in a space 

Intercepte par une axe. Intercept on an 
axis 

Intérét composé. Compound interest 

Intérét effectif. Effective interest rate 

Intérét réel. Effective interest rate 

Intermédiaire. Average 

Interpolation. Interpolation 

Intersection de courbes. Intersection of curves 

Intersection de deux ensembles. Meet of two 
sets 

Intersection de deux suites. Meet of two 
sets 

Intervalle de certitude. Confidence interval 

Intervalle de confiance. Confidence interval 

Intervalle de convergence. Interval of con- 
vergence 

Intervalle ouvert. Open interval 

Intervalles niden unal’autre. Nested intervals 

Invariant d’une équation. Invariant of an 
equation 

Inverse d’une opération. Inverse of an 
operation 

Inversion d’un point. Inversion of a point 

Inverseur. Inversor 

Inversion d’un_ théoréme. 
theorem 

Investissement. Investment 

Involution sur une droite (ligne). Involution 
on a line 

Isohypses. Level lines 

Isolé d’une racine. Isolate a root 

Isolement. Disjunction 

Isomorphisme de deux ensembles. Isomor- 
phism of two sets 

Isomorphisme de deux suites. Isomorphism 
of two sets 

Isothére (ligne d’égale temperature d’un moyen 
été). Isothermal line 

Isotherme. Isotherm 


Converse of a 


Jeu a deux personnes. Two-person game 
Jeu absolument mélangé. Completely mixed 
game 


Jeu absolument méleé. 
game 

Jeu. absolument mixte. Completely mixed 
game 

Jeu borné. Finite game 

Jeu concavo-convexe. Concave-convex game 

Jeu de Morra. Morra (a game) 

Jeu de Nim. Game of nim 

Jeu de position. Positional game 

Jeu de zero-somme. Zero-sumgame 

Jeu des paires des pieces. Coin-matching 
game 

Jeu enti¢rement mélangé. Completely mixed 
game 

Jeu entierement méle. 
game 

Jeu finie. Finite game 

Jeu limité. Finite game 

Jeu enti¢rement mixte. Completely mixed 
game 

Jeu parfaitement mélangé. 
mixed game 

Jeu parfaitement méle. 
game 

Jeu parfaitement mixte. Completely mixed 
game 

Jeu separable. Separable game 

Jeu totalement mélangé. Completely mixed 
game 

Jeu totalement méleé. 
game 

Jeu totalement mixte. Completely mixed 
game 

Jeu tout a fait melangé. Completely mixed 
game 

Jeu tout a fait mélé. Completely mixed game 

Jeu tout a fait mixte. Completely mixed 
game 

Jonction des ensembles. Join of sets 

Jonction des ensembles. Union of sets 

Jonction des suites. Join of sets. 

Jonction des suites. Union of sets 

Joueur d’un jeu. Play of a game 

Joueur qui augmente jusqu’a maximum. 
Maximizing player 

Joueur qui augmente jusqu’a minimum. 
Minimizing player 


Completely mixed 


Completely mixed 


Completely 


Completely mixed 


Completely mixed 


Kappa courbe. Kappa curve 
Kei fonction. Kei function 
Ker fonction. Ker function 
Kilogramme. Kilogram 
Kilométre. Kilometer 
Kilowatt. Kilowatt 


Lacet. Loop of a curve 

Lame. Lamina 

Largeur. Breadth 

Largeur. Width 

Latitude d’un point. Latitude of a point 
Lemme. Lemma 


Le 


Module 


OT 


Le plus grand commun diviseur. Greatest 
common divisor 

Lemniscate. Lemniscate 

Lien. Bond 

Lieu. Locus 

Lieu-tac. Tac-locus 

Ligne brisée. Broken line 

Ligne centrale. Bisector 

Ligne de sond. Plumb line 

Ligne de tendre. Trend line 

Ligne diamétrale. Diametral line 

Ligne directée. Directed line 

Ligne droite. Straight line 

Ligne isotherme. Isothermal line 

Ligne isothermique. Isothermal line 

Ligne nodale. Nodal line 

Ligne orientée. Directed line 

Ligne verticale. Vertical line 

Lignes antiparalléles. Antiparalleled lines 

Lignes concourantes. Concurrent lines 

Lignes des contoures. Contour lines 

Lignes coplanaires. Coplanar lines 

Lignes courantes. Stream lines 

Lignes de niveau. Level lines 

Lignes obliques. Skew lines 

Lignes paralléles. Parallel lines 

Lignes perpendiculaires. Perpendicular lines 

Limacgon. Limacon 

Limite d’un ensemble. Bound of a set 

Limite d’un ensemble. Frontier of a set 

Limite d’un fonction. Limit of a function 

Limite d’une suite. Bound of a set 

Limite d’une suite. Frontier of a set 

Limite inférieure. Inferior limit 

Limite inférieure. Lower bound 

Limite le moindre supérieure. Least upper 
bound 

Limite supérieure. Superior limit 

Limite supérieure. Upper bound 

Limité essentialement. Essentially bounded 

Limites probables. Fiducial limits 

Litre. Liter 

Lituus. Lituus 

Livre. Pound 

Logarithme d’un nombre. Logarithm of a 
number 

Logarithme naturel. Natural logarithm 

Logarithmes ordinaires. Common logarithms 

Logistique. Logistic curve 

Loi associatif. Associative law 

Loi des ésposants. Law of exponents 

Loi distributif. Distributive law 

Longueur d’un arc. Arc length 

Longueur d’une courbe. Length of a curve 

Longitude. Longitude 

Loxodromie. Loxodromic spiral 

Lune. Lune 


Machine a calculer. Computing machine 
Mantisse. Mantissa 
Marche en jeu. Move in a game 


Masse. Mass 

Mathématique, -s. Mathematics 

Mathématiques abstraites. Abstract mathe- 
matics 

Mathématiques appliquées. Applied mathe- 
matics 

Mathématiques pure. Pure mathematics 

Matiére isotrope. Isotropic matter 

Matiére isotropique. Isotropic matter 

Matrice augmentée. Augmented matrix 

Matrice de coéfficients. Matrix of coefficients 

Matrice hermitienne. Hermitian matrix 

Matrice unimodale. Unimodular matrix 

Matrice unitaire. Unitary matrix 

Matrices conformables. Conformable matrices 

Matrices correspondantes. Conformable mat- 
rices 

Matrices équivalentes. Equivalent matrices 

Maximum d’une fonction. Maximum of a 
function 

Mécanique de fluides. Mechanics of fluids 

Mécanique de liquides. Mechanics of liquids 

Mécanisme chiffreur. Digital device 

Médiane. Bisector 

Membre d’une equation. Member of an 
equation 

Mémoire component. Memory component 

Mensuration. Mensuration 

Méridien sur la terre. Meridian on the earth 

Mesure d’un ensemble. Measure of a set 

Mesure d’une suite. Measure of a set 

Mesure zéro. Measure zero 

Méthode de simplex. Simplex method 

Méthode des moindres carrés. Method of 
least squares 

Méthode dialytique de Sylvester. Dialytic 
method 

Méthode inductive. Inductive method 

Metre. Meter 

Metre cubique. Stere 

Mettre au méme niveau que... 

Mil. Mil 

Mille. Mile 

Mille. Thousand 

Mille nautique. Nautical mile 

Mille naval. Nautical mile 

Millimétre. Millimeter 

Million. Million 

Mineur d’un déterminant. Minor of a deter- 
minant 

Minimum d’une fonction. Minimum of a 
function 

Minuende. Minuend 

Minus. Minus 

Minute. Minute 

Mode. Mode 

Modele. Sample 

Module. Module 

Module de la compression. Bulk modulus 

Module d’une congruence. Modulus of a con- 
gruence 


Equate 


Moitieé 


Ordre 


Moitié de c6ne double. Nappe of a cone 

Moitié de rhombe solide. Nappe of a cone 

Moment d’inertie. Moment of inertia 

Moment d’une force. Moment of a force 

Moment statique. Static moment 

Momentume. Momentum 

Monome. Monomial 

Mondmial, -e. Monomial 

Mouvement curviligne. Curvilinear motion 

Mouvement harmonique. Harmonic motion 

Mouvement périodique. Periodic motion 

Mouvement raide. Rigid motion 

Mouvement rigide. Rigid motion 

Moyenne. Average 

Moyenne de deux nombres. Mean (or 
average) of two numbers 

Moyenne géométrique. Geometric average 

Moyenne pesée. Weighted mean 

Multiple commune. Common multiple 

Multiple d'un nombre. Multiple of a 
number 

Multiplicande. Maultiplicand 

Multiplicateur. Multiplier 

Multiplication de vecteurs. Multiplication of 
vectors 

Multiplicité. Manifold 

Multiplicité d’un racine. Multiplicity of a root 

Multiplier deux nombres. Multiply two 
numbers 


Nadir. Nadir 

Nappe d’une surface. Sheet of a surface 

Négation. Negation 

Nerf d’un systéme des ensembles. Nerve of 
a system of sets 

Nerf d’un systéme des suites. Nerve of a 
system of sets 

Neuf. Nine 

n-iéme racine primitive. Primitive nth root 

Nilpotente. Nilpotent 

Niveler. Equate 

Noeud. Loop of a curve 

Neeud (dans topologie). Knot in topology 

Neeud de distance. Knot of distance 

Neeud dune courbe. Node of a curve 

Nombre. Cipher 

Nombre. Number 

Nombre a ajouter. Addend 

Nombre a soustraire. Subtrahend 

Nombre abondant. Redundant number 

Nombre arithmétique. Arithmetic number 

Nombre caractéristique d’une matrice. Eigen- 
value of a matrice 

Nombre cardinal. Cardinal number 

Nombre complexe. Complex number 

Nombre complexe conjugué. Conjugate com- 
plex numbers 

Nombre composé. Composite number 

Nombre concret. Denominate number 

Nombre défectif. Defective (or deficient) 
number 


Nombre défectueux. Defective (or deficient) 
number 

Nombre dénommé. Denominate number 

Nombre entier. Integer 

Nombre impair. Odd number 

Nombre imparfait. Defective (or deficient) 
number 

Nombre incomplet. Defective (or deficient) 
number 

Nombre irrationnel. Irrational number 

Nombre mixte. Mixed number 

Nombre négatif. Negative number 

Nombre ordinal. Ordinal number 

Nombre pair. Even number 

Nombre positif. Positive number 

Nombre premier. Prime number 

Nombre rationnel. Rational number 

Nombre réel. Real number 

Nombre tordu. Winding number 

Nombre tortueux. Winding number 

Nombre transcendant. Transcendental 
number 

Nombres algébriques. Signed numbers 

Nombres avec signes. Signed numbers 

Nombres amiables. Amicable numbers 

Nombres amicals. Amicable numbers 

Nombres incommensurables. Incommensur- 
able numbers 

Nomogramme. Nomogram 

Non coopératif. _Noncooperative 

Non résidu. Nonresidue 

Nonagone. Nonagon 

Normale d’une courbe. Normal to a curve 

Norme d’une matrice. Norm of a matrix 

Notation. Notation 

Notation factorielle. Factorial notation 

Notation fonctionelle. Functional notation 

Noyau d’une équation intégrale. Nucleus (or 
kernel) of an integral equation 

Nul ensemble. Null set 

Nul suite. Null set 

Numeérateur. Numerator 

Numeération. Numeration 

Numeéraux. Numerals 


Obligation. Bond 

Obligation. Liability 

Octaédre. Octahedron 

Octagone. Octagon 

Octant. Octant 

Ogive. Ogive 

Ohme. Ohm 

Onze. Eleven 

Opérateur. Operator 

Opérateur nabla. Del 

Opération. Operation 

Opérations élémentaires. Elementary opera- 
tions 

Ordonnée d’un point. Ordinate of a point 

Ordre de contact. Order of contact 

Ordre d’une groupe. Order of a group 


Orientation 


Polarisation 


Orientation. Orientation 

Orienté cohérentement. Coherently oriented 

Orienté d’une maniére cohérente. Coherently 
oriented 

Orienté en conformité. Concordantly oriented 

Orienté en connexion. Coherently oriented 

Origine des coordonnées. Origin of co- 
ordinates 

Orthocentre. Orthocenter 


Oscillation d’une fonction. Oscillation of a 


function 


Pantographe. Pantograph 

Papiers de valeurs négociables. Negotiable 
papers 

Parabole. Parabola 

Parabole cubique. Cubical parabola 

Paraboloide de révolution. Paraboloid of 
revolution 

Paraboloide hyperbolique. Hyperbolic para- 
boloid 

Paradoxe. Paradox 

Parallax d’une étoile. Parallax of a star 

Parallélépipede. Parallelepiped 

Paralléles de latitude. Parallels of latitude 

Paralléles géodésiques. Geodesic parallels 

Parallélogramme. Parallelogram 

Parallélotope. Parallelotope 

Paramétre. Parameter 

Parenthése. Brace 

Parenthése. Bracket 

Parenthése. Parenthesis 

Parité. Parity 

Partage en deux. Bisect 

Partie imaginaire d’un nombre. Imaginary 
part of a number 

Partition d’un nombre entier. Partition of an 
integer 

Pas fonction. Step function 

Payement en acompte (s). Installment paying 

Payement par annuité. Installment paying 

Payement par termes. Installment paying 

Pendule. Pendulum 

Pénombre. Penumbra 

Pentadécagone. Pentadecagon 

Pentagone. Pentagon 

Pentagramme. Pentagram 

Pente. Grade of a path 

Pente d’un toit. Pitch of a roof 

Pente d’une courbe. Slope of a curve 

Percentage. Percentage 

Percentile. Percentile 

Périgone. Perigon 

Périmétre. Perimeter 

Période d’une fonction. Period of a function 

Périodicité. Periodicity 

Périphérie. Periphery 

Permutation cyclique. Cyclic permutation 

Permutation de 7 objets. Permutation of 7 
things 

Permutation droite. Even permutation 


Permutation groupe. Permutation group 

Permutation paire. Even permutation 

Permuteur. Alternant 

Perpendiculaire 4 une surface. Perpendicular 
to a surface 

Perspectivité. Perspectivity 

Pharmaceutique. Apothecary 

Phase de movement harmonique simple. 
Phase of simple harmonic motion 

Pictogramme. Pictogram 

Pied d’une perpendiculaire. Foot of a per- 
pendicular 

Pinceau de cercles. Pencil of circles 

Plan projectant. Projecting plane 

Plan rectificant. Rectifying plane 

Plan tangent. Tangent plane 

Plan tangent 4 une surface. Plane tangent to 
a surface 

Planimétre. Planimeter 

Plans concourants. Copunctal planes 

Plans des coordonnées. Coordinate planes 

Plasticité. Plasticity 

Plus. Plus sign 

Poids. Weight 

Poids de troy. Troy weight 

Point bissecteur. Bisecting point 

Point d’accumulation. Accumulation point 

Point d’amas. Cluster point 

Point d’appul. Fulcrum 

Point d’inflexion. Inflection point 

Point de condensation. Condensation point 

Point de discontinuité. Point of discontinuity 

Point de la courbure. Bend point 

Point de la flexion. Bend point 

Point de selle. Saddle point 

Point de ramification. Branch point 

Point de rebroussement. Cusp 

Point de tour. Turning point 

Point décimal flottant. Floating decimal point 

Point décimal mutable. Floating decimal 
point 

Point double. Crunode 

Point ellipse. Point ellipse 

Point fixe. Fixed point 

Point isolé. Acnode 

Point limite. Limit point 

Point médian. Median point 

Point nodal d’une courbe. Node of a curve 

Point ombilic. Umbilical point 

Point ordinaire. Ordinary point 

Point pergant. Piercing point 

Point planaire. Planar point 

Point saillant. Salient point 

Point singulaire. Singular point 

Point stationnaire. Stationary point 

Point transpergant. Piercing point 

Pointe. Cusp 

Points collinéaires. Collinear points 

Polaire d’une forme quadratique. Polar of a 
quadratic form 

Polarisation. Polarization 


Pole 


Quantités 


Pole d'un cercle. Pole of a circle 

Polyédre. Polyhedron 

Polygone. Polygon 

Polygone concave. Concave polygon 

Polygone inscrit (dans un cercle, ellipse .. .) 
Inscribed polygon 

Polygone régulier. Regular polygon 

Polynédme de Legendre. Polynomial of Le- 
gendre 

Polynoéme régulier avec cO6tés courbes. Mullti- 
foil 

Population. Population 

Possession par temps illimité. Perpetuity 

Poste. Addend 

Postulate. Postulate 

Potentiel électrostatique. Electrostatic poten- 
tial 

Poundale. Poundal 

Poutre console. Cantilever beam 

Pouvoir centrifuge. Centrifugal force 

Pression. Pressure 

Preuve. Proof 

Preuve déductive. Deductive proof 

Preuve indirecte. Indirect proof 

Preuve par neuf. Casting out nines 

Prime. Bonus 

Prime. Premium 

Primitif d'une équation différentielle. Primitive 
of a differential equation 

Principe. Principle 

Principe de la meilleuse. Principle of opti- 
mality 

Principe de la plus advantage. Principle of 
optimality 

Principe d’optimalité. Principle of optimality 

Principe de superposition. Superposition 
principle 

Prismatoide. Prismatoid 

Prisme. Prism 

Prisme hexagonale. Hexagonal prism 

Prisme hexagone. Hexagonal prism 

Prisme quadrangulaire. Quadrangular prism 

Prismoide. Prismoid 

Prix. Bonus 

Prix. Premium 

Prix de rachat. Redemption price 

Prix fixe. Flat price 

Prix vente. Selling price 

Probabilité d’événement. Probability of oc- 
currence 

Probe a comparison. Comparison test 

Probleme. Exercise 

Probleme. Problem 

Probleme a quatre couleurs. Four-color 
problem 

Probléme de la valeur de border. Boundary 
value problem 

Probleme _ isopérimétrique. 
problem 

Produit. Yield 

Produit cartésien. Cartesian product 


Isoperimetric 


Produit des nombres. Product of numbers 

Produit direct. Direct product 

Produit-espace. Product space 

Produit infini. Infinite product 

Produit interne. Inner product 

Produit scalaire. Dot product 

Profit. Profit 

Profit brut. Gross profit 

Profit net. Net profit 

Progression. Progression 

Projection d’un vecteur. Projection of a 
vector 

Projection stéréographique. 
projection 

Projectivité. Projectivity 

Prolongation. Dilatation 

Prolongement. Continuity 

Prolongement de signe. Continuation of sign 

Proportion. Proportion 

Proportion composée. Composition in a 
proportion 

Proportion de déformation. 
ratio 

Proportionalité. Proportionality 

Proposition. Proposition 

Propriété intrinséque. Intrinsic property 

Propriété invariant. Invariant property 

Prouver un théoreme. Prove a theorem 

Pseudosphere. Pseudosphere 

Puissance d’un ensemble. Potency of a set 

Puissance d’un nombre. Power of a number 

Puissance d'une suite. Potency of a set 

Pyramide. Pyramid 

Pyramide pentagonale. Pentagonal pyramid 

Pyramide triangulaire. Triangular pyramid 


Stereographic 


Deformation 


Quadrangle. Quadrangle 

Quadrant d’un cercle. Quadrant of a circle 

Quadrature d’un cercle. Quadrature of 4 
circle 

Quadrifolium. Quadrefoil 

Quadrilateral. Quadrilateral 

Quadrilatére. Quadrilateral 

Quadrillion. Quadrillion 

Quadrique. Quadric 

Quantifieur. Quantifier 

Quantifieur effectif. Existential quantifier 

Quantifieur universal. Universal quantifier 

Quantique. Quantic 

Quantique quaternaire. Quaternary quantic 

Quantité. Quantity 

Quantité inconnue. Unknown quantity 

Quantité scalaire. Scalar quantity 

Quantités égales. Equal quantities 

Quantités identiques. Identical quantities 

Quantités inversement proportionelles. In- 
versely proportional quantities 

Quantités linéairement dépendantes. Linearly 
dependent quantities 

Quantités proportionnelles. 
quantities 


Proportional 


Quart 


Section 


Quart. Quarter 

Quartier. Quarter 

Quaterne. Quaternion 

Quaternion. Quaternion 

Quatre. Four 

Quintillion. Quintillion 

Quintique. Quintic 

Quotient de deux nombres. Quotient of two 
numbers 


Rabais. Discount 

Raccourcissement dela plan. Shrinking of the 
plane 

Racine. Radix 

Racine carrée. Square root 

Racine cube. Cube root 

Racine d’une équation. Root of an equation 

Racine étrangére. Extraneous root 

Racine extraire. Extraneous root 

Racine irréductible. Irreducible radical 

Racine simple. Simple root 

Radian. Radian 

Radical. Radical 

Radicande. Radicand 

Radier a partir d’un point. Radiate from a 
point 

Raison exterieure. External ratio 

Rame. Ream 

Rangée d’un déterminant. Row of a deter- 
minant 

Rapidité. Speed 

Rapidité constante. Constant speed 

Rapport. Connectivity 

Rapport anharmonique. Anharmonic ratio 

Rapport de similitude. Ratio of similitude 

Rapport extérieur. External ratio 

Rapport interne. Internal ratio 

Rarrangement de termes. Rearrangement of 
terms 

Rationnel. Commensurable . 

Rayon d’un cercle. Radius of a circle 

Rebroussement. Cusp 

Récepteur de payement. Payee 

Réciproque d’un nombre. Reciprocal of a 
number 

Rectangle. Rectangle 

Rectification d’un cercle. Squaring a circle 

Réduction de tenseur. Contraction of a 
tensor 

Réduction d’une fraction. Reduction of a 
fraction 

Réflexibilité. Reflection property 

Réflexion dans une ligne. Reflection in a line 

Réfraction. Refraction 

Région. Domain 

Région joint simplement. Simply connected 
region 

Réglage a une surface. Ruling on a surface 

Régle. Ruler 

Régle de calcul. Slide rule 

Régle de conjointe. Chain rule 


Régie de mécanicien. Mechanic’s rule 

Régle de trapézoide. Trapezoid rule 

Régle des signes. Rule of signs 

Relation. Relation 

Relation intransitive. Intransitive relation 

Relation réflexive. Reflexive relation 

Relation transitive. Transitive relation 

Rendement. Yield 

Rendre rationnel un dénominateur. Rationa- 
lize a denominator 

Rente. Annuity 

Rente abrégée. Curtate annuity 

Rente contingente. Contingent annuity 

Rente différée. Deferred annuity 

Rente fortuite. Contingent annuity 

Rente diminuée. Curtate annuity 

Rente suspendue. Deferred annuity 

Rente tontine. Tontine annuity 

Répandu également. Homoscedastic 

Représentation d’une groupe. Representation 
of a group 

Représentation peu important. Inessential 
mapping 

Représentation ternaire de nombres. Ternary 
representation of numbers 

Réseau des points ordonnés partiels. Net of 
partially ordered points 

Résidu d’une fonction. Residue of a function 

Résidu d’une série infinite. Remainder of an 
infinite series 

Résolution graphique. Graphical solution 

Résolvante d’une matrice. Resolvent of a 
matrix 

Responsabilité. Liability 

Résultant des fonctions. Resultant of func- 
tions 

Retardation. Deceleration 

Rétrécissement de la plan. Shrinking of the 
plane 

Rétrécissement de tenseur. Contraction of a 
tensor 

Revenu net. Net profit 

Réversion des séries. Reversion of a series 

Révolution d’un ecourbe a la ronde d’un axe. 
Revolution of a curve about an axis 

Rhombe. Rhombus 

Rhomboédre. Rhombohedron 

Rhomboide. Rhomboid 

Rhumb. Rhumb line; bearing of a line 

Rosace a trois feuilles. Rose of three leafs 

Rotation des axes. Rotation of axes 

Rumb. Rhumb line 


Saltus d’une fonction. Saltus of a function 
Satisfaire une équation. Satisfy an equation 
Saut d’une fonction. Jump discontinuity 
Schéme au hazard. Random device 

Scheme mnémonique. Mnemonic device 
Secans d’un angle. Secant of an angle 
Secteur d’un cercle. Sector of a circle 
Section cylindrique. Section of a cylinder 


Section 


Suite 


Section de deux ensembles. Meet of two sets 

Section de deux suites. Meet of two sets 

Section du cylindre. Section of a cylinder 

Segment d’une courbe. Segment of a curve 

Segment d’une ligne. Line segment 

Semestriel, -le. Biannual 

Semi-cercle. Semicircle 

Semi-sinus-versus. Haversine 

sens d’une inégalité. Sense of an inequality 

Separation. Disjunction 

Séparation d°un ensemble. Separation of a 
set 

Séparation d’une suite. Separation of a set 

Sept. Seven 

Septillion. Septillion 

Séries arithmétiques. Arithmetic series 

Séries autorégressives. Autoregressive series 

Séries de nombres. Series of numbers 

Series de puissances. Power series 

Séries des nombres. Sequence of numbers 

Séries divergentes décidées. Properly diver- 
gent series 

Series géométriques. Geometric series 

Series hypergéométriques. | Hypergeometric 
series 

Séries infinis. Infinite series 

Séries oscillatoires. Oscillating series 

Séries sommables. Summable series 

Servomeécanisme. Servomechanism 

Sextillion. Sextillion 

Signe de sommation. Summation sign 

Signe d’un nombre. Sign of a number 

Signification d’une déviation. Significance of 
a deviation 

Signum fonction. Signum function 

Similitude. Similitude 

Simplex. Simplex 

Simplification. Simplification 

Sinus d’un angle. Sine of an angle 

Sinus verse. Versed sine 

Sinusoide. Sinusoid 

Six. Six 

Solide de révolution. Solid of revolution 

Solides élastiques. Elastic bodies 

Solution d’une équation. Solution of an 
equation 

Solution graphique. Graphical solution 

Solution insignificante. Trivial solution 

Solution simple. Simple solution 

Solution trivial. Trivial solution 

Solution vulgaire. Trivial solution 

Sommation des séries. Summation of series 

Somme des nombres. Sum of numbers 

Sommet. Apex 

Sourd. Surd 

Souscrit. Subscript 

Sous-ensemble. Subset 

Sous-ensemble  definitif complément. Co- 
final subset 

Sous-ensemble limité complément. Cofinal 
subset 


Sous-groupe. Subgroup 

Sous-groupes conjugueées. 
groups 

Sous-normal. Subnormal 

Sous-suite. Subset 

Sous-suite definitive complémente. 
subset 

Sous-suite limitée complémente. Cofinal subset 

Sous-tangente. Subtangent 

Soustendre un angle. Subtend an angle 

Soustraction des nombres. Subtraction of | 
numbers 

Specimen. Sample 

Spécimen stratifié. Stratified sample 

Spectre d’une matrice. Spectrum of a matrix 

Spectre résiduel. Residual spectrum 

Sphere. Sphere 

Sphéroide. Spheroid 

Spinode. Spinode 

Spiral équiangle. Equiangular spiral 

Spirale sphérique.’ Loxodromic spiral 

Squelette d’un complex. Skeleton of a com- 
plex 

Statique. Statics 

Statistique. Statistic 

Statistiques. Statistics 

Statistiques avec erreurs systématiques. Biased 
statistics 

Statistiques de la vie. Vital statistics 

Stéradiane. Steradian 

Stére. Stere 

Stock. Stock 

Stock. Capital stock 

Stratégie dominante. Dominant strategy 

Stratégie dominant strictement. Strictly domi- 
nant strategy 

Stratégie d’un jeu. Strategy of a game 

Stratégie la meilleuse. Optimal strategy 

Stratégie la plus avantageuse. Optimal 
strategy 

Stratégie pure. Pure strategy 

Strophoide. Strophoid 

Substitution dans une équation. Substitution 
in an equation 

Suite arithmétique. Arithmetic series 

Suite au hazard. Random sequence 

Suite autoregressive. Auto-regressive series 

Suite bornée. Finite set 

Suite close. Closed set 

Suite compacte. Compact set 

Suite compacte. Dense set 

Suite continue. Connected set 

Suite convergence. Convergent sequence 

Suite dénombrable. Countable set 

Suite dénombrée. Denumerable set 

Suite dense. Compact set 

Suite dense. Dense set 

Suite des nombres. Sequence of numbers 

Suite des nombres. Set of numbers 

Suite détachée. Disconnected set 

Suite désunie. Disconnected set 


Conjugate sub- 


Cofinal 


Suite 


Théoréme 


Suite discréte. Discrete set 

Suite divergente. Divergent sequence 

Suite énombrable. Enumerable set; countable 
set 

Suite fermée. Closed set 

Suite géométrique. Geometric series 

Suite limitée. Finite set 

Suite mesurable. Measurable set 

Suite orthonormale. Orthonormal sequence 

Suite secondaire de sous-groupe. Coset of a 
subgroup 

Suite separée. Disconnected set 

Suite suivie. Connected set 

Suites disjointes. Disjoint sets 

Suites isolées. Disjoint sets 

Suites séparées. Disjoint sets 

Suivant de rapport. Consequent in a ratio 

Superficie prismatique. Prismatic surface 

Superosculation. Superosculation 

Superposer deux configurations. Superpose 
two configurations 

Surface conique. Conical surface 

Surface convexe d’un cylindre. Cylindrical 
surface 

Surface cylindrique. Cylindical surface 

Surface de révolution. Surface of revolution 

Surface développable. Developable surface 

Surface du quatri¢me ordre. Quartic 

Surface élliptique. Elliptic surface 

Surface équipotentielle. Equipotential sur- 
face 

Surface minimale. Minimal surface 

Surface prismatique. Prismatic surface 

Surface pseudosphérique. | Pseudospherical 
surface 

Surface pyramidal. Pyramidal surface 

Surface réglée. Ruled surface 

Surface spirale. Spiral surface 

Surface translatoire. Translation surface 

Surface unilatérale. Unilateral surface 

Surfaces isométriques. Isometric surfaces 

Suscrite. Superscript 

Syllogisme. Syllogism 

Symbole. Symbol 

Symetrie axial. Axial symmetry 

Symétrie cyclique. Cyclosymmetry 

Symétrie de ’axe. Axial symmetry 

Symétrie d’une fonction. Symmetry of a 
function 

Systeme centésimal de mésure des angles. 
Centesimal system of measuring angles 

Systéme d’adresse seul. Single address system 

Systéme d’adresse simple. Single address system 

Systéme de courbes isothermes. Isothermic 
system of curves 

Systeme de courbes isothermiques. Isothermic 
system of curves 

Systéme décimal. Decimal system 

Systeme des équations. System of equations 


Systeme duodecimal des nombres. Duo- 
decimal system of numbers 

Syst€me multiadresse. Multiaddress system 

Systeme polyadresse. Multiaddress system 

Systeme sexagésimal des nombres. Sexagesi- 
mal system of numbers 

Systéme triplement orthogonal. Triply ortho- 
gonal system 


Table de éventualité. Contingency table 

Table de hazard. Contingency table 

Table de mortalité. Mortality table 

Table de mortalité choisi. Select mortality 
table 

Table des logarithmes. Table of logarithms 

Table du change. Conversion table 

Tamis. Sieve 

Tangence. Tangency 

Tangente d’un angle. Tangent of an angle 

Tangente a un cercle. Tangent to a circle 

Tangente de rebroussement. Inflexional tan- 
gent 

Tangente d’inflexion. Inflectional tangent 

Tantiéme. Bonus 

Tarif. Tariff 

Taux (d’intéréts) pour cent. Interest rate 

Taux (d’intéréts) pour cent nominale. Nomi- 
nal rate of interest 

Taxe. Tax 

Taxe supplémentaire. Surtax 

Temps. Time 

Temps astral. Sidereal time 

Temps nivelé. Equated time 

Temps régulateurs. Standard time 

Temps sidéral. Sidereal time 

Temps solaire. Solar time 

Tenseur. Tensor 

Tenseur contraindre. Strain tensor 

Tenseur contrevariant. Contravariant tensor 

Tenseur tendre. Strain tensor 

Tension d’un substance. Stress of a body 

Terme d’une fraction. Term of a fraction 

Terme non defini. Undefined term 

Termes dissemblables. Dissimilar terms 

Termes divers. Dissimilar terms 

Termes extrémes. Extreme terms (or ex- 
tremes) 

Termes hétérogénes. Dissimilar terms 

Termes pas ressemblants. Dissimilar terms 

Tétraédre. Tetrahedron 

Théme. Exercise 

Theoreme. Theorem 

Théoréme de la valeur moyenne. Mean value 
theorem 

Théoréme de minimax. Minimax theorem 

Théoréme de monodrome. Monodromy theo- 
rem 

Théoréme de Pythagore. Pythagorean theorem 

Théoréme de residu. Remainder theorem 


Théoréme Valeur 
Théoréme de Tauber. Tauberian theorem Transformation par similarité. Similarity 
Théoréme de valeur intérmediaire. Inter- transformation 

mediate value theorem Transformation subjonctive. | Conjunctive 


Théoréme étendue de la moyenne. Extended 
mean value theorem 

Théoreme fondamental d’algébre. Funda- 
mental theorem of algebra 

Théoréme pythagoréen. Theorem of Py- 
thagoras 

Théoréme pythagoricien. Theorem of Py- 
thagoras 

Théoreéme réciproque. Dual theorems 

Théorie de la rélativité. Relativity theory 

Théorie des equations. Theory of equations 

Théorie des fonctions. Function theory 

Théorie ergodique. Ergodic theory 

Thermomeétre centigrade. Centigrade thermo- 
meter 

Thétafonction. Theta function 

Titres valeurs négociables. Negotiable paper 

Toise. Cord 

Tonne. Ton 

Topographe. Surveyor 

Topologie. Topology 

Topologie combinatoire. Combinatorial topo- 
_ logy 

Tore. Torus 

Torque. Torque 

Torsion d’une courbe. Torsion of a curve 

Totient d’un nombre entier. Totient of an 
integer 

Totitif d’un nombre entier. Totitive of an 
integer 

Tourbillon de vecteur. Curl of a vector 

Trace d’une matrice. Spur of a matrix; trace 
of a matrix 

Tractrice. Tractrix 

Trajectoire. Trajectory 

Trajectoire d’un projectile. Path of a pro- 
jectile 

Transformation affine. Affine transformation 

Transformation auto-adjoint. Self-adjoint 
transformation 

Transformation autocontigue. 
transformation 


Self-adjoint 


Transformation — collinéaire. Collineatory 
transformation 

Transformation conformale. Conformal 
transformation 


Transformation des coordonnées.  Trans- 
formation of coordinates 

Transformation étendante. Stretching trans- 
formation 

Transformation isogonale. 
formation 

Transformation linéaire. Linear transforma- 
tion 

Transformation non singulaire. Nonsingular 
transformation 

Transformation 
transformation 


Isogonal trans- 


ortogonale. Orthogonal 


transformation 

Transforme d’une matrice. Transform of a 
matrix 

Transit. Transit 

Translation des axes. Translation of axes 

Transporter un terme. Transpose a term 

Transpose d’une matrice. Transpose of a 
matrix 

Transposer un terme. Transpose a term 

Transposition. Transposition 

Transversal. Transversal 

Transverse. Transversal 

Trapeze. Trapezium 

Trapezoide. Trapezoid 

Travail. Work 

Tréfle. Trefoil 

Treize. Thirteen 

Triangle. Triangle 

Triangle équilatéral. Equilateral triangle 

Triangle équilatére. Equilateral triangle 

Triangle isoscéle. Isoceles triangle 

Triangle oblique. Oblique triangle 

Triangle rectangulaire. Right triangle 

Triangle scaléne. Scalene triangle 

Triangle sphérique trirectangle. Trirectangu- 
lar spherical triangle 

Triangle terrestre. Terrestrial triangle 

Triangles similaires. Similar triangles 

Triangulation. Triangulation 

Trident de Newton. Trident of Newton 

Triédre formé par trois lignes. Trihedral 
formed by three lines 

Trigonomeétrie. Trigonometry 

Trillion. Trillion 

Trinédme. Trinomial 

Triple intégrale. Triple integral 

Triple racine. Triple root 

Trisection d’un angle. Trisection of an angle 

Trisectrice. Trisectrix 

Trochoide. Trochoid 

Trois. Three 

Tronc d’un solide. Frustum of a solid 


Ultrafiltre. Ultrafilter 

Un, une. One 

Union. Unity 

Union des ensembles. Join of sets 
Union des ensembles. Union of sets 
Union des suites. Join of sets 
Union des suites. Union of sets 
Unité. Unity 

Unité cercle. Unit circle 


Valeur absolue. Absolute value 
Valeur accumulée. Accumulated value 
Valeur a livre. Book value 

Valeur capitalisée. Capitalized cost 
Valeur courante. Market value 


Valeur 


Zone 


Valeur critique. Critical value 

Valeur de laitier. Scrap value 

Valeur de place. Place value 

Valeur de rendre. Surrender value 

Valeur d’une police d’assurance. Value of an 
insurance policy 

Valeur équivalence. Parity 

Valeur équivalent. Parity 

Valeur future. Future value 

Valeur locale. Local value 

Valeur nominale. Par value 

Valeur numéraire. Numerical value 

Valeur present. Present value 

Variabilité. Variability 

Variable. Variable 

Variable dépendant. 

Variable indépendant. 

Variable stochastique. 

Variate. Variate 

Variate normalé. Normalized variate 

Variation. Variance 

Variation des parameétres. 
meters 

Variation d’une fonction. 
function 

Variété. Manifold 

Vecteur. Vector 

Vecteur caractéristique. Eigenvector 

Vecteur de la force. Force vector 

Vecteur non-rotatif. Irrotational vector 

Vecteur solenoidal. Solenoidal vector 

Verification de solution. Check on a solution 

Versement a compet. Installment payments 


Dependant variable 
Independent variable 
Stochastic variable 


Variation of para- 


Variation of a 


Vertex. Apex 
Vertex d’un angle. Vertex of an angle 
Vibration. Vibration 


Vie annuité commune. 
Vie rente commune. 


Joint life annuity 
Joint life annuity 


Vinculé. Vinculum 
Vitesse. Speed 
Vitesse. Velocity 


Vitesse-constante. 

Vitesse instantanée. Instantaneous velocity 

Vitesse relative. Relative velocity 

Voisinage d’un point. Neighborhood of 
point 

Volte. Volt 

Volume d’un solide. 


Constant speed 


Volume of a solid 


Watt. Watt 


Wronskienne. Wronskian 


X-Axe. X-axis 


Yard de distance. Yard of distance 
Y-Axe. Y-axis 


Zenith distance. Zenith distance 
Zenith d’un_ observateur. Zenith of 
observer 
Zéro. Zero 
Zero-somme jeu. 
Zéta-fonction. 
Zone. Zone 
Zone interquartile. 


Zero-sum game 
Zeta function 


Interquartile range 


a 


an 


German—English Index 


Abbildung eines Raumes. Mapping of a space 

Abgekiirzte Division. Short division 

Abgeleitete Gleichung. Derived equation 

Abgeplattetes Rotationsellipsoid. Oblate ellip- 
soid 

Abgeschlossene Kurve. Closed curve 

Abgeschlossene Menge. Closed set 

Abhdngige Veranderliche, abhangige Variable. 
Dependent variable 

Ableitung (Derivierte) einer Funktion. Deriva- 
tive of a function 

Ableitung héherer Ordnung. Derivative of 
higher order 

Ableitung in Richtung der Normalen. Normal 
derivative 

Abloésungsfond, Tilgungsfond. Sinking fund 

Abrundungsfehler, Rundungsfehler. Round- 
off error 

Abschreibungsaufschlag, Abschreibungsposten. 
Depreciation charge 

Abschwachung einer Korrelation. 
tion of correlation 

Absolute Konvergenz. Absolute convergence 

Abstrakte Mathematik. Abstract mathematics 

Abszisse. Abscissa 

Abszissenzuwachs zwischen zwei Punkten. 
Run between two points 

Abundante Zahl. Redundant number 

Abweichung, Fehler. Deviation 

Abzahlbare Menge. Denumerable set; Count- 
able set 

Abzdéhlbarkeit. Countability 

Achse. Axis 

Achsenabschnitt. Intercept on an axis 

Achsendrehung. Rotation of axes 

Achsentranslation. Translation of axes 

Acht. Eight 

Achteck. Octagon 

Acker (=40.47 a). Acre 

Adder, Addierer. Adder 

Addition. Addition 

Additive Funktion. Additive function 

Adiabatisch. Adiabatic 

Adjungierte einer Matrix. Adjoint of a matrix 

Adjungierter Raum, Dualer Raum, Raum der 
Linearformen. Adjoint (of conjugate) space 

Affine Transformation. Affine transformation 

Ahnliche Dreiecke. Similar triangles 

Ahnliche Figuren. Homothetic figures; 
Radially related figures 

Ahnlichkeit. Similitude 

Ahnlichkeitstransformation. Similarity trans- 
formation 

Ahnlichkeitsverhaltnis. Ratio of similitude 

Aktien. Stock 

Aktienkapital. Capital stock 


Attenua- 


Aktiva, Vermégen. Assets 

Alef-Null. Aleph-null (or aleph zero) 

Algebra, hyperkomplexes System. Algebra 

Algebraisch. Algebraic 

Algebraische Gleichung sechsten 
Sextic equation 

Algebraische Kurve hoéherer als  zweiten 
Ordnung. Higher plane curve 

Algebraisches Komplement, Adjunkte. Co- 
factor 

Algorithmus. Algorithm 

Allgemeine Unkosten. Overhead expenses 

Alternierend. Alternant 

Alternierende Gruppe. Alternating group 

Amerik. Tonne (= 907,18 kg). Ton 

Amortisation. Amortization 

Amplitude (Arcus) einer komplexen Zahl. 
Amplitude of a complex number 

Analogie. Analogy 

Analog-Rechner. Analogue computer 

Analysis. Analysis 

Analytische Funktion. Analytic function 

Analytisches Gebilde. Analytic function 

Analytizitat. Analyticity 

Anbeschriebener Kreis. Inscribed circle 

Anfangsstrahl eines Winkels. Initial side of an 
angle 

Angewandte Mathematik. Applied mathe- 
matics 

Ankreis. Excircle 

Anlage. Investment 

Annihilator, Annullisator. Annihilator 

Anstieg zwischen zwei Punkten. Rise between 
two points 

Antisymmetrisch. Antisymmetric 

Anwartschaftsrente, aufgeschobene  Rente. 
Deferred annuity. 

Anzahl der primen Restklassen. Indicator of 
an integer 

Apotheker. Apothecary 

Approximation (Anndherung). 
tion 

Aquator. Equator 

Aquipotentialflache. Equipotential surface 

Aquivalente Matrizen. Equivalent matrices 

Aquivalenzklasse. Equivalence class 

Arbeit. Work 

Arbeitsgebiet. Field of study 

Arcus cosekans. Arc-cosecant 

Arcus cosinus. Arc-cosine 

Arcus cotangens. Arc-cotangent 

Arcusfunktion, Zyklometrische Funktion. In- 
verse trigonometric function 

Arcus sekans. Arc-secant 

Arcus sinus. Arc-sine 

Arcus tangens. Arc-tangent 


Grades. 


Approxima- 


Argument 


Darstellung 


Argument einer Funktion. Argument of a 
function 

(Argument)bereich. Domain 

Arithmetik. Arithmetic 

Arithmetische Reihe. Arithmetic series 

Associatives Gesetz. Associative law 

Astroide. Astroid 

Asymmetrisch. Asymmetric 

Asymptote. Asymptote 

Asymptotische Entwicklung. Asymptotic ex- 
pansion 

Asymptotische Richtung. Asymptotic direc- 
tion 

(Aufeinander) senkrechte Geraden. Perpen- 
dicular lines 

Aufeinanderfolgende Ereignisse. Successive 
trials 

Aufzahlbare Menge. Enumerable set 

Ausgangskomponente, Entnahme. 
component 

Ausrechnen, den Wert bestimmen. Evaluate 

Ausrechnung. Evaluation 

Aussage. Proposition (in logic) 

Aussagefunktion, Relation, Pradikat (Hilbert- 
Ackermann). Propositional function 

Aussenglieder. Extreme terms (or extremes) 

Aussenwinkel. Exterior angle 

Aussere Algebra. Exterior algebra 

Ausseres Teilverhaltnis. External ratio 

Auswahlaxiom. Axiom of choice 

Auszahlungsfunktion. Payoff function 

Automatische Berechnung. Automatic com- 
putation 

Automorphe Funktion. Automorphic function 

Automorphismus. Automorphism 

Autoregressive Folge. Autoregressive series 

Axiale Symmetrie. Axial symmetry 

Axiom. Axiom 

Azimut. Azimuth 


Output 


Balkendiagramm. Bar graph 

Barwert. Present value 

Baryzentrische Koordinaten. Barycentric co- 
ordinates 

Basis. Base; Basis 

Basis wechsel. Change of base 

Bedeutsame Ziffer, geltende Stelle. Significant 
digit 

Bedingte Konvergenz. Conditional conver- 
gence 

Befreundete Zahlen. Amicable numbers 

Begebbares Papier. Negotiable paper 

Beitrag. Score 

Benannte Zahl. Denominate number 

Berechnung, Rechnung. Computation 

Bereich einer Variable. Range of a variable 

Bertihrender Doppelpunkt. Osculation 

Berthrpunkt. Tangency 

Berthrung dritter Ordnung. Superosculation 

Beschleunigung. Acceleration 

Beschrankte Menge. Bounded set 


Bestimmt divergente Rethe. Properly divergent 
series. 

Bestimmtes Integral. Definite integral 

Betrag (Absolutwert). Absolute value 

Bevolkerung, statistische Gesamtheit, Gesamt- 
masse, Personengesamtheit. Population 

Bewegung. Rigid motion 

Beweis. Proof 

Bewertungsring. Valuation ring 

Bewichtetes Mittel. Weighted mean 

Bezeichnung, Notation. Notation 

Bezeichnung der Fakultat. Factorial notation 

Bezeichnung mit Funktionssymbolen. Func- 
tional notation 

Biasfreie Schatzung, erwartungstreue Schat- 
zung. Unbiased estimate 

Bikompakter Raum. Bicompact space 

Bikompaktum. Bicompactum 

Bild eines Punktes. Image of a point 

Bilinear. Bilinear 

Billion. Trillion 

Bimodal. Bimodal 

Binomial. Binomial 

Binomialkoeffizienten. Binomial coefficients 

Binormale. Binormal 

Biquadratisch. Biquadratic 

Biquadratische Kurve. Quartic curve 

Blatt einer Riemannschen Flache. Sheet of a 
Riemann surface 

Bogenlange. Arc length 

Brachistochrone. Brachistochrone 

Brechung, Refraktion. Refraction 

Breite. Breadth 

Breite eines Punktes (geogr.). Latitude of a 
point 

Breitenkreise. Parallels of latitude 

Brennpunkt einer Parabel. Focus of a 
parabola 

Brennpunktssehne. Focal chord 

Bruch. Fraction 

Bruttogewinn. Gross profit 

Buchstabenkonstante, d.i. Mitteilungsvariable 
fiir Objekte. Literal constant 

Buchwert. Book value 


Cartesisches Produkt. Cartesian product 

Chancen. Odds 

Charakteristische Gleichung einer Matrix. 
Characteristic equation of a matrix 

Charakteristische Kurven (Charakteristken). 
Characteristic curves 

Chiquadrat, x2. Chi-square 

Cosekans eines Winkels. Cosecant of an angle 

Cosinus eines Winkels. Cosine of an angle 

Cotangens eines Winkels. Cotangent of an 
angle 


Darlehen, Anleihe (in der Versicherung: 
Policendarlehen). Loan 

Darstellung einer Gruppe. Representation ofa 
group 


Deduktiver 


Einfach 


Deduktiver Beweis. Deductive proof 

Defiziente Zahl. Defective (or deficient) 
number 

Deformation (Verformung) eines Objekts. 
Deformation of an object 

Deformationsverhaltnis. Deformation ratio 

Dehnungstransformation. Stretching  trans- 
formation 

Deklination. Declination 

Descartes’sches Blatt. Folium of Descartes 

Determinante. Determinant 

Dezimalsystem. Decimal system 

Dezimeter. Decimeter 

Diagonale einer Determinante. Diagonal of a 
determinant 

Diagramm. Diagram 

Dialytische Methode. Dialytic method 

Dichte. Density 

Dichte Menge. Dense set 

Differential einer Funktion. Differential of a 
function 

Differentialgleichung. Differential equation 

Differentiation einer Funktion. Differentiation 
of a function 

Differenzen einer Funktion nehmen. Differenc- 
ing a function 

Differenz zweier Quadrate. Difference of two 
squares 

Differenzengleichung. Difference equation 

Dilatation, Streckung. Dilatation 

Dimension. Dimension 

Dipol. Dipole; Doublet 

Direktes Produkt. Direct product 

Direktrix eines Kegelschnittes, Leitlinie eines 
Kegelschnittes. Directrix of a conic 

Disjunkte Mengen. Disjoint sets 

Disjunktion. Disjunction 

Diskrete Menge. Discrete set 

Diskriminante eines Polynoms. Discriminant 
of a polynomial 

Dispersion. Dispersion 

Distributives Gesetz. Distributive law 

Divergente Folge. Divergent sequence 

Divergenz einer Vektorfunktion. Divergence 
of a vectorfunction 

Divergenz von Reihen. Divergence of a series 

Division. Division 

Divisor. Consequent in a ratio 

Dodekaeder. Dodecahedron 

Dominierende Strategie. Dominant strategy 

Doppelintegral. Double integral 

Doppelpunkt. Crunode 

Doppelte Sicherstellung. Collateral security 

Doppelverhaltnis. Anharmonic ratio (modern: 
cross ratio) 

Drehimpuls. Angular momentum 

Drehmoment. Torque 

Drehpunkt, Stutzpunkt. Fulcrum 

Drei. Three 

Dreibein. Trihedral formed by three lines 

Dreiblatt. Trefoil 


Dreiblattrige Rose. Rose of three leafs 

Dreidimensionale Geometrie. Three-dimen- 
sional geometry 

Dreieck. Triangle 

Dreifache Wurzel. Triple root 

Dreifaches Integral. Triple integral 

Dreiteilung eines Winkels. Trisection of an 
angle 

Dreizehn. Thirteen 

Druck. Pressure 

Druck(spannung). Compression 

Duale Theoreme, duale Satze. Dual theorems 

Dualitat. Duality 

Duodezimalsystem der Zahlen. Duodecimal 
system of numbers 

Durchmesser. Diametral line 

Durchmesser eines Kreises. Diameter of a 
circle 

Durchschnitt. Average 

Durchschnitt von Mengen. Intersection of sets 

Durchschnitt zweier Mengen. Meet of two sets 

Durchschnittlicher Fehler. Mean deviation 

Durchstosspunkt (einer Geraden), Spurpunkt. 
Piercing point 

Dyade. Dyad 

Dyadisch. Dyadic 

Dyn. Dyne 

Dynamik. Dynamics 

Dynamisches Programmieren. Dynamic pro- 
gramming 


Ebene. Plane 

Ebene Figur. Plane figure 

Ebenenbiindel. Copunctal planes; Sheaf of 
planes 

Ebenenschrumpfung. Shrinking of the plane 

Echt steigende Funktion. Strictly increasing 
function 

Echter Bruch. Proper fraction 

Ecke (einer Kurve). Salient point 

Effectiver Zinsfuss. Effective interest rate 

Eigenfunktion. Ejigenfunction 

Eigenschaft finiten Charakters. Property of 
finite character 

Eigenvektor. Eigenvector 

Eigenwert einer Matrix. Eigenvalue of a 
matrix 

Eilinie, Oval. Oval 

Einbeschriebenes Polygon. Inscribed polygon 

Einbettung einer Menge. Imbedding of a set 

Eindeutig definiert. Uniquely defined 

Eindeutige Funktion. Single valued function 

Eindeutige Zerlegung (in  Primelemente). 
Unique factorization 

Eineindeutige Entsprechung, umkehrbar ein- 
deutige Entsprechung. One-to-one corre- 
spondence 

Einfach geschlossene Kurve. Simple closed 
curve 

Einfach zusammenhdngendes Gebiet. Simply 
connected region 


Einfache 


Fir 


Einfache Lésung. Simple solution 

Einfache Wurzel. Simple root 

Einfaches Integral. Simple integral 

Eingabe Komponente, Eingang. Input com- 
ponent 

Einheitsdyade (bei skalarer Multiplikation). 
Idemfactor 

Einheitselement. Unity 

Einheitskreis. Unit circle 

Einhiillende (Enveloppe) einer Familie von 
Kurven. Envelope of a family of curves 

Einkommensteuer. Income tax 

Eins. One 

Einschaliges Hyperboloid. Hyperboloid of 
one sheet 

Einseitige Flache. Unilateral surface 

Ekliptik. Ecliptic 

Elastische K6rper. Elastic bodies 

Elastizitat. Elasticity 

Elektromotorische Kraft. 
force 

Elecktrostatisches Potential. Electrostatic po- 
tential 

Elementare Operationen. Elementary opera- 
tions 

Elf. Eleven 

Elimination durch Substitution. Elimination 
by substitution 

Ellipse. Ellipse 

Ellipsoid. Ellipsoid 

Elliptische Flache. Elliptic surface 

Elongation. Elongation 

Empfindlichkeitsanalyse. Sensitivity analysis 

Empirisch eine Kurve bestimmen. Curve fitting 

Empirische Kurve. Empirical curve 

Endliches Spiel. Finite game 

Endomorphismus. Endomorphism 

Endpunkt einer Kurve. End point of a 
curve 

Endstrahl eines Winkels. Terminal side of an 
angle 

Endwert. Accumulated value; Future value 

Energieintegral. Energy integral 

Entarteter Kegelschnitt. Degenerate conic 

Entfernung zwischen zwei Punkten. Distance 
between two points 

Entsprechende Winkel. Corresponding angles 

Entwicklung einer Determinante. Expansion 
of a determinant 

Epitrochoidale Kurve. Epitrochoidal curve 

Epitrochoide. Epitrochoid 

Epizykloide. Epicycloid 

Erdmeridian. Meridian on the earth 

Ereigniswahrscheinlichkeit. Probability of 
occurrence 

Erg. Erg 

Erganzungswinkel. Conjugate angle 

Ergodentheorie. Ergodic theory 

Erweiterte Matrix (eines linearen Gleichungs- 
systems). Augmented matrix 

Erzeugende. Generatrix 


Electromotive 


Erzeugende einer Flache. Generator of a 
surface 

Erzeugende Gerade einer Flache. Ruling on 
a surface 

Erzeugende Geraden (einer Regelflache). Recti- 
linear generators 

Evolute einer Kurve. Evolute of a curve 

Evolvente einer Kurve. Involute of a curve 

Exakte Differentialgleichung. Exact differen- 
tial equation 

Explizite Funktion. Explicit function 

Exponent. Exponent 

Exponentenregel. Law of exponents 

Exponentialkurve. Exponential curve 

Extrapolation. Extrapolation 

Extremalpunkt. Bend point 

Extrempunkt. Turning point 

Exzentrizitat einer Hyperbel. Eccentricity of a 
hyperbola 


Fachergestell. Scattergram 

Faktor. Multiplier 

Faktor eines Polynoms. Factor of a poly- 
nomial 

Faktoranalyse. Factor analysis 

Faktorisierbar, zerlegbar. Factorable 

Faktorisierung, Zerlegung. Factorization 

Fakultat einer ganzen Zahl. Factorial of an 
integer 

Fallende Funktion. Decreasing function 

Faltung zweier Funktionen. Convolution of 
two functions; Resultant of two functions 

Faserbund. Fiber bundle 

Faserraum. Fiber space 

Fast periodisch. Almost periodic 

Feldmesser, Gutachter. Surveyor 

Filter. Filter 

Fixpunkt. Fixed point 

Flacheninhalt. Area 

Flachentren. Equiareal (or area-preserving) 

Flugbahn. Path of a projectile 

Fluss. Flux 

Flussdiagramm. Flow chart 

Folgenkompakt. Weakly compact 

Folgenkorrelations Koeffizient. Biserial corre- 
lation coefficient 

Form in zwei Variablen. Form in_ two 
variables 

Formel. Formula 

Freitragender Balken. Cantilever beam 

Fundamentalsatz der Algebra. Fundamental 
theorem of algebra 

Finf. Five 

Fiinfeck. Pentagon 

Finfseitige Pyramide. Pentagonal pyramid 

Fiinfzehneck. Pentadecagon 

Funktion der Differentiations Klasse C*. 
Function of class C" 

Funktionentheorie. Function theory 

Fur einen Rechenautomaten verschlusseln. 
Coding for a computing machine 


Fusspunkt 


Hermitesche 


Fusspunkt einer Senkrechten. Foot of a 
perpendicular 
Fusspunktkurve. Pedal curve 


Gammafunktion. Gamma function 

Ganze Funktion. Entire function 

Ganze Vielfache rechter Winkel. Quadrantal 
angles 

Ganze Zahl. Integer 

Ganzen komplexen Zahlen. 
integers 

(Ganzes) Vielfaches einer Zahl. Multiple of a 
number 

Garbe. Sheaf 

Gebrochene Linie. Broken line 

Gebrochener Exponent. Fractional exponent 

Gebundene Variable. Bound variable 

Gediachtnisstiitze. Mnemonic device 

Gegen den Uhrzeigersinn. Counterclockwise 

Gegen einen Grenzwert konvergieren. Con- 
verge to a limit 

Gegentiberliegende Seiten. Opposite sides 

Gemeinsames Vielfaches. Common multiple 

Gemischte Versicherung. Endowment insur- 
ance 

Gemischter Bruch. Mixed number 

Geodatische Parallelen. Geodesic parallels 

Geometrie. Geometry 

Geometrisches Mittel. Geometric average 

Geometrische Reihe. Geometric series 

Geometrischer Orf. Locus 

Geordnete Menge, Verein (auch: teilweise 
geordnete Menge). (Partially) ordered set 

Gerade. Straight line 

Gerade Permutation. Even permutation 

Gerade Zahl. Even number 

Gerade Zahlen zahlen. Count by twos 

Geraden derselben Ebene. Coplanar lines 

Geradenabschnitt. Line segment 

Geradenbischel. Concurrent lines 

Gerichtete Gerade. Directed line 

Geriist eines Komplexes. Skeleton of a complex 

Geschlecht einer Flache. Genus of a surface 

Geschweifte Klammer. Brace 

Geschwindigkeit. Speed; Velocity 

Gesicherheit einer Abweichung. Significance 
of a deviation 

Gewicht. Weight 

Gewichte zum WAagen von Edelmetallen. Troy 
weight 

Gewinn. Profit 

Gewohnliche Logarithmen. Common loga- 
rithms 

Gewohnlicher Bruch. Vulgar fraction; Com- 
mon fraction 

Gitter. Lattice (in physics) 

Gleichartige Grdssen. Equal quantities 

Gleichgewicht. Equilibrium 

Gleichgradig stetige Funktionen. Equicon- 
tinuous functions 

Gleichheit. Equality 


Gaussian 


Gleichmdssig konvexer Raum. Uniformly 
convex space 

Gleichmassige Konvergenz. Uniform conver- 
gence 

Gleichmassige Stetigkeit. Uniform continuity 

Gleichschenkliges Dreieck. Isosceles triangle 

Gleichseitiges Dreieck. Equilateral triangle 

Gleichsetzen. Equate 

Gleichung einer Kurve. Equation of a curve 

Gleichungssystem. System of equations 

Gleitendes Komma. Floating decimal point 

Glied eines Bruches. Term of a fraction 

Grad Celsius Thermometer. Centigrade ther- 
mometer 

Grad eines Polynoms. Degree of a _ poly- 
nomial 

Gradient. Gradient 

Gramm. Gram 

Graph, graphische Darstellung. Pictogram 

Graph einer Gleichung. Graph of an equation 

Graphische Lésung. Graphical solution 

Gravitation, Schwerkraft. Gravitation 

Grenzwert, Limes. Limit point 

Grenzwert einer Funktion, Limes einer Funk- 
tion. Limit of a function 

Grosse. Quantity 

Grosse Disjunktion, Existenzquantor, Par- 
tikularisator. Existential quantifier 

Grosse (Helligkeit) eines Sternes. Magnitude 
of a star 

Grosse Konjunktion, Allquantor, Generalisator. 
Universal quantifier 

Grosster gemeinsamer Teiler. Greatest com- 
mon divisor 

Gitefunktion. Power function 


Halbieren. Bisect 

Halbierungspunkt. Bisecting point 

Halbjahrlich. Biannual 

Halbkreis. Semicircle 

Halbschaffen. Penumbra 

Halbstetige Funktion. Semicontinuous func- 
tion 

Halbwinkelformeln. Half-angle formulas 

Halm einer Garbe. Stalk of a sheaf 

Handelsgewicht. Avoirdupois weight 

Harmonische Bewegung. Harmonic motion 

Harmonische Funktion. Harmonic function 

Haufigkeitskurve. Frequency curve 

Haufungspunkt. Cluster point; Accumulation 
point 

Hauptachse. Major axis 

Hauptdiagonale. Principal diagonal 

Hauptidealring. Principal ideal ring 

Hebbare Unstetigkeit. Removable discontinu- 
ity 

Hebelarm. Lever arm 

Hellebardenspitze. Cusp of first kind 

Hemisphare, Halbkugel. Hemisphere 

Henkel an einer Flache. Handle on a surface 

Hermitesche Matrix. Hermitian matrix 


Hexdader 


Isomorphismus 


Hexader. Hexahedron 

Hilfskreis. Auxiliary circle 

Himmels-. Celestial 

Himmelsdquator. Celestial equator 

Hinreichende Bedingung. Sufficient condition 

Hochster Koeffizient. Leading coefficient 

Hodograph. Hodograph 

Hohe. Altitude 

Holomorphe Funktion. Holomorphic function 

Holzmass. Cord (of wood) 

Homogene Gleichung. Homogeneous equa- 
tion 

Homogenes Polynom. Quantic. 

Homogenes Polynom in vier’ Variablen. 
Quarternary quantic 

Homogenitaét. Homogeneity 

Homolog. Homologous 

Homologiegruppe. Homology group 

Homomorphismus zweier algebraischer Struk- 
turen. Homomorphism of two algebraic 
structures 

Hom6omorphismus zweier Réume. Homeo- 
morphism of two spaces 

Homotope Figuren. Homotopic figures 

Horizont. Horizon 

Horizontal, waagerecht. Horizontal 

Hille einer Menge, (abgeschlossene Hiille einer 
Menge). Closure of a set 

Hundert. Hundred 

Hundertster Teil einer Zahl. Hundredth part 
of a number. 

Hydromechanik. Mechanics of fluids 

Hyperbel. Hyperbola 

Hyperbolishher Zylinder. Hyperbolic cylinder 

Hyperbolisches Paraboloid. Hyperbolic para- 
boloid 

Hyperebenc. Hyperplane 

Hypergeometrische Reihe. 
series 

Hypotenuse. Hypotenuse 

Hypothese. Hypothesis 

Hypotrochoide. Hypotrochoid 

Hypozykloide. Hypocycloid 


Hypergeometric 


Idempotent. Idempotent 

Identische Grodssen. Identical quantities 

Identitat. Identity 

Ikosdder. Icosahedron 

Imagindre Zahlengerade. Scale of imaginaries 

Imaginarteil der modifizierten Besselfunktion. 
Kei function 

Imaginarteil einer Zahl. Imaginary part of a 
number 

Implikation. Implication 

Implizite Differentiation. Implicit differentia- 
tion 

Implizite Funktion. Implicit function 

Impuls. Momentum 

Im Uhrzeigersinn. Clockwise 

Im  wesentlichen beschrankt. 
bounded 


Essentially 


In einen Raum einbetten. Imbed in a space 

In einem Ring enthaltenes Ideal. Ideal con- 
tained in a ring 

In Raten ruckkdufliches Anlagepapier. Serial 
bond 

Indikatrix einer quadratischen Form. Indica- 
trix of a quadratic form 

Indirekter Beweis. Indirect proof 

Induktion. Induction 

Induktive Methode. Inductive method 

Ineinandergeschachtelte Intervalle. 
intervals 

Infimum, grdesste untere Schranke. Greatest 
lower bound 

Infinitesimalrechnung, Analysis. Calculus 

Infinitesimalrechnung. Infinitesimal analysis 

Inhalt einer Menge. Content of a set 

Inkommensurable Zahlen. Incommensurable 
numbers 

Inkreis. Incircle 

Inkreismittelpunkt eines Dreiecks. Incenter of 
a triangle 

Inkreisradius (eines Polygons). Apothem 

Innenwinkel. Interior angle 

Innenwinkel eines Polygons, grésser als 7. 
Reentrant angle 

Innere Eigenschaft. Intrinsic property 

Inneres Produkt, Skalarprodukt. Inner 
product 

Inneres Teilverhaltnis. Internal ratio 

Insichdicht. Dense-in-itself 

Integral einer Funktion. Integral of a function 

Integralgleichung. Integral equation 

Integralrechnung. Integral calculus 

Integrand. Integrand 

Integraph. Integraph 

Integrationselement. Element of integration 

Integrationskonstante. Constant of integra- 
tion 

Integrator. Integrator 

Integrierbare Funktion. Integrable function 

Integrierender Faktor. Integrating factor 

Integritatsbereich. Integral domain 

Interpolation. Interpolation 

Intervallschachtelung. Nest of intervals 

Intransitive Relation. Intransitive relation 

Invariante Eigenschaft. Invariant property 

Invariante einer Gleichung. Invariant of an 
equation 

Inverse der charakteristischen Matrix. Re- 
solvent of a matrix 

Inversion (eines Punktes an einem Kreis). 
Inversion of a point 

Inversor. Inversor 

Involution auf einer Geraden. Involution ona 
line 

Irrationale algebraische Zahl. Surd 

Irrationalzahl. Irrational number 

Irreduzible Wurzel. Irreducible radical 

Isolierter Punkt. Acnode 

Isomorphismus. Isomorphism 


Nested 


Isoperimetrisches 


Kontraktion 


Isoperimetrisches Problem. 
problem 

Isotherme. Isotherm 

Isotherme. Isothermal line 

Isotherme Kurvenschar. Isothermic system of 
curves 


Isotrope Materie. Isotropic matter 


Isoperimetric 


Jahr. Year 


Kalorie. Calorie 

Kanonische Form. Canonical form 

Kanonischer Representant einer primen Rest- 
klasse einer ganzen Zahl. Totitive of an 
integer 

Kante eines KOrpers. Edge of a solid 

Kapitalisierte Kosten. Capitalized cost 

Kappakurve. Kappa curve 

Kardinalzahl. Cardinal number 

Kardioide, Herzkurve. Cardioid 

Kategorie. Category 

Kategorisch. Categorical 

Katenoid, Drehflache — der 
Catenoid 

Kathete eines rechtwinkligen Dreiecks. Leg of 
a right triangle 

Kaufpreis. Flat price 

Kegel. Cone 

Kegelflache. Conical surface 

Kegelschnitt, konisch. Conic 

Kegelstumpf. Truncated cone 

Keil. Wedge 

Keim von Funktionen. Germ of functions 

Kennziffer eines Logarithmus. Characteristic 
of a logarithm 

Kern eines Homomorphismus. Kernel of a 
homomorphism 

Kern einer Integralgleichung. Nucleus (or 
kernel) of an integral equation 

Kettenbruch. Continued fraction 

Kettenkomplex. Chain complex 

Kettenlinie. Catenary 

Kettenregel. Chain rule 

Kilogramm (Masse). Kilogram (mass unit) 

Kilometer. Kilometer 

Kilopond (Kraft). Kilogram (force unit) 

Kilowatt. Kilowatt 

Kinematik. Kinematics 

Kinetik. Kinetics 

Kinetische Energie. Kinetic energy 

Kippschalter. Flip-flop circuit 

Klammer, eckige Klammer. Bracket 

Klassenhaufigkeit. Class frequency 

Knoten. Knot in topology 

Knoten. Knot of velocity 

Knotenlinie. Nodal line 

Knotenpunkt einer Kurve. Node of a curve 

Koaxiale Kreise. Coaxial circles 

Koeffizient. Coefficient 

Koeffizientenmatrix. Matrix of coefficients 

Kofinale Untermenge. Cofinal subset 


Kettenlinie. 


Kofunktion, komplementdére Funktion. Co- 
function 

Koharent, zusammenhangend orientiert. Co- 
herently oriented 

Koinzidierend, Koinzident. Coincident 

Kollineare Transformation. Collineatory 
transformation 

Kollinease Punkte. Collinear points 

Kollineation. Collineation 

Kombination einer Menge von Objekten. 
Combination of a set of objects 

Kombinatorische Topologie. Combinatorial 
topology 

Kommensurabel. Commensurable 

Kommutativ. Commutative 

Kommutative Gruppe, Abelsche Gruppe. 
Commutative group 

Kommutator. Commutator 

Kompakte Menge. Compact set 

Kompaktifizierung. Compactification 

Kompaktum. Compactum 

Komplement einer Menge. Complement of a 
set 

Komplementwinkel. Complementary angles 

Kompletter Kérper. Complete field 

Komplexe Zahl. Complex number 

Konchoide. Conchoid 

Kondensationspunkt. Condensation point 

Konfiguration, Stellung. Configuration 

Konfokale Kegelschnitte. Confocal conics 

Konforme Transformation. Conformal trans- 
formation 

Kongruente Figuren. Congruent figures 

Kongruente Konfigurationen. Superposable 
configurations 

aKongruenz. Congruence 

Konjugierte komplexe Zahlen. Conjugate com - 
plex numbers . 

Konjugierte Untergruppen. Conjugate sub- 
groups 

Konjunktion. Conjunction 

Konjunktive Transformation. 
transformation 

Konkaves Polygon. Concave polygon 

Konkav-konvexes Spiel. Concave-convex game 

Konkavsein. Concavity 

Konoid. Conoid 

Konservatives Kraftfeld. Conservative field of 
force 

Konsistente Gleichungen. Consistent equa- 
tions 

Konsistenz (Widerspruchsfreiheit) von Gleich- 
ungen. Consistency of equations 

Konstante Geschwindigkeit. Constant speed 

Konstruktion. Construction 

Kontakttransformation, Berithrungstransfor- 
mation. Contact transformation 

Kontingenztafel. Contingency table 

Kontinuum. Continuum 

Kontraktion (Verdiinnung) eines Tensors. 
Contraction of a tensor 


Conjunctive 


Kontravarianter 


Masse 


Kontravarianter Tensor. Contravariant tensor 

Kontrollgruppe. Control group 

Kontrollierte Stichprobe, Gruppenauswahl. 
Stratified sample 

Konvergente Folge. Convergent sequence 

Konvergenz eines Kettenbruchs. Convergence 
of a continued fraction 

Konvergenz einer Reihe. Convergence of a 
series 

Konvergenzintervall. 
gence 

Konvergenzkreis. Circle of convergence 

Konvexe Hille einer Menge. Convex hull of a 
set 

Konvexe Kurve. Convex curve 

Konzentrische Kreise. Concentric circles 

Kooperativ, Konsumverein. Cooperative 

Koordinate eines Punktes. Coordinate of a 
point 

Koordinaten transformation. Transformation 
of coordinates 

Koordinatenebenen. Coordinate planes 

Koordinatennetz, Bezugssystem. Frame of 
reference 

Kopf und Adler. Coin-matching game 

Korollar. Corollary 

Korrelationskoeffizient. Correlation coefficient 

Kovariante Ableitung. Covariant derivative 

Kovarianz. Covariance 

Kraftkomponente. Component of a force 

Kraftvektor. Force vector 

Kreis. Circle 

Kreisausschnitt. Sector of a circle 

Kreisbischel. Pencil of circles 

Kreiskegel. Circular cone 

Kreispunkt. Umbilical point 

Kreisring. Annulus 

Kreisteilungsgleichung. Cyclotomic equation 

Kreuzf6rmige Kurve. Cruciform curve 

Kreuzhaube. Cross-cap 

Kritischer Wert. Critical value 

Krummlinige Bewegung. Curvilinear motion 

Krummung einer Kurve. Curvature of a 
curve 

Kubikmeter. Stere 

Kubikwurzel. Cube root 

Kubische Kurve. Cubic curve 

Kubische Parabel. Cubical parabola 

Kubische Resolvente. Resolvent cubic 

Kugelzone. Zone 

Kummulanten. Cumulants 

Kummulative Haufigkeit. 
quency 

Kurtosis. Kurtosis 

Kurvenbogen. Segment of a curve 

Kurvenlange. Length of a curve 

Kurvenschar. Family of curves 

Kirzen. Cancel 

Kirzung. Cancellation 


Interval of conver 


Cumulative fre- 


Ladung. Charge 

Lange (geogr.). Longitude 

Langentreu aufeinander abbildbare Flachen. 
Isometric surfaces 

Lebenserwartung. Expectation of life 

Lebenslangliche Rente. Perpetuity 

Lebenslangliche Verbindungsrente. Joint life 
annuity 

Lebensstatistik. Vital statistics 

Lebensversicherung. Life insurance 

Legendresches Polynom. Polynomial of 
Legendre 

Lehre von den Gleichungen. 
equations 

Leitfahigkeit. Conductivity 

Lemma, Hilfssatz. Lemma 

Lemniskate. Lemniscate 

Lineal. Ruler 

Linear abhangige Grdssen. Linearly dependent 
quantities 

Lineare Programmierung. Linear program- 
ming 

Lineare Transformation. Linear transforma- 
tion 

Linearkombination. Linear combination 

Linienelement. Lineal element 

Linksgewundene Kurve. Left-handed curve 

Liter. Liter 

Lituus, Krummstab. Lituus 

Logarithmentafel. Table of logarithms 

Logarithmische Kurve. Logarithmic curve 

Logarithmische Spirale. Equiangular spiral; 
Logistic spiral 

Logarithmus des Reziproken einer Zahl. 
Cologarithm 

Logarithmus einer Zahl. Logarithm of a num- 
ber 

Lokalkompakt. Locally compact 

Loopraum, Raum der geschlossenen Wege. 
Loop space 

Losgeldste Koeffizienten. Detached coefficients 

Lésung einer Differentialgleichung. Primitive 
of a differential equation 

Losung einer Gleichung. 
equation 

Lot. Plumb line 

Loxodrome. Loxodromic spiral 

Loxodrome. Rhumb line 


Theory of 


Solution of an 


Machtigkeit einer Menge. Potency of a set 
Magisches Quadrat. Magic square 
Makler. Broker 

Mannigfaltigkeit. Manifold 
Mantelflache. Lateral area 

Mantisse. Mantissa 

Marktwert. Market value 

Mass einer Menge. Measure of a set 
Mass Null. Measure zero 

Masse. Mass 


Massenmittelpunkt 


Nichtsinguldre 


Massenmittelpunkt. Center of mass; Centroid 

Mathematik. Mathematics 

Mathematische Induktion. Mathematical in- 
duction 

Maximisierender Spieler. Maximizing player 

Maximum einer Funktion. Maximum of a 
function 

Mechanik der Deformierbaten. Mechanics of 
deformable bodies 

Mechanische Integration. Mechanical integra- 
tion 

Mehradressensystem. Multiaddress system 

Mehrfach zusammenhdangendes Gebiet. Multi- 
ply connected region 

Mehrfaches Integral. Iterated integral 

Mehrfaches Integral. Multiple integral 

Mehrwertige Funktion. Many valued function 

Meile. Mile 

Meridianlinie. Meridian curve 

Meromorphe Funktion. Meromorphic func- 
tion 

Messbare Menge. Measurable set 

Messung. Mensuration 

Meter. Meter 

Methode der _ kleinsten 
Method of least squares 

Metrischer Raum. Metric space 

Metrisierbarer Raum. Metrizable space 

Milliarde. Billion 

Millimeter. Mi£llimeter 

Million. Million 

Minimalflache. Minimal surface 

Minimaxtheorem. Minimax theorem 

Minimisierender Spieler. Minimizing player 

Minimum einer Funktion. Minimum of a 
function 

Minor einer Determinante. 
determinant 

Minuend. Minuend 

Minus. Minus 

Minute. Minute 

Mittel zweier Zahlen. Mean (or average) of 
two numbers 

Mittelpunkt eines Ankreises. Excenter 

Mittelpunkt (Zentrum) eines Kreises. Center 
of a circle 

Mittelpunkt einer Strecke. Midpoint of a line 
segment 

Mittelpunktswinkel, Zentriwinkel. 
angle 

Mittelwertsatz. Mean value theorem 

Mittlerer Fehler, Standardabweichung, mittlere 
quadratische Abweichung. Standard devia- 
tion 

Mit zwei rechten Winkeln. Birectangular 

Modifizierte Besselfunktionen. Modified Bessel 
functions 

Modul. Module 

Modul einer Kongruenz. Modulus of a con- 
gruence 

Modulfunktion. Modular function 


Fehlerquadrate. 


Minor of a 


Central 


Modulo 2x gleiche Winkel. Coterminal angles 

Modus (einer Wahrscheinlichkeitsdichte). 
Mode 

Moment einer Kraft. Moment of a force: 
static moment 

Momentangeschwindigkeit. Instantaneous ve- 
locity 

Monodromiesatz. Monodromy theorem 

Monom. Monomial 

Monotone Funktion. Monotone function 

Multifolium. Miultifoil 

Multinom. Multinomial 

Multiplikand, Faktor. Multiplicand 

Multiplizierbare Matrizen. Conformable 
matrices 


Nabla Operator. Del 

Nachbarschaft eines Punktes. Neighborhood 
of a point 

Nadir. Nadir 

Ndaherungsregel zur Bestimmung von Quadrat- 
wurzeln. Mechanic’s rule 

Natiirliche Logarithmen. Natural logarithms 

Nebenachse. Minor axis 

Nebendiagonale. Secondary diagonal 

Nebenklassen einer Untergruppe. Coset of a 
subgroup 

Negation, Verneinung. Negation 

Negative Imagindrteil der Besselfunktion. Bei 
function 

Negative Zahl. Negative number 

Neigung einer Geraden. Inclination of a line 

Nenner. Denominator 

Nennwert, Nominalwert. Redemption price 

Nerv eines Mengensystems. Nerve of a system 
of sets 

Neugradsystem zur Winkelmessung. Centesi- 
mal system of measuring angles 

Neun. Nine 

Neuneck. Nonagon 

Neunerprobe. Casting out nines 

Neunerrest. Excess of nines 

Newtons Tridens, Cartesische Parabel. Trident 
of Newton 

Nicht beschrankte Funktion. Unbounded func- 
tion 

Nicht erwartungstreue Stichprobenfunktion, 
nicht regulare. Biased statistic 

Nicht proportionell. Disproportionate 

Nicht-kooperativ. Noncooperative 

Nichtausgeartete Flache zweiter Ordnung. 
Conicoid 

Nichthebbare Unstetigkeit, unbestimmte Un- 
stetigkeit. Nonremovable discontinuity 

Nichtlineare Programmierung. Nonlinear pro- 
gramming 

Nichtrest. Nonresidue 

Nichtsingularer Punkt, regularer Punkt. Ordi- 
nary point 

Nichtsingulére Transformation. Nonsingular 
transformation 


Nilpotent 


Nilpotent. Nilpotent 

Nirgends dicht. Nowhere dense 
Niveaulinien, Hohenlinien. Level lines 
Nomineller Zinsfuss. Nominal rate of interest 
Nomogramm. Nomogram 

Nordliche Deklination. North declination 
Norm einer Matrix. Norm of a matrix 
Normale einer Kurve. Normal to a curve 
Normailzeit. Standard time 

Normierter Raum. Normed space 
Notwendige Bedingung. Necessary condition 
Null. Cipher 

Null, Nullelement. Zero 

Nullellipse. Point ellipse 

Nullmenge, leere Menge. Null set 
Numerierung. Numeration 

Numerischer Wert. Numerical value 
Numerus. Antilogarithm 

NutznieBer. Beneficiary 


Obere Grenze, kleinste obere Schranke, 
Supremum. Least upper bound 

Obere Schranke. Upper bound 

Oberflache, Flacheninhalt. Surface area 

Oberflachenintegral, Flachenintegral. Surface 
integral 

Obligation, Anlagepapier. Bond 

Offenes Intervall. Open interval 

Ohm. Ohm 

Oktaeder, Achtflach. Octahedron 

Oktant. Octant 

Operation. Operation 

Operator. Operator 

Optimale Strategie. Optimal strategy 

Ordinalzahlen. Ordinal numbers 

Ordinate eines Punktes. Ordinate of a point 

Ordnung der Beriihrung. Order of contact 

Ordnung einer Gruppe. Order of a group 

Orientierung. Orientation 

Orthogonale Funktionen. Orthogonal func- 
tions 

Orthonormale Folge. Orthonormal sequence 

Oszillierende Reihe. Oscillating series 


Pantograph. Pantograph 

Papiermass. Ream 

Parabel. Parabola 

Parabolischer Punkt. Parabolic point 
Parabolischer Zylinder. Parabolic cylinder 
Paradoxie, Paradoxon. Paradox 
Parakompakter Raum. Paracompact space 
Parallaktischer Winkel. Parallactic angle 
Parallaxe eines Sternes. Parallax of a star 
Parallele Geraden. Parallel lines 
Parallelepipedon. Parallelepiped 
Parallelogramm. Parallelogram 
Parallelotop. Parallelotope 

Parameter. Parameter 
Parametergleichungen. Parametric equations 
Paritat. Parity 

Partialbriiche. Partial fractions 


Prismoidformel 


Partie eines Spiels. Play of a game 

Partielle Ableitung. Partial derivative 

Partielle Integration. Integration by parts 

Partikuladres Integral. Particular integral 

Pendel. Pendulum 

Pentagramm, Fiinfstern. Pentagram 

Perfekte Menge. Perfect set 

Perfekter K6rper. Complete field 

Periode einer Funktion. Period of a function 

Periodische Bewegung. Periodic motion 

Periodischer Dezimalbruch. Repeating deci- 
mal 

Periodizitat. Periodicity 

Peripherie, Rand. Periphery 

Permutation von n Dingen. Permutation of n 
things 

Permutationsgruppe. Permutation group 

PersOnlicher Zug. Personal move 

Perspektivitat. Perspectivity 

Perzentile. Percentile 

Pferdestarke. Horsepower 

Pfund. Pound 

Phase einer einfach harmonischen Bewegung. 
Phase of simple harmonic motion 

Planimeter. Planimeter 

Plastizitat. Plasticity 

Pluszeichen. Plus sign 

Pol eines Kreises (auf einer Kugelflache). Pole 
of a circle 

Polare einer quadratischen Form. Polar of a 
quadratic form 

Polarisation. Polarization 

Polarkoordinaten. Polar coordinates 

Polarwinkel. Anomaly of a point 

Polarwinkel. Vectorial angle 

Poldistanz. Codeclination 

Poldistanz (auf der Erde). Colatitude 

Polyeder. Polyhedron 

Polygon, Vieleck. Polygon 

Polynomische Gleichung, Polynomgleichung. 
Polynomial equation 

Positionsspiel. Positional game 

Positive reelle Zahl. Arithmetic number 

Positive Zahl. Positive number 

Postulat, Forderung. Postulate 

Potentialfunktion. Potential function 

Potenz einer Zahl. Power of a number 

Potenzlinie. Radical axis 

Potenzreihe. Power series 

Praedikatensymbol. Predicate 

Pramie. Premium 

Pramie, Dividende. Bonus 

Pramienreserve. Value of an insurance policy 

Primitive n-te Einheitswurzel. Primitive mth 
root of unity 

Primzahl. Prime number 

Prinzip, Grundsatz. Principle 

Prinzip der Optimalitaét. Principle of optimality 

Prisma. Prism 

Prismatische Flache. Prismatic surface 

Prismoidformel. Prismoidal formula 


Prismoid 


Resultante 


Prismoid, Prismatoid. Prismoid, Prismatoid 

Probe auf das Ergebnis machen. Check on a 
solution 

Problem. Problem 

Produkt von Zahlen. Product of numbers 

Produktraum. Product space 

Programmierung, Programmgestaltung. Pro- 
gramming 

Progression, Reihe. Progression 

Projektion eines Vektors. Projection of a 
vector 

Projektionszentrum. Ray center 

Projektive Geometrie. Projective geometry 

Projektivitat. Projectivity 

Projizierende Ebene. Projecting plane 

Proportion, Verhaltnis. Proportion 

Proportionale Gréssen. Proportional quanti- 
ties 

Proportionalitat. Proportionality 

Prozentischer Fehler. Per cent error 

Prozentsatz. Percentage 

Pseudosphare. Pseudosphere 

Pseudospharischer Flache. 
surface 

Pyramide. Pyramid 

Pyramidenflache. Pyramidal surface 

Pythagordischer Lehrsatz, Satz von Pythagoras. 
Pythagorean theorem 


Pseudospherical 


Quadrant eines Kreises. Quadrant of a circle 

Quadrant. Square 

Quadratische Erganzung. 
square 

Quadratische Gleichung. Quadratic equation 

Quadratur eines Kreises. Quadrature of a 
circle 

Quadratwurzel. Square root 

Quadrik. Quadric 

Quadrillion. Septillion 

Quandtoren. Quantifier 

Quartile. Quartile 

Quaternion. Quaternion 

Quellenfreies Wirbelfeld. Solenoidal vector 
field 

(Quer)schnitt eines Zylinders. Section of a 
cylinder 

Quotient zweier Zahlen. Quotient of two 
numbers 

Quotientenkriterium. Ratio test 

Quotientenkriterium. Generalized ratio test 

Quotientenraum, Faktorraum. Quotient space 


Completing the 


Rabatt. Discount 

Radiant. Radian 

Radikal. Radical 

Radikand. Radicand 

Radius eines Kreises, Halbmesser eines Kreises. 
Radius of a circle 

Radizierung. Evolution 

Rand einer Menge. Boundary of a set; 
Frontier of a set 


Randwertproblem. Boundary value problem 

Ratenzahlungen. Installment payments 

Rationale Zahl. Rational number 

Raum. Space 

Raumkurve. Space curve 

Raumwinkel. Solid angle 

Raumwinkel eines  Polyeders. 
angle 

Realteil der Besselfunktion. Ber function 

Realteil der modifizierten Besselfunktion. Ker 
function 

Rechenbrett, Abakus. Abacus 

Rechenmaschine. Arithmometer; calculating 
machine 

Rechenmaschine, Rechenanlage. Computing 
machine 

Rechenschieber. Slide rule 

Rechenwerk, Zahlwerk einer Rechenmaschine. 
Counter of a computing machine 

Rechnen, Berechnen. Calculate 

Rechteck. Rectangle 

Rechtwinklige Achsen. Rectangular axes 

Rechtwinkliges Dreieck. Right triangle 

Reduktion eines Bruches, Kiirzen eines Bruches. 
Reduction of a fraction 

Reduktionsformeln. Reduction formulas 

Reduzible Kurve. Reducible curve 

Reduzierte Gleichung nach Abspaltung eines 
Linearfaktors. Depressed equation 

Reduzierte kubische Gleichung. Reduced 
cubic equation 

Reelle Zahl. Real number 

Reflexionseigenschaft. Reflection property 

Reflexive Relation. Reflexive relation 

Regelflache. Ruled surface 

Regressionskoeffizient. Regression coefficient 

Regulares Polygon, regelmassiges Vieleck. 
Regular polygon 

Reibung. Friction 

Reihensummation. Summation of series 

Rethe von Zahlen. Series of numbers 

Reine Mathematik. Pure mathematics 

Reine Strategie. Pure strategy 

Reinverdienst, Nettoverdienst. Net profit 

Rektaszension. Right ascension 

Rektifizierbare Kurve. Rectifiable curve 

Rektifizierende Ebene, Streckebene. Rectifying 
plane 

Relation, Beziehung. Relation 

Relativgeschwindigkeit. Relative velocity 

Relativitatstheorie. Relativity theory 

Reliefkarte. Profile map 

Residualspektrum. Residual spectrum 

Residuum einer Funktion. Residue of a func- 
tion 

Restglied einer unendlichen Reihe. Remainder 
of an infinite series 

Restklasse. Residue class 

Resultante. Eliminant 

Resultante (eines Gleichungssystems). Resul- 
tant of a set of equations 


Polyhedral 


Reziproke 


Spiegelung 


Reziproke einer Zahl. Reciprocal of a number 

Rhomboeder. Rhombohedron 

Rhomboid. Rhomboid 

Rhombus, Raute. Rhombus 

Richtung einer Ungleichung. Sense of an 
inequality 

Richtungsableitung. Directional derivative 

Richtungskegel. Director cone 

Richtungswinkel. Direction angles 

Rotation einer Kurve um eine Achse. Revolu- 
tion of a curve about an axis 

Rotation eines Vektors, Rotor eines Vektors. 
Curl of a vector 

Rotationsellipsoid. Spheroid 

Rotationsflache. Surface of revolution 

Rotationskorper. Solid of revolution 

Ruckkauf. Redemption 

Riickkaufswert. Surrender value 

Riickkehrpunkt. Cusp 

Runde Klammern, Parenthesen. Parentheses 


Sdkulartrend. Secular trend 

Sammelwerk. Accumulator 

Sattelpunkt. Saddle point 

Satz. Proposition (theorem) 

Schatzung einer Grésse. Estimate of a quantity 

Scheitel eines Winkels. Vertex of an angle 

Scherungsdeformation. Shearing strain 

Scherungstransformation. Shear transforma- 
tion 

Schichtlinien, Isohypsen. Contour lines 

Schiebflache. Translation surface 

Schiefer Winkel. Oblique triangle 

Schiefkérper. Skew field 

Schiefké6rper. Division ring 

Schiefsymmetrische Determinante. Skew- 
symmetric determinant 

Schlagschatten. Umbra 

Schleife einer Kurve. Loop of a curve 

Schlichte Funktion. Schlicht function 

Schluss, Folgerung. Inference 

Schmiegebene. Osculating plane 

Schnabelspitze. Cusp of second kind 

Schnittflache. Cross section 

Schnittpunkt der Héhen eines Dreiecks. 
Orthocenter 

Schnittpunkt der Seitenhalbierenolen. Median 
point 

Schnittpunkt von Kurven. Intersection of 
curves 

Schranke einer Menge. Bound of a set 

Schraubenflache. Helicoid 

Schraubenlinie. Helix 

Schrottwert. Scrap value 

Schwache Konvergenz. Weak convergence 

Schwankung einer Funktion (auf einem abge- 
schlossenen Intervall). Oscillation of a 
function 

Schwere. Gravity 

Schwerpunkt. Barycenter 

Schwingung. Vibration 


Seemeile. Nautical mile 

Sechs. Six 

Sechseck. Hexagon 

Sechseckiges Prisma. Hexagonal prism 

Sehne. Chord 

Seite, Seitenflache eines Polyeders. Face of a 
polyhedron 

Seite einer Gleichung. Member of an equation 

Seite eines Polygons. Side of a polygon 

SeitenhGhe. Slant height 

Sekans eines Winkels. Secant of an angle 

Sekanskurve. Secant curve 

Selbstadjungierte Transformation. Self-adjoint 
transformation 

Selektionstafel,  (Sterblichkeitstafel | unter 
Beriicksichtigung der Selektionswirkung). 
Select mortality table 

Senkrecht auf einer Flache. Perpendicular toa 
surface 

Separable Raum. Separable space 

Serpentine. Serpentine curve 

Sexagesimalsystem der Zahlen. Sexagesimal 
system of numbers 

Sich gegenseitig ausschliessende Ereignisse. 
Mutually exclusive events 

Sieb. Sieve 

Sieben. Seven 

Siebeneck. Heptagon 

Simplex. Simplex 

Simplexkette. Chain of simplexes 

Simplexmethode. Simplex method 

Simplizialer Komplex. Simplicial complex 

Simultane Gleichungen. Simultaneous equa- 
tions 

Singularer Punkt. Singular point 

Sinus einer Zahl. Sine of a number 

Sinuskurve. Sine curve 

Sinuskurve. Sinusoid 

Skalare Grodsse. Scalar quantity 

Skalarprodukt, Inneres Produkt. Dot product 

Sonnenzeit. Solar time 

Spalte einer Matrix. Column of a matrix 

Spannung. Voltage 

Spannungszustand eines KO6rpers. Stress of a 
body 

Speicherkomponente. Memory component 

Speicherkomponente. Storage component 

Spektrale Zerlegung. Spectral decomposition 

Spektrum einer Matrix. Spectrum of a 
matrix 

Spezifische Warme. Specific heat 

Spezifischer Widerstand. Resistivity 

Sphadre, Kugelflache. Sphere 

Spharische Koordinaten, Kugelkoordinaten. 
Spherical coordinates 

Sphdrische Polarkoordinaten, Kugelkoordi- 
naten. Geographic coordinates 

Spharisches Dreieck mit drei rechten Winkeln. 
Trirectangular spherical triangle 

Spiegelung an einer Geraden. Reflection ina 
line 


Spiel 


Torus 


Spiel mit Summe null. Zero-sum game 

Spiralflache. Spiral surface 

Spitze. Cusp; Spinode; Apex 

Spitzer Winkel. Acute angle 

Sprung(grésse) einer Funktion. Saltus of a 
function 

Sprungstelle. Jump discontinuity 

Spur einer Matrix, Spur of a matrix; Trace of 
a matrix 

Standardisierte Zufallsvariable. 
variate 

Statik. Statics 

Stationadrer Punkt. Stationary point 

Statistik. Statistics 

(Statistische) Grdsse, stochastische Variable. 
Statistic 

Statistischer Schluss. Statistical inference 

Stechzirkel. Dividers 

Steigende Funktion. Increasing function 

Steigung einer Kurve. Slope of a curve 

Steigung eines Weges. Grade of a path 

Stelle. Place 

Stellenwert. Local value 

Stellenwert. Place value 

Steradiant. Steradian 

Sterblichkeitsintensitat. Force of mortality 

Sterblichkeitstafel,  Sterbetafel, §Absterbe- 
ordnung. Mortality table 

Stereografische Projektion. Stereographic pro- 
jection 

Stern eines Komplexes. Star of a complex 

Sternzeit. Sidereal time 

Stetige Funktion. Continuous function 

Stetigkeit. Continuity 

Steuer. Tax 

Steuerzuschlag. Surtax 

Stichprobe. Sample 

Stichprobenfehler. Sampling error 

Stichprobenstreuung, Verldsslichkeit. Reli- 
ability 

Strategie eines Spiels. Strategy of a game 

Streng dominierende Strategie. Strictly domi- 
nant strategy 

Strich als verbindende Uberstreichung. Vin- 
culum 

Strom. Current 

Stromlinien. Stream lines 

Strophoide. Strophoid 

Stiickweis stetige Funktion. Piecewise con- 
tinuous function 

Stumpfer Winkel. Obtuse angle 

Stundenwinkel. Hour angle 

Subadditive Funktion. Subadditive function 

Subharmonische Funktion. Subharmonic 
function 

Subnormale. Subnormal 

Substitution in eine Gleichung. Substitution 
in an equation 

Subtangente. Subtangent 

Subtrahend. Subtrahend 

Subtraktionsformeln. Subtraction formulas 


Normalized 


Subtraktion von Zahlen. Subtraction of 
numbers 

Sudliche Deklination. South declination 

Summand. Addend 

Summationszeichen. Summation sign 

Summe von Zahlen. Sum of numbers 

Summierbare Funktion. Summable function 

Summierbare Reihe. Summable series 

Superpositionsprinzip. Superposition principle 

Supplementsehnen. Supplemental chords 

Supplementwinkel. Supplementary angles 

Syllogismus, Schluss. Syllogism 

Symbol, Zeichen. Symbol 

Symmetrie einer Funktion. Symmetry of a 
function 

Symmetrische Figur. Symmetric figure 


Tafeldifferenzen. Tabular differences 

Tangens eines Winkels. Tangent of an angle 

Tangente an einen Kreis. Tangent to a circle 

Tangentenbild einer Kurve. Indicatrix of a 
curve 

Tangentialbeschleunigung. 
celeration 

Tangentialebene. Tangent plane 

Tangentialebene an eine Flache. Plane tangent 
to a surface 

Tauberscher Satz. Tauberian theorem 

Tausend. Thousand 

Tausend Billionen. Quadrillion 

Tausend Trillionen. Sextillion 

Teil eines KoOrpers zwischen zwei parallelen 
Ebenen, Stumpf. Frustum of a solid 

Teilbarkeit. Divisibility 

Teilen, dividieren. Divide 

Teiler. Divisor 

Tempordare Leibrente. Curtate annuity 

Tempordares Speichersystem. Buffer (in a com- 
puting machine) 

Tendre Darstellung von Zahlen. Ternary 
representation of numbers 

Tensor. tensor 

Tensoranalysis. Tensor analysis 

Terme gruppieren. Grouping terms 

Terrestrisches Dreieck. Terrestrial triangle 

Tesserale harmonische Funktion. Tesseral 
harmonic 

Tetrader. Triangular pyramid 

Tetraderwinkel. Tetrahedral angle 

Theodolit. Transit 

Theorem, Hauptsatz. Theorem 

Thetafunktion. Theta function 

Todesfallversicherung. Whole life insurance 

Topologie. Topology 

Topologische Gruppe. Topological group 

Torse, Abwickelbare Flache. Developable 
surface 

Torsion einer Kurve, Windung einer Kurve. 
Torsion of a curve 

Torsionskurve. Twisted curve 

Torus, Ringflache. Torus 


Tangential ac- 


Totales 


507 


Vereinigung 


Totales Differential. Total differential 
Totalgeordnete Menge. Serially ordered set 


Totalgeordnete Menge, Kette. (Totally) 
Ordered set 

Tragheit. Inertia 

Tragheitsmoment. Moment of inertia 

Tragheitsradius. Radius of gyration 

Trajektorie. Trajectory 


Traktrix, Hundekurve. Tractrix 

Transfinite Induktion. Transfinite induction 

Transformationsgruppe. Transformation 
group 

Transformierte Matrix. Transform of a matrix 

Transitive Relation. Transitive relation 

Transponierte Matrix. Transpose of a matrix 

Transposition. Transposition 

Transversal. Transversal 

Transzendentale Zahl. Transcendental number 

Trapez. Trapezoid 

Trapezregel. Trapezoid rule 

Trendkurve. Trend line 

Trennungsaxiome. Separation axioms 

Treppenfunktion. Step function 

Triangulation. Triangulation 

Triederwinkel. Trihedral angle 

Trigonometrie. Trigonometry 

Trigonometrische Funktionen, Winkel- 
funktionen. Trigonometric functions 

Trillion. Quintillion 

Trinom. Trinomial 

Trisektrix. Trisectrix 

Triviale Lésung. Trivial solution 

Trochoide. Trochoid 


Uberdeckung einer Menge. Cover of a set 


Ubereinstimmend orientiert. Concordantly 
oriented 

Uberfliissige Wurzel. Extraneous root 

Uberlagerungsflache. Covering space 

Uberlebensrente. Contingent annuity 

Ubung, Aufgabe. Exercise 

Ultrafilter. Ultrafilter 


Umbeschriebener Kreis. Circumscribed circle 

Umdrehungsparaboloid. Paraboloid of revolu- 
tion 

Umfang. Perimeter; Girth 

Umfang, Peripherie. Circumference 

Umgebung eines Punktes. Neighborhood of a 
point 

Umgekehrt proportionale Groéssen. 
proportional quantities 

Umkehrung einer hyperbolischen Funktion, 
Areafunktion. Arc-hyperbolic function 

Umkehrung einer Operation. Inverse of an 
operation 

Umkehrung einer Reihe. Reversion of a series 

Umkehrung eines Theorems. Converse of a 
theorem 

Umkreis. Circumcircle 

Umkreismittelpunkt eines Dreiecks. 
center of a triangle 


Inversely 


Circum- 


Umordnung von Gleidern. 
terms 

Umwandlungstabelle. Conversion table 

Unabhdngige Ereignisse. Independent events 

Unabhangige Variable. Independent variable 

Unbedingte Ungleichheit. Unconditional in- 
equality 

Unbekannte Grosse. Unknown quantity 

Unbestimmte Ausdriicke. Indeterminate forms 

Unbestimmte Koeffizienten. Undetermined 
coefficients 

Unbestimmtes Integral. Antiderivative; indefi- 
nite integral 

Undefinierter Term, undefinierter Ausdruck. 
Undefined term 

Uneigentliches Integral. Improper integral 

Unendlich, Unendlichkeit. Infinity 

Unendliche Reihen. Infinite series 

Unendliches Produkt. Infinite product 

Ungerade Zahl. Odd number 

Ungleichartige Terme. Dissimilar terms 

Ungleichheit. Inequality 

Ungleichseitiges Dreieck. Scalene triangle 

Unimodulare Matrix. Unimodular matrix 

Unitare Matrix. Unitary matrix 

Unstetige Funktion. Discontinuous function 

Unstetigkeit. Discontinuity 

Unstetigkeitsstelle. Point of discontinuity 

Untere Grenze. Greatest lower bound 

Untere Schranke. Lower bound 


Rearrangement of 


Unterer Index. Subscript 
Untergruppe. Subgroup 
Untermenge. Subset 


Unvollstandige Induktion. Incomplete induc- 
tion 

Unwesentliche Abbildung. 
ping 

Unzusammenhdngende Menge. 
set 

Ursprung eines Koordinatensystems. 
of a coordinate system 


Inessential map- 
Disconnected 


Origin 


Variabilitat. Variability 

Variable, Veranderliche. Variable 

Varianz, Streuung. Variance 

Variation einer Funktion. 
function 

Variation von Parametern. 
parameters 

Variationsrechnung. Calculus of variations 

Vektor. Vector 

Vektoranalysis. Vector analysis 

Vektormultiplikation. Multiplication of vec- 
tors 

Verallgemeinerter Mittelwertsatz; Satz von 
Taylor. Extended mean value theorem 

Verband. Lattice (in mathematics) 

Vereinfachter Bruch. Simplified fraction 

Vereinfachung. Simplification 

Vereinigung von Mengen. Join of sets 

Vereinigung von Mengen. Union of sets 


Variation of a 


Variation of 


Vergleichskriterium 


Vergleichskriterium. Comparison test 

Verkausfspreis. Selling price 

Verschwindende Funktion. Vanishing function 

Versicherung. Insurance 

Vertangerts Rotationsellipsoid. Prolate ellip- 
soid of revolution 

(Verteilungen) mit gleicher Varianz. Homo- 
scedastic 

Verteilungsfunktion. Distribution function 

Vertikale, Senkrechte. Vertical line 

Vertrauensgrenzen. Fiducial limits 

Vertrauensintervall, Konfidenzintervall. Con- 
fidence interval 

Verzerrungstensor. Strain tensor 

VerzOgerung. Deceleration 

Verzweigungspunkt, Windungspunkt. Branch 
point 

Vielfachheit einer Wurzel. Multiplicity of a 
root 

Vier. Four 

Vierblattkurve. Quadrefoil 

Viereck. Quadrangle 

Vierfarbenproblem. Four-color problem 

Vierseit. Trapezium; Quadrilateral 

Vierseitiges Prisma. Quadrangular prism 

Viertel. Quarter 

Vollkommener KGrper. Perfect field 

Vollstandig gemischtes Spiel. Completely 
mixed game 

Vollstandig normal. Perfectly normal 

Vollsténdiger Korper. Complete field 

Vollistandiger Raum. Complete space 

Vollstandiges Quadrat. Perfect square 

Vollwinkel. Perigon 

Volt. Volt 

Volumelastizitatsmodul. Bulk modulus 

Volumen eines KOrpers. Volume of a solid 

Von einem Punkt ausgehen. Radiate from a 
point 

Von gleicher Entfernung. Equidistant 

Von zwei Grosskreishalften begrenztes Stiick 
einer Kugelflache. Lune 

Vorzeichen einer Zahl. Sign of a number 


Wahrscheinlicher Fehler. Probable deviation 

Wahrscheinlichkeitskurve. Probability curve 

Watt. Watt 

(Wechsel)inhaber. Payee 

Wechselwinkel. Alternate angles 

Wechselwirkung. Interaction 

Weite. Width 

Wellengleichung. Wave equation 

Wendepunkt. Inflection point 

Wendetangente. Inflectional tangent 

Wesentliche Konstante. Essential constant 

Widerstand. Resistance 

Windschiefe Geraden. Skew lines 

Windungszahl. Winding number 

Winkel in den Parametergleichungen einer 
Ellipse in Normalform. Eccentric angle of 
an ellipse 


Lirkel 


Winkel. Angle 

Winkelbeschleunigung. Angular acceleration 

Winkelhalbierende. Bisector of an angle 

Winkel zweier Ebenen. Dihedral angle 

Winkelmesser. Protractor 

Winkeltreue Transformation. Isogonal trans- 
formation 

Wirbelfreies Vektorfeld. Irrotational vector 
field 

Wronskische Determinante. Wronskian 

Wirfel. Cube 

Wiurfelverdopplung. Duplication of the cube 

Wurzel. Radix; root 

Wurzel einer Gleichung. Root of an equation 

Wurzelexponent. Index of a radical 


X-Achse. X-axis 


Y-Achse. Y-axis 
Yard (=91,44 cm). Yard of distance 


Zahl, Nummer. Number 

Zahl der primen Restklassen einer ganzen Zahl. 
Totient of an integer 

Zahlen abrunden. Rounding off numbers 

Zahlen mit Vorzeichen. Signed numbers 

Zahler. Numerator 

Zahlfolge. Sequence of numbers 

Zahlgruppe. Group of numbers 

Zahlk6rper. Field of numbers, number field 

Zahlmenge. Set of numbers 

Zahlring. Ring of numbers 

Zahlzeichen, Zahlworter. Numerals 

Zehn. Ten 

Zehn Meter. Decameter 

Zehneck. Decagon 

Zeichenregel. Rule of signs 

Zeile einer Determinante. Row of a determi- 
nant 

Zeit. Time 

Zeitrente, Rente. Annuity 

Zelle. Cell 

Zenit eines Beobachters. 
observer 

Zenitdistanz. Zenith distance; Coaltitude 

Zentigramm. Centigram 

Zentimeter. Centimeter 

Zentrifugalkraft. Centrifugal force 

Zentripedalbeschleunigung. Centripetal ac- 
celeration 

Zentrum einer Gruppe. Center of a group 

Zerlegung einer ganzen Zahl (in Primfaktoren). 
Partition of an integer 

Zetafunktion. Zeta function 

Ziffein-Rechner. Digital device (computer) 

Ziffer. Digit 

Zinsen eines Anlagepapiers. Dividend of a 
bond 

Zinseszins. Compound interest 

Zinsfuss. Interest rate 

Zirkel. Circle, (pair of) compasses 


Zenith of an 


Zoll 


Zoll. Inch 

Zoll, Tarif. Tariff 

Zonale harmonische Funktion. Zonal har- 
monic 

Zopf. Braid 

Zufallsfolge. Random sequence 

Zufallsvariable. Variate 

Zufallsvariable, zufallige Variable, aleatorische 
Variable. Stochastic variable 

Zufallsvorrichtung. Random device 

Zufallszug. Chance move 

Zug in einem Spiel. Move of a game 

Zug(spannung). Tension 

Zugehoriger Winkel (beider Reduktion von 
Winkelfunktionen in den ersten Quadranten). 
Related angle 

Zusammengesetzte 
function 

Zusammengesetzte Zahl. Composite number 

Zusammenhang. Connectivity 

Zusammenhdngende Menge. Connected set 

Zuwachs einer Funktion. Increment of a func 
tion 

Zwanzig. Twenty 

Zwei. Two 


Funktion. Composite 


Zylindroid 


Zwei Konfigurationen superponieren. Super- 
pose two configurations 

Zwei paarweis senkrechte Geraden (relativ 
Zu zwei gegebenen Geraden). Antiparallel 
lines 

Zwei-Personen-Spiel. Two-person game 

Zweidimensionale Geometrie, eben Geometrie. 
Two-dimensional geometry 

Zweig einer Kurve. Branch of a curve 

Zweijahrlich, alle zwei Jahre. Biennial 

Zwei Zahlen multiplizieren. Multiply two 
numbers 

Zweistellig. Binary 

Zweite Ableitung. Second derivative 

Zwischenwertsatz. Intermediate value 
theorem 

Zwolf. Twelve 

Zwolfeck. Dodecagon 

Zykel, Zyklus. Cycle 

Zykliden. Cyclides 

Zyklische Permutation. Cyclic permutation 

Zykloide. Cycloid 

Zylinder. Cylinder 

Zylindrische Flache. Cylindrical surface 

Zylindroid. Cylindroid 


Russian—English Index 


Aoak. Abacus 

A@OcomroTHaa BenmunHa. Absolute value 
AOcosmoTHOoOe 3HaueHHe. Absolute value 
AG6cos1roTHan cxogMmoctTp. Absolute conver- 


gence 

AOcTpaKTHadA MaTemaTuKa. Abstract mathe- 
matics 

A6ocuucca. Abscissa 

ABTOMaTHYecKOe BbIuNCIeHHe. Automatic 
computation 

AstTomopdu3m. Automorphism 
Astomopduaa dyHkKuma. Automorphic func- 
tion 


ABTOperpeccCHBHbIe pA]bI 
regressive series 
AJMTHBHAA PyYHKUMA. 
Agua6atHpil. Adiabatic 
AsumyT. Azimuth 
Axp. Acre 
Axcuoma. Axiom, postulate 
AKTHBbI. Assets 
Axunu. Capital stock 
AKUMOHEPHBIH Kallutali,. 
Anreopa. Algebra 
Aned-HysIb, amed-HysieBoe. 
aleph zero) 


(cepun). Auto- 


Additive function 


Stock 


Aleph-null (or 


Anre6Opanu-Hbiit, -eckuw. Algebraic 
Anropudm. Algorithm 

AnstepHaut. Alternant 
AMOPpTH3alJMOHHbIM Kamutar. Sinking fund 
Amoptusarna. Amortization 

Aunamu3. Analysis 


Auayu3 TouHocTH. Sensitivity analysis 

AHasIM3 4UYBCTBUTeIBHOCTH. Sensitivity ana- 
lysis 

AvamuTHMueckaA (YyHKIIHA. 
tion 

AuasmutTuunHoctp. Analyticity 

Auanoruna. Analogy 

Anrsinlickan CHcTeMa Mep Beca. 

Auuyurnunatop. Annihilator 

Auyomasima TouKH. Anomaly of a point 


Analytic func- 


Avoirdupois 


Autujiorapudm. Antilogarithm 
AuHTHMapasienbHbie siMHuM. Antiparallel 
lines 

AutTunpousBonHaa. Antiderivative 
AHTHCHMMeTpHUHbIN. Antisymmetric 
Anodema. Apothem 

Amtekapcknui. Apothecary 

ApryMeHT KOMIIIeKcHoro uncna. Amplitude 


of a complex number 
Aprymeut dbyHKyHH. Argument of a func- 
tion 
Apudmetuka. Arithmetic 
Apudmetrnuecknit pag. Arithmetic series 
Apudmetuueckoe uncno. Arithmetic number 


510 


Apudmometp. Calculating machine 
ApkrunepOoumueckand dbyHKunA. Arc-hyper- 
bolic function 
ApKKoceKaHc. 
ApkKkocnuyc. 
APKKOTaHTreHe. 
ApkKcekaHce. 
ApkKcnuyc. Arc-sine 
ApxtTaHrene. Arc-tangent 
ACHMMeTpHUHbIN. Asymmetric 
Acumntota. Asymptote 
AcHMNTOTHYeCKoOe HanpBsieHHe. 
direction 
AcMMIITOTHUeCKOe pacTarKeHne. 
expansion 
AcMMMTOTHYeCKOe pacliMpeHne. 
expansion 
AccouHaTHBHbIM 3aKOH. 
Actpouga. Asteroid 
Adounuan tTpaHccdopmauna. 
formation 
AdduHHoe mpeodpa3s0RaHne. 
formation 


Arc-cosecant 
Arc-cosine 
Arc-cotangent 
Arc-secant 


Asymptotic 
Asymptotic 
Asymptotic 
Associative law 

Affine trans- 


Affine trans- 


BasapHaa wena. Market value 
Basne. Basis 

Bapuyeutp. Barycenter 
BapnuueHTpHyueckvwe KOOPAHHATHI. 
tric coordinates 
BesycNoBHoe HepaBeHCTBO. 
inequality 
BesycioBHbii. Categorical 
BecKoHeuHan MOCJIEMOBaTeJIbHOCTb. 
series 

BeckoHeuHoe NponsBeyzeHnHe. 
Beckoueunocts. Infinity 
BeckoneuHocts. Perpetuity 
BeckoueuHbili pan. Infinite series 
BukBalpaTHpil. Biquadratic 
BukommakTHoe. Bicompact 
BusmHetinpilt. Bilinear 
BumovasipyHpii. Bimodal 
Bunapypi. Binary 
BuHOMuaJIbHble KOIMDUIUMEHTHI. 
coefficients 

Buccektpucca. Bisector 
Bokosaa nmiomagb. Lateral area 
Bokopax nmopepxuocts. Lateral surface 
Boupr. Bond 

Bpaxuctoxpoua. Brachistochrone 
Byayuiacd weHHocts. Future value 
BykKBeHHad NOcTOAHHaA. Literal constant 
Bydep. Buffer (in a computing machine) 


Barycen- 


Unconditional 


Infinite 


Infinite product 


Binomial 


BanoBas mpHoOpiib. Gross profit 
Banopok noxoy. Gross profit 


Bapuanna 


Buixoy 


BapnalnwaA MapameTpos. Variation of para- 
meters 

Bapuauna dyHKunn. Variation of a function 

BapwaywoHHoe HucuncreHve. Calculus of 
variations 

Batt. Watt 

BBoOgHbIN 3IeMeHT. Input component 

Benyummh Koodduynent. Leading coeffi- 
cient 

Benbma arHesu. Witch of Agnesi 

Bekopoe HalipaBaeHuve. Secular trend 

Bextop. Vector 

BektTop cuybr. Force vector 

BektTopHoe ucuncnenne. Vector analysis 

BekTOpHbIH yron. Vectorial angle 

Bennunna 3Be3ybI. Magnitude of a star 

Bepoatnocts co6pirna. Probability of occur- 
rence 

Bepcuuyc. Versed sine 

Beptukanbyan simHHA. Vertical line 

BepTukasibHble yruibl. Vertical angles 

Bepuimna. Apex 

Bepurnua yrna. Vertex of an angle 

Bepxuuii mpegen. Superior limit 

Bepxuaa rpaHb. Upper bound 

Bepxyuwika. Apex 

Bec. Weight 

Betas KpnBow. Branch of a curve 

Beunocts. Perpetuity 

BsawMHO MCKIIIOUaIOINMecA COObITHA (cIry- 
uau). Mutually exclusive events 

BsaumojeltictBue. Interaction 

B3aWMHOOJHO3SHAaAUHOe COOTBETCTBHE. One- 
to-one correspondence 

BaBpeuieHHoe cpeqHee. Weighted mean 

Bubpauna. Vibration 

BHOH3MeHeHHbIe GecceneBbI CYHKIHH. 
Modified Bessel functions 

Buynynp. Vinculum 

Bruay. Investment 

Buxpp. Curl 

BryiagqHoe cTpaxoBaHve. Endowment insur- 
ance 

Bkylr0oueHHe BO MHODKEcCTBe. Imbedding of a 
set 

BnookeHve. Investment 

B uanmpapBienve uacopoh ctpemku. Clock- 
wise 

BuewuHue usieupr. Extreme terms (or ex- 
tremes) 

BuemHuit yron. Exterior angle 

BueuiHAd nponopyua. External ratio 

BuytTpeHHee oTHOUIeHHe. Internal ratio 

BryTpeHHee NponsBegeHue. Inner product 

BuyTpeuuHee CBolcTBO. Intrinsic property 

BuyTpeHHve HakpectT JIeoKalHe yruibl. Alter- 
nate angles 

BuyTpeHHuH yrou. Interior angle 

BuyTpeHuaAa ponopyya. Internal ratio 

Buytpepoguocth. Endomorphism 

BopneueHne. Implication 


BoruytaA moBepxHocTb. Concave surface 

BorHyTo-BbmmyKaA urpa. Concave-convex 
game 

Bornuytocts. Concavity 

BorHyTbIad MHOroyroJIbHHK. Concave poly- 
gon 

BospeyleHve B cTenmeHH Ha MHHH. Involu- 
tion on a line 

BosppaTHaA TOUKa COBMeLIIeCHHaA C TOUKOH 
liepexoga. Flecnode 

BosBpueHHoctp. Altitude 

Bo3sMo?xKHOe OTK]IOHeHHe. Probable devia- 
tion 

Bospactarouan dyHKuWMA. Increasing func- 
tion 

Bost. Volt 

BomueOubii KBagpaT. Magic square 

Bocemp. Eight 

BocbmMaa uacTbh Kpyra. Octant 

BocbMurpaHHHkK. Octahedron 

BocbMHyroJIbHHK. Octagon 

BnucaHHbi (B OKPy2KHOCTb) MHOPOyroJIbHHK 
Inscribed polygon 

Bnoswe cmewlaHHax urpa. Completely mixed 
game 

BpalaTesibHoe DZBwoKeHHe. Rotation 

Bpaijenue. Rotation 

BpaijeHve Bokpyr ocw. Revolution about an 
axis 

BpaleHve KPHBOHM BOKpyr ocH. Revolution 
of a curve about an axis 

Bpamjenue oceli. Rotation of axes 

Bpema. Time 

BceoOuuii KBaHTop. Universal quantifier 

BcnomoratTeyipybpili Kpyr. Auxiliary circle 

BctaByleHHbie (BHYTPpH) MpOMe?KYTKH. 
Nested intervals 

Bropax uarovanb onpenenutena. Secon- 
dary diagonal 

Bropaa mpousBoguHan. Second derivative 

Bropoi ueH nponopyuu. Consequent in a 
ratio 

BxogHoi yron. Reentrant angle 

Bui6op-kKa (B craTKcTuKe). Sample 

Bpri6opounan morpeuHoctp. Sampling error 

Burson. Inference 

BpiesIATb KopeHb (uncia, ypaBHeHusa). Iso- 
late a root 

BEmpaAmsiaioujanca mmockocts. Rectifying 
plane 

Byinykyian KpHBaAx. Convex curve 

BamyKnaa o6onouKa MHODKeCTBa. Convex 
hull of a set 

BpaipaoxkaTh B uncnax. Evaluate 

BpipowaroujaicAd KOHYCHaA TMOBEPXHOCTb. 
Degenerate conic 

Bripaxxenue BO BTOpoi cremeHH. Quadric 

Buicota. Altitude 

Bpicota yKsioHa. Slant height 

BpITaHyTbiit smuncoug. Prolate ellipsoid 

Borixon. Yield 


Brruepkusanne 


pycepHalbHbli 


BrruepKuBanne. Cancellation 
BpruepkKuytTp. Cancel 

BpruepunBaHe mpoctpaHcTBa. Mapping of a 
space 

Bpryet dyHKuHH. Residue of a function 
Bpiuncnenne. Computation 
BpruncnenHe lMpoMexKYTOUHbIX 
dmyHKuNH. Interpolation 
BuruncyeHHe pasHocteh dbyuKunu. Differ- 
encing a function 
BbluvcsaIhtTesibHavr 
machine 
BbruncnutTesbHbIh mpHoop. Calculating 
machine 

Bpruncnats. Calculate 

Bprunciatp. Cipher (v.) 

Bpruntaemoe. Subtrahend 

Bpruntanve uncen. Subtraction of numbers 
BairuntatesbHbie Popmysibi. Subtraction for- 
mulas 


3Ha4ueHHH 


MallivHa. Computing 


Tasepcnuyc. Haversine 

Tamma dyHKuHA. Gamma function 

Tapmonuyeckan dbyHKuMA. Harmonic func- 
tion 

Tapmonuueckoe WBYoKeHHe. Harmonic mo- 
tion 

Texcasqpou. Hexahedron 

Tenukonga. Helicoid 

TenepajibHaa COBOKynNHOCTb. Population 

Tenepatpuca. Generatrix 

Teorpaduyeckue KoopguHaTb!. Geographic 
coordinates 

Teonesnuueckne napassienu. Geodesic paral- 
lels 

TeometpuHueckan cpequHan. Geometric aver- 
age 

TeomeTpuHueckuHe nocusleqoBaTesIbHocTu. Geo- 
metric series 

Teometpuyeckni pag (-bl). 
series 

Teomerpwueckoe MecTo (TpaeKTOpHA) BOH- 
HbIX TOUeK KpHBOH. Tac-locus 

TeometTpuueckoe MecTo ToueK. Locus 

Teometpua. Geometry 

TeometpHaA JByxX u3mMepeHHH. Two-dimen- 
sional geometry 

Teometpua Tpex u3smepenuit. Three-dimen- 
sional geometry 

TudKocts. Flexibility 

Tunep6ona. Hyperbola 

Tunep6onnueckuit mapadonoug. Hyperbolic 
paraboloid 

TunepGomHueckKHh = LHJIMH Op. 
cylinder 

Tunep6onong ofHoro sucta. Hyperboloid 
of one sheet 

[nunepreometTpHueckHe MOcsIeOBaTeJIBHOCTH. 
Hypergeometric sequences 

[umepreometpnueckne papi. Hypergeome- 
tric series 


Geometric 


Hyperbolic 


lunepnsockoctp. Hyperplane 

Tunote3a. Hypothesis 

Tunoteuy3a. Hypotenuse 

Cunoynkonga. Hypocycloid 

Tucrorpamma. Bar graph 

Tuctrorpamma. Histogram 

InaByHaad HMaroHab. Principal diagonal 

Inapyas och. Major axis 

Ton. Year 

Tonomopduaa byuKuna. Holomorphic func- 
tion 

Tomeomopgdu3mM ByYX MHOoKecTB. Homeo- 
morphism of two sets 

Tomomopdu3m DByX MHOKecTB. Homomor- 
phism of two sets 

Tomoteruunble duryppr. Homothetic figures 

Topu3o0uT. Horizon 

TopusonHTalbHbi. Horizontal 

Tpam. Gram 

Tpanuija MHOMKecTBa. Boundary of a set 

Tpannija MHOoKecTBa. Bound of a set 

[paHHUbI H3mMeHeHHuA NepemeHHoro. Range 
of a variable 

[paHb MHororpaHHuKa. Face of a polyhedron 

IpaHb MpoctpaHcTBeHHOH dburyppbi. Edge of 
a solid 

Tpadbuka mo coctaBleHurw. Graphing by 
composition 

Tpacdbuk ypaBpHenua. Graph of an equation 

[paduyeckoe pemienue. Graphical solution 

Ipymna romonorun. Homology group 

Tpynna KoHTpommMpyroluaa. Control group 

Ipynna oroOpaxkenua. Homology group 

[pynmanepemeutenuit. Commutative group 

I‘pynna mepectaHoBok. Permutation group 

Tpynna mpeoOpaxeHua (TpaHccdopmalun). 
Transformation group 

[pynna uuces. Group of numbers 


Hiapneuve. Pressure 

Iisa (yBe). Two 

Iipaguatb. Twenty 

Jipakabi B roy. Biannual 

IipeyamiaturpaHHuk. Dodecahedron 

JipeHagiaTuyrombHHkK. Dodecagon 

IipenanuaTHpHuHan CHCTeMa cCUHCIeHHA— 
(HymMepauHu). Duodecimal system of num- 
bers 

TipeyayuatTb. Twelve 

JipwoKeHHe HemeHAIOUIee C—urypy. Rigid mo- 
tion 

IiBpwKyuian cua. Momentum 
JBwoKyluMiicA Ha OKpyKHOCTH (BOKDpyr). 
Circulant 

JiBottuaa HopMayb. Binormal 

JiponiHnk. Doublet 

ILBOHHO MpAMOYFOJIbHbIM. Birectangular 
JsoHHon nuterpan. Double integral 
JiBpohHon cuetT. Count by two 

JiBycepuasIbHbIM KOIMMUUMeEHT KOppesIALWHH. 
Biserial correlation coefficient 


isyxrpaHHbilt 


*KusHenoe 


iipyxrpaHuHpii yrom. Dihedral angle 

isyusieH. Binomial (n.) 

JLeBATHYTOJIbHHK. Nonagon 

JiespatTb. Nine 

JlenqyKTHBHOe WOKasaTenbcrBo. Deductive 
proof 

Jjelictpue. Operation 

JlevicTBHe B urpe. Play of a game 

JleiictButTesbHaA HOpMa mporeuta, Jlelicrsu- 
TeJIbHaA IIPOWeHTHaA cTaBKa. Effective 
interest rate 

JjevicTByroujun. Operator 

JjeKaroH. Decagon 

JjeKametp. Decameter 

JjeKapToBbI koopynHatTpl. Cartesian  co- 
ordinates 

JlekapTOBO npousBeyenne. Cartesian product 

Jjeneuue. Division 

JieneHHoe NpocTpaHcTBO. Quotient Space 

Jlenutemu. Dividers 

Tlenutemb. Divisor 

JjenutespHocts. Divisibility 

JjecATHuHaA cHcTemMa HYyMepauMH. Decimal 
system 

Jlecatb. Ten 

Jjetepmuuant Bponckoro. Wronskian 

Jlehbopmaunn. Deformation 

JleuumetTp. Decimeter 

iiseta. Zeta 

JivMaroHalb onpegemmrena. Diagonal of a 
determinant 

Juarpamma. Diagram 

Jluana. Dyad 

J|vasHTHueckad Metoga Cunpsectpa. Dialytic 
method 

JiuamMeTp B KOHHYUeCKOH KpHBoH. Diametral 
line 

J|MamMetTp Kpyra (oKpy>KHocTH). Diameter of 
a circle 

JlusBeprenuua Divergence 

Jupugeny o6suraymn. Dividend on a bond 

JiuHa. Dyne 

JjMHamHkKa. Dynamics 

JiMHamMuuecKad OpraHH3allvA MporpamMbl. 

JiuHamuueckoe nporpammMupoBaHHe. Dyna- 
mic programming 

Ununom. Dipole 

JupekKtTpucca KOHHMUeCKOH KpuBOH. Direc- 
trix of a conic 

TiuckouTr. Discount 

JiuckpeTHoe MHO)KeCTBO. Discrete set 

JiMcKpHMHHaHT MHOrOoUIeHa. Discriminant 
of a polynomial 

Jiucnepcnsa. Variance 

uddepenimanbyoe ypaBHenne. Differential 
equation 

Iudbdepepunas dyuKunn. Differential of a 
function 

JuddepenunpopaHve dyHKuHH. Differen- 
tiation of a function 

Jjanuya gyrn. Arc length 


JiuHa KpHBoH. Length of a curve 

Jlo6anina-rouniica, -emoe. Addend 

JLoOaBpouHble yribi. Supplementary angles 

Jjo6aBouHbiit Hanor. Surtax 

Jjo6niroe ypaBHeHue. Derived equation 

JioBepue. Reliability 

Jjopeputenmbuble mpegembi. Fiducial limits 

JloBeputenbHbii wHTepBar. Confidence in- 
terval 

Jlonekaron. Dodecagon 

Jlogexasnqp. Dodecahedron 

JloKa3zaTempcTBo. Proof 

JloKa3aTeJIbcTBO OT mMpoTuBHoro. Indirect 
proof 

JjoKa3aTesbcTBO m0 BbIBOLy. Deductive 
proof 

JloKa3aTb Teopemy. Prove a theorem 

Jjonr. Liability 

Jjonr. Loan 

Jlonrota. Longitude 

Jlomunupyoulan =e CTpaTerua. 
strategy 

JlonomHeHHe NA HakoHeHHA (0 90°). 
Codeclination 

JlonosHeHHe JIA wHpoTHI (G0 90°). Colati- 
tude 

TlonojmHeHHe MHOMKeCcTBa. Complement of a 
set 

JIOnONHMTesIbHaA YaCTb KOHeEYHOH UaCTH 
MHO?KecTBa. Cofinal subset 

JjononHutembHad dyHKuHA. Cofunction 

JLONONHHTeIbHaA wEpoTta (Wo 90°). Colati- 
tude 


Dominant 


JlonosHHTesbHOe oGesmeueHHe. Collateral 
security 
JJONONHHTeIBHbI€ = XOpsbI. Supplemental 
chords 
JIOnoHUTeIIbHBIA = =yrolst. Complementary 
angle 


JlonouIHHTb KBagpatT. Completing the square 

JloctraTtouHoe ycuIoBve (mojoxKeHHe). Suffi- 
cient condition 

JloxoqHbpiii Hanor. Income tax 

Jipo6ubpii moKasaTeb cTremeHu. Fractional 
exponent 

Jipo6p. Fraction 

Jpyxubie uucya. Amicable numbers 

JyasbHocTb, WBOlicTBeHHOCcTb. Duality 

Jiroim. Inch 


Enuunia. Unity 

Enunnua. One 

Enunoo6pasHaa wena. Flat price 

EQUMHCTBeEHHOe pa3sIOxKeHHe Ha MHO?KHTEIIN. 
Unique factorization 

E>Keroquan penta. Annuity 

EctectBenuoe cyeqyctBue. Corollary 


?Ku3HeHOe CTpaxoBaHue. Life insurance 


SaBbepTbiBaHne 


SaBepThiBaHHe Ha sMHHH. Involution on a 
line 

GaBHcumMad MepemeHHad. Dependent variable 

Sanaua. Problem 

Sayaua 0 rpaHHuHbIx 3HaueHHAX. Boundary 
value problem 

3anaua Oo 4ueTbIpex Kpackax (3akpauiMBaHui). 
Four-color problem 

SanomKeHHocTb. Liability 

GakmroueHve. Conclusion 

SakJIOUNTeJIbHaA CTOpoHa yruia. Terminal 
side of an angle 

3akoH. Principle 

3akKOH NOKasatesieH creneHet. Law of expo- 
nents 

GakOH pacnpeyeneHua. Distributive law 

Gameuanne, Note 

GaMKHyTaA KpuBaxn. Closed curve 

SaMKHyToe MHO?KeCTBO. Closed set 

SaMbiKaHve MHO?KecTBa. Closure of a set 

Saumd®posatp. Cipher (v.) 

3Be3yja Komisiekca. Star of a complex 

3SBe3qHoe Bpemy. Sidereal time 

Semmemep. Surveyor 

SemHOH MepHowaH. Meridian on the earth 

GeHuT Hadmoyatena. Zenith of an observer 

SeHuTHOe paccToAxHHe. Zenith distance 

Seta dyHkunsi. Zeta function 

3menHan KpuBan. Serpentine curve 

Syak. Symbol 

SHak KOopHA. Radical 

SuHak Inoc. Plus-sign 

3SHak cylomKeHHA. Summation sign 

Suak uncna. Sign of a number 

SHakoBad (curHyc) dyHKyHA. Signum func- 
tion 

SuHameHatenb. Denominator 

Suaualni undp. Significant digit 

GuHayeHnHe MecTa B uncyIe. Place value 

SHaUMMOCTb OTKIOHEHHA. Significance of a 
deviation 

Sona. Zone 

SoHasibHan rapmMouuka. Zonal harmonic 

Seta dyHKuMA. Zeta function 


Mrpa B “yBe MOHeTKH’’. Coin-matching 
game 

lirpa aByx muy. Two-person game 

VMrpa moppa. Morra (a game) 

Vrpa Hum. Game of Nim 

lrpa c HyjleBou cymMMoH. Zero-sum game 

IIyean B Konmbue. Ideal contained in a ring 

VWnemdbaxtop. Idemfactor 

M3pseueune KopHaA. Evolution 

M3mMeHenue. Change 

VMi3smeHeHve oOcHOBaHHA § (sIOrapHMdMmoB). 
Change of base 

Hi3meHeHHe mapametTpos. Variation of para- 
meters 

M3meHenne nopsgKa usieHoB. Rearrange- 
ment of terms 


HMcnsiranne 


VMsmenunsocts. Variability 
V3meHarouyniica. Variate 

lismepeuue. Mensuration 

VM3mepeHne. Dimension 

VismepuHmoe MHO?KecTBO. Measurable set 
V306paxxeHve 3HaKaMH, OyKBaMH, WHdpamn. 
Notation 


Vs0roHasibHaa TpaHcdopmaunua.  Isogonal 
transformation 
Viz0roHabHoe mpeocdpa3soBanue. Isogonal 


transformation 

Vs301MpoBaHHan TouKa. Acnode 

Viz01MpoBaTb KOpeHb (UHCJIa, ypaBHeHHA). 
Isolate a root 

Mso0meTpuueckue 
surfaces 

V30mopdu3Mm ZByxX MHOoKecTB. JIsomorphism 
of two sets 

Vs30repma. Isothermal line 

Vkocasyap. Icosahedron 

Mmnyspc. Momentum 

VYimyurectBo. Assets 

VuspapwaHt ypaBHeHua. Invariant of an 
equation 

Muspepcua Toukn. Inversion of a point 

Vupepcop. Inversor 

Muyyankatpuca MpocTtpaHCTBeHHOH KpHBOH. 
Indicatrix of a curve 

MyayKTHBHbIK MeToy. Inductive method 

MugyKuua. Induction 

VMuepuna. Inertia 

Muterpan no nopepxHoctu. Surface integral 

Murterpan dyHKunu. Integral of a function 

VMuterpan sHepruu. Energy integral 

ViuterpalibHaA ofHOpoqHan yHKIMA OT 
ueTbIpeX MepeMeHHbIX. Quaternary quan- 
tic 

VinterpanbHoe ucuucneHue. Integral calcu- 
lus 

VMuterpambHoe ypaBHeHue. Integral equa- 
tion 

Muterpatop. Integrator 

Muterpad. Integraph 

Muterpuposaune no uactam. Integration by 
parts 

Muterpupyioujui MHO?KHTEIIb. 
factor 

VMuterpupyeman dyHKuna. Integrable func- 
tion, summable function 

VMuteppan. Interval 

VMuteppan gopepnax. Confidence interval 

Mutreppan cxogumoctu. Interval of conver- 
gence 

MuytTepkKBapTHJibHaA 30HAa. 
range 

VMutepnonauna. Interpolation 

MppaynmoualbHoe uncno. Irrational number 

MppatHonanbHoe uncno. Surd 

VMckmouenne. Elimination 

HcnbitaHve JesIMMOCTH Ha eBaATb. Casting 
out nines 


mlopepxHoctTu. Isometric 


Integrating 


Interquartile 


McnpitranHne 


KonneHTpH4Hpie 


VMcnpiranHe m0 cpaBHeHHuiw. Comparison 
test 

VWcxoquTb U3 TOUKH. 
point 
Wcuesaiomjaaca dbyHKuuA. Vanishing func- 
tion 

VMcuncnenne. Calculus 

WMcuncnenne. Evaluation 

Vicuncnenne OecKoHe4HO MAaJIbIX.  Infinitesi- 
mal analysis 

Vicuncnenue dbaktTopos. Factor analysis 
VMicuncnarp. Evaluate 

MtepaTuBHbiii uytTerpan. Iterated integral 


Radiate from a 


Kaoxgble Ba roga. Biennial 

Kanopua. Calory 

KanHounueckaad dbopma. Canonical form 

KanutTasIM3MpoBaHHaA CTOMMOCTb (jeHAa). 
Capitalized cost 

KanutTanoBsoxxKeHHve. Investment 

Kanna kpupas. Kappa curve 

KapyuuasipHoe uncio. Cardinal number 

Kapanonna. Cardiod 

Kapta TexHOJIorMueckoro mporecca. Flow 
chart 

KacaHve. Tangency 

KacatebHaa mockocTb. Tangent plane 

Kacaroujaaca K kKpyry. Tangent of a circle 

KateropnueckHi. Categorical 

Kateropna. Category 

Kateuouga. Catenoid 

Katet (MpAMOYrObHOrTO TpeXyroJIbHuka). 
Leg of a right triangle 

KauecTBo orpaHwueHHa. Property of finite 
character 

KpaypaTHoe ypaBHeHve. Quadratic equation 

Kpay{paHTHble yryibl. Quadrantal angles 

Ksanpat. Square 

KspagpaTHuHoe ypaBHeHue. Quadratic equa- 
tion 

KpBagpaTHbiii KopeHp. Square root 

Keaypatypa Kpyra. Quadrature of a circle 

Ksaypatypa Kpyra. Squaring a circle 

KsanpatypyHaad KpuBan. Rectifiable curve 

Ksagpusmnox. Quadrillion 

KspaHTHKa. Quantic 

Ksauytop. Quantifier 

KsaTepHHoOH. Quaternion 

KBUHTHJUIHOH. Quintillion 

Kunospatr. Kilowatt 

Kusiorpamm. Kilogram 

Kusiometp. Kilometer 

KunematTuka. Kinematics 

Kuuetuka. Kinetics 

KuHetTuueckan 9Heprua. Kinetic energy 

Knacc. Category 

Kylacc 3KBHBaleHTHOCTH. Equivalence class 

Kamu. Wedge 

KopapnanTHad mponsBoyHan. Covariant de- 
rivative 

Kosepcnuyc. Coversed sine (coversine) 


KoneOanue. Vibration 

Kone6OaHue dbyHKunn. Oscillation of a func- 
tion 

KoneGaroueca pay(br). Oscillating series 

Koymueltubie npeoOpasopanna. Collineatory 
transformations 

KonmuecTsBo. Quantity 

KosmuectTso gByoKeHHA. Momentum 

Kosiorapndm. Cologarithm 

Kompyo Ring, annulus 

Kombuo mep. Measure ring 

KomO6uHaTopHaa TonosiornA. Combinatorial 


topology 

KomuccnoHep. Broker 

KomMyTaTHuBHaA rpyiina. Commutative 
group 


Kommytatop. Commutator 

KommaktusauuA. Compactification 

KommaKTHOe MHO?KECTBO. Compact set 

Komnaktym. Compactum 

Komnac. Compass 

Komnumekcuoe uncno. Complex number 

KommonHenta namMatTH. Memory component 

KommoHeHTa CHIBI. Component of a 
force 

Kommoueuta xpaHeHua. Storage component 

KourpyeHTHbie durypbi (Tesla). Congruent 
figures 

KonrpyeuuuHa. Congruence 

KoHeunaa jlecaTHuHad gpodb. Terminating 
decimal 

Koueunaa urpa. Finite game 

KoueuHaa TouKa KpHBOH. End point of a 
curve 

KoneuHoe MHO?KeCTBO. Finite set 

Konukonga. Conicoid 

Konnyeckan noBpepxHoctTb. Conical surface 

Kouuueckve KpHBbIe Cc OOLIMMH GoKycaMmH. 
Confocal conics 

Konnuecknit, Konmueckan KpuBan. Conic 

Kononna. Conoid 

Koncombyaa Oaska. Cantilever beam 

KonctpykKunaA. Construction 

KoutTuHyym. Continuum 

KoutTpaBapHaHTHbIM TeHcop. Contravariant 
tensor 

KoutpombHaad rpynna. Control group 

KoutTypHble smMHHM. Contour lines 

Konyc. Cone 

KonycHaa MOBepXHOCT pa3yjeyeHHad Bepxyl- 
KOH KOHyca. Nappe of a cone 

Konycuaa nmoBepxHocts. Conical surface 

Konycoo6pa3sHad moBepxHocTs. Conical sur- 
face 

Konqdurypauua. Configuration 

Koudopmyaa Tpanccdopmayuna. Conformal 
transformation 

Kondbopmuoe mpeoOpa3soBpaHue. Conformal 
transformation 

Kouxonga. Conchoid 

KouijeHTpHuHble Kpyru. Concentric circles 


KonneHTpu4Hpie 


JlorapudmM 


KoHUeCHTPHYHbIe OKpyKHOCTH. Concentric 
circles | 

KonueutTpiuyeckHe Kpyru. Concentric circles 

KoonepaTuByaa urpa. Cooperative game 

Koopyuuata TOUKH, Coordinate of a point 

Koopyawuatuad Wiockoctb. Coordinate plane 

Kopa. Cord 

Kopenp. Radix 

Kopeub Tpetbet cteneHu. Cube root 

KopeHb ypaBHeHHA. Root of an equation 

Kocas spicota. Slant height 

KocBeHHoe OKa3atTesibcTBO. Indirect proof 

Kocekauc yraa. Cosecant of an angle 

Kocnnyc yria. Cosine of an angle 

Koco-cHMMeTpHYHbIN onpenenutenb. Skew- 
symmetric determinant 

Koco TpeyrombHuk. Oblique triangle 

Kocpie sHHHH. Skew lines 

KotanrenHc yrjia. Cotangent of an angle 

KodyHkunHaA. Cofunction 

Kosddbuuueut. Coefficient 

Kosdduuneut. Multiplier 

KosdduunenHt gecdopmaynH. Deformation 
ratio 

Kosd@®unneHT Koppenaunu. Correlation co- 
efficient 

KosdqbuumeHT o6bema, Maccpi. Bulk modu- 
lus 

KosodduuveHT OTHOMICHHA NODZ06HOcTH. Ratio 
of similitude 

Kosdduunenxt perpeccuu. Regression co- 
efficient 

KpaTHoe Byx Uncen. Quotient of two 
numbers 

KpatrHoe mpoctpaHcTBo., Quotient space 

KpatHoe uncna. Multiple of a number 

KpaTubiii uHTerpan. Iterated integral 

KpectooO6pa3Haa KpuBaa., Cruciform curve 

Kpusaa Arne3su. Witch of Agnesi 

Kpuspan BepoatHoctu. Probability curve 

Kpusas BospactaHua. Logistic curve 

Kpyupait YBMwKeHHA BeKTOPOB CKOpOcTH. 
Hodograph 

Kpupax kKpatTualiuiero crycka. Brachisto- 
chrone 

Kpusaac lloneta cHapaya. Trajectory 

Kpusaa Ilspn-Puga. Logistic curve 

Kpnsaa pasfeneHua yria Ha Tpu uacTH. 
Trisectrix 

Kpnypaa  pacipegeneHua 
quency curve 

Kpyusan (sIM4HHA) C OJHHM HalipaBsieHHem. 
Unicursal curve 

Kpusas cekaHca. Secant curve 

Kpusaxi cuHyca. Sine curve 

Kpupad TpeTbeli crenenu. Cubic curve 

KpuBaA TpeTbeH cTeleHH C JBYMA OTJICJIb- 
HbIMH 4acTAMH. Bipartite cubic 

Kpusar ueTBepToli creneHu. Quartic curve 

Kpusy3sua. Curvature 

Kpusol KBagpatT. Quatrefoil 


WACTOCT. Fre- 


KpnpomHHehoe 7BuxKeHHe. Curvilinear mo- 
tion 

KpHBOJINHeHHO-YeTHIPeXyrObHaA TapMOHH- 
uecKand KpnBan. Tesseral harmonic 

Kputrnuueckoe 3HayueHHe. Critical value 

Kpocc-kan. Cross-cap 

Kpyr. Circle 

Kpyr. Cycle 

Kpyr c pagqvycom paBHbIm egMHHye. Unit 
circle 

Kpyr (Kpy2KoK) cxogumoctu. Circle of con- 
vergence 

Kpyru c o6ujet ocpro. Coaxial circles 

Kpyriibit KoHyc. Circular cone 

KpyroBpaA mMepecTraHoBka. Cyclic permuta- 
tion 

KpyroBaA CHMMeTpHA MepemMeHHbIx. Cyclo- 
symmetry 

KpytTocTb Kppuuu. Pitch of a roof 

KpyHoga. Crunode 

KpyueHHaa KpHBan. Twisted curve 

Kyo. Cube 

Ky6nueckan KpuBan. Cubic curve 

KyOuueckan napaGosia. Cubical parabola 

Ky6uueckuit KopeHb. Cube root 

KycouHo-HenpepbIBHad (yHKUNA. Piecewise 
continuous function 


JlakyHapHoe NpoctTpaHcTBo. Lacunary space 

JIeBopyuHaaw KpyHpan. Left-handed curve 

JIlemma. Lemma 

JlemyHuckata. Lemniscate 

JIunelixa. Rule 

JIuueiivaA KoMOuHauMA. Linear combina- 
tion 

JImHelinbie POpMbI Ha NoBepxHoctTH. Ruling 
on a surface 

JImHeHHO 3aBHMCHMbIe KouIMUecTBa. Linearly 
dependent quantities 

JIuHeliHoe npeoOpa3s0BaHne. Linear trans- 
formation 

JImHeviHoe NporpamMmMupoBaHHe. Linear pro- 
gramming 

JimHeHHbIM 9emMeHT B HdcdepeHHasbHOM 
ypaBHeHnn. Lineal element 

JImHeiuatan noBepxuoctb. Ruled surface 

JIuHMu siexkKaljve B OJHOH HM TOM Ke TIO- 
cKkocTH. Coplanar lines 

JIununu motoKa. Stream lines 

JIuuHuu TeueHnn. Stream lines: 

JIuHua o6iyero HampaBeHus. Trend line 

JIuct. Lamina 

JIuct Jjekapta. Folium of Descartes 

J{uct noppxuoctu. Sheet of a surface 

JIutp. Liter 

JIutyyc. Lituus 

JIuyo momyuaroujee miaTy mo crpaxoBoit 
nomucn. Beneficiary 

JIuuupiit xon. Personal move 

Jlorapumm uncna. Logarithm of a num- 
ber 


JlorapHomMuueckan 


HanmMenpian 


JlorapudbmnuecKaH KpHBan. Logarithmic 
curve 

Jlorapudmuueckaac sIMHelKa. Slide rule 

JIlorapudmuueckne Tabmuybl. Table of loga- 
rithms 

JIoKasIbHO KOMMaKTHbIM. Locally compact 

JIlokcoqpomuas cnupasb. Loxodromic spiral 

JIokyc. Locus 

JIowayuHaad cua. Horsepower 

Jlypouxa. Lune 

JIyuespoH ueutp. Ray center 


Maxksiep. Broker 

Makcumu3upyroulni 
player 

Makcumym dyHKunH. Maximum of a func- 
tion 

Maurtucca. Mantissa 

Macca. Mass 

Matematuka. Mathematics 

MatematTuueckaA WHOyKUHA. Mathematical 
induction 

Matpuua kKoodduinentos. Matrix of co- 
efficients 

Matpuya Opmuta. Hermitian matrix 

Maatuuk. Pendulum 

MruospeoHad ckopocts. Instantaneous ve- 
locity 

Menguanyaad Touka. Median point 

Meoxa MHO>KecTBa. Boundary of a set 

MeoKaYKBapTHJIbHbIN pa3smax.  Interquartile 
range 

Meupbuian rpanuua. Lower bound 

Menpbuiaa ocb. Minor axis 

Menpuinit mpenen. Inferior limit 

Mepa KoHUeHTpallun pacnpenenenun — Kyp- 
Tocuc. Kurtosis 

Mepa mMHo>KecTBa. Measure of a set 

MepyvyvanHax KpyHBax. Meridian curve 

Mepomopouan dyHKIUHA. Meromorphic 
function 

Mectuaa weHHocTbp. Local value 

Mecto rouek. Locus 

Metoy, HaHMeHbUINX KBagpaToB. Method of 
least squares 

Merp. Meter 

Metpu3yemoe mpoctpaHcTBo. Metrizable 
space 

Mertpuueckoe mpoctpaHcTBO. Metric space 

MexaHikKa »KHKOocTeH. Mechanics of fluids 

Mexanuueckoe HHTerpupoBaHHe, Mechanical 
integration 

Mun. Mil 

Musuimapaz. Billion (109) 

Munsmumetp. Millimeter 

MusunoH. Million 

Muna. Mile 

MuHuMasibHawA WoBepxHocTb. Minimal sur- 
face 

Muyumym dyHkuuH. Minimum of a func- 
tion 


wrpok. Maximizing 


Munxop onpegenntena. Minor of a determi- 
nant 

Munyta. Minute 

Munyc. Minus 

Muemonnueckan cxema. Mnemonic device 

Muumaa uactb uncna. Imaginary part of a 
number 

Muoroanpeccuas cuctema. Miultiaddress sys- 
tem 

MuororpaHuuHk. Polyhedron 

Muororpauupiit yroy. Polyhedral angle 

MuorokpatTHbifi uuterpal. Multiple integral 

Muoro3sHauywaA = dyHKunA. Many valued 
function 

MuorosmerHuk. Multifoil 

Muoroo6pasne. Manifold 

MuoroyrojbHuk. Polygon 

MuorouncyleHHocTb KopHA. Multiplicity of a 
root 

MuorouseH. Multinomial 

MuooKecTBeHHO CBA3aHHbIe OOactu. Miulti- 
ply connected regions 

Muo>KecTBo. Set 

Muo>kKecTBo uncer. Set of numbers 

Muorxnmoe. Miultiplicand 

Muyooxutenbs. Multiplier 

Muooxutenb MHorousieHa. Factor of a poly- 
nomial 

MuyooxKuTS OBa uncna. Multiply two num- 
bers 

Mogysmpyrousad MauinHa. Analog computer 

Monynb. Module 

Moyynb kKourpyeutHoctw. Modulus of a 
congruence 

Mogysib oO beMa, MaccbI. Bulk modulus 

Mogysibyaa dyHKuMA. Modular function 

Moment BpaujeHuaA. Torque 

Moment uHepynu. Moment of inertia 

Moment cwibt. Moment of a force 

Moment cKpyuHBaHna. Torque 

MouerTubiii Bec. Troy weight 

Mouwueckoe ypaBHeHue. Monic equation 

Monorennueckad analuTHMueckKan (byHKUMA. 
Monogenic analytic function 

MoxuotouHan dyHKuHA. Monotone function 

Mopckaa musa. Nautical mile 

Mopckou y3e1. Knot of distance 

MotuHocts MHOoKecTBa. Potency of a set 


Ha6na. Del, nabla 

Harpaya. Premium 

Hagup. Nadir 

Haynucsp (cBepxy). Superscript 

HanOdostee OnarompuaATHbI MaHeBp. Optimal 
strategy 

HanOosee OarompHATHad cTpaterna. Opti- 
mal strategy 

Handoupumuni oo6muai enutTen». Greatest 
common divisor 

HavMMeHbliad BepxHad rpaHb. Least up- 
per bound 


HaxnayHpre 


Hecou3smMepuMBIe 


HakslagqHpie pacxombr. Overhead expenses 

HaknangbiBaemble KOHGurypauHH (PopMp!). 
Superposable configurations 

HaknagbiBpaTb Be KOH(urypaunu (cdopmpi). 
Superpose two configurations 

Haknou yoporu. Grade of a path 

Haknou KpuBol. Slope of a curve 

Hakyon smMHuH. Inclination of a line 

Haknonenne. Declination 

HaksIOHHbI TpeyrolbHHK. Oblique triangle 

HaksIoHHbIi yrom. Gradient 

HakonyeHHad YeHHocTb. Accumulated value 

HakomnmenHad uacTota. Cumulative fre- 
quence 

HakonsieHHoe 3HaueHHe. Accumulated value 

Hakonutenmu. Cumulants 

Hanor. Tax 

HanpaBsienHHaa suuHuA. Directed line 

Hanpapiaroujni KoHyc. Director cone 

Hanps>oKeHne. Tension 

Hanpsokenne pesKku. Shearing strain 

HanpsoKeune Tena. Stress of a body 

HapuuatesbHoe uncyo. Denominate number 

HapyuleHHe cuMMeTpun. Assymetry 

HacToaujan WeHHOCTb. Present value 

Hatypambuoe uncno. Natural number 

Hatypanbybiit norapudm. Natural loga- 
rithms 

Hatanenne. Tension 

HaxoguTbcA B MpoctpaHcTBe. Imbed in a 
space 

Hayano KOOpaMHaTHbIx ocelH. Origin of 
coordinates 

Haunuaromlad cropoua yria. Initial side of 
an angle 

HeGecupiii. Celestial 

HeGecubili akBaTop. Celestial equator 

Heppaimaroumiica BeKTop. Irrotational vec- 
tor 

HeBbipoxKgeHHoe MmpecGpa3s0BaHHne. Nonde- 
generate transformation 

HerapMonHnueckaA uacTocTb (Mponopuna~). 
Anharmonic ratio 

Hegaspmwxyluiaxsca Touka. Stationary point 


HeegquHcTBeHHOe mpeodpa30BaHHe. Non- 
singular transformation 

HesaBucumMoe fmepeMeHHoe. Independent 
variable 


Hesapnucumpie coobitnuA. Independent events 

HesHauntesbHoe pemleHue. Trivial solution 

HenspectHoe KosMuecTBO. Unknown quan- 
tity 


HexkoonepaTtupHan urpa. Noncooperative 
game 

HesmuHelHoe-nporpammMupoBaune. Nonlinear 
programming 


Hemenarouywit MHOKUTENb. Idemfactor 

HeorpanuueHnaA (yHKIMA. Unbounded 
function 

HeonpegenéHHbie Koodduuneutyr Unde- 
termined coefficients 


Heonpenenenupie cbopmpr. Indeterminate 


forms 

HeonpegenéHupili uuterpan. Antiderivative; 
indefinite integral 

HeonpengenéHupiti unten. Undefined term 

HeoOxoquman mocTtosHHad. Essential con- 
stant 

Heo6xogumoe ycyiopue. Necessary condition 


HeorpanuueHHan dbyHKuMA. Unbounded 
function | 
Heoco6oe mpeoOpa30BaHne. Nonsingular 

transformation. 
Heoco60e oToOpaxeHve. Inessential map- 
ping 


Heocratox. Nonresidue 

HenepexoyHad 3aBucHMmocts. Intransitive re- 
lation 

Henepexoguax cBxa3b. Intransitive relation 

HenepexoyqHoe oTHoWeHHe. Intransitive re- 
lation 

HeneposckuH siorapudm. Natural  loga- 
rithm 

Henosopotumplili BekTop. Irrotational vec- 
tor 

Henogo6upie uneupl. Dissimilar terms 

HenomHaa uuayKuHA. Incomplete induc- 
tion 

HenoctosucTsBo. Variability 

HenpaBusIbHbId UeTbIPeyrObHHK. 
zium 

HenpeppispyHaa Apoop. Continued fraction 

Henpepbipyan dyHKunA. Continuous func- 
tion 

HenpepbisHo ecopmupyemble 43 OAHOM B 
pyryto urypbi. Homotopic figures 

HenpepbisHoe MHOrooOpa3He (MHO?KECTBO). 
Continuum 

HenpepbiBHoe mpoctpaHcTBo. Normal space 

HempeppisHocts. Continuity 

HenpwBogumpid KopeHb (uncya). Irredu- 
cible radical 

HenponopuvouanpHpli. Disproportionate 

HepaseucTBo. Inequality 

HepaseuctsBo. Odds 

HepaBeucTBo 6e3 orpaHHueHuit. Uncondi- 
tional inequality 

HepB cucTemMbI MHO?KeECTB. Nerve of a 
system of sets 

HepotaTuBHbIt BeKTop. Irrotational vector 

HecsBo6donHoe nose cuibr. Conservative field 
of force 

Hecpoeo6pasHoe mpeoOpasoBanue. Non- 
singular transformation 

Hecsa3Hoe MHO>KeCTBO. Disconnected set 

HecmetjeHHaa olenHKa. Unbiased estimate 

Heco6cTBeHHbIM uHTerpan. Improper integ- 
ral 

HecoseputeHHoe uncio. Defective (or de- 
ficient) number 

Hecous3smepumbie uncna. Incommensurable 
numbers 


Trape- 


HecyuyecTBeHHbilt 


Om 


HecyulecTBeHHbIM paspbis. Removable dis- 
continuity 

Heuetuoe uucno. Odd number 

Heaspyan yuddepentyuaunA. Implicit dif- 
ferentiation 

Heasuaa dbyHKuuA. Implicit function 

Heasnoe guddepentnpopanne. Implicit dif- 
ferentiation 

Hupemmpopounpie suHun. Level lines 

Hywoxnuit mpegen. Inferior limit 

HwxHaa rpaup. Lower bound 

HuspnoteyTHpih. Nilpotent 

HomnHasibHaw HOPMa IIpoOlleHTOB — HOMNH- 
HaJiIbHaA TIpOUeHTHaAH cTaBKka. Nominal 
rate of interest 

Homorpamma. Nomogram 

Hopma mMatpuubi. Norm of a matrix 

Hopma mporenta. Interest rate 

Hopmasm30BaHHoe NepemeHHoe. Normalized 
variate 

Hopmanb KpuBoh. Normal to a curve 

HopmannHaa mpousBogHaa. Normal deriva- 
tive 

HomuHasibHad cCTOoMMOocTbB. Par value 

HopmanbyHoe Bpema. Standard time 

HopMmasHoe npoctpancTRo. Normal space 

Hynesan mepa. Measure zero 

Hyp. Zero 

Hyns. Cipher (n.) 

Hymepauna. Numeration 

HsYOTOHOBO ypaBHeHHe TpeTbeii cTeneHH 
(tpugenta). Trident of Newton 


OGecuyeHHBaTb. Discount 

Oonactb. Domain 

OG6nactp usyueHnaA. Field of study 

OOnacTb uccnenoBaHua. Field of study 

O6nacTp yuenna. Field of study 

OOnurayua. Bond 

O6oGuleHHOe Komi mpu3sHak cxojqMmMocTH 
(paqoB). Generalized ratio test 

OGosHayueHnve. Notation 

OG6oslouKa MHOvKeCTBa. Covering of a set 

O6pa3 Touku. Image of a point 

Oopasyromaa. Generatrix 

OOpasyroujaA NoBepxHoctuH. Generator of a 
surface 

OOpatTuan Teopema. Converse of a theorem 

OG6patHaA TpHroHoOMeTpHuecKan CbyHKUHA. 
Inverse trigonometric function 

O6paTHO-NponoplHoOHaJIbHble BeJIMUMHBI. 
Inversely proportional quantities 

O6paTHO-NponopuvMOHasIBHble KOJIMUECTBA. 
Inversely proportional quantities 

OOpatTHoe ypaBHeHHe., Reciprocal equation 

O6patHoe uncno. Reciprocal of a number 

O6paTupii onepatop. Inverse of an opera- 
tor 

O6co6nATS Kopenb (unica, ypaBHeHna). Iso- 
late a root 


OG6ujand NOxKU3SHEHHAA TOQOBaA penta. Joint 
life annuity 

Odum MHOKUTeNb. Common multiple 

OObenqMHeHHe MHO?KeCTB. Join of sets 

OObem. Volume of a solid 

OGbIKHOBeHHBIe JiorapHdmpl. Common loga- 
rithms 

OoaszatenscTBo. Liability 

Osan. Oval 

OrnGOaloujad cemeHcTBa KpHBbIx. Envelope 
of a family of curves 

OruBa. Ogive 

OrpaHvueHHoe MHO>KeCTBO. Bounded set 

OrpaHvueHHbIn mo cyulectBy. Essentially 
bounded 

Oua cotaA YuacT uncia. Hundredth part of 
a number 

OquH, ofHa. One 

OnMHakoBoe (BO BCex HalipaBJIeHHAX) Be- 
ujecTBo. Isotropic matter 

OnuHHanyaTs. Eleven 

OyHOo-anpecuas cuctema. Single-address sys- 
tem 

OHOBpeMeHHbIe ypaBHeHuA. Simultaneous 
equations 

OnHo3HauHad PyHKuUHA. Single-valued func- 
tion 

OgHO3HaYHO ompeyzeneHHbIM. Uniquely de- 
fined 

OyHO-ogHO3SHaUHOe COOTBeTCTBHe. One-to- 
one correspondence 

OHOpOHO-BbINyKIIOe MpoctTpaHcTBo. Uni- 
formly convex space 

OnHopoynHocts. Homogeneity 

OXHOpOaHOCTh = JIByX MHO>KecTB. Isomor- 
phism of two sets 

OHOpOcHbI€e ypaBHeHHA. 
equation 

Oyno-cBa3sHan oGsacTb. Simply-connected 
region 

OHOCTOpOHHaA MOBEPXHOCTb. 
surface 

OgnHouney. Monomial 

OKOHUHBAaOIIaA DecATHUHAaA WpoOb. Termi- 
nating decimal 

OxpectHoctp TouKH. Neighborhood of a 
point 

Oxpyrjienue unces. Rounding off numbers 

Oxpy>KHocTb. Circle 

Oxpy>KHocTb (Kpyra). Circumference 

Oxpy>xHoctb. Periphery 

OKpy>KHOCTb BIMCaHHadA B TpeyrosIbHHK. I[n- 
circle 

Oxkpy?KHOCTb OMMcaHHaA OKONO Tpeyrolib- 
HHKa KacalollavAcd K OHOM cCTOpoHe HM K 
NpOOJDKeHHAM JBYX ZPyrHx CTOpOH. Ex- 
circle, escribed circle 

OxtTaroH. Octagon 

OxtauT. Octant 

Oxtasap. Octahedron 

Om. Ghm 


Homogeneous 


Unilateral 


Onepartop 


IlepernGuaa 


Onepatrop. Operator 

OnucaHHacA OKpy?KHOCTb (Kpyr) BOKPyr MHO- 
royrosbHuka. Circumcircle 

OnucaHHbid Kpyr BOKpyr MHOroyroJIbHnka. 
Circumscribed circle 

OnpegenenHad TouKa. Fixed point 

OnpeeneHHbii uHterpa. Definite integral 

Onpenemutenb. Determinant 

Onpenemutenb Bpouckoro. Wronskian 

Onpenenutenb TygepmaHa. Gudermannian 

OnpoknybiBaroujad cxema. Flip-flop circuit 

OntTHMasIbHad cTpaTeruaA. Optimal strategy 

OnpiTHan KpHBan. Empirical curve 

Opauuata TouKH. Ordinate of a point 

OpveHTuposBka, Opuentayua, Opnexutupo- 
BaHHe. Orientation 

OptToroHasIbHbie dyHKUMH. 
functions 

OpToHOpMasIbHaA TIOCIeOBaTeJIbHOCTb. Or- 
thonormal sequence 

OptoueHtp. Orthocenter 

OcBobo7KqeHHe 3HAMeHAaTEJIA DZpooOu OT Hppa- 
WHOHaIbHOCTH. Rationalize a denominator 

OceBaxn cumMMeTpHaA. Axial symmetry 

OcHoBaHHe. Base 

OcuoBaHne. Basis 

OcHoBaHHe Mepnenyukyixapa. Foot of a 
perpendicular 

OcHoBaHHe cucTembI HcuNcIeHHA. Radix 

OcHOBaHHe CHCTEMbI JorapHdmos. Radix 

OcHOBHaA Teopema asireOpbi. Fundamental 
theorem of algebra 

Oco6aa Touxa. Singular point 

Oco6bili uHtTerpay. Particular integral 

OctTaToK 6eCKOHeEYHOM MOcIeOBaTeJIbHOCTH. 
Remainder of an infinite series 

OctaTok oT GecKoHeuHOro paya. Remainder 
of an infinite series 

OcTaTOK TIpH KpaTHOM TlocyIe eJIeHHA Ha 
WeBATb. Excess of nines 

OctTaTOUuHbIN cneKTp. Residual spectrum 

OctTpbili TpeyronbHHuK. Scalene triangle 

Octppil yrom. Acute angle 

Ocp. Axis 

Ocpb aOcuuc. X-axis 

Ocb opyqHHaT. Y-axis 

Ocb Nepeceyenua. ‘Transverse axis 

OtT6opHan cTaTMcTHueckan TaGsIMuWa cMmMepT- 
HocTH. Select mortality table 

OtTBecHaa auHHA. Plumb-line 

OtTBecHav JIMHHA. Vertical line 

OtsetcTtBpeHHoctT. Liability 

OtTpeueHHaaA mMaTemaTuKa. Abstract mathe- 
matics 

OtTgesieHve MHO?KeCTBa. Separation of a set 

OtyeneHHad TouKa. Acnode 

OtTfeneHHble KosmduyHeuTp. Detached co- 
efficients 

OryjesuMMoe MpocrpanctTsBo. Separable space 

OTIeJIATh KOpeHb (4uHCa, ypaBHeHuaA). Iso- 
late a root 


Orthogonal 


OrkioHeHHe. Deviation 

OTKDPBITbIM NpoMexKyTOK. Open interval 

OrmeHa. Cancellation 

Ormenntp. Cancel 

OTHOCHTeJIbHaA CKOpocTb. Relative velocity 

OtTHocHTesIbHOCTb. Relativity 

OtTuatTp. Subtract 

OroOpaneHHe B JIMHHH. Reflection in a 
line 

OtToOpaxkeHHbI. Homologous 

OroOpaxKeHHbI yronm. Reflex angle 

Otpe3ok. Segment 

Orpe30kK Ha ocw. Intercept on an axis 

OtTpesouHan TpaHccdbopmayna. Shear trans- 
formation 

OrpesouHoe MpeoOpasoBanne. Shear trans- 
formation 

OtpuuaHne. Negation 

OrTpuuatesmbHoe uncno. Negative number 

OTcpoueHHbIM WiaTexK MO erxKeroqHOH peutTe. 
Deferred annuity 

OxsatT. Girth 

OvueunuBaHHe. Evaluation 

OueHHnBatp. Evaluate 

OueuKa. Evaluation 

Ouenka BemnunHbI. Estimate of a quantity 

OueHka mo (6yxrayirepcKHM) KHuramM. Book 
value 

OueptaHve. Configuration 

Ourmm6kKa IIpONeHTHOBaA, OLUHOKa DaHHan B 
mpoueHTax. Per cent error 

OummpeHHah TeopemMa O cpeqHeM 3HaueHHH 
dyyHKuNH. Extended mean value theorem 


Ilantorpad. Pantograph 

Ilapa6ona. Parabola 

Ilapa6ona TpeTbeH cTeneHu. Cubic parabola 

Ilapa6onnmueckui unMHOp. Parabolic cylin- 
der 

IlapaSonong Bpaujenua. Paraboloid of revo- 
lution 

IJapanoxe. Paradox 

Ilapannakc 3Be3gbI. Parallax of a star 

IlapanmakcHbm yron. Parallactic angle 

Ilapannenenuneyg. Parallelepiped 

Ilapannenu wmpotpr. Parallels of latitude 

Ilapannenorpam. Parallelogram 

Ilapannenoton. Parallelotope 

IlapannesbHpie uHuM. Parallel lines 

Ilapametp. Parameter 

IlapametpHyueckHe ypaBHeHHA. Parametric 
equations 

IleqanbHaaA KpuBasn. Pedal curve 

IlentaroH. Pentagon 

IlentarpammMa. Pentagram 

IleptagekaroH, 15-TH-cTOpOHHBIM MHOro- 
yroObHuK. Pentadecagon 

Ileppoo6pa3Haa. Antiderivative 

Ilepepoguaad taGnuua. Conversion table 

Tlepern6Haa KacatembHan. Inflectional tan- 
gent 


Ilepexpectuaa 


Ilonroc 


TlepekpectHad Touka BO3BpaTa KPpHBOM. 
Crunode 

Ilepemerkaromjaxncar 
group 

IlepemeHa mapametpos. Variation of para- 
meters 

IlepemenHaa rpynna. Alternating group 

Ilepemenuan. Variable 

Ilepemenupii. Alternant 

IlepemectutesbHbId. Commutative 

IlepemecTuTb uneH. Transpose a term 

Ilepemeujenue. Displacement 

IlepemeijeHne oceli. Translation of axes 

Ilepecekarousaxn (HHHA, MOBePXHOCTB). 
Transversal 

Tlepecekaroujad ocb. Transverse axis 

IlepeceueHue OByx MHO?KeCcTB. Meet of two 
sets 

IJepectaHoBka vn Belle. Permutation of n 
things 

IlepecuntTbrBaemoctb. Countability 

Ilepexon(ka) oceli. Translation of axes 

IlepexoqHoe pogcTBo. Transitive relation 

Ilepurou. Perigon 

Ilepumetp, QJIMHa Bcex CTOPOH MHOroyrolib- 
HuKa. Perimeter 

Ilepnon dypKuuH. Period of a function 

IlepHoguueckoe WBHoKeHHe. Periodic mo- 
tion 

IlepnHoguunocte. Periodicity 

Ilepudepua. Periphery 

Ilepnepguixynap. Vertical line 

Ilepnepgqukysap kK mnoBepxHoctTu. Perpen- 
dicular to a surface 

IlepneHaqukKynAp K TOUKe KacCaHHA KacaTeJib- 
HOH K KpuBol. Normal to a curve 

IlepneHyaukysIapHbie mMHNM. Perpendicular 
lines 

IlepcnekTuBuHoctb. Perspectivity 

Iletnwa KpnBow. Loop of a curve 

IInkrorpama. Pictogram 

Ilupamuga. Pyramid 

IlupamujHad nmoBepxuHoctb. Pyramidal sur- 
face 

IInaparomaaA sanataa. Floating decimal 
point 

IInauumetTp. Planimeter 

IInanumetpna. Two-dimensional geometry 

I] maHwumMeTpHueckHe KPHBble BbICIIero NOpAL- 
Ka. Higher plane curves 

IInacruunHoctp. Plasticity 

IIneyo ppruara. Lever arm 

IInockaa durypa. Plane figure 

IInockoctH c o6meli Toukol. Copunctal 
planes 

IIlnockocrHaH Touka noBepxHocTuH. Planar 
point 

IInoTHoe MHO»KeCTBO. Dense set 

IInorpocts. Density 

IInoujanp. Area 

IInoujagqb noBepxHoctu. Surface area 


rpynna. Alternating 


TlopepxuHocTublli uHTerpan. Surface integral 

IlopepxHoctb BpaujeHua. Surface of revolu- 
tion 

IloBepxHocTh MepemeujeHnua. 
surface 

ITlopopotHaa Touka. Turning point 

IloptopeHve ofHoro HM TOTO >Ke amreOpan- 
yecKoro 3Haka. Continuation of sign 

IIlosropHpii unterpan. Iterated integral 

Ilopropsxromanca fecaTwunaa poop. Re- 
peating decimal 

Iloraujenne yonra. Amortization 

IlorpeuiHocTb OKpyriieHuA uucna. Round 
off error 

Ilonrpynna. Subgroup 

Ilogmaroujveca MaTpnubl. Conformable ma- 
trices 

TloqunterpanpHasd dyHKuHA. Integrand 

TIlogqkopeHHoe uncno. Radicand 

TloqmHooKecTBo. Subset 

TloguHopmManb. Subnormal 

TIlono6ue. Similitude 

Tlono6naa Tpancchopmauna. Similarity trans- 
formation 

Iloqo6Hoe npeo6pa30BaHue. Similarity trans- 
formation 

Tlogo6upie tpeyrosibHuKH. Similar triangles 

Tfognucs (cHu3y). Subscript 

Iloypa3symeBaemoe. Inference 

Ilogqpa3ymMeBaHue. Implication 

TloyxctaHoBka B ypaBHeHHuu. Substitution in 
an equation 

Tloncuntpipatb. Calculate 

Tlograureuc. Subtangent 

Tlooxxu3HeHHaA peHta. Annuity (life) 

TloowxH3HeHHaA peHTa. Perpetuity 

TloowM3HeHHaA peHTa MpepbIBaemaw CO cmep- 
ThIO NOJTyuarolaro e€. Curtate annuity 

TlosnyMoHHax urpa. Positional game 

TlokasaTenmb KopHA. Index of a radical 

Tlokas3atTesb creneHu. Exponent 

Iloka3aTebHaA KpuBax. Exponential curve 

Ilone uncna (uncem). Number field 

IIonuron. Polygon 

TlonmyHom JlexaHopa. Legendre polynomial 

Ilonusop. Polyhedron 

IlomHoe mpoctpaucTBo. Complete space 

Tlonupmt guddepenynan. Total differen- 
tial 

TlonooxKutesbHoe unc0. Positive number 

TlonoxuTeNbHbI 3HaK. Plus sign 

IlonyaqauTupHan = =6dbyuKyua. Subadditive 
function 

IlonyKpyr. Semicircle 

IlonyHenpepbisyaad byHKyuA. Semicontinu- 
ous function 

Tlonyokpy»xHocts. Semicircle 

Ilonyccdbepa. Hemisphere 

Ilonytenb. Penumbra 

Ilonyuatenmb Weuer. Payee 

Ilomioc Kpyra. Pole of a circle 


Translation 


Tlonap 


IIpousBoqnaa 


Ilonap KBagpatHol dopmpr. Polar of a 
quadratic form 

Ilonapnsayna. Polarization 

IIonapHbie KoopgaHHatpl. Polar coordinates 

Ilonynauua. Population 

Tlopoga mMHo>KectBa ToueK, Ilopoyga ToueuHoro 
MHO?KeCTBa. Species of a set of points 

IlopagkosBoe uncno. Ordinal number 

Ilopagok rpymnpr. Order of a group 

Tlopamok Kacauua. Order of a contact 

IlocneqoBaTebHO OpHeHTHpOBaHHbIl. Co- 
herently oriented 

IlocneqoBaTesIbHO-yNopAaOueHHOe 
cTBO. Serially ordered set 

TlocneqoBaTesIbHocTb uncen. Sequence of 
numbers 

TlocneqoBatTesIbHble MCMbITaHHA (MpoGbI, OMbI- 
TbI). Successive trials 

IlocneqoBaTesIbHble TpaHcdopmallvv Mponop- 
uuu. Composition in a proportion 

IloctoxHHan MHTerpHpoBaHHA. Constant of 
integration 

IlocronHHaA NOBOpOTHaA TOUKa KpHBOH, 
Spinode 

TlocrofHHaa cKopoctTb. Constant speed 

IlocToAHHO-BbINyKI0e MmpocTaHcTBo.  Uni- 
formly convex space 

TlocToAHHbIN UIeH HHTerpauMH. Constant of 
integration 

IlocrpoeHve. Construction 

Iloctynat. Postulate (n.) 

TlorenijmanbHaa dyHKuUHA. Potential func- 
tion 

TloyHyamb. Poundal 

Iloutu nepnonnyeckni. Almost periodic 

IlourmmsioTHoe MpoctpaHcTBO. Paracompact 
space 

TloutueKaToe mpoctpaHcrsBo. Paracompact 
space 

IIpapuno. Principle 

IIpaspuno 3HaKos. Rule of signs 

IIpaBpuno MexaHnuKa. Mechanic’s rule 

IIpaspuyo tpaneynu. Trapezoid rule 

IlpaBwJIbHo pacxogaiMeca papi. Properly 
divergent series 

I[paBHibHbId MHOFOyrOJIbHHK (NojMroH). 
Regular polygon 

IIpegen dbyHkynn. Limit of a function 

IIpenenbuHaa Touka. Limit point 

II peqyioxkeHue (QA WOKa3aTeJIbCTBa). 
Proposition 

IIpennooxutenbHad dyHKyHA. Propositional 
function 

IIpeqnosloKuTesIbHbIe WHdpbI oOcTaroujelica 
*KH3HH CTaTHCTHUeCKH BbIBeeHHbIe IA 
mro6oro Bospacta. Expectation of life 

IIpegctaBienue rpynmb. Representation of 
a group 

IIpenbaButenb ueka, BekceyIA. Payee 

IIpenmyujecTtBo. Odds 

IIpemux. Bonus 


MHOdKE- 


IIpemua. Premium 

IIpeoOpasopaHve KoopguHatT. Transforma- 
tion of coordinates 

IIpeoOpa30BaHve TOUeK B TOUKH, MpPAMDbIX B 
mipaAmble uT.o. Collineation 

IIpeoO6pa3s0BaHHaa matrpuua. Transform of 
a matrix 


IIpeo6pasoBatenb. Commutator 

IIpu6apnenne. Addition 

I]pu6apna-rouiica, -emoe. Addend 

IIpnH6nmmxenne. Approximation 

II[puH6Onu3sutenbHocts. Approximation 

IIpuoo0p ocyulecTBIAWWHH mpeobpasoBaHHe 
MHBepcuH. Inversor 

IIpuopirok. Profit 

IIpupegenue ppo6u. Reduction of a frac- 
tion 

IIpu3ma. Prism 

IlpusmaTnyueckaH MNOBepXHOCTb. 
surface 

IIpusmatongn. Prismatoid 

IIpusmonna. Prismoid 

IIpu3monguHan dopmyna, IIpusmongHoe mpa- 
Bu0. Prismoidal formula 

IIlpuknagHaa maTematTuKa. Applied mathe- 
matics 

IIpHmMuTHBHDIN KopeHb n-o crerleHu. Primi- 
tive nth root 

IIpHuuvn HasioweHnaA. Superposition prin- 
ciple 

IIpuyunn. Principle 

IIpupaspyatTp. Equate 

IIpupaujenue dyHKUHw. Increment of a 
function 

Ilpunuan 
optimality 

IIpucoequHeHHan mMaTpuua. Adjoint matrix 

IIputaKenne. Gravitation 

I[puxogupii Hanor. Income tax 

IIpo6a oTHoWeHHeM. Ratio test 

IIpopepka pewienua. Check ona solution 

IIporpamMmMupoBaHnHe. Programming 

IIporpeccua. Progression 

IIpogqaxHaa yeHa. Selling price 

IIpoektusHanA reomerTpuHaA. Projective geo- 
metry 

IIpoekrusuHocts. Projectivity 

IIpoexTupyemaad ntocKocTb. Projecting plane 

IIpoekyua BekTopa. Projection of a_vec- 
tor 

IIlpoekIHA Wiapa Ha MJIOCKOCTb HIM WJIOCKOCTH 
Hawap. Stereographic projection 

IIpousBeyeHne uncen. Product of numbers 

IIpou3sBeyeHHoe ypaBHeHHue. Derived equa- 
tion 

IIpoH3BoqHaA Bbicuwiero nopxgka. Deriva- 
tive of higher order 

I[pou3BoyHaA No HanpaBseHuio. Directional 
derivative 

IIpouspogHaA dyHKyuH. Derivative of a 
function 


Prismatic 


ONTHMasIbHocTH. Principle of 


IIlpomexyTokK 


PasHuya 


IIpomesxxyToK cxogHmocTn. Interval of con- 
vergence 

IIponoprmonanbHocts. Proportionality 

I[ponopyHoHanbHble BeIMUHHbI.  Propor- 
tional quantities 

IIponopuua. Proportion 

IIpopes3 wstuHOpa. Section of a cylinder 

IIpoctan ypo6b. Common fraction 

IIpocran gpo6s. Vulgar fraction 

IIpoctan kpuBan, [Ipoctaa 3aKpbITaA KpuBaan. 
Simple curve 

IIpoctaa Touka. Ordinary point 

IIpoctan dyHKunA. Schlicht function 

IIpoctoe pewrenne. Simple solution 

IIpoctoe uncno. Prime number 

IIpocroH uyterpan. Simple integral 

IIpocroH HeNOBTOpAIOUIWHcA KOpeHb ypaB- 
HeHHA. Simple root 

IIpocto-cBasHaa oOacTb. Simply connected 
region 

IlpocrpaHcTBeHHaA KpuBaA. Space curve 

IIpoctpaHcTBeHHad criMpasb. Helix 

IIpoctpancrBeHuan (burypa Bpaujenus. Solid 
of revolution 

IIpocrpaHcTBeHHaA durypa c wWecrbio rpa- 
HAMM. Hexahedron 

IIpoctpaHcTBeHHbIH yron. Solid angle 

IIpoctpaucrBo. Space 

IIpoctpaHcTBo  mponsBeqeHHA. 
space 

IIpocrpaHcTBo C OTKDbITbIMH OOJIACTAMH. 
Lacunary space 

IIpoTruB 7BMWWKeHHA 
Counterclockwise 

IIlpotuBonexann yron. Alternate angle 

I[poTuBonapayiesbubie HHHH. Antiparallel 
lines 

II poruBonos1IoxKHble 
sides 

IIpodusbuyaa Kapta. Profile map 

IIpoueut. Interest rate 

IIpoyent. Percentage 

IlpoyeutHaa KBaHTuA. Percentile 

IlpoweHTHaa cTaBKa. Interest rate 

IIpoueHtTHoe oTHOUIeHHe. Percentage 

IIpamaa (1muHuaA). Straight line 

IIpamoe mpon3sBefeHHe (rpyn, MaTpHL). 
Direct product 

IIpamoii TpeyronbyHuK. Right triangle 

IIpamommuHelinpie oGpasopatenu. Rectilinear 
generators 

IIpamoyronbHuK. Rectangle 

IIpamoyrobubie (KOoOopaMHaTHpIe) ocH. Rect- 
angular axes 

IIcesyocdepa. Pseudosphere 

IIcepyoccdepnueckan moBepxHocTb. Pseudo- 
spherical surface 

IIcesgouiap. Pseudosphere 

Ilynounaa Touxa. Umbilical point 

Ilycroe MHo»KecTBO. Null set 

Ilyaok Kpyros. Pencil of circles 


Product 


yuacoBOH CTPpeJIKH. 


CTOPOHBI. Opposite 


Ilyukopaa TouKa. Cluster point 

Ilyuok nmmocKocteH. Sheaf of planes 

IlatnyrombyHad mupamuya. Pentagonal pyra- 
mid 

IlatuyroubHyuK. Pentagon 

Ilatuyrompbyuk T]udaropa. Pentagram 


Pa6ota. Work 

PaBeucTBo. Equality 

PapenctBo. Parity 

PaspyoBesiMKHe. Equiareal 
PaBHoOepeHHbIH TpeyroybHHK.  Isosceles 
triangle 

PaspHopecne. Equilibrium 
PaspyonelicTByroulanA. Resultant 
PaBHOM3MeHeHHbIM. Homoscedastic 
PaBHOHeMpepbIBHbIe dyHKuNH.  Equicon- 
tinuous functions 

PapHootcronuwe. Equidistant 


PaspHomepHaA HempeppiBHoctTs. Uniform 
continuity 

PaspHomepHag cxogumocts. Uniform conver- 
gence 


PaBHOMePHO-BbIINyKI0e MpoctpaHcTBo. Uni- 
formly convex space 

PaBHOCTOpOHHHH TpeyrombHHK. Equilateral 
triangle 

PaBHoTemnepaTypHaxA JIMHHA. 
line 

PaBHoyrosibHan ciMpayb. Equiangular spiral 

PaBHoyroyibHaA TpaHcdopmauna. ITsogonal 
transformation 

PaBHoyroybHoe mpeodpa3s0BaHne. Isogonal 
transformation 

PaBHOUeHHOCTb. Parity 

Paspupie KoumuecTBa. Equal quantities 

PagukKan. Radical 

PagukasibHan och. Radical axis 

Panuau. Radian 

Paguyc Kpyra (oKpy>KHocTu). Radius of a 
circle 

PasBeptKa KpHBon. Involute of a curve 

PasBepTkKa Ha JuHuH. Involution on a line 

PasBepTbIBarlollaAcA MOBepxHocTp. Develop- 
able surface 

Pasgenenne. Disjunction 

Pasnenenne MHOoKecTBa. Separation of a set 

PasyemeHve Ha MHOMKHTeNeH. Factorization 

PasyeneHuve yruia Ha TpM (paBHbie) uacTH. 
Trisection of an angle 

PasneneHne yenoro uncna. Partition of an 
integer 

PasyeIMMbIM Ha MHOOKHTeIH. Factorable 

Pasyenutenm. Dividers 

Pasyenutp. Divide 

PasyemutTb Nonojam. Bisect 

Pasyejarou-Hii (-aa) monoam. Bisector 

Pa3mepbI BbipaGoTKH. Yield 

Pasnnya. Odds 

PasHuua MexK ay aOclnccamH YByx ToUeK. 
Run between two points 


Isothermal 


PasHooOpa3ne 


CHMBON 


PasHoo6pasne KopHa. Miultiplicity of a root 

Pa3HocTHoe ypaBHeHHe. Difference equation 

Pa3HOcTb ZByx KBayupaToB. Difference of two 
squares 

Paso6ujenuHe. Disjunction 

Paso6ujeHve MHO?KecTBa. Separation of a set 

Paspe3aTb nonoyiam. Bisect 

Pa3pbIB co cKauKOM. Jump discontinuity 

PaspbiBpHoctb. Discontinuity 

Paspayq. Category 

PasbegnHeHne. Disjunction 

PackpbiITue onpegenutena. Expansion of a 
determinant 

PacnpefeseHHe c OouIbUIOH KOHIeHTpauuelt 
OKOJIO cpeyHeH. Leptokurtic distribution 

PacnpejeseHne c Malo KOHIeHTpaynel OKOJIO 
cpenHeH. Platykurtic distribution 

PacnpegeneHue cma6o cryljeHHoe OKOIIO 
cpeyHew. Mesokurtic distribution 

PacnpoctpaHeHne. Dilatation 

Paccenuue. Dispersion 

PaccpoueHHan Miata, yimata, PaccpoueHHpiit 
nyiaTex. Installment payment 

Pacctonuue. Distance 

PaccuntTpiBaTb. Calculate 

PacTaruBaemoe MpeoOpasoBaHue. Stretching 
transformation 

Pacts»KeHve. Elongation 

PacxomgqeHne pAQOB (MOceqOBaTeJIbHOCTEe;). 
Divergence of series 

PacxoqawaAcA MocsleqoBaTebHocTb. Diver- 
gent sequence 

PacuyleHeHHbie MHO?KecTBa. Disjoint sets 

Pacumpenune. Dilatation 

PaunouasbHoe uncno. Rational number 

PeBepcua nocyleqoBaTesIbHocTeH. Reversion 
of series 

PerynaApuHoe mpoctpaucTtBo. Normal space 

Pexum. Mode 

Pe3obBeHTa MaTpHbI. Resolvent of a ma- 
trix 

Pe30NbBeHTHOe ypaBHeHHe TpeTbeH cTereHH. 
Resolvent cubic 

PesymptaT. Result 

PekTuduKauna. Rectification 

Pedpakyua. Refraction 

PeuretKa. Lattice 

Pewero. Sieve 

PeuIHTebHbIN. Categorical 

Poa MHO»KeCTBa TOUeK, Poa TOUeUHOrTO MHO- 
»wecTBa. Species of a set of points 

PoycTBeHHocTb. Relation 

PoncTBeHHbIii yronm. Related angle 

PosetKa H3 Tpex ucToB. Rose of three leafs 

Pom6. Rhombus 

Pom6osaxn npu3sma. Rhombohedron 

Pomo6oug. Rhomboid 

Potop. Curl 

Pym6opan sImHHA. Rhumb line 

Pyuka Ha moBepxHocTH. Handle on a sur- 
face 


Pyuna ppruara. Lever arm 
Pprnounan yeuHa. Market value 
Pag uucen. Series of numbers 


Cantyc dyHKunK. Saltus of a function 

CamoconpayKeHHoe ripeoOpa30BaHne. Self- 
adjoint transformation 

CaytTurpamm. Centigram 

CayTumetp. Centimeter 

CBepXCOMPHKOCHOBaOlHecH KpMBbIe Ha T10- 
BepxHocTH. Superosculating curves on a 
surface 

CxBepxcompukocHoBeHHe. Superosculation 

CpBepxtpoxonga. Hypotrochoid 

CBepxdunstp. Ultrafilter 

CpBuBaHHe KpHBoH. Torsion of a curve 

CBofvicTBO HHBapuaHTHOcTH. Invariant prop- 
erty 

CBolicTBo oToGpaxxeHnaA. Reflection pro- 


perty 
CBa3sHaA = TpantccbopMa lina. Conjunctive 
transformation 


CBA3HO OpHeHTHPOBaHHbIM. Coherently ori- 
ented 

CBxA3HOe MHO?KECTBO. Connected set 

CBa3HOe mpeocdpasoBaHnue. Conjunctive 
transformation 

Cex3Hoctb. Connectivity 

Cpa3p. Bond 

CsBa3bp. Brace 

Cpa3p. Conjunction 

CriaxKHBaHve KpuBbIx. Curve fitting 

CepepHoe HaksioHeHue. North declination 

CermeHt KpHBoM (muHHH). Segment of a 
curve (line) 

Cennosaa TouKka. Saddle point 

Cexkanc yria. Secant of an angle 

Cexctunmnon. Sextillion 

Cextop kpyra. Sector of a circle 

CemuyrovIbHHK. Heptagon 

Cemp. Seven 

CembaA KpHBbIx. Family of curves 

CenapaGSesbHaa urpa. Separable game 

Centusmnou. Septillion 

CepBomexaHu3m, CepBo. Servomechanism 

Cepnabyad o6smrauna. Serial bond 

CepvanbHo-ynopxAgoOueHHOe MHOKECTBO. 
Serially ordered set 

CeTb HeMONHO yNOPAMOUCHHbIX MHO?KECTB. 
Net of partially ordered points 

(>xKumMaHHe. Compactification 

CoxaTaa Tpancdopmauua. Contact trans- 
formation 

CoxaTue TeHcopa. Contraction of a _ ten- 
sor 

CoxaToe MHOMXKeCTBO. Compact set 

CyxaToe mpeoO6pa3soBaHHe. Contact trans- 
formation 

Cuma cmeptuoctH. Force of mortality 

Cunnoru3m. Syllogism 

CumBon. Symbol 


CumMetTprunan 


CoctasHaa 


CumMetTpnunaa dburypa. Symmetric figure 

Cummetpua dyHKunn. Symmetry of a func- 
tion 

Cumnoyiexc. Simplex 

Cummiekc-metog. Simplex method 

CuMMIMuUMasIbHOe §=MHOKeCTBO. Simplicial 
complex 

Cunyc yrna. Sine of an angle 

CuuteTHuecKkoe eseHve. Synthetic divi- 
sion 

Cuuyconna. Sinusoid 

Cuctema paBHOTeMMepaTypHbIX 
System of isothermal curves 

CucTema ypaBHeHul. System of equations 

Ckasia MHHMbIX uncen. Scale of imaginaries 

CkaslapHoe KommuecTBO, Scalar quantity 

CkeyleT Kommiekca. Skeleton of a complex 

Cxkugka. Discount 

CkulabIBa-roulnlica, -emoe. Addend 

Cro6ka. Bracket 

CkoOKH (Kpyruibie). Parentheses 

Ckopoctb. Speed 

Ckopoctp. Velocity 

Crkopocts y7BHwKeHHA. Momentum 

Ckpy4eHHOCTb KpuBol. Torsion of a curve 

CkpyunBaHne KpuBoH. Torsion of a curve 

Ckpy4HBaroulee ycumue. Torque 

Cna6an cxomumocts. Weak convergence 

Cnararllax culbl. Component of a force 

Cna6o KOMNaKTHEIM. Weakly compact 

Cna6o @xKaTbIn. Weakly compact 

Cromenve. Addition 

Cney matpuubi. Spur of a matrix 

Cneyctspue. Corollary 

CnoKHan dyHKUMA. Composite function 

CyIoxKHOCTb KOpHA. Multiplicity of a root 

CrloxKHble NPOWeHTbI. Compound interest 

CoiomaHHaa ymHHA. Broken line 

CnyuaiHaA moclleospatesbHocTb. Random 
sequence 

Cnyuaiivoe orKsIoHeHue. Probable deviation 

CryuanHpil xon. Chance move 

CmeinaHHoe uncyo. Mixed number 

CmelarollanicAH MOBepXHOCT. Translation 
surface 

CmeileHHaad cTaTuctuKa. Biased statistic 

CmopuyMBaHuHe moiockoctu. Shrinking of the 
plane 

CMbIcJI HepaBeHcTBa. Sense of an inequality 

Co6cTBenHan dbyHKuMA. Eigenfunction 

Co6OcTBeHHoe 3HaueHHe. Eigenvalue 

Co6cTBeHHbIM BeKTOp. Ejigenvector 

CoBepuieHHO cMellaHHaa urpa. Completely 
mixed game 

CoBMeCTHMOCTb ypaBHeHHH. Consistency of 
equations 

CoBMmecTHMble ypaBHeHna. Consistent equa- 
tions 

CoBMecTHax MOo*KH3HeEHHaA TOOBaA peHTa. 
Joint life annuity 

Copnayaroulve sHMHHH. Concurrent lines 


KDHBbIX. 


Copnagaroujwe dburyppi (Tea). Congruent 
figures 

CopmayjaroulvecaA yrJibl, HO pa3sIMuaroOllMeca 
Ha 360°. Coterminal angles 

Copnayarmnn. Coincident 

CopnaneHve. Congruence 

Cosnagenue. Conjunction 

CormacHo OpHeHTHpoBaHHble. Concordantly 
oriented 

CormacHo pacmooxKeHHBle. 
oriented 

CornacoBaHHe. Congruence 

CorjlacoBaHHOCTh ypaBHeHul, Consistency 
of equations 

CorslacoBaHHblie 
equations 

Cojep»kaHve MHOKecTBa. Content of a set 

CoenuHenve. Conjunction 

Coequuenne (Cc CBHBaHHem) WBYX yHKIMH. 
Convolution of two functions 

CoequwHeHHe MHO?KeCTB. Join of sets 

CoequHeHHe MHO?KECTB. Union of sets 

CoequHeHve MHODKeECTBa TpeyMeros. Com- 
bination of a set of objects 

CoeaguHeHhe ueHoB. Grouping terms 

Cov3MeHHMOe IIpOH3SBOZHOe. Covariant deri- 
vative 

Cous3sMeHumocTb. Covariance 

Consmepumpiit. Commensurable 

CoxpamjaTb. Cancel 

CoxpaujeHne. Cancellation 

CokpaujeHve TeHcopa. Contraction of a 
tensor 

ConeHorguHbili Bektop. Solenoidal vector 

ComHeuHoe Bpema. Solar time 


Concordantly 


ypaBHeHHA. Consistent 


CooTBecTBeHHbIe ~=yIJIbI. Corresponding 
angles 

ComMHOoKeECTBO Toorpynnbl. Coset of a sub- 
group 


Comyuoxutenb. Cofactor 

CooTBeTcTBue. Congruence 

CootsetcTBue. Parity 

CoorBetrcTByrouiwe MaTpHibl. Conformable 
matrices 

CootsBetcTByrolHi. Coincident 
ConpukacaroujaAca muiockocTb. Osculating 
plane 

ConpukocHoBeHie. Osculation 

CompsxKeHHoe mpoctpaHcTBo. Adjoint (or 
conjugate) space 

ConpsoKeHHble KOMIMIeKCHbIe uncna. Con- 
jugate complex numbers 

ConpsxKeHHbie nogrpynnpi. Conjugate sub- 
groups 

CorpsoKeHHbIe yrJIbI. Conjugate angles 
Copt nosepxHoctu. Genus of a surface 

Cocenctso touKku. Neighborhood of a 
point 

CoctaBilAlowjaa cCHIbI. Component of a 
force 

CoctaBHan dyHKuHA. Composite function 


CoctaBHaa 
CoctaByan uactb. Component 
CoctaBHoe uncno. Composite number 


CoctTaBHolt ssIemMeHT. Component 

CoTHaAH CHCTeMa MepbI yIJIOB. 
system of measuring angles 

Couetanue. Conjunction 

CoueTaHve MHOMKECTBa IIpesIMeTOB. 
nation of a set of objects 

CnekTp Matpuubi. Spectrum of a matrix 

CrieKTpaJIbHbIM aHamM3. Spectral analysis 

CneumasibHaa TouKa. Singular point 

CnupasibHad MoBepxHocTb. Spiral surface 

CrupanbHoe uncno. Winding number 

CrunoujeHHbIi snuncouy. Oblate ellipsoid 

CpegHee. Average 

CpemquHee QBYX UNCEeII. 
of two numbers 

Cpeauan Touka. Median point 

CpenHAA TOUKA OTpe3Ka JIMHHH. 
of a line segment 

CTaBHTb ycyIoBHem. Postulate (v.) 

CraHfapTHoe Bpemaz. Standard time 

CtraHaapTHoe OTKIOHeHHe. Standard devia- 
tion 

Cratuctuka. Statistics 

CrTaTHCTHKa PpooK],aeMOCcTH, CMepTHOCTH, H T.2. 
Vital statistics 

(CratucTuueckanr) Tab nuua CmepTtHoctu. Mor- 
tality table 

CraTucTtuuecKHi BbIBOA. Statistical 
ence 

CraTuctnuueckoe WaHHoe. Statistic 

CtratucTuueckoe 3akoueHHe. Statistical in- 
ference 

Cratuka. Statics 

CtTaTwHuecKHii MOMeHT. Static moment 

CtTeneHHaA KpuBan. Power curve 

CrTeneHHble pAbI, cepuu. Power series 

CreneHb nomvHoma (MHorousieHa). Degree of 
a polynomial 

CremeHb uncna. Power of a number 

Crepanuan. Steradian 

Crepe — KyOuuecKHH MeTp. Stere 

CrepeorpaduyeckaA mpoeKUHA. 
phic projection 

CrepeomeTpHa. 
‘try 

Cro. Hundred 

CrorpaflycHbii TepMometp. Centigrade ther- 
mometer 

CTOMMOCTb aMOpTH3allHH 
Depreciation charge 

Crona (6ymaru). Ream 

CropoHa MHOroyrosIbHHkKa. 


Centesimal 


Combi- 


Mean (or average) 


Midpoint 


infer- 


Stereogra- 


Three-dimensional geome- 


(H3HallIMBaHHA), 


Side of a poly- 


gon 

CtToxactuyeckaA nepemeHHaan. Stochastic 
variable 

CrpaternaA B urpe. Strategy of a game 

CrpaxoBaHuHe. Insurance 

CrpaxoBaHve Bcet »xu3Hu. Whole life in- 
surance 
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CuetHaa 

Crporo Bos3pactarowmana dyHKuUNA. Strictly 
increasing function 

Crporo-OMMHUpyrousadA cTpaterna. Strictly 


dominant strategy 

Crpoka onpefenutTesa. 
ant 

Crpodouna. Strophoid 

CrynenuatTaa PyHKUMA. 

CTaruBaHHe TeHcopa. 
tensor 

CraruBats yros. Subtend an angle 

Crmxatenb. Accumulator 

Cy6rapmMoHuueckan (PyHKUMA. 
function 

Cyorpynna. Subgroup 

Cyotanreuc. Subtangent 

CyokeHHaA TpaHccdopmalHaA. 
formation 

CyokeHHoe TpeoOpa3s0BaHne. 
formation 

CyMMa IIPHUHTAaIOWaACA OTKAa3aBIIIEMyCA OT 
cTpaxoBoro nojinca. Surrender value 

Cymma uncen. Sum of numbers 


Row of a determin- 


Step function 


Contraction of a 


Subharmonic 


Contact trans- 


Contact trans- 


CyMMupoBaHve psaga. Summation of a 
series 

Cymmupyemaa dyHKuuA. Summable func- 
tion 

CyljecTBeHHO OrpaHHueHHbIn. Essentially 
bounded 


CyulecTBeHHoe cBolicTBo. Intrinsic property 
CylJecTBeHHbIHM KBaHTop. Existential quanti- 
fier 


CyulecTBeHHbIM. =6pa3spbiBp. Non-removable 
discontinuity 

Coepa. Sphere 

Cdepnueckue ocu (KoopaHHatTE!). Spherical 
coordinates 

Cobepuueckui MpAMOYrOJIbHHK C TpeMA 


IIPAMbIMH yruiaM. Trirectangular spherical 
triangle 
Coepoun. Spheroid 


Cxema kommmeKca. Skeleton of a complex 

Cxema cJryuatinoctu (6ecnopxAOUHOCTH). 
Random device 

CxoguMmocTb GecKOoHeuHOrO pA. 
gence of a series 

CxoycTBo. Analogy 

CxoqMTEcA K Ipeyeny. Converge to a limit 

Cxoyjaujeeca NocilegqoBpaHHe. Convergent se- 
quence 

CxoAMIMMcA 3HaMeHaTesIb UeNHOM poon. 
Convergent of a continued fraction 

Cxogauniica pag. Convergent series 


Conver- 


CuenmsIeHHO OPHeHTHpOBaHHbI. Coherently 
oriented 

Cuet. Numeration 

Cuet. Score 

CueT c OCHOBaHMM Ba. Binary 

Cuetuad smuHelika. Slide rule 


CuetTHaxA Mallya. 
puting machine 


Calculating machine, com- 


CuerHoe 


Tpnanrylagqnsa 


CueTHoe MHO?KeECTBO. Countable set, enu- 
merable set, denumerable set 

Cuetnocts. Countability 

CueTuHK Ha BbIUMTAaTeJIbHOM maiMHe (cueT- 
HOH maumMHe). Counter of a computing 
machine 

Cuetpi1. Abacus 

Cuncnats. Calculate, count 

CuntaTb. Compute, add, count 

Cuntats no nBa. Count by twos 

CuntatTb 10 WBoKamM. Count by twos 


TaOnmua sorapudmos. Table of logarithms 

Tadmnupbi BO3MO)KHOCTH, cilyuaHHOcTH, 
ycnoBHoctuH. Contingency table 

Ta6Ommunan pasHocts. Tabular differences 

Taurenc yrna. Tangent of a angle 

Tapud. Tariff 

Teucop. Tensor 

Tencop HampsoKkeHua. Stress tensor 

TeHcopHoe ucuncyieHve. Tensor analysis 

‘TeHCOpHbIM aHammM3. Tensor analysis 

Teup. Umbra 

Teopema. Theorem 

Teopema JIap6y 06 aHannTHueckom mpoyos- 
»xeHHH. Monodromy theorem 

Teopema QBolMcTBeHHOcTH. Duality theorem 

Teopema 0 MHHuMakKce. Minimax theorem 

Teopema 0 nmpomexKyTOUHOK BemuunHe. Inter- 
mediate value theorem 

Teopema 0 NpoMexKyTOUHOM 3Hay¥eHuH. Inter- 
mediate value theorem 

Teopema o cpeqHei Benuunne. Mean value 
theorem 

Teopema 06 ocrarKe. Remainder theorem 

Teopema IIudaropa. Pythagorean theorem 

Teopema Ponna. Mean value theorem 

Teopema Tay6epa. Tauberian theorem 

Teopua oTHocutTenbHocTH. Relativity theory 

Teopna dbyHKuuh. Function theory 

Teopua ypaBHenuit. Theory of equations 

TenepemmHaa weHHoctb. Present value 

Tepmometp L[lenpcun. Centigrade thermo- 
meter 

Tepenne, dpuKuua. Friction 

Tetpaegp. Tetrahedron 

Tnuxaa qyonp. Silent duel 

Took ecTBeHHbIe KoHUecTBa. Identical 
quantities 

Tou gectBo. Identity 

Toukaa miactHHkKa. Lamina 

ToHKO-NONOCHbIN BbIOop. Stratified sample 

Touua. Ton 

ToOHTHHHaA exKerogqHan penta. Tontine an- 
nuity 

TononornueckaArpynna. Topological group 

‘Tononornueckoe mpeoOpasoBaHHe AByX MHO- 
»*ecTB. Homeomorphism of two sets 

TononornaA. Topology 

Top. Torus 

‘ToueuHaa Quarpamma. Scattergram 


ToueuHoe mpon3Befenue. Dot product 

‘Toueuupiit ssmumc. Point ellipse 

Touka BeTBIeHHA. Branch point 

Touka BpaujeHua ppruara. Fulcrum 

Touka fesaujaa nononam. Bisecting point 

Touka usrnoanna. Bend point 

Touka KoHaeHcauMH. Condensation point 

Touka HakonsieHua. Accumulation point 

Touka onoppb! ppruara. Fulcrum 

Touka nepern6a. Inflection point 

Touka nmepepbipa (mpeppipanHua). Point of 
discontinuity 

Touka MepeceueHHA BBbICOT TPeXyrOJIbHHka. 
Orthocenter 

Touka nepeceueHHA JByX KPHBbIX C pasHbIMH 
KaCaTeJIbHbIMH. Salient point 

Touka noBopota. Turning point 

Touka MpWJI0xKeHHA CHJIbI. Fulcrum 

Touka NpoHu3biBpaHna. Piercing point 

Touka pa3sBeTByieHua. Branch point 

Touka crylieHua. Condensation point 

Touka ynmoTHeHua. Condensation point 

Toukn JlexKalive Ha OJHOHM HW TOM Ke JIMHHH. 
Collinear points 

TouHoe guddepeHuvasbHoe ypaBHeHHe. 
Exact differential equation 

TouHbIi Qenutenb. Exact divisor 

TouHbIi KBagpaT (4uncyia). Perfect square 

Tpaektopua. Trajectory 

TpaekTopua cHapaga. Path of a projectile 

Tpaxktpuca. Tractrix 

TpaH3ut-(Hbmi Teneckor). Transit 

TpaH3HTHBHoe pogcTBo. Transitive relation 

TpaHcnosHyna. Transposition 

TpaHcno3HuvA MaTpHilbl. Transpose of a 
matrix 

Tpaucnoptup. Protractor 

TpaHcdunutuan wHoyKuUuA. Transfinite in- 
duction 

Tpanccdbopmauua KoopauuatT. Transforma- 
tion of coordinates 

TpaHciuenneuTHoe uucno. Transcendental 
number 

Tpaneuna. Trapezoid 

TpeyronbHad mupamuya. Tetrahedron 

TpeyrosibHuK. Triangle 

TpeyrobHHK Ha 3€MHOM Wape. Terrestrial 
triangle 

TpexrpaHHbii (moBepxHocTbiii) yron.  Tri- 
hedral angle 

TpexrpaHHbIi yron oOpa30BaHHbI TpemA 
muunuamn. Trihedral formed by three lines 

TpexcTopoHHad nupamuga. Triangular pyra- 
mid 

TpexcropoHunit yrom. Tetrahedral angle 

TpexcropoHHHii yroa’ oOpa30BaHHbIN TpemaA 
nuuauamu.  Trihedral formed by three lines 

Tpexuyeu, TpexuneuHoe BbIpaxxeHue.  Tri- 
nomial 

Tpu. Three 

Tpuanrynauna. Triangulation 


TpusuaipHoe 


PMyHKnHA 


TpusuasbHoe peuienue. Trivial solution 

Tpuronometpyuueckne dmyHKIHM. Trigono- 
metric functions 

TpuroHometpua. Trigonometry 

‘TpmkObI OpToroHasibHan cuctema. ‘Triply or- 
thogonal system 

Tpyummetunk. Trefoil 

‘Tpuminon. Trillion 

TpyHaguatTs. Thirteen 

Tpucextpuceca. Trisectrix 

‘Tpucekuua yria. Trisection of an angle 

‘TpowuHoe mpeyctaBpienve uucen. Ternary 
representation of numbers 

Tponka. Triplet 

‘Tpohnot KopeHb (ypaBHeHna). Triple root 

TpottHol uyterpan. Triple integral 

Tpoxoufa. Trochoid 

Tynouw yron. Obtuse angle 

Taicaua. Thousand 

Tota dyHKuHA. Theta function 


YOaBuTs. Discount 

YOaBnaTb. Discount 

Yopuisparoujanca dbyHKuHA. Decreasing func- 
tion 

YrsibI HanpaBieHHA. Direction angles 

Yron. Angle 

Yron BektTopa. Vectorial angle 

Yron MexKAY IHHMeH M CeBeEporlooKHOHM JINHHe. 
Bearing of a line 

Yrnopoe ycKopenue. Angular acceleration 

Yruomep. Protractor 

YapBoeuve Kky6a. Doubling of the cube 

Yoembuaad Termsota. Specific heat 

YuoouuenHe. Elongation 

YoownnAemoe mpeobOpasoBaHne. 
transformation 

YOBJICTBOpUTb ypaBHeHHe. Satisfy an equa- 
tion 

Ys3en. Cusp 

Y3e1 (B ToNoorun). Knot in topology 

Ys3en Ha KpHBoH. Node of a curve 

Ys3noBaa KpuBaA. Nodal line 

Ya3nosaa mHHHA. Nodal line 

YkopoueHve TeHcopa. Contraction of a 
tensor 

YopoueHHoe AeyeHue. Short division 

YouutKa. Limacgon 

Yuetpa-dbusptp. Ultra-filtre 

YMeHbWAaemMaAH (QO TOUKH) KpuBan. Redu- 
cible curve 

Ymeubiatoleeca. Minuend 

Ymeublienve KOppesnuun. Attenuation of 
correlation 

YmenubpueHHe cKopoctTu. Deceleration 

YmenbpureHHe tTencopa. Contraction of a 
tensor 

YmuHooKeHHe BeKTOpoB. Miultiplication of 
vectors 


Stretching 


YMHOKNTS WBa uncna. Multiply two num- 


bers 


YuukypcasibHad KpuBaxn. Unicursal curve 

YuHuMOyalbHaA MaTpuya. Unimodal mat- 
rix 

YuutTapHad MaTpHya. Unitary matrix 

YuuutToouutesnb. Annihilator 

YrsioTHeHhe. Compactification 

YunopaAgoueHHoe MHO?KECTBO. Ordered set 

YupaxHeHve. Exercise 

Ynpourenue. Simplification 

Ynpoujenuad Gpobs. Simplified fraction 

YnpowleHHoe WesleHve. Short division 

YnpouleHHoe KyOMYeCKOe ypaBHeHHe (Tpe- 
TbeH cremeHH). Reduced cubic equation 

YpaBHeHHe NATOH cTeneHH. Quintic 

YpaBHeHle BOJIHbI. Wave equation 

YpaBHeHHe BTOpolw cTeneHv. Quadratic 
equation 

YpaBHeHHe KpHBon. Equation of a curve 

YpaBHeHHe C YMCHBILICHHbIM UHCJIOM KOpHeli. 
Depressed equation 

YpaBueHHe wiecroli cremeHu. Sextic equa- 
tion 

YpaBHeHHoe BpemaA. Equated time 

YpaBunutTp. Equate 

YceueHHaA MMpoctTpaHcTBeHHaA cburypa. 
Frustum of a solid 

YceueHHbiI KoHyc. Truncated cone 

YcrKopeHue. Acceleration 

Yckopeunve no taHreucy. Tangential accele- 
ration 

Ycnospun. Conditions 

YcnoBHaA erKeroqHaA penta. Contingent 
annuity 

YcnoBHaH cxogumoctp. Conditional con- 
vergence 

Yuer Bekceyeh. Discount 


@a3a MpocToro rapMOHHUeCKOrO TBHOKeHHA. 
Phase of simple harmonic motion 

@MakTopnal wemoro uucma. Factorial of an 
integer 

@MakTopHasIbHaA HoTauHA. Factorial nota- 
tion 

@MakToOpHasIbHoe UcunNcNeHve. Factor ana- 
lysis 

@Murypbl POACTBeHHbIe MO IWeHTpaIbHbIM 
mpoexuuvAm. Radially related figures 

@Muntp. Filter 

@Moxkyc napadombr. Focus of a parabola 

@Mopma. Configuration 

@Mopma c JByMA NepeMeHHbIMH. Form in 
two variables 

@Mopmyna. Formula 

@MopMysIbI DA BbIunTaHHe. Subtraction for- 
mulas 

@Popmysibl FIA NonoBuH! yriia. Half-angle 
formulas 

@PopMybl NpHBeqeHHA (B TPHTOHOMETPHH). 
Reduction formulas | 

@MyHkuHA Klacca C*", Function of class 
cn 


@MyHKnqnA Ilecruyecaraa 
@PyHKUHA pacnpeaeseHuA. Distribution InnMHopouy — WWINH_pMuecKkand MOBepx- 
function 


CPyHKUNA iaTtexa. Payoff function 

@MyuHkKuUMA WIIMxta. Schlicht function 

CPyHKIHOHaIbHOe OOO3sHa¥eHHe. Functional 
notation 

@Pyut. Pound 


XapaktTepuHctTnukKa JorapHdma. Characteristic 
of a logarithm 

XapakTepucTnuyeckoe ypaBHeHHe MaTpHIIbl. 
Characteristic equation of a matrix 

XapakTepHble KPHBbIe Ha MOBepXHOCTH. 
Characteristic curves on a surface 

Xu. Chi 

Xu KBagpaT. Chi square 

XomBurpe. Move of a game 

Xopna. Chord 

Xopfa mpoxogaman uepes dorye. Focal 
chord 


Llenaa dyHKunA. Entire function 

Ilenoe uucno. Integer 

[jena BbIkynyieHuA. Redemption price 

Ifeua soma. Scrap value 

Llenuas 6Gymara. Negotiable paper 

LlenHoctb cTpaxoBol momucu. Value of an 
insurance policy 

Llentp kKpyra (oKpy>kKHocTn). Center of a 
circle 

Lleptp Kpyra OMMCaHHOrO OKOJIO TpeXyFOJIb- 
HukKa. Circumcenter of a triangle 

Llentp syua. Ray center 

Ilentp maccpr. Center of mass 

IleHtp OKpy?KHOCTH BNHCaHHOM B Tpeyrolib- 
HuKe. Incenter of a triangle 

LleHTp OKpy2KHOCTH OMMCaHHOH OKOJIO Tpe- 
yrombuuka. Excenter of a triangle 

LleHtp mpoekTupoBaHHA. Ray center 

Llentpas rpymnpr. Central of a group 

LlentpampHbiit (B Kpyre) yron. Central 
angle 

Llentpo6exnaa cuna. Centrifugal force 

Ilentpongya. Centroid 

IleHtpoctpemutTenmbHoe ycKopeHue. Centri- 
petal acceleration 

Ijenuaa wpo6s. Continued fraction 

LlennaA KpuBan (MHA). Catenoid 

Llenuan muHuaA. Catenary 

Llennoe npapnno. Chain rule 

len cummekcos. Chain of simplexes 

Lunn. Cycle 

Iluxnugpr. Cyclides 

LJunsimueckan MepectaHoBka. Cyclic permu- 
tation 

Iunnouga. Cycloid 

LJmk0TOMHOoe ypaBHeHHe. Cyclotomic equa- 
tion 

Uunuygop. Cylinder 

Innnyuopuyeckad moBepxHocts. Cylindrical 
surface 


HOCTb C CCUCHHAMH NeCpNecHANKYJIAPHbIMH 
K 37uIMNcamM. Cylindroid 

Lupkyp. Dividers 

Liudpa. Digit 

Lludpopaa Mauna. Digital device 


UYacospoi yron. Hour angle 

Uactuuupie gpobu. Partial fractions 

Uactuan mponspoyuaa. Partial derivative 

Uactubiii unterpan. Particular integral 

Uactrota. Periodicity 

Uactota Knacca. Class frequency 

UactTs KpHBoit (mmHuH). Segment of a curve 

UactTb NpeMHM BOSBpalljaemMaA OTKa3aBLLUeMyCcAa 
OT cTpaxoBoro Nomuca. Surrender value 

Uepenyroumiica. Alternant 

Uerpeptp. Quarter 

Uerpeptp Kpyra. Quadrant of a circle 

UetBeptb okpyoKHocTH. Quadrant of a circle 

UersepuuHoe oTKIOHeHHe. Quartile devia- 
tion 

Uernoe pasmemjeHve. Even permutation 

Uetuoe uncno. Even number 

Uetuocts. Parity 

Uetprpe. Four 

UerbipexcropoHHad mpu3sma. Quadrangular 
prism 

UerpipexunenH. Quaternion 

UerbipeyroubHuk. Quadrangle 

UerpipeyronpbHuK. Quadrilateral 

Uncna c ux 3sHakamu. Signed numbers 

Uncnutenb (ypoou). Numerator 

Uncno. Number 

Unucno M3 KOTOporO KopeHb H3BIeKaeTca. 
Radicand 

Uncno OTHOCHTeNbHO MpocToe TaHHOro uNcIia 
Hi MeHbuIee DaHHoro uncya. Totitive of an 
integer 

Uneo, uenoe. Integer 

Uncno UHCelI OTHOCHTeEIbHO MpOCcTbIX K 
aHHOMY UMCIIY HW MCHbUIMX WaHHOro 4MCIa. 
Totient of an integer 

Uncnosar BesmunHa. Numerical value 

Unenospoe sHayueHne. Numerical value 

Uncnospoe Koso. Ring of numbers 

Uncnopoe none. Field of numbers 

Unctaa gpo6s. Proper fraction 

Unctaa mMaTematuKa. Pure mathematics 

Unctaa upon. Net profit 

Uncraa ctpaterua. Pure strategy 

Unen gpo6u. Term of a fraction 

Unen ypasHeuua. Member of an equation 

UpesmepHoe uncno. Redundant number 


Iancpr. Odds 

ap. Sphere 

IIapospie oc (KoopyuHaThI). Spherical co- 
ordinates 

Ilectugecataa cHcTeMa HyMepauMM (4NcHe 
HHA). Sexagesimal system of numbers 


Spanish—English Index 


Abaco. Abacus 

Abscisa. Abscissa 

Aceleracion. Acceleration 

AceleraciOn angular. Angular acceleration 

Aceleracion centripeta. Centripetal acceleration 

Aceleracion tangencial. Tangential accelera- 
tion 

Acotado esencialmente. Essentially bounded 

Acre. Acre 

Acumulador. Accumulator 

Adiabatico. Adiabatic 

Adjunta de una matriz. Adjoint of a matrix 

Agrupando términos. Grouping terms 

Aislar una raiz. Isolate a root 

Alargamiento. Elongation 

Alef cero. Aleph-null (or aleph zero) 

Algebra. Algebra 

Algebraico. Algebraic 

Algoritmo. Algorithm 

Alternante. Alternant 

Altitud (altura). Altitude 

Altura sesgada. Slant height 

Amortiguador (en una maquina calculadora) 
Buffer (in a computing machine) 

Amortizacion. Amortization 

Amplitud de un numero complejo. Amplitude 
of a complex number 

Analicidad. Analyticity 

Analisis. Analysis 

Analisis de sensibilidad. Sensitivity analysis 

Analisis factorial. Factor analysis 

Analisis infinitesimal. Infinitesimal analysis 

Analisis tensorial. Tensor analysis 

Analisis vectorial. Vector analysis 

Analogia. Analogy 

Ancho. Width; breadth 

Angulo. Angle 

Angulo agudo. Acute angle 

Angulo central. Central angle 

Angulo cosecante. Arc-cosecant 

Angulo coseno. Arc-cosine 

Angulo diedro. Dihedral angle 

Angulo excéntrico de una elipse. Eccentric 
angle of an ellipse 

Angulo exterior. Exterior angle 

Angulo horario. Hour angle 

Angulo interno. Interior angle 

Angulo obtuso. Obtuse angle 

Angulo paralactico. Parallactic angle 

Angulo polar de un punto. Anomaly of a 
point 

Angulo poliedro. Polyhedral angle 

Angulo reentrante. Reentrant angle 

Angulo reflejo. Reflex angle 

Angulo relacionado. Related angle 

Angulo secante. Arc-secant 


Angulo seno. Arc-sine 

Angulo sdlido. Solid angle 

Angulo tangente. Arc-tangent 

Angulo tetraedro. Tetrahedral angle 

Angulo triedro. Trihedral angle 

Angulo vectorial. Vectorial angle 

Angulos alternos. Alternate angles 

Angulos complementarios. Complementary 
angles 

Angulos conjugados. Conjugate angles 

Angulos correspondientes. Corresponding 
angles 

Angulos coterminales. Coterminal angles 

Angulos cuadrantes. Quadrantal angles 

Angulos directores. Direction angles 

Angulos  suplementarios. Supplementary 
angles 

Angulos verticales. Vertical angles 

Anillo de medidas. Measure ring 

Anillo de numeros. Ring of numbers 

Aniquilador. Annihilator 

Afio. Year 

Anotacion. Score 

Antiderivada. Antiderivative 

Antilogaritmo. Antilogarithm 

Antisimétrico. Antisymmetric 

Anualidad acortada. Curtate annuity 

Anualidad contingente. Contingent annuity 

Anualidad 6 renta vitalicia. Annuity 

Anualidad postergada. Deferred annuity 

Anualidad tontina. Tontine annuity 

Apice. Apex 

Apotema. Apothem 

Aproximacion. Approximation 

Area. Area 

Area de una superficie. Surface area 

Area lateral. Lateral area 

Argumento (6 dominio) de una funcion. Argu- 
ment of a function. 

Arista de un solido. Edge of a solid 

Aritmética. Arithmetic 

Aritmometro. Arithmometer 

Armonica teseral. Tesseral harmonic 

Armonica zonal. Zonal harmonic 

Artificio mnemotécnico. Mnemonic device 

Asa en una superficie. Handle on a surface 

Asimétrico. Asymmetric 

Asintota. Asymptote 

Atenuacion de una correlacién. Attenuation 
of correlation 

Automorfismo. Automorphism 

Avoir dupois (Sistema de pesos). Avoirdupois 

Axioma. Axiom 

Azimut. Azimuth 


Baricentro. Barycenter 


Base 


Coeficiente 


Base. Base 

Base. Basis 

Base. Radix 

Beneficiario. Beneficiary 
Bicompacto. Bicompactum 
Bicuadratica. Biquadratic 
Bienal. Biennial 

Bienes. Assets 

Bilineal. Bilinear 

Billoén. Billion 

Bimodal. Bimodal 

Binario. Binary 

Binomio. Binomial 
Binormal. Binormal 
Birectangular. Birectangular 
Bisectar. Bisect 

Bisectriz. Bisector 

Bonos seriados. Serial bond 
Braquistécrona. Brachistochrone 
Brazo de palanca. Lever arm 
Bruja de Agnesi. Witch of Agnesi 


Caballo de fuerza. Horsepower 

Cadena de simplejos. Chain of simplexes 

Calculadora analoga. Analogue computer 

Calcular. Calculate 

Calculo. Calculus 

Calculo (c6mputo). Computation 

Calculo automatico. Automatic computation 

Calculo de variaciones. Calculus of varia- 
tions 

Calculo integral. Integral calculus 

Calor especifico. Specific heat 

Caloria. Calory 

Cambio de base. Change of base 

Campo de estudios. Field of study 

Campo de fuerza conservador. Conservative 
field of force 

Campo de numeros. Field of numbers 

Campo numérico. Number field 

Cancelacién. Cancellation 

Cancelar. Cancel 

Cantidad. Quantity 

Cantidad de movimiento. Momentum 

Cantidad escalar. Scalar quantity 

Cantidad incoégnita. Unknown quantity 

Cantidades idénticas. Identical quantities 

Cantidades iguales. Equal quantities 

Cantidades inversamente proporcionales. In- 
versely proportional quantities 

Cantidades linealmente dependientes. Line- 
arly dependent quantities 

Cantidades _proporcionales. 
quantities 

Capital comercial. Capital stock 

Capital comercial 6 acciones. Stock 

Capsula convexa de un conjunto. Convex hull 
of a set 

Cara de un poliedro. Face of a polyhedron 

Caracteristica de un logaritmo. Characteristic 
of a logarithm 


Proportional 


Cardioide. Cardioid 

Cargo por depreciacién. Depreciation charge 

Casi periddica. Almost periodic 

Categoria. Category 

Categorico. Categorical 

Catenaria. Catenary 

Catenoide. Catenoid 

Cedazo. Sieve 

Celestial. Celestial 

Centésima parte de un numero. MHundredth 
part of a number 

Centigramo. Centigram 

Centimetro. Centimeter 

Centro de masa. Center of mass 

Centro de proyeccion. Ray center 

Centro de un circulo. Center of a circle 

Centro de un grupo. Central of a group 

Centroide. Centroid 

Centroide de un triangulo. Median point 

Cero. Zero 

Cerradura de un conjunto. Closure of a 
set 

Ciclides. Cyclides 

Ciclo. Cycle 

Cicloide. Cycloid 

Cién. Hundred 

Cifra. Cipher 

Cifra decimal. Place value 

Cilindro. Cylinder 

Cilindro hiperbdlico. Hyperbolic cylinder 

Cilindro parabolico. Parabolic cylinder 

Cilindroide. Cylindroid 

Cinco. Five 

Cinematica. Kinematics 

Cinética. Kinetics 

Circulante. Circulant 

Circulo. Circle 

Circulo auxiliar. Auxiliary circle 

Circulo circunscrito. Circumscribed circle 

Circulo de convergencia. Circle of conver- 
gence 

Circulo excrito. Escribed circle 

Circulo unitario. Unit circle 

Circulos coaxiales. Coaxial circles 

Circulos concéntricos. Concentric circles 

Circuncentro de un triangulo. Circumcenter 
of a triangle 

Circuncirculo. Cuircumcircle 

Circunferencia. Circumference 

Clase de equivalencia. Equivalence class 

Clase residual de un subgrupo. Coset of a 
subgroup 

Clave para una maquina calculadora. Coding 
for a computation machine 

Coaltitud. Coaltitude 

Cociente de dos numeros. Quotient of two 
numbers 

Codeclinacion. Codeclination 

Coeficiente. Coefficient 

Coeficiente de correlacion. Correlation coeffi- 
client 


Coeficiente 


Coordenada 
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Coeficiente de correlacién biserial. Biserial 
correlation coefficient 

Coeficiente de regresion. Regression coeffi- 
cient 

Coeficiente principal. Leading coefficient 

Coeficientes binomiales. Binomial coefficients 

Coeficientes indeterminados. Undetermined 
coefficients 

Coeficientes separados. Detached coefficients 

Cofactor. Cofactor 

Cofuncién. Cofunction 

Coherentemente orientado. Coherently ori- 
ented 

Coincidente. Coincident 

Colatitud. Colatitude 

Colineaci6én. Collineation 

Cologaritmo. Cologarithm 

Combinacién de un conjunto de objetos. 
Combination of a set of objects 

Combinacion lineal. Linear combination 

Compactificacién. Compactification 

Compactum. Compactum 

Compas. Compass 

Compas divisor, compas de puntas. Dividers 

Complejo simplicial. Simplicial complex 

Complemento de un conjunto. Complement 
of a set 

Completar cuadrados. Completing the square 

Componente de almacenamiento. Storage 
component 

Componente de consumo. Input component 

Componente de la memoria. Memory com- 
ponent 

Componente de rendimiento de trabajo. Out- 
put component 

Componente de una fuerza. Component of a 
force 

Composicion en una proporcidn. Composi- 
tion in a proportion 

Comprobacion de una solucién. Check on a 
solution 

Comprobacion por regla de los nueves. Cast- 
ing out nines 

Concavidad. Concavity 

Concoide. Conchoid 

Concordantemente orientado. Concordantly 
oriented 

Condicion necesaria. Necessary condition 

Condicion suficiente. Sufficient condition 

Conectividad. Connectivity 

Configuracion. Configuration 

Configuraciones superponibles. Superposable 
configurations 

Congruencia. Congruence 

Conica. Conic 

Conica degenerada. Degenerate conic 

Conicas confocales. Confocal conics 

Conicoide. Conicoid 

Conjuncion. Conjunction 

Conjunto acotado. Bounded set 

Conjunto cerrado. Closed set 


Conjunto compacto. Compact set 

Conjunto conexo. Connected set 

Conjunto de numeros. Set of numbers 

Conjunto denso. Dense set 

Conjunto desconectado. Disconnected set 

Conjunto discreto. Discrete set 

Conjunto finito. Finite set 

Conjunto mensurable (6 medible). Measur- 
able set 

Conjunto numerable. Countable set: enumer- 

able set; denumerable set 

Conjunto ordenado. Ordered set 

Conjunto ordenado en serie. Serially ordered 
set 

Conjunto vacio. Null set 

Conjuntos ajenos. Disjoint sets 

Conmensurable. Commensurable 

Conmutador. Commutator 

Conmutativo. Commutative 

Cono. Cone 

Cono circular. Circular cone 

Cono director.: Director cone 

Cono truncado. Truncated cone 

Conoide. Conoid 

Consecuente, en una relacién. Consequent in 
a ratio 

Consistencia de ecuaciones. Consistency of 
equations 

Constante de integracién. Constante of inte- 
gration 

Constante esencial. Essential constant 

Construccién. Construction 

Construccion de una grafica por composicién. 
Graphing by composition 

Contador de una maquina calculadora. 
Counter of a computing machine 

Contenido de un conjunto. Content of a 
set 

Continuacién de signo. Continuation of sign 

Continuidad. Continuity 

Continuidad uniforme. Uniform continuity 

Continuo. Continuum 

Contra las manecillas del reloj. Counterclock- 
wise 

Contraccién de un tensor. Contraction of a 
tensor 

Contraccion del plano. Shrinking of the plane 

Convergencia absoluta. Absolute conver- 
gence 

Convergencia condicional. Conditional con- 
vergence 

Convergencia de una serie. Convergence of a 
series 

Convergencia debil. Weak convergence 

Convergencia uniforme. Uniforin convergence 

Convergente de una fraccién continua. Con- 
vergent of a continued fraction 

Converger a un limite. Converge to a limit 

Convoluci6n de dos funciones. Convolution 
of two functions 

Coordenada de un punto. Coordinate of a point 


Coordenadas 


Derivada 


Coordenadas baricéntricas. Barycentric co- 
ordinates 

Coordenadas cartesianas. Cartesian coordin- 
ates 

Coordenadas esféricas. Spherical coordinates 

Coordenadas’ geograficas. Geographic  co- 
ordinates 

Coordenadas polares. Polar coordinates. 

Corolario. Corollary 

Corona circular (anillo). Annulus 

Corredor. Broker 

Correspondencia biunivoca. One-to-one cor- 
respondence 

Cosecante de un angulo. Cosecant of an angle 

Coseno de un angulo. Cosine of an angle 

Costo capitalizado. Capitalized cost 

Cota de un conjunto. Bound of a set 

Cota inferior. Lower bound 

Cota superior. Upper bound 

Cotangente de un angulo. Cotangent of an 
angle 

Covariancia. Covariance 

Coverseno. Coversed sine (coversine) 

Criterio de la razén (convergencia de series). 
Ratio test 

Criterio de razon generalizado (Criterio de 
D’Alembert). Generalized ratio test 

Cuadrado. Square 

Cuadrado magico. Magic square 

Cuadrado perfecto. Perfect square 

Cuadrangulo. Quadrangle 

Cuadrante de un circulo. Quadrant of a circle 

Cuadratura de un circulo. Quadrature of a 
circle 

Cuadratura del circulo. Squaring a circle 

Cuadrica. Quadric 

Cuadrilatero. Quadrilateral 

Cuantica. Quantic 

Cuantica cuaternaria. Quaternary quantic 

Cuantificador. Quantifier 

Cuantificador existencial. Existential quanti- 
fler 

Cuantificador universal. Universal quantifier 

Cuarto. Quarter 

Cuaternio. Quaternion 

Cuatrill6n. Quadrillion 

Cuatro. Four 

Cubica bipartita. Bipartite cubic 

Cubierta de un conjunto. Covering of a set 

Cubo. Cube 

Cuenta de dos en dos. Count by twos 

Cuerda. Chord 

Cuerda. Cord 

Cuerda focal. Focal chord 

Cuerdas suplementarias. Supplemental chords 

Cuerpos elasticos. Elastic bodies 

Cumulantes. Cumulants 

Cufia. Wedge 

Curso entre dos puntos. Run between two 
points 

Curtosis. Kurtosis 


Curva cerrada. Closed curve 

Curva convexa. Convex curve 

Curva cruciforme. Cruciform curve 

Curva cuartica. Quartic curve 

Curva cubica. Cubic curve 

Curva de frecuencia. Frequency curve 

Curva de probabilidad. Probability curve 

Curva empirica. Empirical curve 

Curva en el espacio. Space curve 

Curva epitrocoide. Epitrochoidal curve 

Curva exponencial. Exponential curve 

Curva izquierda (6 alabeada). Left-handed 
curve 

Curva kapa. Kappa curve 

Curva logaritmica. Logarithmic curve 

Curva meridiana. Meridian curve 

Curva pedal. Pedal curve 

Curva plana de grado superior. Higher plane 
curve 

Curva rectificable. Rectifiable curve 

Curva reducible. Reducible curve 

Curva secante. Secant curve 

Curva senoidal. Sine curve 

Curva serpentina. Serpentine curve 

Curva simple. Simple curve 

Curva torcida. Twisted curve 

Curva unicursal. Unicursal curve 

Curvas caracteristicas. Characteristic curves 

Curvas superosculantes en una_ superficie. 
Superosculating curves on a surface 

Curvatura de una curva. Curvature of a curve 

Cuspide. Spinode; cusp 


Débilmente compacto. Weakly compact 

Decagono. Decagon 

Decametro. Decameter 

Deceleracion. Deceleration 

Decimal finito. Terminating decimal 

Decimetro. Decimeter 

Declinacién. Declination 

Declinacion norte. North declination 

Declinacion sur. South declination 

Definido de una manera unica. Uniquely de- 
fined. 

Deformaci6n de un objeto. Deformation of 
an object 

Demostracion. Proof 

Demostracion indirecta. Indirect proof 

Demostracion por deduccidn. Deductive 
proof 

Demostrar un teorema. Prove a theorem 

Denominador. (Denominator 

Densidad. Density 

Derivada covariante. Covariant derivative 

Derivada de orden superior. Derivative of 
higher order 

Derivada de una funcion. Derivative of a 
function 

Derivada direccional. Directional derivative 

Derivada normal. Normal derivative 

Derivada parcial. Partial derivative 


Desarollo 


Ecuador 


Desarollo de un determinante. Expansion of 
a determinant 

DescomposiciOn espectral. Spectral decom- 
position 

Descuento. Discount 

Desigualdad. Inequality 

Desigualdad incondicional.. Unconditional in- 
equality 

Desproporcionado. Disproportionate 

Desviacién. Deviation 

Desviacion cuartil. Quartile deviation 

Desviacion probable. Probable deviation 

Desviacion standard. Standard deviation 

DeterminaciOn de curvas empiricas. Curve 
fitting 

Determinante. Determinant 

Determinante antisimétrico. Skew-symmetric 
determinant 

Diada. Dyad 

Diadico. Dyadic 

Diagonal de un determinante. Diagonal of a 
determinant 

Diagonal principal. Principal diagonal 

Diagonal secundaria. Secondary diagonal 

Diagrama. Diagram 

Diagrama de dispersion. Scattergram 

Diagrama de flujo. Flow chart 

Diametro de un circulo. Diameter of a 
circle 

Diez. Ten 

Diferencia de dos cuadrados. Difference of 
two squares 

Diferenciacién de una funcién. Differentia- 
tion of a function 

Diferenciacion implicita. Implicit differentia- 
tion 

Diferencial de una funcién. Differential of a 
function 

Diferencial total. Total differential 

Diferencias sucesivas de una funcién. Differ- 
encing of a function 

Diferencias tabulares. Tabular differences 

Digito. Digit 

Digito significativo. Significant digit 

Digno de confianza (fidedigno). Reliability 

Dilatacién. Dilatation 

Dimension. Dimension 

Dina. Dyne 

Dinamica. Dynamics 

Dipolo. Dipole 

DirecciOn asintotica. Asymptotic direction 

Directriz de una conica. Directrix of a 
conic 

Discontinuidad. Discontinuity 

Discontinuidad irremovible. Nonremovable 
discontinuity 

Discontinuidad removible. Removable dis- 
continuity 

Discriminante de un polinomio. Discriminant 
of a polynomial 

Dispersion. Dispersion 


Distancia entre dos puntos. Distance between 
two points 

Distancia zenital. Zenith distance 

Distribucion leptocurtica. Leptokurtic dis- 
tribution 

Distribucion mesocutrtica. Mesokurtic distri- 
bution 

Distribuci6n platocurtica. Platykurtic dis- 
tribution 

Disyuncion. Disjuntion 

Divergencia de una serie. Divergence of a 
series 

Dividendo de un bono. Dividend on a bond 

Dividir. Divide 

Divisibilidad. Divisibility 

Division. Division 

Division corta. Short division 

Division sintética. Synthetic division 

Divisor. Divisor 

Divisor exacto. Exact divisor 

Doblete. Doublet 

Doce. Twelve 

Dodecaedro. Dodecahedron 

Dodecagono. Dodecagon 

Dominio. Domain 

Dominio de una variable. Range of a variable 

Dos. Two 

Dualidad. Duality 

Duelo ruidoso. Noisy duel 

Duelo silencioso. Silent duel 

Duplicacion delcubo. Duplication of the cube 


Ecliptica. Ecliptic 

Ecuacion caracteristica de una matriz. Char- 
acteristic equation of a matrix 

Ecuacion ciclotomica. Cyclotomic equation 

Ecuacion cuadratica. Quadratic equation 

EcuaciOn cubica reducida. Reduced cubic 
equation 

Ecuacion de diferencias. Difference equation 

Ecuacion de grado reducido (al dividir por una 
raiz). Depressed equation 

Ecuacion de onda. Wave equation 

Ecuacion de sexto grado. Sextic equation 

Ecuacion de una curva. Equation of a curve 

Ecuacion derivada. Derived equation 

Ecuacion diferencia]. Differential equation 

Ecuacion diferencial exacta. Exact differential 
equation 

Ecuacion homogénea. Homogeneous equa- 
tion 

Ecuacion integral. Integral equation 

Ecuacion monica. Monic equation 

Ecuacion polinomial. Polynomial equation 

Ecuacion reciproca. Reciprocal equation 

Ecuaciones consistentes. Consistent equations 

Ecuaciones paramétricas. Parametric equa- 
tions 

Ecuaciones simultaneas. Simultaneous equa- 
tions 

Ecuador. Equator 


Ecuador 


Ecuador celeste. Celestial equator 


Eje. Axis 
Eje x. X-axis 
Fje y. Y-axis 


Eje mayor. Major axis 

Eje menor. Minor axis 

Eje radical. Radical axis 

Eje transversal. Transverse axis 

Ejercicio. Exercise 

Ejes rectangulares. Rectangular axes 

Elasticidad. Elasticity 

Elemento de integracién. Element of integra- 
tion 

Elemento lineal. Lineal element 

Elevacion entre dos puntos. Rise between two 
points 

Eliminacion por substitucion. Elimination by 
substitution 

Eliminante. Eliminant 

Elipse. Ellipse 

Elipse degenerada. Point ellipse 

Elipsoide. Ellipsoid 

Elipsoide achatado por los polos. Oblate 
ellipsoid 

Elipsoide alargado hacia los polos. Prolate 
ellipsoid 

En el sentido de las manecillas del reloj. 
Clockwise 

Endomorfismo. Endomorphism 

Energia cinética. Kinetic energy 

Ensayos sucesivos. Successive trials 

Entero. Integer 

Envolvente de una familia de curvas. En- 
velope of a family of curves 

Epicicloide. Epicycloid 

Epitrocoide. Epitrochoid 

Equidistante. Equidistant 

Equilibrio. Equilibrium 

Ergio. Erg 

Frror al redondear un numero. Round-off error 

Error de muestreo. Sampling error 

Escala de imaginarios. Scale of imaginaries 

Esfera. Sphere 

Esferoide. Spheroid 

Esfuerzo de un cuerpo. Stress of a body 

Espacio. Space 

Espacio adjunto (6 conjugado). Adjoint (or 
conjugate) space 

Espacio bicompacto (compacto). Bicompact 
space 

Espacio cociente. Quotient space 

Espacio completo. Complete space 

Espacio lagunar. Lacunary space 

Espacio métrico. Metric space 

Espacio metrizable. Metrizable space 

Espacio normado. Normed space 

Espacio paracompacto. Paracompact space 

Espacio producto. Product space 

Espacio separable. Separable space 

Espacio uniformemente convexo. Uniformly 
convex space 


Farmacéutico 


Especie de un conjunto de puntos. Species ofa 
set of points 

Espectro de una matriz. 
matrix 

Espectro residual. Residual spectrum 

Espiral equiangular. Equiangular spiral 

Espiral lituiforme. Lituus 

Espiral logaritmica. Logistic curve 

Espiral loxodromica. Loxodromic spiral 

Esqueleto de un complejo. Skeleton of a com- 
plex 

Estadistica. Statistic 

Estadistica. Statistics 

Estadistica bias. Biased statistic 

Estadistica vital. Vital statistics 

Estatica. Statics 

Esteradian. Steradian 

Estéreo. Stere 

Estimacién de una cantidad. Estimate of a 
quantity 

Estimacion sin bias. Unbiased estimate 

Estrategia de un juego. Strategy of a game 

Estrategia dominante. Dominant strategy 

Estrategia estrictamente dominante. Strictly 
dominant strategy 

Estrategia Optima. Optimal strategy 

Estrategia pura. Pure strategy 

Estrella de un complejo. Star of a complex 

Estrofoide. Strophoid 

Evaluacion. Evaluation 

Evaluar. Evaluate 

Eventos independientes. Independent events 

Eventos que se excluyen mutuamente. Mutu- 
ally exclusive events 

Evolucion. Evolution 

Evoluta de una curva. Evolute of a curve 

Exaedro. Hexahedron 

Exagono. Hexagon 

Excedente de nueves. Excess of nines 

Excentricidad de una hipérbola. Eccentricity 
of a hyperbola 

Excentro. Excenter 

Excirculo. Excircle 

Expansion asintotica. Asymptotic expansion 

Expectativa de vida. Expectation of life 

Exponente. Exponent 

Exponente fraccionario. Fractional exponent 

Exsecante. Exsecant 

Extrapolacioén. Extrapolation 

Extremos (o términos extremos). Extreme 
terms (or extremes) 


Spectrum of a 


Factor de un polinomio. Factor of a poly- 
nomial 

Factor integrante. Integrating factor 

Factorial de unentero. Factorial of an integer 

Factorizable. Factorable 

Factorizacion. Factorization 

Factorizacion unica. Unique factorization 

Familia de curvas. Family of curves 

Farmacéutico. Apothecary 


Fase 


Geometria 


Fase de movimiento armoénico simple. Phase 
of simple harmonic motion 

Figura plana. Plane figure 

Figura simétrica. Symmetric figure 

Figuras congruentes. Congruent figures 

Figuras homotéticas. Homothetic figures 

Figuras homotdpicas. Homotopic figures 

Figuras radialmente relacionadas. Radially 
related figures 

Filtro. Filter 

Flécnodo. Flecnode 

Foco de una parabola. Focus of a parabola 

Folio de Descartes. Folium of Descartes 

Fondo de amortizacién. Sinking fund 

Forma canonica. Canonical form 

Forma en dos variables. Form in two vari- 
ables 

Formas indeterminadas. Indeterminate forms 

Férmula. Formula 

Formula prismoidal. Prismoidal formula 

Formulas de reduccion. Reduction formulas 

Formulas de resta. Subtraction formulas 

Formulas del angulo medio. Half-angle for- 
mulas 

Fraccion. Fraction 

Fraccion comun. Common fraction 

Fraccion continua. Continued fraction 

Fraccion decimal periddica. Repeating deci- 
mal 

Fraccion propia. Proper fraction 

Fraccion simplificada. Simplified fraction 

Fraccion vulgar. Vulgar fraction 

Fracciones parciales. Partial fractions 

Frecuencia acumulativa. Cumulative _fre- 
quency 

Frecuencia de la clase. Class frequency 

Friccién. Friction 

Frontera de un conjunto. Frontier of a set; 
boundary of a set 

Fuerza centrifuga. Centrifugal force 

Fuerza cortante. Shearing strain 

Fuerza de mortandad. Force of mortality 

Fuerza electromotriz. Electromotive force 

Fulcro. Fulcrum 

Funcion aditiva. Additive function 

Funcion analitica. Analytic function 

Funcion analitica biunivoca. Schlicht func- 
tion 

Funcién analitica monogénica. Monogenic 
analytic function 

Funcion angulo-hiperbolica. Arc-hyperbolic 
function 

Funcion armonica. Harmonic function 

Funcién automorfa. Automorphic function 

Funcion bei. Bei function 

Funcion ber. Ber function 

Funcion compuesta. Composite function 

Funcion continua. Continuous function 

Funcion continua por arcos. Piecewise con- 
tinuous function 

Funcion creciente. Increasing function 


Funcion de clase C”. Function of class Cn 

Funcion de distribucién. Distribution func- 

~ tion 

Funcion de nucleo. Ker function 

Funcion de pago. Payoff function 

Funcion de signo. Signum function 

Funcion decreciente. Decreasing function 

Funcion desvaneciente. Vanishing function 

Funcion discontinua. Discontinuous function 

Funcion entera. Entire function 

Funcion escalonada. Step function 

Funcion estrictamente creciente. Strictly in- 
creasing function 

Funcion explicita.' Explicit function 

Funcién gama. Gamma function 

Funcion holomorfa. Holomorphic function 

Funcion implicita. Implicit function 

Funcion integrable. Integrable function 

Funcion kei. Kei function 

Funcion meromorfa. Meromophic function 

Funcion modular. Modular function 

Funcion monotona. Monotone function 

Funcion no acotada. Unbounded function 

Funcion polivalente. Many valued function 

Funcion potencial. Potential function 

Funcion propia (6 eigen-funcién). Eigenfunc- 
tion 

Funcion proposicional. Propositional func- 
tion 

Funcion semicontinua. Semicontinuous func- 
tion 

Funcion subaditiva. Subadditive function 

Funcién subarmonica. Subharmonic func- 
tion 

Funcién sumable. Summable function 

Funcion teta. Theta function 

Funcion trigonométricainversa. Inverse trigo- 
nometric function 

Funcion univalente. Single valued function 

Funcion zeta. Zeta function 

Funciones de Bessel modificadas. Modified 
Bessel functions 

Funciones equicontinuas. 
functions 

Funciones ortogonales. Orthogonal functions 

Funciones trigonométricas. Trigonometric 
functions 


Equicontinuous 


Ganancia bruta. Gross profit 

Gastos generales fijos. Overhead expenses 

Generador de una superficie. Generator of a 
surface 

Generadores rectilineos. Rectilinear gener- 
ators 

Generatriz. Generatrix 

Geometria. Geometry 

Geometria bidimensional. Two-dimensional 
geometry 

Geometria proyectiva. Projective geometry 

Geometria tridimensional. Three-dimensional 
geometry 


Girar 


Girar alrededor de un eje. Revolve about an 
axis 

Giro. Gyration 

Gradiente. Gradient 

Grado de un polinomio. Degree of a poly- 
nomial 

Grafica de barras. Bar graph 

Grafica de una ecuacién. Graph of an equa- 
tion 

Gramo. Gram 

Gravedad. Gravity 

GravitacioOn. Gravitation 

Grupo alternante. Alternating group 

Grupo conmutativo (abeliano). Commutative 
group 

Grupo de control. Control group 

Grupo de homologia. Homology group 

Grupo de numeros. Group of numbers 

Grupo de permutaciones. Permutation group 

Grupo de transformaciones. Transformation 
group 

Grupo topoldégico. Topological group 

Gudermaniano. Gudermannian 


Haverseno (6 medio verseno). Haversine 

Haz de planos. Sheaf of planes 

Hélice. Helix 

Helicoidal (helicoide). Helicoid 

Hemisferio. Hemisphere 

Heptagono. Heptagon 

Hipérbola. Hyperbola 

Hiperboloide de una hoja. WHyperboloid of 
one sheet 

Hiperplano. Hyperplane 

Hipocicloide. Hypocycloid 

Hipocicloide de cuatro cispides. Astroid 

Hipotenusa. Hypotenuse 

Hipotesis. Hypothesis 

Hipotrocoide. Hypotrochoid 

Histograma. Histogram 

Hodografo. Hodograph 

Hoja de una superficie. Sheet of a surface 

Hoja de una superficie conica. Nappe of a 
cone 

Homeomorfismo entre dos 
Homeomorphism of two sets 

Homogeneidad. Homogeneity 

Homologo. Homologous 

Homomorfismo entre dos conjuntos. Homo- 
morphism of two sets 

Homosedastico. Homoscedastic 

Horizontal. Horizontal 

Horizonte. Horizon 


conjuntos. 


Icosaedro. Icosahedron 

Ideal contenido en un anillo. Ideal contained 
in a ring 

Idemfactor. Idemfactor 

Idenpotente. Idempotent 

Identidad. Identity 

Igualdad. Equality 


Inversion 


Imagen de un punto. Image of a point 

Implicaci6n. Implication 

Impuesto. Tax 

Impuesto adicional. Surtax 

Impuesto sobre la renta. Income tax 

Incentro de untriangulo. Incenter of a triangle 

Incirculo. Incircle 

Inclinacion de una recta. Inclination of a line 

Incremento de una funcidn. Increment of a 
function 

Indicador de un entero. Totient of an integer 

Indicador de un numero. Indicator of an 
integer 

Indicativo de unentero. Totitive of an integer 

Indicatriz de una curva. Indicatrix of a curve 

Indice de un radical. Index of a radical 

Indice superior. Superscript 

Induccién. Induction 

Induccion incompleta. Incomplete induction 

Induccién matematica. Mathematical induc- 
tion 

Induccién transfinita. Transfinite induction 

Inercia. Inertia 

Inferencia. Inference 

Inferencia estadistica. Statistical inference 

Infinito. Infinity 

Inmergir (6 sumergir) en un espacio. Imbed 
in a space 

Inmersién de un conjunto. Imbedding of a 
set 

Integracion mecanica. Mechanical integra- 
tion 

IntegraciOn por partes. Integration by parts 

Integral de la energia. Energy integral 

Integral de superficie. Surface integral 

Integral de una funcién. Integral of a function 

Integral definida. Definite integral 

Integral doble. Double integral 

Integral impropia. Improper integral 

Integral indefinida. Indefinite integral 

Integral iterada. Iterated integral 

Integral multiple. Multiple integral. 

Integral particular. Particular integral 

Integral simple. Simple integral 

Integral triple. Triple integral 

Integrador. Integrator 

Integrador grafico. Integraph 

Integrando. Integrand 

Interaccion. Interaction 

Interés compuesto. Compound interest 

Interpolacion. Interpolation 

Intersecci6n de curvas. Intersection of curves 

Interseccion de dos conjuntos. Meet of two 
sets 

Intervalo abierto. Open interval 

Intervalo de confidencia. Confidence interval 

Intervalo intercuartil. Interquartile range 

Intervalos encajados. Nested intervals 

Invariante de una ecuacién. Invariant of an 
equation 

Inversion. Investment 


Inversion 


Inversi6n de un punto. Inversion of a point 

Inverso de una operacion. Inverse of an 
operation 

Inversor. Inversor 

Involucion de una recta. Involution on a line 

Involuta de una curva. Involute of a curve 

~Trracional. Surd 

Isomorfismo entre dos conjuntos. Isomor- 
phism of two sets 

Isotermo. Isotherm 


Ji-cuadrado. Chi-square 

Juego completamente mixto. 
mixed game 

Juego cOncavo convexo. 
game 

Juego de dos personas. Two-person game 

Juego de nim. Game of nim 

Juego de posicién. Positional game 

Juego de suma nula. Zero-sum game 

Juego en cooperativa. Cooperative game 

Juego finito. Finite game 

Juego no cooperativo. Noncooperative game 

Juego separable. Separable game 

Jugada personal. Personal move 

Jugador maximalizante. Maximizing player 

Jugador minimalizante. Minimizing player 


Completely 


Concave-convex 


Kilogramo. Kilogram 
Kilometro. Kilometer 
Kilovatio. Kilowatt 


Lado de un poligono. Side of a polygon 

Lado inicial de un angulo. Initial side of an 
angle 

Lado terminal de un angulo. Terminal side of 
an angle 

Lados opuestos. Opposite sides 

Lamina. Lamina 

Latice. Lattice 

Latitud de un punto. Latitude of a point 

Lazo de una curva. Loop of a curve 

Lema. Lemma 

Lemniscato. Lemniscate 

Ley asociativa. Associative law 

Ley de exponentes. Law of exponents 

Ley distributiva. Distributive law 

Libra. Pound 

Ligadura. Bond 

Limazon de Pascal. Limacgon 

Limite de una funcién. Limit of a function 

Limite inferior. Inferior limit 

Limite superior. Superior limit 

Limites fiduciarios (6 fiduciales). Fiducial 
limits 

Linea de curso. Trend line 

Linea de rumbo. Rhumb line 

Linea diametral. Diametral line 

Linea dirigida. Directed line 

Linea isoterma. Isothermal line 

Linea nodal. Nodal line 


Meridiano 


Linea quebrada. Broken line 

Linea recta. Straight line 

Linea vertical. Vertical line 

Lineas antiparalelas. Antiparallel lines 

Lineas concurrentes. Concurrent lines 

Lineas coplanares. Coplanar lines 

Lineas de contorno. Contour lines 

Lineas de flujo. Stream lines 

Lineas de nivel. Level lines 

Lineas (6 rectas) oblicuas. Skew lines 

Lineas paralelas. Parallel lines 

Literal. Literal constant 

Litro. Liter 

Llave (6 corchete). Brace 

Localmente compacto. Locally compact 

Logaritmo de un numero. Logarithm of a 
number 

Logaritmos comunes. Common logarithms 

Logaritmos naturales. Natural logarithms 

Longitud. Longitude 

Longitud de arco. Arc length 

Longitud de una curva. Length of a curve 

Lugar. Locus 

Lunula. Lune 


Magnitud de unaestrella. Magnitude ofa star 

Mantisa. Mantissa 

Maps (transformaciones) no esenciales. In- 
essential mapping 

Maquina calculadora. Calculating machine; 
computing machine 

Marco de referencia. Frame of reference 

Masa. Mass 

Matematica abstracta. Abstract mathematics 

Matematica aplicada. Applied mathematics 

Matematicas. Mathematics 

Matematicas puras. Pure mathematics 

Materia isotropica. Isotropic matter 

Matrices conformes. Conformable matrices 

Matrices equivalentes. Equivalent matrices 

Matriz aumentada. Augmented matrix 

Matriz de coeficientes. Matrix of coefficients 

Matriz hermitiana. Hermitian matrix 

Matriz unimodular. Unimodular matrix 

Matriz unitaria. Unitary matrix 

Maximo comun divisor. Greatest common 
divisor 

Maximo de una funcién. Maximum of a func- 
tion 

Mecanica de fluidos. Mechanics of fluids 

Mecanismo aleatorio. Random device 

Mecanismo digital. Digital device 

Media (6 promedio) de dos numeros. Mean 
(or average) of two numbers 

Medicioén. Mensuration 

Medida cero. Measure zero 

Medida de un conjunto. Measure of a set 

Menor de un determinante. Minor of a deter- 
minant 

Menos. Minus 

Meridiano terrestre. Meridian on the earth 


Metodo 


Método de comparacion (de una serie). Com- 
parison test 

Método de minimos cuadrados. Method of 
least squares 

Método del ‘‘simplex”’ (6 simplejo). Simplex 
method 

Método dialitico. Dialytic method 

Método inductivo. Inductive method 

Metro. Meter 

Miembro de una ecuacion. Member of an 
equation 

Mil. Thousand 

Milimetro. Millimeter 

Milla. Mile. 

Milla nautica. Nautical mile 

Mill6én. Million 

Minima cota superior. Least upper bound 

Minimo de una funcion. Minimum of a function 

Minuendo. Minuend 

Minuto. Minute 

Moda. Mode 

Modulo. Module 

Modulo de una congruencia. Modulus of a 
congruence 

Modulo de volumen. Bulk modulus 

Monomio. Monomial 

Momento de inercia. Moment of inertia 

Momento de una fuerza. Moment of a force 

Momento estatico. Static moment 

Morra (juego). Morra (a game) 

Moviemiento al azar. Chance move 

Movimiento armonico. Harmonic motion 

Movimiento curvilineo. Curvilinear motion 

Movimiento periddico. Periodic motion 

Moviemiento rigido. Rigid motion 

Muestra. Sample 

Muestra estratificada. Stratified sample 

Multilobulado. Multifoil 

Multinomio. Multinomial 

Multiplicacién de vectores. Multiplication of 
vectors 

Multiplicador. Multiplier 

Multiplicando. Miultiplicand 

Multiplicidad de una raiz. Multiplicity of a 
root 

Multiplicar dos nimeros. Multiply two num- 
bers 

Multiplo comun. Common multiple 

Multiplo de un numero. Multiple of a number 

Multivibrador biestable. Flip-flop circuit 


Nabla. Del 

Nadir. Nadir 

Negacion. Negation 

Nervio de un sistema de conjuntos. Nerve of 
a system of sets 

Nilpotente. Nilpotent 

Nodo con tangentes distintas. Crunode 

Nodo de una curva. Node of a curve 

Nomograma. Nomogram 

Nonagono. Nonagon 


Orden 


Normal a una curva. Normal to a curve 

Norma de una matriz. Norm of a matrix 

Notacion. Notation 

Notacion factorial. Factorial notation 

Notacion funcional. Functional notation 

Nucleo de un homomorfismo. Kernel of a 
homomorphism 

Nucleo de una ecuacion integral. Nucleus (or 
kernel) of an integral equation 

Nudo de distancia. Knot of distance 

Nudo en topologia. Knot in topology 

Nueve. Nine 

Numerador. Numerator 

Numerabilidad. Countability 

Numeracion. Numeration 

Numero. Number 

Numero aritmético. Arithmetic number 

Numero cardinal. Cardinal number 

Numero complejo. Complex number 

Numero compuesto. Composite number 

Numero deficiente. Defective (or deficient) 
number 

Numero de vueltas. Winding number 

Numero denominado. Denominate number 

Numero impar. Odd number 

Numero irracional. Irrational number 

Numero mixto. Mixed number 

Numero negativo. Negative number 

Numero ordinal. Ordinal numbers 

Numero par. Even number 

Numero positivo. Positive number 

Numero primo. Prime number 

Numero racional. Rational number 

Numero real. Real number 

Numero redundante. Redundant number 

Numero trascendente. Transcendental num- 
ber 

Numeros. Numerals 

Numeros amigables. Amicable numbers 

Numeros complejos conjugados. Conjugate 
complex numbers 

Numeros dirigidos. Signed numbers 

Numeros inconmensurables. Incommensur- 
able numbers 


Ocho. Eight 

Octaedro. Octahedron 

Octagono. Octagon 

Octante. Octant 

Ohmio. Ohm 

Ojiva. Ogive 

Once. Eleven 

Operacion. Operation 

Operaciones elementales. Elementary opera- 
tions 

Operador. Operator 

Orden de contacto (de dos curvas). Order of 
contact 

Ordenada al origen. Intercept on an axis 

Ordenada de un punto. Ordinate of a point 

Orden de un grupo. Order of a group 


Orientacion 


Orientacion. Orientation 

Origen de coordenadas. Origin of coordinates 

Ortocentro. Orthocenter 

Oscilacion de una funcion. Oscillation of a 
function 

Osculacion. Osculation 

Ovalo. Oval 


Pago a plazos. Installment payments 

Papel negociable. Negotiable paper 

Par (torque). Torque 

Parabola. Parabola 

Parabola cubica. Cubical parabola 

Paraboloide de revolucién. Paraboloid of 
revolution 


Paraboloide hiperbdlico. Hyperbolic para- 
boloid 


Paradoja. Paradox 

Paralaje de una estrella. Parallax of a star 

Paralelas geodésicas. Geodesic parallels 

Paralelepipedo. Parallelipiped 

Paralelogramo. Parallelogram 

Paralelos de latitud. Parallels of latitude 

Paralelotopo. Parallelotope 

Parametro. Parameter 

Paréntesis. Parentheses 

Paréntesis rectangular. Bracket 

Paridad. Parity 

Parte imaginaria de un numero. Imaginary 
part of a number 

Particion de un entero. Partition of an 
integer 

Partida de un juego. Play of a game 

Partida de un juego. Move of a game 

Pasivo. Liability 

Pantografo. Pantograph 

Pendiente de un tejado. Pitch of a roof 

Pendiente de una curva. Slope of a curve 

Pendiente de una trayectoria. Grade ofa path 

Péndulo. Pendulum 

Pentadecagono. Pentadecagon 

Pentagono. Pentagon 

Pentagrama. Pentagram 

Penumbra. Penumbra 

Percentil. Percentile 

Periferia. Periphery 

Perigono. Perigon 

Perimetro de una seccion transversal. Girth 

Perpendicular de una superficie. Perpendi- 
cular of a surface 

Perpetuidad. Perpetuity 

Perimetro. Perimeter 

Periodicidad. Periodicity 

Periodo de una funcién. Period of a function 

Permutacion ciclica. Cyclic permutation 

Permutacion de nv objetos. Permutation of n 
things 

Permutacion par. Even permutation 

Perspectiva. Perspectivity 

Peso. Weight 

Peso troy. Troy weight 


Principio 


Pictograma. Pictogram 

Pie de un triangulo rectangulo. Leg ofa right 
triangle 

Pié de una perpendicular. Foot of a per- 
pendicular 

Piramide. Pyramid 

Piramide pentagonal. Pentagonal pyramid 

Piramide triangular. Triangular pyramid 

Planimetro. Planimeter 

Plano osculador. Osculating plane 

Plano proyectante. Projecting plane 

Plano rectificador. Rectifying plane 

Plano tangente. Tangent plane 

Planos coordenados. Coordinates planes 

Planos incidentes en un punto. Copunctal 
planes 

Plasticidad. Plasticity 

Plomada. Plumb line 

Poblacion. Population 

Polar de una forma cuadratica. Polar of a 
quadratic form 

Polarizacion. Polarization 

Poliedro. Polyhedron 

Poligono. Polygon 

Poligono concavo. Concave polygon 

Poligono inscrito. Inscribed polygon 

Poligono regular. Regular polygon 

Polinomio de Legendre. Polynomial of 
Legendre 

Polo de un circulo. Pole of a circle 

Poner en ecuacién. Equate 

Porcentaje. Pencentage 

Porciento de error. Per cent error 

Porciento de interés. Interest rate 

Porciento de interés efectivo. Effective interest 
rate 

Porciento de interés nominal. Nominal rate of 
interest 

Postulado. Postulate 

Potencia de un conjunto. Potency of a set 

Potencia de un numero. Power of a number 

Potencial electrostatico. Electrostatic poten- 
tial 

Poundal. Poundal 

Precio corriente. Market value 

Precio de compra. Flat price 

Precio de lista. Book value 

Precio de rescate (6 desempefio) Redemption 
price 

Precio de venta. Selling price 

Preservante de area. Equiareal (or area- 
preserving) 

Presion. Pressure 

Préstamo. Loan 

Prima. Bonus 

Prima. Premium 

Primitiva de una ecuacion diferencial. Primi- 
tive of a differential equation 

Principio. Principle 

Principio de  superposicion. Superposition 
principle 


Principio 


Principio del 6ptimo. Principle of optimality 

Prisma. Prism 

Prisma cuadrangular. Quadrangular prism 

Prisma exagonal. Hexagonal prism 

Prismatoide. Prismatoid 

Prismoide. Prismoid 

Probabilidad. Odds 

Probabilidad de ocurrencia. Probability of 
occurrence 

Problema. Problem 

Problema con valor en la frontera. Boundary 
value problem 

Problema de los cuatro colores. Four-color 
problem 

Problema isoperimétrico. Isoperimetric prob- 
lem 

Producto cartesiano. Cartesian product 

Producto de numeros. Product of numbers 

Producto directo. Direct product 

Producto infinito. Infinite product 

Producto interior. Inner product 

Producto punto (producto escalar). Dot pro- 
duct 

Programacion. Programming 

Programaci6n dinamica. Dynamic program- 
ming 

Programacion lineal. Linear programming 

Programacion no lineal. Nonlinear program- 
ming 

Progresion. Progression 

Promedio. Average 

Promedio geométrico. Geometric average 

Promedio pesado. Weighted mean 

Propiedad de caracter finito. Property of 
finite character 

Propiedad de reflexion. Reflection property 

Propiedad intrinseca. Intrinsic property 

Propiedad invariante. Invariant property 

Proporcién. Proportion 

Proporcionalidad. Proportionality 

Proposicién. Proposition 

Proyeccion de un vector. Projection of a 
vector 

Proyeccion estereografica. Stereographic pro- 
jection 

Proyectividad. Projectivity 

Pseudoesfera. Pseudosphere 

Pulgada. Inch 

Punto aislado. Acnode 

Punto de acumulacion. Accumulation point; 
cluster point 

Punto de cambio. Turning point 

Punto de condensacién. Condensation point 

Punto de curvatura. Bend point 

Punto de discontinuidad. Point of discon- 
tinuity 

Punto de inflexion. Inflection point 

Punto de penetracion. Piercing point 

Punto de ramificacién. Branch point 

Punto decimal flotante. Floating decimal 
point 


Reglado 


Punto en puerto. Saddle point 

Punto en un plano. Planar point 

Punto estacionario. Stationary point 

Punto extremo de una curva. End point of a 
curve 

Punto fijo. Fixed point 

Punto limite. Limit point 

Punto medio de un segmento rectilineo. Mid- 
point of a line segment 

Punto medio 6 punto bisector. Bisecting point 

Punto ordinario. Ordinary point 

Punto saliente. Salient point 

Punto singular. Singular point 

Punto umbilical. Umbilical point 

Puntos colineales (alineados). Collinear points 


Quintica. Quintic 
Quintill6n. Quintillion 


Racionalizar un denominador. Rationalize a 
denominator 

Radiante. Radian 

Radiar desde un punto. Radiate from a point 

Radical. Radical 

Radical irreducible. Irreducible radical 

Radicando. Radicand 

Radio de un circulo. Radius of a circle 

Raiz ajena (6 extrafia). Extraneous root 

Raiz cuadrada. Square root 

Raiz cubica. Cube root 

Raiz de una ecuaci6én. Root of an equation 

Raiz enésima primitiva. Primitive nth root 

Raiz simple. Simple root 

Raiz triple. Triple root 

Rama de unacurva. Branch of a curve 

Rearreglo de términos. Rearrangement of 
terms 

Reciproco de un numero. Reciprocal of a 
number 

Reciproco de un teorema. Converse of a 
theorem 

Rectangulo. Rectangle 

Rectas perpendiculares. Perpendicular lines 

Redondear un nimero. Rounding off num- 
bers 

Reduccién de una fraccién. Reduction of a 
fraction 

Reflexién en una linea. Reflection in a line 

Refraccion. Refraction 

Region multiconexa. Multiply connected re- 
gion 

Region simplemente conexa. Simply con- 
nected region 

Regla. Ruler 

Regla de calculo. Slide rule 

Regla de cadena. Chain rule 

Regla de signos. Rule of signs 

Regla del trapezoide. Trapezoid rule 

Regla mecanica para extraer raices cuadradas. 
Mechanic’s rule 

Regladoen una superficie. Ruling onasurface 


Relacion 


Subconjunto 


Relacién. Relation 

Relacion anarmonica. Anharmonic ratio 

Relacion de deformacién. Deformation ratio 

Relacion de semejanza. Ratio of similitude 

Relacion externa. External ratio 

Relacion interna. Internal ratio 

Relacién intransitiva. Intransitive relation 

Relacion reflexiva. Reflexive relation 

Relacion transitiva. Transitive relation 

Rombo. Rhombus 

Romboedro. Rhombohedron 

Romboide. Rhomboid 

Rendir (producir, ceder). Yield 

Rengloén de un determinante. Row of a deter- 
minant 

Renta vitalicia conjunta. Joint life annuity 

Representacion de un grupo. Representation 
of a group 

Representaci6n ternaria de un numero. Tern- 
ary representation of numbers 

Residuo de una funcion. Residue of a function 

Residuo de una serie infinita. Remainder of 
an infinite series 

Residuo nulo. Nonresidue 

Resma. Ream 

Resolvente cubica. Resolvent cubic 

Resolvente de una matriz. Resolvent of a 
matrix 

Resta de numeros. Subtraction of numbers 

Resultante de una funciOén. Resultant of func- 
tions 

Reticula de puntos parciaimente ordenados. 
Net of partially ordered points 

Reversion de una serie. Reversion of a series 

Revolucion de una curva alrededor de un eje. 
Revolution of a curve about an axis 

Rosa de tres hojas. Rose of three leafs 

Rotacion de ejes. Rotation of axes 

Rotacional de un vector. Curl of a vector 

Rumbo de una linea. Bearing of a line 


Salto de discontinuidad. Jump discontinuity 

Salto de una funcion. Saltus of a function 

Satisfacer una ecuacion. Satisfy an equation 

Secante de un angulo. Secant of an angle 

Seccién de perfil. Profile map 

Seccion de un cilindro. Section of a cylinder 

Seccion (6 capa) cruzada. Cross-cap 

Sector de un circulo. Sector of a circle 

Segmento de una curva. Segment of a curve 

Segmento rectilineo. Line segment 

Segunda derivada. Second derivative 

Segundo teorema del valor medio. Extended 
mean value theorem 

Seguridad colateral. Collateral security 

Seguro. Insurance 

Seguro de vida. Life insurance 

Seguro de vidacontinuo. Whole life insurance 

Seguro dotal. Endowment insurance 

Seis. Six 

Semejanza. Similitude 


Semestral. Biannual 

Semicirculo. Semicircle 

Seno de un numero. Sine of a number 

Sentido de una desigualdad. Sense of an in- 
equality 

Separacion de un conjunto. Separation of a 
set 

Septill6n. Septillion 

Serie aritmética. Arithmetic series 

Serie autoregresiva. Autoregressive series 

Serie de numeros. Series of numbers 

Serie de oscilacién. Oscillation series 

Serie de potencias. Power series 

Serie geométrica. Geometric series 

Serie hipergeométrica. Hypergeometric series 

Serie infinita. Infinite series 

Serie propiamente divergente. Properly diver- 
gent series 

Serie sumable. Summable series 

Servo mecanismo. Servomechanism 

Sextill6n. Sextillion 

Siete. Seven 

Significado de una desviacion. Significance of 
a deviation 

Signo de suma. Summation sign 

Signo de unnumero. Sign of anumber 

Signo mas. Plus sign 

Silogismo. Syllogism 

Simbolo. Symbol 

Simetria axial. Axial symmetry 

Simetria ciclica. Cyclosymmetry 

Simetria de una funci6én. Symmetry of a func- 
tion 

Simplejo. Simplex 

Simplificacién. Simplification 

Sinusoide. Sinusoid 

Sistema centesimal para medida de angulos. 
Centesimal system of measuring angles 

Sistema de curvas isotérmicas. Isothermic 
system of curves 

Sistema de ecuaciones. System of equations 

Sistema decimal. Decimal system 

Sistema monodireccional. Single address 
system 

Sistema multidireccional. Multiaddress system 

Sistema numérico duodecimal. Duodecimal 
system of numbers 

Sistema sexagesimal de numeros. Sexagesimal 
system of numbers 

Sistema triortogonal. Triply orthogonal 
system 

Sdlido de revolucion. Solid of revolution 

Sdlido truncado. Frustum of a solid 

Solucion de una ecuacion. Solution of an 
equation 

Solucion grafica. Graphical solution 

Solucién simple. Simple solution 

Solucion trivial. Trivial solution 

Sombra (cono de sombra). Umbra 

Subconjunto. Subset 

Subconjunto cofinal. Cofinal subset 


Subgrupo 


Transformacion 


Subgrupo. Subgroup 

Subgrupos conjugados. Conjugate subgroups 

Subindice. Subscript 

Subnormal. Subnormal 

Substituci6n en una ecuacion. Substitution in 
an equation 

Subtangente. Subtangent 

Subtender un angulo. Subtend an angle 

Sucesion aleatoria. Random sequence 

Sucesion convergente. Convergent sequence 

Sucesion de numeros. Sequence of numbers 

Sucesion divergente. Divergent sequence 

Sucesion ortonormal. Orthonormal sequence 

Suma (adicion). Addition 

Suma de numeros. Sum of numbers 

Suma de una serie. Summation of series 

Sumador. Adder 

Sumando. Addend 

Superficie cilindrica. Cylindrical surface 

Superficie cOnica. Conical surface 

Superficie de revolucion. Surface of revolu- 
tion 

Superficie desarrollable. Developable surface 

Superficie de traslacion. Translation surface 

Superficie eliptica. Elliptic surface 

Superficie equipotencial. Equipotential sur- 
face 

Superficie espiral. Spiral surface 

Superficie minima. Minimal surface 

Superficie piramidal. Pyramidal surface 

Superficie prismatica. Prismatic surface 

Superficie pseudoesférica. | Pseudospherical 
surface 

Superficie reglada. Ruled surface 

Superficie unilateral. Unilateral surface 

Superficies isométricas. Isometric surfaces 

SuperosculaciOn. Superosculation 

Superponer dos configuraciones. Superpose 
two configurations 

Sustraendo. Subtrahend 


Tabla de contingencia. Contingency table 

Tabla de conversion. Conversion table 

Tabla de logaritmos. Table of logarithms 

Tabla de mortandad. Mortality table 

Tabla selectiva de mortandad. Select mortal- 
ity table 

Tangencia. Tangency 

Tangente a un circulo. Tangent to a circle 

Tangente de inflexion. Inflection tangent 

Tangente de un angulo. Tangent of an angle 

Tarifa. Tariff 

Tendencia secular (Estadistica). Secular trend 

Tenedor. Payee 

Tension. Tension 

Tensor. Tensor 

Tensor contravariante. Contravariant tensor 

Tensor de esfuerzo. Strain tensor 

Teorema. Theorem 

Teorema de monodromia. 
theorem 


Monodromy 


Teorema de Pitagoras. Pythagorean theorem 

Teorema del mini-max. Minimax theorem 

Teorema del residuo. Remainder theorem 

Teorema del valor intermedio. Intermediate 
value theorem 

Teorema del valor medio. 
theorem 

Teorema fundamental del algebra. 
mental theorem of algebra 

Teorema tauberiano. Tauberian theorem 

Teoremas duales. Dual theorems 

Teoria de ecuaciones. Theory of equations 

Teoria de funciones. Function theory 

Teoria de la relatividad. Relativity theory 

Teoria ergodica. Ergodic theory 

Término de una fraccién. Term of a frac- 
tion 

Término indefinido. Undefined term 

Términos no semejantes. Dissimilar terms 

Termometro centigrado. Centigrade ther- 
mometer 

Tetraedro. Tetrahedron 

Tetrafolio. Quadrefoil 

Tiempo. Time 

Tiempo ecuacionado. Equated time 

Tiempo sideral. Sidereal time 

Tiempo solar. Solar time 

Tiempo standard. Standard time 

Tonelada. Ton 

Topografo. Surveyor 

Topologia Topology 

Topologia | combinatoria. 
topology 

Toro. Torus 

Torsion de una curva. Torsion of a curve 

Trabajo. Work 

Tractriz. Tractrix 

Transformacion afin. Affine transformation 

TransformacioOn auto adjunta. Self-adjoint 
transformation 

Transformacion colineal. Collineatory trans- 
formation 

Transformacion conforme. Conformal trans- 
formation 

Transformacion 
transformation 

Transformacion de alargamiento. Stretching 
transformation 

TransformaciOn de coordenadas. Transfor- 
mation of coordinates 

Transformacion de deslizamiento. Shear trans- 
formation 


Mean value 


Funda- 


Combinatorial 


conjuntiva. Conjunctive 


TransformacioOn de semejanza. Similarity 
transformation 

Transformacion isOgona. Isogonal  trans- 
formation 


Transformacion lineal. Linear transformation 

TransformaciOon (mapeo) de un espacio. Map- 
ping of a space 

TransformacioOn no_ singular. Nonsingular 
transformation 


Transformacion 


Zona 


Transformacion ortogonale. Orthogonal 
transformation 

Transformada de una matriz. Transform of a 
matrix 

Transito. Transit 

Translacion de ejes. Translation of axes 

Transponer un término. Transpose a term 

Transportador. Protractor 

Transposicion. Transposition 

Transpuesta de una matriz. Transpose of a 
matrix 

Transversal. Transversal 

Trapecio. Trapezium 

Trapezoide. Trapezoid 

Trayectoria. Trajectory 

Trayectoria de un proyectil. Path of a projec- 
tile 

Traza de un matriz. Trace of a matrix 

Traza de una matriz. Spur of a matrix 

Trébol. Trefoil 

Trece. Thirteen 

Tres. Three 

Triangulaci6n. Triangulation 

Triangulo. Triangle 

Triangulo equilatero. Equilateral triangle 

Triangulo escaleno. Scalene triangle 

Triangulo esférico trirectangular. Trirect- 
angular spherical triangle 

Triangulo isosceles. Isosceles triangle 

Triangulo oblicuo. Oblique triangle 

Triangulo rectangulo. Right triangle 

Triangulo terrestre. Terrestrial triangle 

Triangulos semejantes. Similar triangles 

Tridente de Newton. Trident of Newton 

Triedro formado por tres lineas. Trihedral 
formed by three lines 

Trigonometria. Trigonometry 

Trill6n. Trillion 

Trinomio. Trinomial 

Triseccion de un angulo. Trisection of an angle 

Trisectriz. Trisectrix 

Trocoide. Trochoid 


Ultrafiltro. Ultrafilter 

Unidad. Unity 

Union de conjuntos. Union of sets; join of 
sets 

Uno. One 

Utilidad. Profit 

Utilidad neta. Net profit 


Valor absoluto. Absolute value 
Valor actual. Present value 
Valor acumulado. Accumulated value 


Valor ala par. Par value 

Valor critico. Critical value 

Valor de entrega. Surrender value 

Valor de una pdoliza de seguro. Value of an 
insurance policy 

Valor depreciado. Scrap value 

Valor futuro. Future value 

Valor local. Local value 

Valor numerico. Numerical value 

Valor propio (6 eigen valor) de una matriz. 
Eigenvalue of a matrix 

Variabilidad. Variability 

Variable. Variable 

Variable dependiente. Dependent variable 

Variable estadistica. Variate 

Variable estocastica. Stochastic variable 

Variable estadistica normalizada. Normalized 
variate 

Variable independiente. Independent variable 

Variacion de una funcidén. Variation of a 
function 

Variacion de parametros. Variation of para- 
meters 

Variancia. Variance 

Variedad. Manifold 

Vatio. Watt 

Vecindad de un punto. Neighborhood of a 
point 

Vector. Vector 

Vector fuerza. Force vector 

Vector irrotacional. Irrotational vector 

Vector propio (eigen vector). Eigenvector 

Vector solenoidal. Solenoidal vector 

Veinte. Twenty 

Velocidad. Speed 

Velocidad. Velocity 

Velocidad constante. Constant speed 

Velocidad instantanea. Instantaneous velocity 

Velocidad relativa. Relative velocity 

Verseno (seno verso). Versed sine 

Vértice de un angulo. Vertex of an angle 

Vibracion. Vibration 

Viga cantilever. Cantilever beam 

Vinculo. Vinculum. 

Voltio. Volt 

Volumen de un solido. Volume of a solid 


Wronskiano. Wronskian 
Yarda de distancia. Yard of distance 
Zenit de un observador. Zenith of an ob- 


server 
Zona. Zone 


